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Motivation - Cost of lattice QCD simulations
Simulation cost ∝ V zV︸︷︷︸

HMC

m−zπ
π︸ ︷︷ ︸

Solver

a−za︸︷︷︸
Autocorrelations

• zV ≳ 1, depends on integrator, hard to imagine an algorithm where zV < 1

— HMC + second order integrator: zV = 1 + 1/4
— HMC + fourth order integrator: zV = 1 + 1/8

• zπ ∼ 1–2 after many algorithmic improvements, almost constant down to very small
(below physical) quark masses
— Hasenbusch mass preconditioning, domain decomposition, multiple pseudofermions
— Multiple timescale integration
— Multigrid solvers
— Deflation

• za ∼ 2 according to “naive” expectations
za ∼ 5–6 in the presence of topological sectors
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• zπ ∼ 1–2 after many algorithmic improvements, almost constant down to very small
(below physical) quark masses
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— Multiple timescale integration
— Multigrid solvers
— Deflation

• za ∼ 2 according to “naive” expectations
za ∼ 5–6 in the presence of topological sectors⇒ from now on z refers to za
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Topological freezing - D U( )
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Topological freezing - D SU( ) with Wilson action
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Topological freezing - D SU( ) with different actions

Similar scaling for different actions/“surprisingly universal” behaviour
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Possible approaches to the problem

• Fixed topology simulations
• Master field simulations
• Modified boundary conditions

— Open boundaries, P-periodic
— Parallel tempering in boundary conditions

• Trivializing maps
• Machine learning
• Multiscale thermalization
• Instanton updates
• Metadynamics
• ...
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Metadynamics: Remove barriers between sectors

General idea

Original action landscape

S(Q)

Q

Stuck in sector (here Q = −1)

Modified action landscape

S(Q)

Q

Able to move between sectors



Metadynamics

• In context of lattice gauge theory first proposed for
CPN−1 models in [ . ]

• Add (time-dependent) bias potential Vt(s) to action
• Depends on collective variables (CVs) s

— Here clover-based topological charge
— n = 4–10 stout smearing steps with ρ = 0.12
⇒ Staple becomes less local, so use HMC
⇒ Stout force recursion (as with smeared fermions)

F =
∂V

∂Qmeta

∂Qmeta

∂U(n)

∂U(n)

∂U

• Converges towards negative free energy± const.
⇒Marginal distribution of CVs becomes flat

• Reweighting necessary

Construct from Gaussians

Vt(Q) =
∑
t′≥t

g(Q− Q(t))

g(Q) = w exp
(
−Q2/(2δQ2)

)
S(Q)

Q
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Metadynamics: D SU( ) with DBW action

V = 164, β = 1.25
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Metadynamics: D SU( ) with DBW action

• Improvement of autocorrelation times by at least two orders of magnitude:
— HMC or HB+ OR: τQ2 > 400 000
— MetaD: τQ2 ∼ 2000–3000

• Caveat: Large computational overhead (Caveat2: less relevant for full QCD)
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Metadynamics - Reweighting efficiency

Efficiency of reweighting?
• Effective sample size

ESS =

(∑
iwi

)2∑
iw

2
i

• Reweighting significantly reduces ESS
down toO(10%)

• Two causes:
— Oversampling of sectors with large |Q|

⇒Modify bias potential
— Oversampling of configurations

between sectors
⇒ Combine with parallel tempering
(PT-MetaD)

Scaling plot for D U( )
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Metadynamics - bias potential modification

Oversampling of large |Q|
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Parallel Tempered Metadynamics (PT-MetaD)

Address oversampling of configurations between sectors
• Two streams (inspired by [ . ]):

— Stream with bias potential⇒ tunneling
— Stream without bias potential⇒measurements (no

reweighting)

• Propose swaps like in standard parallel tempering
• Swaps only depend on bias potential!

∆SMt =
[
SMt (U1) + S(U2)

]
−
[
SMt (U2) + S(U1)

]
= Vt(Qmeta,1)− Vt(Qmeta,2)

⇒ Fermions pose no additional difficulty
• Monitor τint of observables defined on product space
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PT-MetaD - D SU( )
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Scaling of PT-MetaD in D U( )
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Putting everything together
• Almost order of magnitude
improvement for finest lattice spacing

• Standard MetaD can be improved in
various ways

• Scaling of all (PT-)MetaD variations
much milder compared to
conventional algorithms
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Scaling of PT-MetaD in D U( )
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• Topological sampling as good as MetaD
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Extension to QCD

• No conceptual difficulties
• In some ways better suited to QCD simulations than pure gauge

— HMC already required
— (Stout) smearing often used for fermions
⇒ Potentially no overhead from (stout) force recursion

• Buildup of potential may take too long
⇒ Accelerate buildup

◦ Multiple walkers MetaD [Raiteri’ ]
◦ Well-tempered MetaD [Barducci’ ]

⇒ Start with prior knowledge
(guess potential, use smaller volumes)

⇒ Parametric potential
⇒ More on that in the next talk
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https://pubs.acs.org/doi/10.1021/jp054359r
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.100.020603


Summary

• PT-MetaD + modified bias potential
— At least as efficient in reducing autocorrelation times as standard MetaD
— No reweighting required⇒ No reduction of effective sample size
— Improved scaling

◦ With lattice spacing (from z ∼ 5 to possibly z ∼ 2?)
◦ With volume (compared to standard parallel tempering in β)

• Extension to full QCD: See next talk by Gianluca Fuwa
• Open questions:

— Extension to simulations with dynamical fermions (scaling?)
— Can the buildup of the potential be accelerated or entirely avoided?
— Synergy with other approaches

• Pure gauge code: [Lettuce] (currently undergoing rewrite)
• Dynamical code: [MetaQCD.jl] (still being developed)
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https://conference.ippp.dur.ac.uk/event/1265/contributions/7602/
https://github.com/timo-eichhorn/Lettuce
https://github.com/GianlucaFuwa/MetaQCD.jl/tree/dirac
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Scale setting

Gradient flow and clover-based energy density (with rational fits)
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Scale setting - Fit parameters

• Rational fit ansatz with and four parameters

ln
(
∗/a2

)
=

8π2

33
β
1 + d1/β + d2/β2

1 + d3/β

ln
(
∗/a2

)
=

8π2

33
β
1 + d1/β + d2/β2

1 + d3/β + d4/β2

where ∗ is either t0 or w2
0

• Setup same as in [ . ], only difference between runs:
— DBW action: Use RK integrator (from [ . ])
— Other actions: Use RK W integrator (from [ . ])

• Results should not be interpreted as an attempt at precise scale setting due to
— Relatively small volumes (48× 323)
— Large autocorrelations for Iwasaki and DBW actions (only few tunneling events for

finest lattice)
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https://arxiv.org/abs/2307.04742
https://arxiv.org/abs/1006.4518
https://arxiv.org/abs/2101.05320


Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

Wilson

t0,plaq
. - . - . - . . - . -
. - . - . - . . - . .

t0,clov
. - . - . - . . - . -
. - . - . - . . - . .

w0,plaq
. - . - . - . . - . -
. - . - . - . . - . .

w0,clov
. - . - . - . . - . -
. - . - . - . . - . .
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Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

Lüscher-Weisz

t0,plaq
. . . - . . - . -
. . . - . . - . - .
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. . . - . . - . -
. . . - . . - . - .
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. . . - . . - . -
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. . . - . . - . - .
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Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

Iwasaki

t0,plaq
. . . - . . - . -
. . . - . . - . .

t0,clov
. . . - . . - . -
. . . - . . - . .

w0,plaq
. . . - . . - . -
. . . - . . - . .

w0,clov
. . . - . . - . -
. . . - . . - . .
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Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

DBW

t0,plaq
. . . . - . . -
. . . - . - . - . .

t0,clov
. . . . - . . -
. . . - . - . - . .

w0,plaq
. . . . - . . -
. . . . - . . .

w0,clov
. . . . - . . -
. . . . - . . - .
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Scale setting - Integrator accuracy and scaling

Wilson β = 5.9
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Metadynamics: D SU( ) with DBW action
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Multiple walkers Metadynamics

[Raiteri’ ]

-7 0 7
Qmeta

Serial buildup
1 stream

-7 0 7
Qmeta

Parallel buildup
15 streams
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Total updates/

https://pubs.acs.org/doi/10.1021/jp054359r


Well-tempered Metadynamics

[Barducci’ ]
• Standard Metadynamics

Vt+1(Q) = Vt(Q) + w exp
(
−(Qt − Q)2

2σ2

)
• Well-tempered Metadynamics

Vt+1(Q) = Vt(Q) + exp
(
−Vt(Q)

∆T

)
w exp

(
−(Qt − Q)2

2σ2

)
Tunable parameter∆T:
— ∆T → 0: No Metadynamics
— ∆T → ∞: Standard Metadynamics
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.100.020603


Detailed timeseries of PT-MetaD in D SU( )
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