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Why is a 6 term important?

What is a 6 term? T :/DA o5 5 3 int
» A topological term in 4d QCD or Yang-Mills theory. n
« Related to the instanton number. 5
Strong CP problem 5/\ / \
« In our world, 8 < 10719, (from neutron EDM experiments) ;
« Why is it too small? ( ) =
Axion 3n —-2n n 8 n 2n  3m
« Axion = scalar field which couples to the QCD like 6. >
- Candidate for a dark matter §
« Application to inflation; Natural inflation ;
« Axion potential = =
(8 = 0 (mod 2m) is the stable point) Snn cwoon
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How to calculate QCD with the 6 term

Monte Carlo method: Zy m =/DA oS 5y eind

« With finite 9, the partition function includes imaginary part.
— The Monte Carlo simulation does not work well.

 There are some studies by the Monte Carlo.
e.g.) 4d SU(2) YM theory

« But, 6 = w point is tough...

methods do not have the sign problem!
* It is hard to use tensor network methods for 4d QCD.

« However, tensor networks work well for 2d theories.

— We calculate the (2d toy model of the QCD) by tensor
renormalization group (TRG).
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1. Introd.uctlon (2) | 4. Results (7)
 Why is the 0 term important? 0
« Qur set up

« How to calculate QCD with 6 « 277 periodicity

« Large mass limit
2. Schwinger model (2)  Small mass limit
« What is the Schwinger model? * Intermediate mass

 § dependence of the free ener
P &Y 5. Conclusion (1)

3. TRG (3)
e TRG
e Lattice action
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What is the Schwinger model? (scwinger 1962 coloman 1976, -

Schwinger model =

; 1 16 _ _ _
2 ? _— i v 217 ~/ L~ . 2l v 1l 1a
5 = | / d rt{ 1 S E FP+ 4—“«* Fy + iy (0, +1A,)0 +mi L;}

 U(1) gauge theory + (fundamental) fermions (2dim u(1) gauge theory has a strong coupling.)

e Chiral symmetry @massless : Us\(lgizzgfjf? (Nf : Number of flavor)

- § term, instanton (m,(U(1)) = Z) QL/F:nez

 Fermion mass (Here, we take m = 0)
« m = 0: Chiral symmetry, 6 is unphysical (through the U(1), anomaly)

« m # 0: 0 is a physical parameter ey S
- First order phase transition @9 = r (for N; > 2) phese transition
— Most QCD-like theory in 2dim! : How much QCD like? A
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0 dependence of the free energy

Large mass
« U(1) Maxwell theory, gapped

* No propagating d.o.f., we can solve it by hand.

* Freeenergy:  loeZ(0) _ . 1 4 o
g2V n 87T2

free energy

Small mass (Nr = 2 case) e T
* IR EFT is a pion theory (SU(Nf)1 WZW model + mass term)
 The free energy can be calculated by mass perturbation.

 Free energy : log Z(6) s s 1 (m2\? 1 (0-2mn
) —_ 7 — 1] TV3 +73 - 3
2V min (e7)3 w32 ( e ) COS ( 5 )

—This nature is very similar to the 4d QCD!
Unknown part 31 —21 -n 0 nm 21 3n
« The free energy of the regime 2]
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TRG

Tensor Renormalization Group

Results (7) Conclusion (1)
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T RG [Levin, Nave 2007]

Real space renormalization for one initial tensor
 From the translation invariance, we just focus on single tensor.

e Singular value decomposition (SVD)
* Finite cut off for singular values : bond dimension
« Approximation for TRG.

« Grassmann-TRG
 Fermion has less d.o.f. by Grassmann path integral.

) L E B D
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Lattice action for Schwinger model

Staggered fermion 5= Z[——m () = 5= A,(n)

* 2d one Staggered fermion +%{ L)X ()U,(n)x(n+ 1) — x(n +,u)U (n)} +mx(n)x(r )H
< 2-flavor Dirac fermion
« Lattice translation symmetry is broken
* To use the staggered fermion, 2 sites for each direction is needed.

« 2 X2 lattice < one unit site
« To treat staggered fermion, we use
« After 2-step iteration, the tensor will be unique.

for initial tensors.

Gauge field )

! T : : A,(n) = —tlogU,(n)
* log U, type 6 term (27 periodicity of 6 is realized.) p P
 We use to discretize gauge field.

(TRG for 2dim Maxwell with the 6 term)
TRG (2/3) Results (7) Conclusion (1)
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Previous studies for lattice Schwinger model with 6

Lagrange formalism

 Monte Carlo
« (with sign problem)
« (Worldline formalism)
 (Bosonized theory)

 TRG
 1-flavor Schwinger is studied in . (Wilson fermions)
 2-flavor is studied in , but massless. (Worldline formalism)

Hamilton formalism
« Quantum computation

« DMRG
« Some collaborations are studying the Schwinger model. of.) A. Matsumoto’s talk
« Germany, USA, Japan, ... (Quantum computing session, this morning)
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Results
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N = 2 Schwinger model on lattice

« Parameters of this theory
B (inverse of the gauge coupling, B = 1/(a’g?))
« m, (mass of the lattice fermion)
« Parameters of discretization
D (bond dimension)

« K (number of points in Gauss-Legendre quadrature)
 [? (volume) < depends on the iteration number in TRG algorithm.

e Continuum limit
« B > oo with fixed §/L2, Bm?

e D—>o00, K-> o0

« What we calculate

e Free energy den3|ty f — _{

log Z(0) log Z(0= O)} _ {,8 log Z(6) _ ,B log Z(9=0)}
ZV o
(dimensionless, normalized by the value of 0 = (?)

L2 L2
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N = 2 Schwinger model on lattice

« Parameters of this theory
B (inverse of the gauge coupling, § = 1/(a?g?))
« m, (mass of the lattice fermion)
« Parameters of discretization
D (bond dimension)
« K (number of points in Gauss-Legendre quadrature)
12 (volume) < depends on the iteration number in TRG algorithm.

e Continuum limit
« B > oo with fixed §/L2, Bm?

e D—>o00, K-> o0

« What we calculate

* Free energy density f = —{ T
(dimensionless, normalized by the value of 0 = (?)

log Z(0) logZ(H 0) log Z(6) log Z(6=0)
}:_{'B z P }

Results (1/7) Conclusion (1)
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21 periodicity

* Plot for free energy density

VS 6

« 27t periodicity is obvious.

Introduction (2)
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. =4, = 10000
Ground state degeneracy in TRG s EoLEm D L0000
Y g=0
/j\ —
« We can calculate ground state (or vacuum) e < 6= 0.9999m
degeneracy in TRG B 6=1-0001n
g y - X < 6=1.001m
2.25 ¥
X' . (ZT"E; .TT‘U'?“U-)Q _ (a)z T TB TB k>; X o
' Y ua TradTiara — (B) U D 2:00 ek e
e - =
(a) (b) 5175
Q
« We checked at 6 = for T« <
large mass parameters. v
. 1.25
* § =1+ 0.00017 shows a single vacuum! <
— is obvious! 100 Prrrrreen

* In the following parts, we just focus on 6 € [0, 7]

Results (3/7)

Introduction (2) Schwinger (2) TRG (3) Conclusion (1)




Large mass limit

. . B=4 B=4
e Consistent with T ) ——T —— 3
the anal tIC values analytic(lattice) x"x analytic(lattice) K
alytic \ 0.147 « Bm2=10000 y x  Bm2=10000 Ve
of lattice action. / 0.08 '3
0.12 X e
« The analytic value / b
. . 4 X
of the finite lattice 010 7 0.06 7
C o y
spacing is also 008 7 © A
calculable. - ¥ = 2
(slightly different  o0.06 o 0.04 I
from the o 2 X
continuum value) | % Ve
X{(f 0.02 Ve
0.02 X
0.00 ——><><>C’(XXXX><XX X)(X
log 2(6) _ . 1 , 00 02 04 06 08 1o 00 02 04 06 08 10
_ 2V _mv%HS?( — 27n) o/m o/m
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Small mass limit (1)

- There is a lattice artifact @ gmj = 0. T
 The free energy should not depend on @ in the 0010 ¢ TBMG=1x107%)
massless case. (from the U(1), anomaly) ! gﬁﬁéf%_%_ﬂm o)
» This artifact will disappear in f — oo limit. 0.010 — =P
 The numerical results in a small mass xf
0.008 X
« We the lattice artifact from small  0.006 -
mass results. X
f(mg) — f(mg = 0) 0.004 -
« The subtracted result gets closer to the mass X
perturbation line. (Black plots) 0.002 X i
« The subtracted result is \r,\,fef“x WW
to the mass perturbation line. 0 e 04 o6 o8 10
o/n

Results (5/7) Conclusion (1)

Introduction (2) Schwinger (2) TRG (3)




Small mass limit (2)
Check of the finite g effect

 In larger B, the numerical results are getting closer to the mass perturbation.
« The finite g effect seems to be severe in this parameter regime.

* In our calculation in g = 4, B =1x 107 0.0010 Bmg=1x107¢
mass perturbation v mass perturbation
00016‘(5 i Z21.4-4-].40625 YY Y g f 2.44140625 YYY\rTYY
00014l B=625 YJXXﬁ& D 0008 T
for any small " AT S o SR
y S 0.0012 Y“’;:% ? X s
mass parameters. ¥ o ! 0.0006 PO y
g 0.00107 Tt g Eoe *
= = 0.0008] | | *;? s sl -
to check the | > o | 0.0004 g g
. . T— A\l D X x
consistency with the mass £ o.0006 ) 2 X
perturbation. (For larger B, 0.0004 3 g 00002 f ||
larger bond dimensions D are 0.0002 ﬁ B o |
: . X
requwed.) M 0.00001 " t
, o 2 B 0.0000 | | «
logZ(0) _ )28 (7)) cost 0 — 2mn 00 02 04 06 08 10 00 02 04 06 08 10
g2V n g2 2 e/n e/n
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Intermediate mass

B=4 B=4
m=0 x1 0.10T——
by any 0.1471xBm2 =1x10"* x” xBm2=1x10"* N
- mZ =64 x 10~* " 2=64x10""* Y4
analytical methods. ., Tgme =% . .08 b g = 4 x 107
- The free energies <Bmg =16 x 1072 " «Bm§ =16 x 1072
change smoothly by 010|#mé=10000 —y «fmj = 10000
0.06 < Ble
the change of mass o NP
parameters — 2 KL
ge) Xxx _ﬁ{
* In small mass 0.06 0.04 Y ]
regime, the lattice 21| iy
i - 0.04 NalC At Y
artitact exists. X
0.02 JE
X Az
0.02 xi _i_i i AAAWWT’WWW‘@
0.00 -eisedigros 0.00 4 | —— 0G|

0.0 0.2 0.4 0.6 0.8 1.0

o/n

Conclusion (1)
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Conclusion

Nr = 2 Schwinger model in TRG

« Schwinger model : 2dim QED
« 4dim QCD-like theory (chiral sym, vacuum structure, ...)
is also similar.
« Good to calculate by TRG (Smaller d.o.f. than 4dim theory)

 We calculated 6 dependence of the free energy by Grassmann-TRG.
of 0 is obvious.
e Large mass region is consistent.
« Small mass region is not consistent enough. (finite g effect)
* Finite mass effects for the intermediate mass regime.

e Future directions

- Larger B calculations for small mass parameters (To check the consistency
with the mass perturbation.) — Larger D calculation is required!
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Back up
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D, K dependence

B=6.25K=D/4,mo=0,0=m B=6.25D=100,my=0,0=n
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—26.795 _76.836 % X
—26.800
X
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~26.8301 -
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p dependence of the lattice artifact

Bmy =0
B=2.44140625
B=4
xB=6.25
0.020
0.015
Y
0.010 =
0.005 T
><><><><><><>< “
XXXXXX
X
0.000 ><>CAAA(><X>IK><><><><><><><
: PO

00 02 04 06 08 1.0
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Intermediate mass (2)

Large mass regime

Free energy B4

0141 BmZ =1.96 x 102 via
A Bmg=4x10"2
0.12{<Bm§=16x10"*
Bms =64 x 1072 0.06
2 _ X
0 10 Bm§ = 10000 /4 @
o
X < o
f S
S~ <
L <] AL
0.06 % S
X 0.02
Jes
0.04 T s
LK
L 0.00+
0.02 M@E\J\L)&
g
0.00- :
0.0 0.2 0.4 0.6 0.8 1.0
o/n

analytic(lattice)

Introduction (2)
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Topological charge

B=4

analytic(lattice)
Bm3=1.96x 1072

ABmg=4x1072

<« Bms =16 x 102
Bms =64 x 1072

x Bm3 = 10000

Ke
~

TRG

(3)

* The plot of the topological
charge (9f/00) is almost on
straight lines in the large
mass.

e The finite mass effect
seems to appear as the
different slope in the right
figure.

log Z(0) — min 1

g2V ” 2
Results (8/9)

(0 — 27n)°
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Intermediate mass (3)

Small mass regime Topological charge
B=4
0.0200 1~ x gm2 =1 x 10~ .
Free energy oo e = 25 % T - We compare to the solid
S BmI=1x10- ] @ 001751~ ¥ mg =64 x 1074 lines (mass perturbation
0.0351 ", Bm§=25x10‘4 / = ,“Bmg=1.96 x 10 .
e —eaki0 | ] S 00s0) Apmi=axiod lines).
| ,*BmM2=1.96x10"2 o A | : :
_ 003 s My ey & £ 0.0125 R  The consistency with the
Il 0.025 - “rfo.oloo 4 | mass perturbation is not
€ o D 0075 Sl | good in any mass
— 0.020 )\\ S die o A YY\(
| . B = N «| parameters.
~~0.015 A Sl £ 0:00507 7 7 NG| : ..
3 S5 I B oons] LA | «lIs this a finite mass effect
= 0.010 A S e or a finite B effect?
o' A, i 00000 I pscegeecsscssuaisis = b
0.005 /53 | | 00 02 04 06 08 10
)7 & YYYYY | e/n
pne YYYY
0.000 HousssSE i | } log Z(0) s o1 (m2\® 4 [(6-2mn
00 02 04 06 08 1.0 — — min (e’V)B 773923 [ — COS 3
6/ gV n <g2> ( 2 )
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Intermediate mass (4)

Small mass regime » The plot of f/06 and
B=4,D=120,K=25,12=232 B=4,D=120,K=25,L*=2%* its p|0t scaled by
0.02001~ x m2/g2 =1 x 10~* mass perturbation mMass.
m2/g? =25 x 104 xm?/g?=1x10"*

0.01754~ ~ m?/g® =64 x 1074 g‘ 0.41 m§/g§i25 ) 10::11

3 m?/g® =1.96 x 10" 5 Yzzﬁgi%g <10 Y « The places of the

o 0.01507 ,~m?/g? =4 x 1072 IS Am?/g?=4%x107?2  Xx %% p

” N \ = o maximum values are

g 0.0125 SR 803 TR Rl different.

~— A o X X LY J\% . .

5 0.0100 . - <o K\x*** ) (It is constant in the

| ; N | S0 SR mass perturbation.)

D ad YA

> 0.0075 1 = it T e x

= hg © ><>< T XL* ‘

€ o0.0050] - Y.*YY g - YYL*** .

= /54| 57 =01l .+ The mass scaling of
0.0025{ . " T e x the numerical results
N | T e P e P t | are different from the

77700 02 04 06 08 1.0 00 02 04 06 08 1.0 mass perturbation.
e/n o/n
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Degeneracy (2)

« We could not saw two vacua in m?/g? < 1073. — Finite D effect?

B=4,D=120,K=25,m?/g°=16x 1072 B=4,D=120,K=25,m?/g?=4x 1072
[ I I [ | |
% Yy 6=0 * vy 6=0
A 9:]‘[ A 9=T[ |
3:3 x 6=0.99997 | 3.3 x 6=0.99991
6=1.0001n 8=1.0001m
<« 6=1.001m < 6=1.001n
3.0 3.0
>
5 X O <
O | O 2.5
5 2.5 o 2
(- -
v &
o x 20 % -
A AN Q <. PN
% % B A
W A
X sl 151 % y
1.5 3 Fox% - Pt R
Y
Y Y _< w
1.0 Trrrren T‘% AN | 1.0 CrprrrrrrreRbnetees
! 0O 5 10 15 20 25 30

0O 5 10 15 20 25 30
log,(L?)
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Large mass limit

| | [
- |attice, =4 )

0.14 + continuum /
0.12 d

0.10 /
0.08

Y /
0.06 /

0.04 /
0.02 //

0.00 —

00 02 04 06 08 1.0

o/n
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Topological susceptibility @@ = 0

B=4,6=0
0.030
&
D
:2 0.025 %
)
I +
EO 0.020 T
= +
N
'f 0.015 *
g 0.010 mass perturbation )
o + Maxwell (continuum)
& .
= 0.005 & ¥ — Maxwell (lattice) |
S _|__-|- without the subtraction; 82f(mg)/362
with the subtraction; 82f(mg)/962 — 3%flmg = 0)/06?2
0.000 =+ + | o) Mo = OW0O” |
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
2
Bmg
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0 dependence of the free energy (1)

4d QCD (N; = 2 case) .
Large mass 5
* SU(N) Yang-Mills theory, gapped o
. Q
* Free energy can be calculated in large N. =
* Freeenergy: F = —log Z[0] x min(0 + 27k)? 5 .

k

Small mass
* IR EFT is a pion theory (SU(Nf) non-linear sigma model) 3 /\ / \
» For a fermion mass, the pion mass can be introduced ¢
perturbatively. ) U =e'™® e U(Ny) o
» Mass term:  map < trfmU + U'Tm[] £
« Free energy : 2
r nerey F = —log Z|0] x —min]m!cos(é’+ 7Tkz) B N
k Ny 0
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Pion theory (1)

effective field theory (EFT) for 4d QCD (massless)

u(Np) x<U(Np),

« SSB : U(Da — U(Nf)V
. U(Nf), XU(Ng),
NG boson = pion € TOITICTN SU(N¢)

« Pion theory : non-linear sigma model (with SU(Nf)N WZW term)

’I% Nc 5)
Sr = f d*x St 0,UTorU| — / a0zt [(UTdU) }

)

- (

U=¢"7= € SU(Ny)
fr - the pion decay constant (~QCD scale — Not CFT)

e In 2d, no SSB (Coleman-Mermin-Wagner theorem). What happened?
Schwinger (2/6)
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Pion theory (2)

Bosonization (for the Schwinger model)
* In 2d, we can use the technique.
« fermion < boson

« Bosonized Schwinger model = pion theory
* SU(N¢) NLSM with WZW term + " meson + U(1) gauge theory

' ' | ‘. .
S :fci’z;r{;?ﬂwﬂ”’ E:lf (0 +0) ™ E,, + ; oM + e 10,U"U T}} 1;; ft.r[((,-"d(_.ﬂ)?’]

U=¢e"® ¢ SU(Ny) ¢: n' meson (U(l)A part, heavier than the pions)

 4d QCD also includes n’ meson. (It is decoupled in the IR limit.)
+ In IR limit (integrating out n’ and photon), SU(N;) WZW model (CFT, c=N; — 1)

* Very similar theory to 4dim QCD!

Schwinger (3/6) TRG (3) Results (7) Conclusion (1)
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Pion theory (2)

Bosonization (for the Schwinger model)
* In 2d, we can use the technique.
« fermion < boson

« Bosonized Schwinger model = pion theory
* SU(N¢) NLSM with WZW term + " meson + U(1) gauge theory

' ' | ‘. .
S :fci’z;r{;?ﬂwﬂ”’ E:lf (0 +0) ™ E,, + ; oM + e 10,U"U T}} 1;; ft.r[((,-"d(_.ﬂ)?’]

U=¢e"® ¢ SU(Ny) ¢: n' meson (U(l)A part, heavier than the pions)

 4d QCD also includes n’ meson. (It is decoupled in the IR limit.)
+ In IR limit (integrating out n’ and photon), SU(N;)  WZW model (CFT, c=N; — 1)

* Very similar theory to 4dim QCD!
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Phase tranSition @9 [ A [Gaiotto, Komargodski, Seiberg 1708.06806]

N =1 case LA [w@@
 No massless mode /\\
 If & = m, n meson can be massless.  Sng,
* In large mass, two vacua degenerate at 8 = . W
Nf > 1 case (st ortler” siion.
* Massless pions Y
* In the small mass region, mass perturbation (A%*N [Mef@
works. A ]
. In all mass, 2 vacua degenerate at 6 = . Naco
A LA %(f\/.\_,/\_,
- First order phase transition at 6 =« for all A K—>1ve
fermion mass. (sc oreler prose
,WN\Q[{’,[OY\
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Why calculate Schwinger model by TRG?

To calculate 6 dependence of free energy

« DMRG
e 1+1 dim Hamilton formalism.
« With boundary calculation < by boundary effects!
« Periodic boundary takes a higher cost.
« TRG
. |t is easy to take periodic boundary condition ( )
* Free energy calculation is easy.

« Can be generalized for higher dimensions. (In principle, we can apply it to 4d QCD.)
Some negative points
* Lower bond dimension than DMRG.
* Discretize for 2-directions. — Bond dimension for each direction is lower than DMRG.
e Correlation function is more difficult.

Introduction (2) Schwinger (2) TRG (3/4) Results (7) Conclusion (1)
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