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Introduction and motivation

Generalized Villain actions for U(1) lattice gauge fields have powerful properties [1]:

4d: Magnetically charged matter, electric-magnetic duality, Witten effect ...

3d: Control over monopole content on the lattice

2d: Control over vortices, natural integer valued θ-term ... (see also [2], [3])

In this contribution we present first (very) preliminary results for a 3d simulation
of a U(1)-gauged 2-flavor spin system where lattice monopoles are removed by

implementing a suitable constraint on the Villain variables.
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Generalized Villain action

▶ Gauge fields are coupled to matter via the link variables e iAx,µ

▶ Shift invariance: Ax ,µ → Ax ,µ + 2πnx ,µ nx ,µ ∈ Z

▶ Exterior derivative: (dA)x ,µν = Ax+µ̂,ν − Ax ,ν − Ax+ν̂,µ + Ax ,µ

▶ Shift transformation: (dA)x ,µν → (dA)x ,µν + 2π(dn)x ,µν

▶ Define field strength as: Fx ,µν = (dA)x ,µν + 2πkx ,µν

▶ The Villain variables kx ,µν are summed over Z

▶ Monopole charge:

qx ≡ (dk)x ,123 = kx+3̂,12 − kx ,12 − kx+2̂,13 + kx ,13 + kx+1̂,23 − kx ,23



Partition sum and matter field action

Z =

∫
D[Φ]

∫
D[A]

∑
{k}

C [k] e −β Sgauge [A,k] + J Sspin[A,Φ]

Sspin[A,Φ] =
1

2

∑
x ,µ

[
Φ†

x e
i Ax,µ Φx+µ̂ + c .c .

]
Φx =

(
cos θx e

iαx

sin θx e
iβx

)

D[Φ] =
∏
x

∫ π/2

0

dθx

∫ π

−π

dαx

∫ π

−π

dβx



Gauge part with constraint Villain action

Z =

∫
D[Φ]

∫
D[A]

∑
{k}

C [k] e −β Sgauge [A,k] + J Sspin[A,Φ]

Sgauge [A, k] =
1

2

∑
x ,µ<ν

(
(dA)x ,µν + 2πkx ,µν

)2
∫
D[A] =

∏
x ,µ

∫ π

−π

dAx ,µ∑
{k}

C [k] =
∏

x ,µ<ν

∑
kx,µν∈Z

∏
x

δ
(
(dk)x ,123

)
No monopoles!

(dk)x ,123 = kx+3̂,12 − kx ,12 − kx+2̂,13 + kx ,13 + kx+1̂,23 − kx ,23



Comments on Monte Carlo updates

▶ The Φx and the unconstraint Ax ,µ can be simulated with local MC updates.

▶ kx ,µν on the dual lattice: kx ,12 ∼ k̃x̃ ,3 , kx ,13 ∼ −k̃x̃ ,2 , kx ,23 ∼ k̃x̃ ,1

(dk)x ,123 ⇒
∑
µ

[
k̃x̃ ,µ − k̃x̃−µ̂,µ

]
= ∇⃗ · ⃗̃k x̃

▶ The constraints for the Villain variables imply conserved flux of the k̃x̃ ,µ:

(dk)x ,123 = 0 ⇒
∑
µ

[
k̃x̃ ,µ − k̃x̃−µ̂,µ

]
= 0

▶ Use worm algorithms or local moves on dual plaquettes + winding updates.



Order parameter for matter

M =
∣∣∣∑

x

S⃗x

∣∣∣
S⃗x =

1

2
Φ†
x σ⃗Φx

m =
1

L3
⟨M⟩ (1)
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Susceptibility for matter

χM =
1

L3

〈(
M − ⟨M⟩

)2〉

Results indicate breaking

of SO(3) at J ∼ 1.6
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Study gauge dynamics with monopole correlator

To probe the monopole dynamics
we violate the Villain constraints for
two cubes separated by n links:

kx ,23 → kx ,23 + 1

∀x = (j , 0, 0) , j = 1, 2, ... n

C (n) =

〈
n∏

j=1

e−
β
2

(
(dA)x,23+2π(kx,23 +1)

)2
e−

β
2

(
(dA)x,23+2πkx,23

)2
∣∣∣∣∣
x=(j ,0,0)

〉 0 1 2 3 4 5 6 7 8
                                                            n
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Winding number of dual Villain variables

Alternatively we can study the
winding number density of dual
loops of Villain variables:

ω =
Ω

3L2

Ω =

∣∣∣∣∣ ∑
x : x1=0

kx ,23

∣∣∣∣∣+
∣∣∣∣∣ ∑
x : x2=0

kx ,13

∣∣∣∣∣+
∣∣∣∣∣ ∑
x : x3=0

kx ,12

∣∣∣∣∣
1.2 1.4 1.6 1.8 2.0                                                   J

0.000

0.005

0.010

0.015

0.020

0.025

   
   

   
   

   
   

   
   

   
   

   
   

   
 ω

4
6
8

β = 0.2

3

3
3



Both order parameters
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Transition at J ∼ 1.6 where SO(3) symmetry breaks and monopoles stop propagating.



Volume scaling of χmax
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Scaling slower than volume might hint at a second order transition near Jc ∼ 1.61.



Summary

▶ Modified Villain actions allow to control the monopole content of U(1) LGT.

▶ Using this approach we study a 3d gauged 2-flavor spin model without
monopoles.

▶ The matter order parameter shows a transition at some Jc where SO(3)
becomes broken.

▶ Monopole correlator changes decay properties at that Jc .

▶ Winding number of dual Villain variables constitutes an order parameter.

▶ A very preliminary finite volume analysis hints at a continuous transition.


