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Introduction

« Lattice field theories on curved spacetimes
open up new branches of theoretical study

- Nonperturbative calculation on curved space
— vacuum structure under curvature, BH background, ...?

- Infinite volume calculations for CFT w/ Riemann projection or radial quantization
— infinite volume scattering from lattice, ...?7 — George’s poster

- Difficulty: Brower-Cheng-Weinberg-Fleming-Gasbarro-Raben-Tan 2018
We need to give up rectangular lattice and its symmetries;

discretization of curved manifolds often done w/ simplicial decomposition
e.g., Regge 1961, Friedberg-Lee 1984

« Half step forward:

Flat space but with stressed metrics “affine transformation” e.g., Owen-Brower 2023

— may be possible to reconstruct theory on curved space from tangential info
— Rich’s next talk

« An essential quantity in any of these directions: energy-momentum tensor
- measures the linear response to metric perturbation by definition.

- In 2D CFT, it is related to the background geometry transparently
Lo changes t on T?, (T}) = —1—CZR (trace anomaly)

- Even on regular lattices, its definition requires care on discretized spacetime;
more for simplicial lattices as translation is even more screwed up 2/19



This talk

« Thoroughly study EM tensor of the 2D Ising CFT on T?2:
- w/ arbitrary modulus 7, on hexagonal lattice (dual to simplicial, triangular lattice)
- Both in spin and Majorana variables

- Including overall normalization and one-point function

« Previous work on lattice: Kadanoff-Ceva 1970
- On rectangular lattice, before the developments of CFT (cf. BPZ 1984)

- Require antisymmetrization from the original expression
to remove contribution from the descendants of ¢

« Nontrivial points on non-regular lattice T =1, + it,: modulus

- Naive t,, derivatives do not give a suitable EM tensor operator

- Free Majorana fermion but nontrivial mixing of operators occurs;
can be fully described geometrically by the relative shift between the e/o lattices

- Not all lattice operator works consistently as the EM tensor (under different BC)

This talk mainly focuses on these technicalities
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Reviewl: 2D Ising CFT on T?

Onsager 1944,

« Ising CFT partition function as free fermion theory: Schultz-Mattis-Lieb 1964,
Itzykson 1982, BPZ 1984,
— Francesco-Saleur-Zuber 1987
Lo = z ka_rae  (ABC=NS)
k€Z>o—1/2 a, - fermion operator for the Fourier mode k
{ap,aq} = 8peq
Ly = z kaia+—-  (PBC=R)
- k€E€Z>
4 1+ (=1)F )
bo~35 o] Paso =——5—
Zcont = Trns+r [Pgso ¢ ° 48q ° 48

F: fermion number
1 1

[ = 1 - 1
Trgr _(_1)FCILO_EC_ILO_4_8] + Trg [CILO_‘L_SC_ILO_E] + q = exp(2mit)

1 - 1 L.
FTrys |20 38550738] 4 Trys | (—1)Fq 078550 58]

N =

1 .
g T=T,, = 5 (Tox — iTey)

1
= E{Zﬁ‘irit + 750t 4 zCont 4 780U, —1,2,3,4 & PP, PA, AA, AP in (space, time)

..
o * Zzero modes

« Tup changes t by the effect of L, Eguchi-Ooguri 1986

<T) = 2l aTln ZCOl’lt(TI f)
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Review2: 2D Ising model on hexagonal lattice

* Spin partition function Exact mapping via loop expansion on T?
= _ 1 (—1)%v2
Z; Z exp Z B SxSx+ji (s, = £1) Z; = Ez >V - Z“/’V Samuel 1980,
{0} x€e,M ~ [Icos By Itzykson 1982,
. o Wolff 2020,
Periodic-Periodic in (o4, 0;) \/cos@B cosf, Brower-Owen 2023
tanh 8, = Kk,
cos6,
« Wilson-Majorana partition function .
, 1C. . 1 _ "
Zy = J [d€], exp| — Ez $xlx t 2 Z Ka gx(l - VueM)'foVI
X X€Ee,M

v=1,2,3,4 PP, PA, AA, AP in (o, 0,)

« Parametrization of the hexagonal lattice

T~ T~ T T~ T~
I e e N e g e X
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~ i 2>
L R
> ) S {,*<>
- S ><>( ><%; b<§( ><§
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71, derivatives on the lattice (r=r1 +it;)

Utilize 7,, derivatives?  (Ty,), = 2rd,,In Z{°" (14, 1;)
~ 210, In{N "1(zy, 75 L) Z2%(11, 755 L)}

Fermion bilinear part:

dic, 3SI2t  gea gslaty|'
0 anlat=—Z M2V T MZY
T2 v — 61’2 aKM aTZ 681\6{1
v

01, 0ky 01, del 01, e
xee
\

xXee

z ExVal i
J

Ok, 0Slat  gea gglat g5, 1._ del
o M =S Sy et ) o
M TZ

|

Not easy to map to the spin system

Constant part

71, dependence on N (zq,7; L)

remains in the L —» oo limit,

that would be only canceled by

a divergent part of the fermion bilinear operator

Usually, the continuum path integral is
regularized with zeta function regularization,
which does so cleanly w/o such 7, , dependence.
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(o]
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lat
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0.0273-
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— 71 )

—— [_X=48
L,=72

—+— [,=96

’M\"’\-\-\_\_\:-I:\:\lji

090 0.92 0.94 0.96 0.98 1.00
T2

Defining a local operator from a global discussion is ambiguous

(cf. need of antisymmetrization for Kadanoff-Ceva 1970)

We rather take a conventional lattice strategy
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Coming back to Symanzik-type construction

hopping
« W [ he latti ; 1.
e consider the lattice operator ] Efx(l Ve e
1._ 1, _ _ M~
Slat — u = s o—©
Tx?M = Efx(l - VueM)€x+M — 4 (fxgx + €x+M§x+M) mass op Ex4ji £,
.2 SV . Sl
Tom =— 7] Txm  easily mappable to the spin system | S=~, - semiperimeter;
S M via /oop expansion supplies dimension

« Mixing of T,T (and 1) can be resolved by the three projected components Ty,

« To calculate the mixing matrix, naively, one may use:
?

Ex+M = $x t w}k\/lle}\//lav'fx + O(aZ),
which implies:

aap © 1_
Jlal\% = _lfz/ll ) eﬁe&zfxnavfx ) (1 + O(Q))

AN

projected EM tensor: eﬁeﬁTaﬁ

However, "?” turns out to be negative for nonregular lattices
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Deviation from the prediction of classical expansion
« Contribution from 1 dropped by taking connected part
« Mixing of T and T differs from the prediction from the classical expansion:

(T4 (X)TA(O))3,c

. . {X(Ta(x)Ta(0))§t >0} {XHTA()T(0))2t > 0}
red: from lattice op 7, {XI(TATAO)S™ > 0} IXI(TAITAO)S™ > 0}
blue: predicted exact expression L ; N

g = - - . :".0 °°o,o Qo::dpyneo‘:,o :z:eo:gz:‘u .
positive region is shown %, ﬁ-;.fi,fgf:,f&

c?,:f{; %g
s
— ] _
Y 0.57 R AP Y 0.5
0.0 T4
nn ns 10 0.0 (IR 1.0
— ,7mi/18
T=e’m XUTATa(0))5" > 0} {XI(Ta()TA0))S" > 0}
{X|{Ta(x)Ta(0))§°" > 0} IX|TA(X)T4(0))™ > 0}
1.0 10]
L=120 L =144
Y 05] Y 05]
7
deviation
0.0 0.07
0.0 0.5 0.0 0.5 1.0
X x

Deviation remains in the continuum limit. 8/19



Source of deviation

« Lattice translation holds only for e/o sublattices,
which cannot constrain their relative position to the classical prediction:

original sites when constructing the action

shifted sites in constructing the observables

0.06 0.06
e ® e ® o ®
0.05 - ° °® °® 0.05 -
0.04 - o ® o ® q e=red 0.04 -
o ® o ©® o ©® O=b|ue
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o® o® e ®| centers of hexagons
0.01 - - 0.01 -
e ® e ® e ® gray
0.00 - ° ° ° - 0.00 -
® @ Q| (T — 1_264—11'1/9)
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~0.01 0.00 001 002 003 004 005 0.06

oo ©
4_.

(J
X

o
o

—-0.01 OOO 0.

01

0.02
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0.04

This allows ¢, 5 to float and redeclare its location in the observables:

Ex+1\7l =&+ :”X,}/

=&+

« With such possibility
_€x(1 VueM)S(x+M 4 (fxfx + €x+M€x+M)

x eMeﬁTaﬁ

véx O(az)
Ep0ySx + O(Clz)

N

different from original ¢},

i

X€Ee

Y two different vectors; one known, one unknown

0.05

0.06

(éy) = [cos(ay + Say),sin(ay + SaM)]TJ
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Determining the shift params

- Fit an IR part of the correlators (T ()T}(0)), 2 °
: : : [ Fa
=) Shift params converges to a universal value as L — o irresp of v 50"
modified length || angle shift da,
0.9700 —>
—0117{ = V7
0.9695 1 v=3
v=4
0-96907 "*H_‘\’\/ —0.1181
7mi/18 5 0.9685 "o
T=e  0.9680 © -0.119
0.9675{ —— v=2 —-0.120
v=3
0.9670 1 b=4
. . . . —0.1211 i i . .
0.010 0.015 0.020 0.025 0.010 0.015 0.020 0.025
1/L 1/L
—0.138
0.914
0.912 —0.1401
0.910+
7= 12e*/9 Eo90s 8 0142
0.906 1
0.904 - 01441
0.902
' ' ' ' —0.1461 ' ' ' '
0.010 0.015 0.020 0.025 0.010 0.015 0.020 0.025
1/L 1/L
suggesting the existence of a consistent continuum limit 10/19



Confirming the correction

Ta(X)Ta(0))5" >0
{XI{TAGTAONSt > 0} DATabaT4(05"> 01 L =144

XUT A0 Ta(0))™ > 0}

- XITACITAO)S™ > 0} N L = 7mi/18
VvV =
rd ™ gone!
deV|at|On 0.074 . 0.0714 (TA(X)TA(O))S,C
0.0 0.5 1.0
X 0.0 0.5 X 1.0
Possibly 2 x 3 mixing parameters ., - s | e
explained only with 2 param shift \ ¢
(Tg(x)Tp(0))3, (T ()T (0))3c

0.0 ‘ l
0.0 05 1.0
x 0.0 0.5 1.0

x

. . _ (n(z2)n(0)): holomorphic
« In fact, staggered bumps disappears in the fermion correlators Y 1 12t

v=3
s 5
BT < 101/
s 10 3 10
+ +
x X
= )
2 4
—— numeric —— numeric
---= analytic ---- analytic
10° . . 100 . .
1071 10° 107t 10°
x 11/19



Mixing with 1: One point function

- Finite volume (torus) - (T), # 0 in the continuum Ty

wrap around
propagation

» (Ty"), further has a divergent part on the lattice
because of the Wilson term:

by -Of 3¢y ~oll/a)
[— ]

Divergent part again converges to a universal value as L - o irresp of v:

/When properly regularized,
(1/2)<(lﬁlp)reg)v¢1 = (‘9)1/:#1 =0

Ferdinand-Fisher 1969,
Francesco-Saleur-Zuber 1987

This contribution dropped
\_here for simplification _

— ,7mi/18 _ 411 /9
7 =e’m™/ 7= 1.2e%m/
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PN e, s P
= 0. S o.
= 0.2444 1 b N & 0.2308 e
. o -
—— v=2 o —— v=2 e
paaz) T v=3 e 023071 4 =3 T o...
0. 3 v=4 T v=a4 T
-2 (fi e =9 (fi e
v=2 (f!t) ~~~~~ 0.2306 4 v=2 (f!t) ~—
------- v =3 (fit) e v =3 (fit)
0.2442 - v=4(iy TN ° v=4 ity TN o
0.006 0.008 0.010 0.012 0.014 0.006 0.008 0.010 0.012 0.014
UL L

clean a? scaling

[ NB Determined independently of the shift parameters ] 12/19



Mixing with 1: One point function
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Nonuniversal finite part of (")

« However, (T,\lj‘t'R)v does not approach the continuum value <e,\0/‘,

One might regularize T2t by subtracting the divergent part:

and the deviation differs by v:

T = 1.2e*m™/9

cont
v

2t —(Ta)

(T3

0.2 1

0.1 1

0.0+

—0.1 1

—0.2 1

—0.3 1

~0.4-

if continuum value

*"r————0r—r———r 00—

0.010 0.012 0.014

1/L

0.006 0.008

This finite shift may not be regarded as
a finite part of the renormalization as it depends on the BC v.

T,2*® themselves do not behave consistently
as the projected EM tensor operator when including one-point function.

t— (T)sent

0.0

|
24
-

(T8

|
I
N

|
I
W

lat,R — ~lat Cy
Ty =Ty ——

éﬁTaﬁ>v

0.008 0.010 0.012 0.014

1L

0.606

< < <
o n
B wWwN

0.006 0.008 0.010 0.012 0.014
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Consistent EM tensor operator

« Nontrivial point:
By constructing T'3" as a linear combination of T2t s.t. the divergent part cancels,
the finite part Ilkely also cancels for every v.

i.e.,

Ay
Tiat ~ cos(2ay + Sapy) Ty, + sin(2ay, + Say)Tyy + —+ By, + 0(a)

e

0
Tag?ct = Z Crxxm Tlat 1Ty +0- Txy + a + Z Cxx,MBM,v 0(a)
] M

|

by the choice of Cyym, Cxym  can exist in principle but cancels

A

[
0
Tjgl,t = z ny,M Tlat ~0- Txx +1- Txy + E + Z ny,MBM,V O(Cl)
M

T,y uniquely constructed from Ty
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Numerics _ ,7mi/18
T=¢€
Thus-obtained (T,z) from lattice.
v
R OO S
— reasonable agreement S e
01 v =3 (exact)
;i v =4 (exact)
£ 3+ v=2
-1 v=3
v=4
_2<
_3<
-8 —8——8—8——8—=8
0.006 0.008 0.010 0.012 0.014
1171
201 v =2 (exact)
151 -- v=3 (exact)
> v =4 (exact)
- v=2
1.0 .
0.51 v=4
_0.5<
~1.01
~151
0.006  0.008 0010 0012  0.0l4
UL

co+ cia + c,a? fit (errors fully systematic)
(T), ~ —1.5869(43) — 0.0873(33)
exact: —1.5860 — 0.0899

(T)3 ~ +0.3147(30) — 0.8645(24)
exact: +0.3132  — 0.8606

(T)y = +1.2718(41) + 0.9530(35)
exact: +1.2727 + 0.9506

T = 1.264711'/9

2<
1<
= 01
;m}
—-11 v =2 (exact)
-- v=3 (exact)
—21 v =14 (exact)
4 v=2
v=3
-39 o—o0—0—o o o v=4
0.006 0.008 0.010 0.012 0.014
11
0.6 v =2 (exact)
--- v=3 (exact)
v =4 (exact)
0.4 1
- v=2
v=3
0.2 v=4
B2 0.0 [ o S S S S— J—
_0.2<
—0.44
R I B

0010 0012 0014

1/L

0.006  0.008

(T), ~ —1.669(23) — 0.0038(88)

exact:—1.651

— 0.0227

(T); ~ +0.4524(88) — 0.2909(26)

exact: +0.4437

— 0.2831

(T), ~ +1.217(15) + 0.2974(78)

exact: +1.207

+ 0.3058 15/19




Determining the shift params (revisited)

Alternative scheme for shift parameters: fix the 1pt functions

« Fitting all v simultaneously — clean a? scaling
length |£}|

—0.118050 - a+b/L?

—0.118075 -
—0.118100 -

— —0.118125
L

—0.118150 -
—0.118175

~0.118200 o
«®
—-0.118225

o
4"‘
—“
o

0.006

0.008

0.010
UL

0.012

0.014

0.968361 O<gq_
0.96834
0.96832 -
St
(s
0.96830

0.96828 -

0.96826 -

a+b/L?

0.006

» Gives more precise values, two schemes in a tolerable agreement:

0.008

£l

1pt

We use the values from the 1pt scheme below

0.010
n

0.96837989(13)
IR of 2pt 0.9688(11)

0.012

0.014

-0.11824455(48)
-0.11897(44)

(errors fully systematic)

angle shift
| A a+b/L?

0.006 0.008 1/(2.610 0.012 0.014

0., °\°\ a+b/L?

0.006 0.008 1/(1.610 0.012 0.014

12al
0.917506302(89) -0.136754468(41)
0.9015(63) -0.1458(34)
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Conformal Ward identities — I. fermion variable

* (Tyx(z,2)e(zq, 21)e(23, 23) )3 With fermionic variables  z, =0,z, =1/3, L = 144

+ pattern _ o + . o+

1%% lattice °o - 1%% exac ° -
1.27 1.27
1.07 1.07 . .
- . conformal Ward identity
' ' on torus:

Y06 Y06 Eguchi-Ooguri 1986
0.4 0.4 see also Felder-Silvotti 1989
0.27 0.27
0.07 0.07

0.0 0.2 04 06 08 1.0 1.2 0.0 0.2 04 06 08 1.0 1.2
X ) ) X

Full contour plot

lattice

160 160

1 120 - 120

80

@
S

40

I
S

0

- -40

I ©

N
S

- -80

120 - -120

-160 ~160

MR 111] 101111

agreement also in the
overall scaling
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Conformal Ward identities — II. spin variable

Constructed T,p can be readily mapped to spin operator via loop expansion

hopping
1_ hopping
T Efx(l - yuell.\f[)fx+1\//\[ .\ SXSX+M /.
M ~
oo o—@
mass op Ex+ii Eyx ./€x+1\71 gx\.

_ _ _ 1 .
(Txx(2z,2)0(21,21)0 (23, Z)) (21 =0,z = (TZ )) T = e™/3 (regular hex lattice)

. o + Y +
% spin system, MC . - exact ]

OB"“M

0.6 T amoomoe 1.1 @8%:1111,:.1s comoon

O_4"W

é

0.2 T @@ coseessd i1 egp

0.0 Q\Mp

0500@m»DBORO0RBOBOOBBO000 0.0 0.2 04 06 08 1.0
%1
01
Good agreement (including the overall scaling) 18/19



Summary
« We constructed a lattice EM tensor in the Ising CFT
- for arbitrary affine parameter, on hexagonal lattice
- both in spin and fermion variables

- including overall normalization and one-point function

« For nonregular lattices:
- Extra mixing of T and T can be understood as the geometrical staggered shift
- Not all lattice operator works consistently as the EM tensor:
By canceling the diverging part of T;2t, the nonuniversal finite part disappears.
Outlook
« Map it further to the triangular lattice by taking the dual.

« Get a solid theoretical understanding of the shift parameter and diverging part.
The two seem related; both are relevant to the normalization of ¢, operator.

y=0.0

1.0 /
7 = 1.2e*m/9 \ /

\ /
L =96 0.6 AN J
& \ d
L s S e
Normallza.tlon betw.een Fol e
s, and o, is determined from —

geometrical quantities and diverging part;
working quite nicely — analytic

numeric

0.0

- EM tensor of the Ising CFT on S2.

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
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Thank you!



Necessity of antisymmetrization in Kadanoff's operator

(Tyxe (X) Ty (0))

original

after
antisymmetrization

Antisymmetrization removes d¢,d¢, leaving T,T

oo ° 000
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0000000000000000000000

0000000000 000 )
00 9000000000, 00000000 @

00 0000000000000 °
0000000000000000000 e

0 0000000000000 1)
000 000000000000 °

00 0000000000007 0000000 @
o %000@0000v00000000000¢

oo ITTY
T T T T T

0 20006t000B000@®BO000

exact o +

B 00 P e 1o e

0.0 0.2 04 06 08 1.0
o1



Wilson-Majorana fermion

zb = [ e

S =N Gl Y o EPlewdra

xee,M

Wolff 2020
Brower-Owen 2023

(= e (5 )

/-v= 1,2,3,4

PP, PA, AA, AP in (oy,0,)

1 1 .
Plew) =5 (1= efive) = | i, |[1 —e~ion]

V1= ((1) (1))»]’2 = (? _OL)

/

- Z7lat(z,, 1,;L) approaches z¢° (1, 1,) as L — oo with a diverging const:

Zwl/at(Tp To;L) = N (14,75 L) Zsont(Tp T,; L)

With the classical small-a expansion:

S1l/at_)51(/:ont
gcont :ijdlepy 0 1/)
v AT aa

1 )
— Efdzz (non + fiof)

ntlzgont

Z‘l)at/Zgat _ ZSO

——

7 = 1.2e4m/9

q < <
P |
= dN

2x103 3x1034x10-3  6x10°3 10-2

1/L

Yultul
§6) = SO Y =2
1) = 160, 7(2) = —ith, ()



