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MOTIVATIONS

2

Future goal: accurate evaluation of the CP-violating angle  of the 
CKM matrix 

 oscillations in the SM are sensitive to loop effects, and so to 
BSM contributions

δ

K0 − K̄0



RICCARDO MARINELLI 
01/08/2024 RG running of Δ𝐹 = 2 FFO from step-scaling matrices

Indirect investigation of CP violation:    parameter 

Comparing    with its experimental estimate we obtain

ε

εtheor

3

εtheor(δ) =
A(KL → (ππ)I=0)
A(KS → (ππ)I=0)

∝ Ũ(μ)⟨K̄0 |Q(μ) |K0⟩F(δ)

To be evaluated non-perturbatively

in the SM: 

1. new estimate of the phase  

2. non-perturbative uncertainties

δ

beyond the SM: 

1.   kept to the current estimate 

2. bounds to BSM contributions

δ
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 OSCILLATIONSK0 − K̄0

Effective Hamiltonian for K oscillations: 

Transition amplitudes are calculated with 

The renormalisation introduces an energy-scale in the matrix 
elements and in the Wilson coefficients:

4

SM: BSM:

Only one relevant operator An operator basis Qi

HΔS=2
eff = Ũ1Q1 HΔS=2

eff =
5

∑
i=1

ŨiQi +
3

∑
i=1

Ũ′ iQ̃i

⟨K̄0 |HΔS=2
eff |K0⟩parity

conservation = Ũi(μ)⟨K̄0 |Qi(μ) |K0⟩

⟨K̄0 |HΔS=2
eff |K0⟩
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FEATURES
Running evaluation with 3 quark 
flavours in the sea down to 

 with SF coupling; 

Running evaluation down to
 with Gradient Flow (GF) 

coupling; 

New theoretical formulation of the 
operator running and mixing in the 
perturbative regime for   .

∼ 4GeV

∼ 500MeV

Nf = 3

5

GF SF

NP data

NLO PT

A difference often observed between PT and non-PT results at 3GeV 
(the scale at which matrix elements in FLAG are renormalised), could 
be relevant in the estimate of quantities like  ε(δ)
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Bi ∝ ⟨Qi(μ = 3GeV)⟩

• Inconsistencies between different estimates 

• Some results refer to perturbative renormalisation

[FLAG2021]
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THE ΧSF

In the continuum we map the SF into the χSF with a chiral rotation: 

Correspondence between correlation functions in the SF and χSF: 

The boundary rotation removes  effects in the observables!𝒪(a)
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ψ′ = R ( π
2 ) ψ , ψ̄′ = ψ̄R ( π

2 ) , R(α) = e
i
2 αγ5τ3

⟨O[ψ, ψ̄]⟩cont
SF = ⟨O [R (π/2) ψ, ψ̄R (π/2)]⟩

cont

χSF

⟨Oeven⟩c
= ⟨Oeven⟩cont

c
+ 𝒪(a2)
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FOUR-FERMION OPERATORS 
RENORMALISATION

Four-Fermion 
Operators (FFO): 

Parity-odd operators: 

Behaviour under 
renormalisation as in a 
regularisation with 
exact chiral symmetry:

8
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EVOLUTION MATRICES
Evolution matrices between two scales: 

Evolution matrices down to a scale : 

Problem: for  (and ) two eigenvalues of   accidentally satisfy the 
resonance condition , making it impossible to adopt the usual 

definition 

Problem solved in the past for the two-scale operator , but a single-
scale evolution operator is needed to represent a Wilson coefficient

Û(μ)

Nf = 3 30 γ0/β0

λi − λj = 2

U(μ2, μ1)

9
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WILSON COEFFICIENTS FROM THE 
POINCARÉ-DULAC THEOREM

The connection    can be set [2013.16220v3] in its canonical 

form 

The evolution operator can be evaluated and then rotated back to 
the original operator basis:

A(g) =
γ(g)
β(g)

10

through a change of operator basis 

diagonal
upper-diagonal
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STEP-SCALING FUNCTIONS
Non-perturbative evolution from the step-scaling functions (SSF): 

Discrete step-scaling functions: 

 lattice artefacts in the SF energy region removed using 
subtracted  SSF [2112.10606] :
𝒪(g2)

11
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SSF CONTINUUM EXTRAPOLATION
Global fits are performed 
with the ansatz

12

Parameters found by  minimisation 

L = 6,8,12 for SF coupling, L = 8,12,16 for GF coupling

χ2

2.1257
2.3900
2.7359
3.2029
3.8643
4.4901
5.3013

u1.1100
u1.1844
u1.2656
u1.3627
u1.4808
u1.6173
u1.7943
u2.0120

SF GF



RICCARDO MARINELLI 
01/08/2024 RG running of Δ𝐹 = 2 FFO from step-scaling matrices

100 101 102
0

0.05

0.1

0.15

0.2

0.25

0.3
SSF points (SF)
SSF points (GF)
Switching scale

EVOLUTION MATRICES FROM SSF
Continuum fit in the SF region: 

(  and  fixed by PT) 

Continuum fit in the GF region: 

  couplings evaluated as 

Evolution operator between  and  :

r1 r2

N

u1 uN

13

σ(u)SF = 1 + r1u + r2u2 + r3u3 + r4u4

σ(u)GF = R0 + R1u + R2u2

un = σ−1
coupling(un−1)

U(u1, uN) = σ(u1)…σ(uN)

GF SF
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ERROR ESTIMATES
The non-perturbative running is finally given by

14

Statistical errors: propagation 
from the fits 

Systematic errors (guess) : 

• Lack of knowledge on higher 
orders of the anomalous 
dimension 

• Differences arising if L=6 is 
included or not
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NP RUNNING: BSM 2|3 INDICES
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NP RUNNING: BSM 4|5 INDICES
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FUTURE DEVELOPMENTS
We have conducted a preliminary analysis computing non-
perturbatively the running down to a scale  incorporating 
the NLO in the perturbative part of the study and solving the 
problem that appears for  . 

In order to evaluate the value of  we are planning to perform the 
following computations:  

bare tm-QCD matrix elements estimated on Wilson gauge 
configurations (CLS); 

a non-perturbative evaluation of the renormalisation constants in 
the χSF at the hadronic scale ( MeV) at the lattice spacings of 
the CLS ensembles.

𝒪(500 MeV)

Nf = 3

εtheor

∼ 500

17

Thank you



BACKUP
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NORMALISATION SCHEMES COMPARISON - 2|3
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NORMALISATION SCHEMES COMPARISON - 4|5
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W  DEFINITION ISSUES(μ)
W(μ) is the solution of the equation 

Non-invertible system of equations if  (or ) !Nf = 3 30

21

admitting the perturbative expansion

that implies


