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We consider the dynamics near the lower edge of the conformal window on a
non-trivial background to determine scaling dimensions of QCD operators carrying
isospin charge:

Ag =71 Eg = Af) + near CFT terms (1)



We consider the dynamics near the lower edge of the conformal window on a
non-trivial background to determine scaling dimensions of QCD operators carrying
isospin charge:

Ag =71 Eg = Af) + near CFT terms (1)

. m 2 A m (0 4 21—
so=+(72) @tmur (F22) @m0 (mimtmind)

J. L. Cardy, Conformal invariance and universality in finite-size scaling, S. Hellerman at al., On the CFT operator
spectrum at large global charge
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7o
The low-energy dynamics of the theory is described by the chiral Lagrangian below

L= V’Tr{9,20"S"} + m2*Tr{MX + M'ST}  Goldstones dynamics

+2ip*Tr{Ido XX — IST9y8} + 2u*12Tr{II — XTIXI}  isospin contribution
i 2
—av? (0 — §Tr{log Y — log ET}) topological term: 6 -angle

Here v is half the pion decay constant, 1 is the (generalized) isospin chemical
potential, m, is the mass of the Goldstones and

. S 1
S=e®l, p=I"T"+ ——, M=1y,, f:(]le/z : ) (3)

VN; 2\ 0~y

D.T. Son et al., QCD at finite isospin density, E. Witten, Large N chiral dynamics
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Motivations: When & How
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D. D. Dietrich et al., Conformal window of SU(N) gauge theories with fermions in higher dimensional representations,
M. Golterman et al., Low-energy effective action for pions and a dilatonic meson, T. Appelquist et al., Dilaton
effective field theory



We want to unveil near conformal properties of the theory on flat spacetime
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The Lagrangian that we use is

£O’ =L- V(U) (4)

A. Salam et al., Nonlinear realizations. Il. Conformal symmetry, M. Golterman et al., Low-energy effective action for
pions and a dilatonic meson, T. Appelquist et al., Dilaton effective field theory
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the classical ground state energy
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is computed by solving the EOMs
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EOMs and Ground State Energy

the classical ground state energy

Eq=pQ—Ls (5)
is computed by solving the EOMs

oL ocL oL . 9L Q

where the last equation defines the isospin charge density
we solve the EOMs perturbatively in positive powers of the parameters m?2 and m?
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Ag =r Eq = Ay + near CFT terms (1)

2 A
Ag= Ay + (52) Q5B +
* conformal dimensg

¢ near conformal contribution due to the 'mass of the dilaton

® near conformal contribution due to the _

the non-conformal corrections depend on the parameters encoding the explicit
breaking of scale invariance
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S. Hellerman et al., On the CFT operator spectrum at large global charge, A. Monin et al., Semiclassics, goldstone
bosons and CFT data. J. Bersini et al., Charging the conformal window at nonzero 6 angle
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Results: Conformal Contribution

Ay (9)

Aa = C4/3Q4/3 + C2/3Q2/3 + (QO) (10)

is the scaling dimension in the conformal limit at the leading order in the large

charge expansion

3/ 2A2 \?/3 1 o2 \ /3
Ca/3 = 3 v C23= T | N ooaad (1)
8 7'r]\ffl/2 4f2 NfV2A4

S. Hellerman et al., On the CFT operator spectrum at large global charge, A. Monin et al., Semiclassics, goldstone
bosons and CFT data. J. Bersini et al., Charging the conformal window at nonzero 6 angle



Results: Near Conformal Corrections

Ag =1 Eg = Af + near CFT terms (12)



Results: Near Conformal Corrections

Ag =1 Eg = Af + near CFT terms (12)

Mo

A 205 M\t o2 2(1-9)
AQ_AQ+(4W) QsBl+(47w> cos?(a(6)) Q30-7B, (13)




Results: Near Conformal Corrections

near CFT terms (12)



Results: Near Conformal Corrections

near CFT terms (12)

() 4 pi + (%)4 cos2(a(8)) Q31 B, (13)
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Results: Near Conformal Corrections

near CFT terms (12)
me\? A M\t 2 2(1-9)
(47r ) Q3 B+ (47r1/> cos“(a(0)) Q3 By (13)
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geometry charge expansion
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Ag =An + (—) Q3 By + (—) Q3 By (14)
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* the near-conformal corrections are proportional to mg and .

E/ novel way to compute the dilaton mass

® the large charge framework allows us to perform analytical calculations

() works as a new tunable parameter
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Dark Matter






B smooth approach

—
/

« Nf/ N?

\_

confinement and xSB loss of asymptotic freedom

||—Nf
11T
0 NI NI NI

conformal window




Symmetries |: spontaneous breaking

We consider the dynamics near the lower edge of the conformal window

To smoothly approach the lower edge of the conformal window a new light scalar is
included: the dilaton

The IR dynamics is studied within the dilaton effective field theory

The first stepis to upgrade the chiral Lagrangian to a con formally invariant theory

via the introduction of a scalar degree of freedom ¢, the dilaton, which under scale
dilations 2 — ez transforms as
A
oo — —. (15)

f

S. Coleman, Aspects of Symmetry: Selected Erice Lectures, C. Isham et al., Spontaneous breakdown of conformal
symmetry, A. Salam et al., Nonlinear realizations. Il. Conformal symmetry



Symmetries |: spontaneous breaking

Scale invariance can then be enforced at the effective action level by coupling o to
each operator O, of dimension k appearing in the Lagrangian as

O — e(k_4)gf O . (16)

— DILATON EFFECTIVE FIELD THEORY

The resulting theory features non-linearly realized dilation invariance with f and
o being the length scale and the Goldstone boson associated with the sponta-
neous breaking of conformal symmetry, respectively.

S. Coleman, Aspects of Symmetry: Selected Erice Lectures, C.Isham et al., Spontaneous breakdown of conformal
symmetry, A. Salam et al., Nonlinear realizations. Il. Conformal symmetry



Symmetries lI: explicit sources

FEaxplicit breaking of the latter can be taken into account introducing a potential
term for o.
Consider perturbing a CFT with an operator O with conformal dimension A, i.e.

Lorr = LorT + 200, (17)

with Ao the corresponding coupling. For A\p < 1 the perturbation generates the
following dilaton potential

mge*”” mge*Af”

4-A)f2 A(d-A)f?

V(o) =4 +0()\%). (18)

W. D. Goldberger et al., Distinguishing the Higgs boson from the dilaton at the Large Hadron Collider, T. Appelquist et
al., Dilaton effective field theory



Methodology

Operators having large internal charge can be associated, via state/operator
correspondence, to a superfluid phase on a cylinder.

Why? By virtue of the operator/state correspondence, ascalar operator with U(1)
charge @) corresponds to a state with homogeneous charge density in the theory
compactified on the cylinder with radius r.

This state will have charge density p ~ Q/r4~ 1.

When Q> 1 there exists a parametric separation between

1 B Ql/(d—l)
- and p/d=b X (19)
r R
~—
the scale of compactification scale associated to the charge density

In this window of energy the CFT state and its excitations will therefore correspond
to some condensed matter phase: we consider it tobeina super fluid phase



Methodology

The derivative and loop expansion are controlled by powers of the ratio between the
IR scale, 1/r, and the UV scale p'/(@—1):

— SEMICLASSIC METHODS: LARGE CHARGE EXPANSION

Inverse powers of the charge () control the derivative and loop expansion of the
theory on the cylinder. Order by order, the non-universal features associated
with any specific CFT will be encapsulated by finitely many coefficients in the
effective Lagrangian.

as for the pion Lagrangian: mgcp = 4w fr is the UV scale while m is the IR and the
physical observables are controlled by a systematic expansionin powers of m, /mgcp



Large charge expansion: the leading order

We will consider our system on a manifold M with volume 73 such that the
underlying new scale of the theory is

Ag = (Q/r*)/? (20)

where @ is the fixed isospin charge.
Concretely, we will take our manifold to be

M =R x §%1 (21)

such that we can consider an approximate state-operator correspondence that
implies

Ag =rEg, Eg=pQ —-L (22)

where Ag is the scaling dimension of the lowest-lying operator with isospin charge
@ and Eg is the ground state energy on R x S-1 at fixed charge



Digression I: Large charge setup

Weyl map N

In the conformal limit, m, = m, = 0, AZ} can then be computed via a semiclassical
expansion in the double scaling limit

Agf =0, Q—o00, Q(Agf)* = fixed. (23)



Digression ll: Large charge setup

This can be seen by considering the expectation value of the evolution operator
U = ¢! in an arbitrary state |Q) with charge Q

(U = (QIeTIQ) — Ne~5a¥ = Ne= F7, (24)

with H the Hamiltonian, T the time interval, and N an unimportant normalization
factor. Then one can rescale the fieldsas ¥ — vf¥ and e /7 — /Qe /7 to exhibit

() as a new counting parameter in the path integral expression for (U)q

A. Monin et al., Semiclassics, goldstone bosons and CFT data, G. Badel et al., The epsilon expansion meets
semiclassics



Digression lll: Large charge setup

The scaling dimension of the lowest-lying operator assumes the following form
1
rEg=0g= Y —A;(QAof)) . (25)

The leading order A 1 is given by the classical ground state energy on R x S3

whereas the next-to-leading order A is determined by the fluctuations around the
classical trajectory.

A. Monin et al., Semiclassics, goldstone bosons and CFT data, G. Badel et al., The epsilon expansion meets
semiclassics



Chiral Lagrangian at finite isospin and /-angle ¢*

The low-energy dynamics of the theory is described by the chiral Lagrangian below
L= V’Tr{9,20"S"} + m2*Tr{MX + M'ST}  Goldstones dynamics
+2ip*Tr{Ido XX — IST9y8} + 2u*12Tr{II — XTIXI}  isospin contribution
; 2
—av? (9 — §Tr{log2 — log ET}) topological term: # -angle

vacuum ansatz Xg:

Yo = Ulog) Se, with U(q;) = diag{e ™ ... e "*Nr} . (26)

0 1 0 —1
Ye= 1y, cosp+i Ny/2 cosn +1 Ny/2 sinn | sing
Iy /2 0 Iny/2 0



The near-conformal Lagrangian: the dilaton

1. the state-operator correspondence enables us to deduce the scaling
dimension for the lowest-lying operator with (generalised) isospin charge ()

2. this is achieved by determining the energy associated with the vacuum
structure inducing the superfluid phase transition

we therefore evaluate £, on the vacuum ansatz (26), obtaining

Re2foo 9 9
4+ 2m2u?X cosp e fo0Y
12/2 ™ 4 27)

+ Nf,u21/26_2f"0 sin? p — av?e 49092

ﬁg [20,00} = —6_4fUOAg — V(Jg) —

where oy denotes the classical dilaton solution and

Ny Ny
5:0—2041', X:Zcosai, (28)
i i=1



R e_2f0'0

Lo [So,00] = —e YN — V(0g) — + 2m2 12X cos p e~ 170V

12f2 (29)
4 Nf'u2y2e—2f0'o Sin2 0 — au26—4f0'0 52

The classical ground state energy is computed by solving the following EOMs

sin go(Nf;LQe_zf"O cosp —m2Xe fo0Y) =0, (30)
ae~4foog — m72r sin ¢v; cos goe_f"oy =0, i=1,.,Ng, (31)
—2foo B
Re— + 4af1/26_4f"°02 + 4fAée_4f"0 — —8V(U) +
6f 90 |,—sp

—2fo,u21/26_2f"° sin? p — 2fym212X cos e foov — (32)

0,
2Nf,u1/2e_2f”° sin? ¢ = % , (33)



Solving the EOMs

oc_or_oc _, or_Q
doo ¢ Odog  Oop V'

(34)

to determine the classical ground state energy on the cylinder we need to solve the
above EOMs in the variables ¢, «;, o¢ and p and plug the solution into eq.(29)

we expand the variables as

T = x0 + 1M + zomZ + zymy + zami + xsm2m2 + (mS, m&, mim2, m2m;) where

x = {u, ,00,a;} and determine the coefficients of the expansion by solving the
EOMs order by order

we redefines the cosmological constant as

m2

4 _ 74 o
M=M Ry



The Phase diagram

The Lagrangian of the theory evaluated on the ground state ansatz reads

L[¥0] = 2m72TV2X cos p + Nf,u21/2 sin? p — av?0?.

(35)
The angle ¢ and the Witten variables «; are determined by the EOM as
X
sin@(Nfcoscp—m;2 ) =0, (36)
m?2 sin o cos ¢ = ab , i=1,...,Ny (37)

The energy density of the system in the two phases reads

E#) = —2m212X + a*6?
mi 2 _ m2X

E) = ——"—=X? - Np/u? + a*6®>  superfluid phase (cos«p =T ) (38)
( ) Nf,u2 f Nflu’2

normal phase (¢ =0)




2 X
sing ( Njcosgp — om =0, (39)
P LVfeose 112

mfrsinaicosgozaé, i=1,...,Ny (40)

we solve eq.(40) by expanding in powers of m?2 /a that we take to be small.
Specifically, at the leading order in m2 /a, we have

— ol i =1,...
q= "0 =l (#1)
a(f), i=n+1,...,Ny,
where

J. Bersini et al., The §-angle and axion physics of two-color QCD at fixed baryon charge



The parameters n and k label the various solutions to the EOMs.
The interval of values for k is constrained because at fixed n the solutions are
periodic in k of period Ny — 2n
the solution minimizing the energy has n = 0 and the following values of «/(0)

[
GZ_V% , 0¢€|m2n],

which correspond, respectively,tok =0and k = Ny — 1.

J. Bersini et al., The §-angle and axion physics of two-color QCD at fixed baryon charge



The EOM becomes

4

N?;2Xsinai:a§, i=1,...,Ny (45)

we solve eq.(40) by expanding in powers of m?2 /(au?) that we take to be small.
Specifically, at the leading order in m?2 /(au?), we have

ai:{ﬁ—a(ﬁ), 1=1,....n (46)

af), i=n+1,...,Ny,

where

J. Bersini et al., The 0-angle and axion physics of two-color QCD at fixed baryon charge



The parameters n and k label the various solutions to the EOMs.
The interval of values for k is constrained because at fixed n the solutions are

periodic in k of period Ny — 2n
the solution minimizing the energy has n = 0 and the following values of «/(0)

[
GZ_V% , 0¢€|m2n],

which correspond, respectively,tok =0and k = Ny — 1.

J. Bersini et al., The §-angle and axion physics of two-color QCD at fixed baryon charge



Spectrum

Fixing the generalized isospin charge results in

N$—1 Nf N
SU(Nf)LXSU(Nf)RXU(l)V > SU(Nf)VXU(l)V—>SU(7> XSU(7

w

NE
% SU (%) x Uy, (50)
ud

No dilaton: the spectrum of light modes is composed of N]%/Zl massless Goldstone

bosons with speed vg = 1 that parameterize the coset
G/ — SUNG/2)ux SUN/2)ax U)r x UQ)y

SU(Nf/2)ua x U(L)y

These modes arrange themselves in: adjoint representation plus a singlet
(associated with the spontaneous breaking of U(1);)
In addition, a pseudo-Goldstone mode stems from the would-be spontaneous
breaking of U(1) 4 which we call the S (singlet) mode.
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