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Introduction
Low Mode Averaging (LMA) is a technique to increase the quality of the signal-to-noise ratio in the long time separation of Euclidean correlators.
It is highly beneficial in computing the vector-vector light connected two-point correlators and derived physical quantities, e.g. aHVP

µ , in the ETMC
mixed action lattice setup [1]. Here, we focus on preliminary results for the smeared R-ratio [2] using the Hansen-Lupo-Tantalo (HLT) spectral-density
reconstruction method [3], now with Gaussian kernels of width down to σ ∼ 250 MeV. This is enough to appreciate the ρ resonance around 770 MeV.

R-ratio via HLT method (mini review)

R(ω) = σ(e+e− → hadrons)
σ(e+e− → µ+µ−)
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Fig. 5.9 a Radiative return measurement of the π+π− cross–section by KLOE at the φ–factory
DAΦNE. At the B–factory at SLAC, using the same principle, BABAR has measured many other
channels at higher energies. Recently also BES-III at BEPC-II has applied the ISR mechanism to
measure the π+π− cross–section; b Standard measurement of σhad in an energy scan as performed
at Novosibirsk (CMD-2, CMD-3, SND, KEDR) and Beijing (BES-II) by tuning the beam energy

Fig. 5.10 Comparison of ISR ππ data: ratio |Fπ(E)|2 in units of a GS fit from BES-III. Left panel
all sets. Right panel BaBar versus KLOE10, which exhibits the largest relative deviations

level [59, 60] at the end. The first dedicated radiative return experiment has been per-
formed by KLOE at DAΦNE/Frascati, by measuring the π+π− cross–section [23]
(see Fig. 5.6). Based on the ISR method, meson factories have been able to improve
the low energy ππ cross–sections database dramatically.Measurements fromKLOE,
BABAR and lately also from BES-III allowed to reduce errors by almost a factor
ten. The measurements are very challenging and unfortunately there is quite some
tension between the different data set as shown in Fig. 5.10. KLOE data lie higher
below the ρ0 and lower above the ρ0, with deviations at the few% level at the bound-
aries of the measured energy range. For a recent review of hadron production via
e+e− collisions with initial state radiation see [61] or the earlier [62].

The “observed” cross section at O(α2) may be written in the form

σobs(s) = σ0(s) [1 + δini(ω) + δfin(ω)]

+
∫ s−2ω

√
s

4m2
π

ds ′ σ0(s
′) ρini(s, s

′) + σ0(s)
∫ s−2ω

√
s

4m2
π

ds ′ ρfin(s, s
′) , (5.11)

which also illustrates the unfolding problem one is confronted with in determining
the cross section of interest σ0(s). This “bare” cross section, undressed from elec-
tromagnetic effects, is formally given by the point cross–section (2.261) times the
absolute square of the pion form factor which encodes the strong interaction effects

R(ω) is a distribution and has to be probed by using smearing kernels. We
extract the smeared R-ratio

Rσ(E) =
∫ ∞

0
dω Gσ(E − ω)R(ω) , with normalized Gaussian kernels,

Gσ(E − ω) = exp (−(E − ω)2/2σ2)/
√

2πσ2 .
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Figure 1: The first-principle lattice results of 2023 [2] compared to the smeared experimental
R-ratio from KNT19 compilation [4]. Errors increase as σ decreases.

Two-point Euclidean correlator of the quark electromagnetic current C(t)
is connected to the R-ratio by

C(t) = −1
3

3∑
i=1

∫
d3xT ⟨0| Ji(x)Ji(0) |0⟩ = 1

12π2

∫ ∞

2mπ

dω e−ωt ω2R(ω) .

In [3] the smearing kernels are approximated as K(ω; g) =
T/a∑
τ=1

gτ e−aωτ

with an accuracy measured by

An[g] =
∫ ∞

E0

dω wn(ω)
∣∣∣∣K(ω; g) − 12π2Gσ(E − ω)

ω2

∣∣∣∣2

,

that, for weight-functions wn > 0, correspond to a class of weighted
L2-norms in functional space. The g coefficients result from minimizing

W [λ, g] = (1 − λ)An[g] + λB[g], where B[g] =
T/a∑

τ1,2=1
gτ1gτ2Covτ1τ2 ,

λ is a parameter varied/optimized in stability analysis, see [2] Supp. Mat.

Low Mode Averaging

Dr = DW + irµγ5 , Qr ≡ γ5Dr = QW + irµ , Sr = (Dr)−1 = Q−1
r γ5 ,

where r = ±1 and µ are Wilson and twisted mass parameters.
The two-point functions read

CAB
rr′ (t) = 1

L3 Tr

∑
x⃗,y⃗

Sr (x⃗, t0; y⃗, t0 + t) ΓASr′ (y⃗, t0 + t; x⃗, t0) ΓB

 .

Following [5–7], we split the propagator as:

Sr(x, y) = |PIRQ−1
r PIRη(x)⟩ ⟨η(y)| γ5 + |PUVQ−1

r PUVη(x)⟩ ⟨η(y)| γ5

=
K∑

j=1

|vj(x)⟩ ⟨vj(y)| γ5

λj + irµ
+ 1

N

∑
η

|ϕ̃η
r(x)⟩ ⟨η(y)| γ5

∣∣∣∣
N≫1

,

K and N count the lowest modes and the stochastic sources respectively.
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Figure 2: The frequency histogram of the eigenvalues. As the frequency of λmin ∝ L3T , we
scale K roughly in this way while varying a: typically K is such that λmax/µud ∼ 8.

Ensemble (L/a)3 × T/a a[fm] #confs. #eigv. #sources
cB211.072.64 643 × 128 0.07951(4) 790 400 1024
cC211.060.80 803 × 160 0.06816(8) 550 530 960
cD211.054.96 963 × 192 0.05688(6) 400 530 960

Table 1: ETMC ensembles [8] used for two-point vector correlators in isoQCD below.
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Figure 3: Left: vector-vector light connected two-point correlator on B64 ensemble at
L = 5.1 fm using old [9] and new LMA setup. Right: the gain in the signal-to-noise ratio.
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Figure 4: Smeared R-ratio with Gaussian kernels of width σ = 250 MeV and central energy up to 1.6 GeV.
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