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Introduction and Motivation
Introduction and Motivation

& For Lattice QCD calculations

# on observables such as cumulants of the chiral order parameter,
@ the trace of operators (Tr O) is often necessary.

« ex) O = M~ (inversed Dirac operator).

# M (Dirac operator): a large sparse matrix on the lattice

« " Trace estimation by linear CG solver for stochastic sources
« B This needs considerable computational cost.

& We present our preliminary result

@ on machine learning estimation of TrM ~"
@ from other observables

« ex) TrM ~™ where m < n, plaquette, Polyakov loop

# with gradient boosting decision tree regresson
@ based on the methodology of Yoon et al., PRD 100 014504 (2019).
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Introduction Measurement Information

Measurement Information

1D L*xT B K cSW Neonf
0 163 x 4 1.60 0.13575 2.065 5500
1 163 x 4 1.60 0.13577  2.065 5500
2 163 x 4 1.60 0.13580  2.065 5500
3 163 x 4 1.60 0.13582  2.065 5500
4 163 x 4 1.60 0.13585  2.065 5500

# Measured by H. Ohno (2017 — 2018)

@ Ohno et al. PoS LATTICE2018 (2018) 174

# HW: Dakforest-PACS system (Boku et al. arXiv:1709.08785)

# SW: BQCD program (Haar et al. EPJWoC 175 14011 (LAT2017))

& Iwasaki gauge action, Wilson clover action, Ny = 4

& Red row: first order phase transition occurs here.
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Ny O VO LRS ENM  Correlation map
Correlation Map of Observables
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(a) Kk = 0.13575, ID O (heaviest quark)
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(b) k =0.13585, ID 4 (lightest quark)

& We evaluate the correlation coefficients for Plaquette, Polyakov loop
and TrM ™" (n=1,2,3,4)
# Red color: strong correlation ™ machine learning estimation

& Using the correlation between observables, we try ML estimation.
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N G\ LR CIEN M1 ostimation
Machine Learning Estimation

Input
X:{xl,xQ,"'}/

R

‘ f (X ) Glradlwnt Boosting

Decision Tree Algorith
V
~ Benjamin J. Choi (CCS) |

Machme = J

& We adopt machine learning method for
the estimation of observables.

@ Yoon et al., PRD 100 014504 (2019)
# Machine learning estimation
X (input) — Y7 =Y (output)

@ P: prediction by machine learning

# A machine f determines fit function
during the learning sequence

fX)=v"~Yy
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ML estimation

Machine Learning Estimation of Observables

@ For ML estimation of f(X)=Y" ~ Y,

'nput @ # of data X: M = Nig + NyL
X:{xl,xg,"'}/ e # of data Y: Nip
' M
NrB NuL
MaChlne {X, Y} e {LB} X e {UL}
f(X) o Gadient aoostmg Labeled set Unlabeled set
Decision Tree Algorithm

. Train f to get Y from X on labeled set.
@ Predict Y from X on unlabeled set:

f(X)=vr~v.

# Do we use all labeled set for training?
Trace estimation by ML 29 July 2024 6/17




Y G T VICRS RN 13ias correction technique
Bias correction in the ML estimation

M M
Ntr Npc Ny,

{X, Y} € {LB} X € {UL} » (X, Y} X € {UL}
Labeled set Unlabeled set Training set  Unlabeled set
Bias Correction set

@& In general and in principle,
& We split labeled set into

B 1 Nur training and bias correction set.

Yo = Nyt = Y; Training with {X,Y} € {TR}

1=
Predicting with
is not exact due to the bias. Not, N
_ 1 1

& Prediction bias in the ML Y= —— yPy _— Y.—

NuL Z " Npc ;( !

Bias) = (V) — (YF
(Blas) = (¥) = {Y7) (Yoon et al., PRD 100 014504)
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LUCINSICRSCITIE Search for optimal range

Optimal range for ratio of labeled /training set

# To reduce the computational cost > minimal sufficient labeled set.

# In bias correction set, Y as well as Y is used to determine Y.
« W We should grant sufficient statistics to bias correction set.

& W Need to find optimal range for ratio of labeled/training set!

# M = # of total data set (M = Ny + Nyr,)
# Nip = # of labeled set (N, = Ntr + NpC)
& Nr1r = # of training set

Y
Find out minimal Ry = % where Rig = 5, 10, --- 50 %

N
2] Find out maximal Ryg = NLR where Ry = 10, 20, --- 90 %
LB

& We also observe

% Rrr = 0 % to check the labeled set itself,
% RTr = 100 % to check the result without the bias correction.
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Gradient boosting decision tree regression

Gradient boosting decision tree regression

% We use LightGBM ( g* Microsoft ) via JuliaAI/MLJ.j1.
@ boosting stage = 40 ™ empirically determined with L2-L0ss plot.
@ depth of tree = 3, learning rate = 0.1, subsampling = 0.7
= Same with Yoon et al., PRD 100 014504 (2019)

& Statistical error estimation: Bootstrap resampling, Ngg = 10, 000

# Check P1 and P2 as in Yoon et al., PRD 100 014504 (2019)
P1: bias corrected ML prediction

_ 1 1
Ypi=x— D Yty D (%-Y)) (1)
Nur Npc
i€{UL} je{BC}
@ P2: weighted average of P1 and direct measured labeled set

Nur, Nip
Y
BV + —

= To improve the statistical precision

YP? M Y(LB) (2)
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_ Bvaluation of ML estimation [ENESEINEIGERE
Two evaluations of estimation results

# Evaluation 1: Y (central value) check (blue: original CG, red: ML)

1200 ) : 1200 : !:‘“'1 : :
& S 1000 L o il
ER = w £ 900 ] |
) E 3 £ o0 {1 |
b5} 15 i 15 & x|
z Z. z . y
300 | 300 | .
0 0k e 0 proeg™ = ! ==
10250 10255 10265 1.0270 10250 10255 10260 10265 10270 1027 1025 1.026 1027 1.028 1.029
M2 M2
(a) Score 2 (b) Score 1 (c) Score 0
Score Evaluation criteria (X = P1 or P2)
2 Both of ?Orig. and Yy agree with 1 ¢ level.
1 Only one of ?Orig. or Yy comes into the other’s 1o error.
0 Yorig. and Yx do not agree with 1o level each other.

# Evaluation 2: ox/00ng. check (ox: ML error, X = P1 or P2)
If a ML result got Score 2 at the Evaluation 1
@ and gave ox /00y ~ 1 at the Evaluation 2

= ML estimation imitates the original CG result as well as possible.
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Evaluation of ML estimation An example

Example: Plaquette — TrM 3 estimation (P1, ID-0)

=
(=]
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5 ~
.§‘ 45 - 2 § 45 | 151 143 146 165 149 15 156 17 186 22 6
=40 40 |1 1 e 18 e s 1% Lo s 2
% 35 2 35 e B e L o o 5
g 30 - 1 T30 [m s w1 o m ae ew .
..8 25 E 25 [ 200 (138 145 12 122 12 m 1s2 217 o
\,ii 20 _ B 20 |22 {18 ar s 16 12 12 206 23 321 3
o 15 : 15 | 25 188 16 1m 1s 185 Lo 22 32 356
&0 0 =10 | s 16 1w 1w 200 226 230 250 B2 2
5
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ryg (training set) (%] Ry (training set) [%
(a) Y (central value) check (b) Magnitude of op1/00rig.

Eval. 1: central value check
= cannot find consistently
} white region (score 2).
2 11 } 0 @ Eval. 2: op1/00rig. check
{ = Roughly op1 ~ 1.500yis.
in Rig > 30%, Rtr < 50%

# Y score: white, orange, red

Benjamin J. Choi ( & Trace estimation by ML 29 July 2024 11 /17



An example

Example: Plaquette — TrM 3 estimation (P2, ID-0)

[N S
St S @
v}

g |

R (labeled set) (%)

15
10 0 ! 6 1 1 ' 2
5 . | .
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ry (training set) [%] Ry (training set) (%]
(a) Y (central value) check (b) Magnitude of op2/00rig.

Eval. 1: central value check
= consistently white region
n Rig > 30%, Rrr < 50%

2 } 11 % o @ Eval. 2: opa/00rig. check

= Roughly op2 < 1.100yis.
in Rig > 30%, Rtr < 50%
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# = 0.13575 (heaviest quark mass)
Preliminary results of ML estimation (1)

# For a ML trace estimation X — Y, (X: input, Y: target)

# r-axis: X W Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {RLs, Rrr} = {30, 50} = = in Ryp> 30% and Rtr < 50 %.

=&

# P2 results of ID-0: k = 0.13575 (heaviest quark mass)

ID-0 Plaquette Polyakov loop TrM~! TrM 2 TrM 3
TrM ! {30, 50} {35, 40}
TrM~2 | {30, 50} {35, 40} {25, 40}
TrM—3 | {30, 50} {35, 40} {40, 40} {15, 70}
TrM~* | {45, 60} {45, 60} {40, 40}  {35,50} {25, 40}

# In the Y = TrM " estimation (n = 1,2, 3),
# Ris> 30% for plaquette, Ryg> 35 % for Polyakov loop
& Not so good at Y = TrM —* estimation: Ryp> 45 %
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= 0.13580 (1st order phase transition)
Preliminary results of ML estimation (2)

# For a ML trace estimation X — Y, (X: input, Y: target)

# r-axis: X W Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {RLs, Rrr} = {30, 50} = = in Ryp> 30% and Rtr < 50 %.

=&

# P2 results of ID-2: k = 0.13580 (1st order phase transition)

ID-2 Plaquette Polyakov loop TrM~! TrM 2 TrM 3
TrM ! {10, 80} {10, 80}
TrM~2 | {10, 90} {10, 80} {10, 90}
TrM—3 | {10, 90} {10, 70} {10,80} {10, 90}
TrM~4 | {40, 40} {40, 80} {40,80}  {40,80} {40, 80}

# In the Y = TrM " estimation (n = 1,2, 3),
¢ Rip> 10% for plaquette and Polyakov loop
& Not so good at Y = TrM —* estimation: Ryp> 40 %
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K = 0.13585 (lightest quark mass)
Preliminary results of ML estimation (3)

# For a ML trace estimation X — Y, (X: input, Y: target)

% z-axis: X W Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {Rip, Rtr} = {30, 50} ® = in Ry> 30% and Rrr < 50 %.
# P2 results of ID-4: k = 0.13585 (lightest quark mass)

ID-4 Plaquette Polyakov loop TrM~! TrM 2 TrM—3
TrM—t {30, 40} {35, 40}
TrM~2 | {30, 50} {40, 50} {30, 40}
TrM—3 | N.A. N.A. N.A. N.A.
TrTM—* | NA. N.A. N.A. N.A. N.A.

% N.A. ® Cannot find proper {Rrp, RTr}-
# In the Y = TrM " estimation (n = 1,2),
s Rrp> 30% for plaquette, Ry,g> 40 % for Polyakov loop
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and to-do list
Summary and to-do list

& We checked the ability of ML estimation X — Y on
X = Plaquette/Polyakov loop, Y =TrM " (n=1,2,3,4)
2] X =TrM~™, Y =TcM™ (n<m)
using -+ LightGBM ( §® Microsoft ) via JuliaAI/MLJ. 1.

# ML estimation works well with heavier quark mass (smaller ).
# Especially works well at the 1st order phase transition point.

# ML estimation with X = Plaquette/Polyakov loop
= works well if labeled set were 2, 30% of total set

& In this preliminary analysis, we found that bias correction works well.

& Expand the analysis with other gauge ensembles.
& different lattice volume L3 x T, different lattice spacing a.

& Further investigation and comparison with other linear regression
algorithms such as LLASSO or RIDGE.
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Thank you for your listening!
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# = 0.13575 (heaviest quark mass)
Preliminary results of ML estimation (Backup, 1)

# For a ML trace estimation X — Y, (X: input, Y: target)

# r-axis: X W Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {RLs, Rrr} = {30, 50} = = in Ryp> 30% and Rtr < 50 %.

=&

# P2 results of ID-0: k = 0.13575 (heaviest quark mass)

ID-0 Plaquette Polyakov loop TrM~! TrM 2 TrM 3
TrM ! {30, 50} {35, 40}
TrM~2 | {30, 50} {35, 40} {25, 40}
TrM—3 | {30, 50} {35, 40} {40, 40} {15, 70}
TrM~* | {45, 60} {45, 60} {40, 40}  {35,50} {25, 40}

# In the Y = TrM " estimation (n = 1,2, 3),
# Ris> 30% for plaquette, Ryg> 35 % for Polyakov loop
& Not so good at Y = TrM —* estimation: Ryp> 45 %
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xk = 0.13577

Preliminary results of ML estimation (Backup, 2)

& For a ML trace estimation X — Y, (X: input, Y: target)

¥ r-axis: X ™ Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {Rip, Rtr} = {30, 50} = ~& in Rpp> 30% and Rrr < 50 %.
& P2 results of ID-1: k = 0.13577

ID-1 Plaquette Polyakov loop TrM~! TrM 2 TrM 3
TrM~1 | {30, 40} {35, 40}
TrM 2 {20, 50} {35, 40} {15, 40}
TrM 3 {25, 50} {35, 40} {30, 60} {20, 80}
TrM—* {45, 40} {50, 40} {45, 50} {45, 50} {25, 50}

# In the Y = TrM " estimation (n = 1,2, 3),
s Rrp> 30% for plaquette, Rr,g> 35 % for Polyakov loop
# Not so good at Y = TrM % estimation: Ryg> 45 %
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x = 0.13580 (1st order phase transition)
Preliminary results of ML estimation (Backup, 3)

# For a ML trace estimation X — Y, (X: input, Y: target)

# r-axis: X W Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {RLs, Rrr} = {30, 50} = = in Ryp> 30% and Rtr < 50 %.

=&

# P2 results of ID-2: k = 0.13580 (1st phase transition)

ID-2 Plaquette Polyakov loop TrM~! TrM 2 TrM 3
TrM ! {10, 80} {10, 80}
TrM~2 | {10, 90} {10, 80} {10, 90}
TrM—3 | {10, 90} {10, 70} {10,80} {10, 90}
TrM~4 | {40, 40} {40, 80} {40,80}  {40,80} {40, 80}

# In the Y = TrM " estimation (n = 1,2, 3),
¢ Rip> 10% for plaquette and Polyakov loop
& Not so good at Y = TrM —* estimation: Ryp> 40 %
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K = 0.13582
Preliminary results of ML estimation (Backup, 4)

& For a ML trace estimation X — Y, (X: input, Y: target)

¥ r-axis: X ™ Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {Rip, Rtr} = {30, 50} = & in Rpp> 30% and Rrr < 50 %.

-

& P2 results of ID-3: Kk = 0.13582

ID-3 Plaquette  Polyakov loop TrM ! TrM 2 TrM 3
TrM~1 | {10, 60} {20, 80}
TrM~2 | {10, 90} {10, 60} {10, 80}
TrM—3 | {10, 70} {10, 50} {15,60} {10, 90}
TrM~* | {40, 50} {40, 50} {40,550}  {40,50} {40, 50}

# In the Y = TrM " estimation (n = 1,2, 3),
% Rrp> 10% for plaquette and Polyakov loop
# Not so good at Y = TrM % estimation: Ryg> 40 %
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r = 0.13585 (lightest quark mass)

Preliminary results of ML estimation (tBackup, 5)

# For a ML trace estimation X — Y, (X: input, Y: target)

% z-axis: X W Plaquette, Polyakov loop, TrM ™" (n = 1,2, 3)

% y-axis: Y W TrM " (n=1,2,3,4)

# {Rip, Rtr} = {30, 50} ® = in Ry> 30% and Rrr < 50 %.
# P2 results of ID-4: k = 0.13585 (lightest quark mass)

ID-4 Plaquette Polyakov loop TrM~! TrM 2 TrM—3
TrM—t {30, 40} {35, 40}
TrM~2 | {30, 50} {40, 50} {30, 40}
TrM—3 | N.A. N.A. N.A. N.A.
TrTM—* | NA. N.A. N.A. N.A. N.A.

% N.A. ® Cannot find proper {Rrp, RTr}-
# In the Y = TrM " estimation (n = 1,2),
s Rrp> 30% for plaquette, Ry,g> 40 % for Polyakov loop
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approximate value of a

Fit result of Wilson flow scale parameter at zero T'

0.6624 T T T T T T
raw data ' =0
0.6620 - fit functionf(x) 7
interpolation T #0 @
S 0.6616 | 4
=
= mga) = co + 1 mga
g 0.6612 | /(M) = o+ erma |
co = 0.6927(13)
0.6608 | ¢1 = —0.2620(110) i
x%/d.o.f. = 1.0530
06604 1 1 1 1 1 1
0.116 0.117 0.118 0.119 0.12 0.121 0.122 0.123

mga
@ V=163 %32, 3=1.60

& Here, we use

a~0.22175 fm (k =0 )
a~0.22171 fm (k=0 )
~ 0.22163 f = 0.13580 1
“ m (r ) = 1.347(30) GeV
(k=0 ) Vio
(1 = 0.13585)

BMW, JHEP 09 010 (2012).

Benjamin J. Choi (CCS) Trace estimation by ML 29 July 2024 7/25

a =~ 0.22159 fm

& & & & ¢

a ~ 0.22152 fm




Fit result of pseudoscalar meson mass at zero T'

1.87 T T T T T T
156 L f(mga) = dymga + dy (mga)? i
dy = 21.77(47)

“@ 1.85 | dy = —53.64(393) y
N | 2 _ i
g_' 1.84 | x*/d.o.f. =1.13
= 18r raw data 7' =0 ]

182 | ~ fit function f(z) |
interpolation T #0 @
1_81 1 1 1 1 1 1
0.116 0.117 0.118 0.119 0.12 0.121 0.122 0.123
mya

mps ~ 1.214 GeV (k = 0.13575
mps ~ 1.213 GeV (k = 0.13577

(k ) %V =16%x32,3=160

(k )
mps ~ 1.211 GeV (k = 0.13580)

(k )

(k )

& In summary, we have

~ 1.21
mps =~ 1.209 GeV (x = 0.13582 mps GeV

= 0.13585

Benjamin J. Choi (CCS) Trace estimation by ML 29 July 2024 8/25
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mps ~ 1.207 GeV
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Quark mass

Quark mass

# We obtain k. (kappa critical) from

ke(gg) = 0.125 4 0.003681192 g5 + 0.000117 (g3)°
+0.000048 (g2)% — 0.000013 (g2)"

where g2 = = is the coupling constant.

8

& With 8 = 1.60, we have k. ~ 0.14041.

& We obtain quark mass mgya with

Benjamin J. Choi (CCS) Trace estimation by ML 29 July 2024
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Computational gain
Computational gain

# By the measurement logs of BQCD program, we have (Ncont = 5500)

ID K Total CPU-time [hour] All CG [hour] | CG for single TrM " [hour]
0 0.13575 65.91 59.12 3.94
1 0.13577 65.97 59.15 3.94
2 0.13580 65.51 58.66 3.91
3 0.13582 64.44 57.56 3.84
4 0.13585 63.35 56.58 3.77

@ For single gauge conf., CG is called 150 times where Ng.. = 10.
@ For a single determination Tr M ~", it takes ~ 4 hours.

# For GBDT regression on Julia code (with ordinary laptop/desktop),
@ Time for model training ~ 3.17 seconds (99.71% compilation time)
@ Time for Ngg = 10000 bootstrap resampling < 1 minute
« W negligible comparing with CG time on supercomputer.

# (ex. 1) ML estimation on Tr M~! — Tr M 2 with 30% labeled set,
« W we save ~ 35 % of CG time.

# (ex. 2) ML estimation on Plaquette — Tr M ~2 with 30% labeled set,
« W we save ~ 70 % of CG time.
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R SIXOl  Optimal boosting stage
Optimal boosting stage

30F

25

20F

L2 loss [x10™"]

10 20 30 40 50 60
boosting stages (iteration)

# z-axis: boosting stage (number of iteration)
& y-axis: L2-loss for machine learning X — Y
Nrr

(L2 loss) = Z (Vi — Y;P)2

=1

& optimal boosting stage ~ 40
Trace estimation by ML 29 July 2024
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N - YOOl \isualization of decision tree
Visualization of decision tree

Tr M~ < 1.0530
, Yes & ¥ No _
Tr M < 10517 TeM~' < 10549
Yes & §No  Yes § ¥ No
TrM2=1.0248 TrM2=1.0266 TrM~"' < 1.0543 TrM~' < 1.0560
Yes $ No Yes § ¥ No
TrM~2=1.0278 TeM~2=1.0286 TrM~2=1.0204 Tr M2 = 1.0305

# An example with X = Tr M~1, Y = Tr M2 for X — Y learning
& Example for a boost stage.
& depth of tree = 3

# number of leaf (green cell, Y = Tr M~2) = 6
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Optimal ratio of labeled/training set (backup)
Optimal ratio of labeled /training set (backup)

& With M = Nrp + Ny, and Nigp = Nrr + Npc, let us assume that

# Nrg = 02M — labeled set is 20 % of total set.
# Nrr = 05N g — training set is 50 % of labeled set.

# Then the distribution of TR/BC/UL set is shown as, for example,
'TR|UL UL |UL|UL|BC|UL| UL UL UL TR [UL UL |UL|UL BG - -

9

where z-axis corresponds to the gauge configuration index.
# To reduce the computational cost W fewest possible labeled set.

# In bias correction set, Y as well as Y is used to determine Y.
« " We should grant sufficient statistics to bias correction set.

% " Need to find optimal ratio of labeled /training set!
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S O Sl Covrelation Maps
Correlation Map of Observables (ID 0, ID 1)

1.0
py3ad 1.0 0914 0852 0.678 0.853 0.74
0.8
VP& 0914 1.0 0979 0817 094 0.815
bSP&) 0852 0.979 1.0 0.908 0.906 0.775 0.6
TrM 0.817 0.908 1.0 0.719 0.602 0.4
Iy 0.853 0.94 0.906 0.719 1.0
0.2
[ Als] 074 0.815 0.775 0.602 0.776
0.0
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F S S S s
& & & & S &
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<

(a) k = 0.13575, ID O

0.951

TrM ' ) 0.914 0.772

pe9Vaed 0951 1.0 0.988 0.864 0.966 0.889

83Vad 0914 0988 1.0 0.926 0.946 0.863

o3Vl 0.772 0.864 0.926 1.0 0.804 0.721

JgBiteey 0.916 0.966 0.946 0.804 1.0 0.863

JOVRINANNY 0.848 0.889 0.863 0.721 0.863

£
$
B
&
S

<5

(b) K =0.13577, ID 1
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0.4

0.2

0.0

& We evaluate the correlation coefficients for Plaquette, Polyakov loop

and TrM ™" (n=1,2,3,4)
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S O Sl Covrelation Maps
Correlation Map of Observables (ID 2, ID 3)

1.0
By3ad 1.0 0.998 0994 0.84 0.996 0.991
0.8
py3Vad 0.998 1.0 0998 0.849 0.999 0.993
Vel 0.994 0.998 1.0 0.874 0.6
WSYed 084 0.849 0874 1.0 0844 0.841 04
Jotreras] 0.996 0.999 0.996 0.844
0.2
AR 0.991 0.993
0.0
R S
F S S S s
& & & & & &
g N
5
<

(¢) K = 0.13580, ID 2

0.993 0.981 = 0.7

TrM ' ) 0.991 0.977

beaVaedl 0993 1.0 0.994 0.725 0.997 0.981

p3Vad 0981 0.994 1.0

ye3%all 0.7 0.725 0.783 1.0 0.709 0.704

jgBviiEeey 0.991 0.997 0.988 0.709 1.0 0.981

OVRINRRNY 0.977 0.981 0.972

£
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B
&
S
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(d) Kk =0.13582, ID 3

0.8
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0.4

0.2

0.0

& We evaluate the correlation coefficients for Plaquette, Polyakov loop

and TrM ™" (n=1,2,3,4)
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S LSl Correlation Maps
Correlation Map of Observables (ID 4)

TrM ' BN

0 0.927 0.725 JKIYW 0.905

Vel 0927 1.0 0.859 XwZAN 0.959

IS3Vad 0.725 0.859 1.0 [UEEFA 0.771

TrM~*}0.062 0.029 397 Y 0.07 0.053

Plaquette [USSIREEVELIRRVZAN 0.07 1.0

Polyakov loop MUNVGISSVVFERIREE 0.053 NOVY[)

0.761

0.773

0.581

0.776

(e) k =0.13585, ID 4

1.0

0.8

0.6

0.4

0.2

0.0

& We evaluate the correlation coefficients for Plaquette, Polyakov loop

and TrM ™" (n=1,2,3,4)

# We observe weak correlation between TrM —% and other observables.
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Example on ID-0

Corr. Scatter of Plaquette — TrM —3 estimation (ID-0)

TN © BC ORG 0.25 o ° UL ORG
© BC GBM o UL GBM
s H 0.00 °
. 5
@ °
° 0 °
©
&

025+ 8, e TR ORG 0.25
e e TR GBM|
°

0.00

: . . s

e T e B T e
(a) {TR} (b) {BC} (c) {UL}

@ r-axis: Plaquette & Blue circle: original data

® y-axis: Tr M3 # Orange circle: ML estimation

# {TR}: Training set @& Black vertical line:

# {BC}: Bias correction set = average of plaquette

& {UL}: Unlabeled set # Yellow horizontal line:

@ Rip = 30%, Rrr = 10% = average of Tr M3

Benjamin J. Choi (CCS) Trace estimation by ML 29 July 2024 17/25




Backup Example on ID-0

Example: Plaquette — TrM 3 estimation (P1, ID-0)

o
S
<)
st

5 144 145 146 145 184 153 217 L7L 192 246 131

S Ax S
X 45 - 2 45w e e s e 1w 7 s 22 6
—~ —~
2 40 40 o ) | 1o

. 5
@ 35 M 35|12 142 142 14 L7 15 164 166 195 27 il
= 30 T 30| e [m 1z e w1 e 1w 2 26
= 1= 4
..8 25 g 25 [ 200 (138 145 12 122 12 m 1s2 217 o
S| ey 0 o "
= =

5 25 | 183 16 L 18 18 19 223 32 30
a 15 m 15
&0 0 =10 | s 16 1w 1w 200 226 230 250 B2 2

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ry (training set) [%] Ry (training set) (%]
(a) Y (central value) check (b) Magnitude of op1/00rig.

Eval. 1: central value check
= cannot find consistently
} white region (score 2).
2 11 } 0 @ Eval. 2: op1/00rig. check
{ = Roughly op1 ~ 1.500yis.
in Rig > 30%, Rtr < 50%

# Y score: white, orange, red

Benjamin J. Choi ( & Trace estimation by ML 29 July 2024 18 /25



Example on ID-0

Example: Plaquette — TrM 3 estimation (P2, ID-0)

[N S
St S @
v}

g |

R (labeled set) (%)

15
10 0 oI e e 1% 2
5 . |
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ry (training set) [%] Ry (training set) (%]
(a) Y (central value) check (b) Magnitude of op2/00rig.

Eval. 1: central value check
= consistently white region
in Ry > 30%, Rrr < 50%

2 } 11 % o @ Eval. 2: opa/00rig. check

= Roughly op2 < 1.100yis.
in Rig > 30%, Rtr < 50%

_ Trace estimation by ML 29 July 2024 19/ 25

# Y score: white, orange, red



Example on ID-2

Corr. Scatter of Plaquette — TrM 3 estimation (ID-2)

3
0.0 © TR ORG 0.0 © BC ORG 0.0 o UL ORG
o o TR GBM © BC GBM ° UL GBM
05 o —05 0.5 =
- %, R - o -
10 10 2 10
= 3 3 : z
Eo1s P H 15 > ° Hos .
%
2.0 % 20 2.0
®
25 —25 1 ] 25 1
045 046 047 048 049 045 046 047 048 049 045 046 047 048 049
Plaquette Plaquette Plaquette
(a) {TR} (b) {BC} (c) {UL}

& x-axis: Plaquette
@ y-axis: Tr M3

& Blue circle: original data

#& Orange circle: ML estimation

& {TR}: Training set

# {BC}: Bias correction set
# {UL}: Unlabeled set

# Rig =30%, Rrr =10%

@& Black vertical line:
= average of plaquette

& Yellow horizontal line:
= average of Tr M3

Benjamin J. Choi (

Trace estimation by ML 29 July 2024 20/ 25



S C LY SR I2><oxnple on 1D-2
Example: Plaquette — TrM 3 estimation (P1, ID—2).

R (labeled set) (%)

10 0 2
’ 1
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ry (training set) [%] Ry (training set) (%]

(a) Y (central value) check (b) Magnitude of op1/00rig.

Eval. 1: central value check
= consistently white region
in Rig > 10%, Rrr < 90%

2 { 1 % o @ Eval. 2: 0p1/00rig. check

= Roughly op1 ~ 1.300yis.
in Rig > 10%, Rtr < 70%

29 July 2024 21/25

# Y score: white, orange, red




S C LY SR I2><oxnple on 1D-2
Example: Plaquette — TrM 3 estimation (P2, ID-2)

50
X 45 2 6
= 40
& 35 5
T 30
)
E 25 1 4
= 20 3
15
&0 0 2
’ 1
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 8 90 100
Ry (training set) [%] Ry (training set) (%]
(a) Y (central value) check (b) Magnitude of op2/00rig.

_ . Eval. 1: central value check

@ Y score: white, orange, red = consistently white region

in Rig > 5%, Rtr < 90%

2 { 1‘ % o @ Eval. 2: opa/00rig. check

= Roughly op2 S 0. In
Ris > 10%, RTr < 70%

_ Trace estimation by ML 29 July 2024 22 /25



N [Tl 1-><axnple on ID-4

Corr. Scatter of Plaquette — TrM 3 estimation (ID-4)

o TR ORG
1 o TR GBM 1

-3

TrM

© BC ORG
© BC GBM

coq
—2
Q °
0480 0455 0490 0495 0500 0480 0485 0490 0495 0500 0480 0485 0490 0495 0500
Plaquette Plaquette Plaquette
(a) {TR} (b) {BC} (c) {UL}

& z-axis: Plaquette

@ y-axis: Tr M3

# {TR}: Training set

# {BC}: Bias correction set
# {UL}: Unlabeled set

# R =30%, Rrr = 10%

Benjamin J. Choi (

Trace estimation by ML

& Blue circle: original data
& Orange circle: ML estimation
@& Black vertical line:

= average of plaquette

& Yellow horizontal line:
= average of Tr M3

29 July 2024 23 /25



Example on ID-4

Example: Plaquette — TrM 3 estimation (P1, ID-4)

ot
<)

X H 2 X 6
=40 =40
% 35 2 35 5
E 30 1 E 30 4
_;.‘; 25 - 22
Sim B =% “
15 o 15
&0 0 =10 2
5 5
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Ry (training set) [%] Ry (training set) (%]
(a) Y (central value) check (b) Magnitude of op1/00rig.

Eval. 1: central value check
= cannot find consistently
white region (score 2).

2 } 1‘ % 0 @ Eval. 2: op1/00rig. check

= magnitude of op1/00rig.
is randomly distributed.

# Y score: white, orange, red

Benjamin J. Choi (CCS Trace estimation by ML 29 July 2024 24 /25



N YO SOl Fo>cample on D-4
Example: Plaquette — TrM 3 estimation (P2, ID-4)

E 2 6
=
2 . 5
T . v [ - \
:: 1.56. 251 1.61 163
= 3
= 2
& 0

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

Ry (training set) [%] Ry (training set) (%]
(a) Y (central value) check (b) Magnitude of op2/00rig.

Eval. 1: central value check
= cannot find consistently
} white region (score 2).
2 1‘ i o @ Eval. 2: opa/00rig. check
i = magnitude of op2/00rig.
is randomly distributed.

~ Benjamin J. Choi (CCS) | Trace estimation by ML 29 July 2024 25 /25

# Y score: white, orange, red
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