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Heavy quark mass
Precision of heavy quark (b, c) MS masses plays a crucial role 
in Higgs coupling measurement.

yb ⇠ mb/vEW

<latexit sha1_base64="OIhsmxBQpwdCWpCwJ+36u8ddyKQ="></latexit>

SM prediction Experimental measurement (future colliders)

�expyb/yb ⇠

<latexit sha1_base64="Rbhb2fh1d3MqVtrd5F7IGedRlZg="></latexit>

(subpercent level)

MS masses need to be determined below subpercent level.

e.g. Bottom Yukawa coupling 

Also important widely for heavy quark physics: 
Decay of heavy-light mesons, CKM matrix determinations, Quarkonium spectrum,… 
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The current status

Averaged values have subpercent precision! 
Most of determinations are based on RI/(S)MOM or quark current correlator 
Further examinations/other precise determinations should be welcome. 2



Gradient flow
I propose to utilize quark condensates in the gradient flow such as

: Flowed field of heavy quark

↵0

<latexit sha1_base64="4l3LPSQIEhA9WkOXebsHrDTUJr8="></latexit>

: gauge parameter

<latexit sha1_base64="ozy3hldQ8mBHr7johs+gztR3x8U="></latexit>

�h(t, x)

<latexit sha1_base64="YOODKLvFApWzj1i15enpeDU26OE="></latexit>

h�̄h(t, x)�h(t, x)i/h�̄h(t, x)
 !
/D �h(t, x)i

<latexit sha1_base64="FH8Nvy2E/gcFcx5bPJ0vqeO6SfA="></latexit>

[�h(t = 0, x) =  h(x)]
<latexit sha1_base64="XIwmRW57vMZ/TUvb9s9+qjxNmds="></latexit>

[�̄h(t = 0, x) =  ̄h(x)]

2013 Lüscher
<latexit sha1_base64="m54SMyq7M1ibHZm2uaacWFVGkik="></latexit>

@t�h(t, x) = (DµDµ �↵0@µBµ(t, x))�h(t, x)
<latexit sha1_base64="oU3jeVl8s7b0QjJd7hvLUV7jSLk="></latexit>

@t�̄h(t, x) = �̄h(t, x)(
 �
Dµ
 �
Dµ +↵0@µBµ(t, x))

<latexit sha1_base64="rKhCFdbRGKypKVceUCyfBHrIxFs="></latexit>

@tBµ(t, x) = D⌫G⌫µ(t, x) +↵0Dµ@⌫B⌫(t, x)

and
<latexit sha1_base64="IVrat7wGbnIQJeAhiuGrHNjVm5Q="></latexit>

[Bµ(t = 0, x) = Aµ(x)]

Flow equations:

2010 Lüscher, 2011 Lüscher, Weisz

*The wave function renormalization is canceled in the ratio. 2013 Lüscher, 2014 Makino, Suzuki
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How to determine mass
<latexit sha1_base64="YOODKLvFApWzj1i15enpeDU26OE="></latexit>

h�̄h(t, x)�h(t, x)i/h�̄h(t, x)
 !
/D �h(t, x)i

Calculate it both in continuum spacetime and on the lattice

Continuum: Perturbation theory gives a function of

Lattice: Gives a physical result once the lattice quark mass is determined properly
(to reproduce the mass of hadrons consisting of heavy quark h)

<latexit sha1_base64="MJ4FI7FJ5qVQrFSpvgON5MbMTMI="></latexit>

t,mh,↵s
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Important aspects for precision

(Uncertainty)= (perturbative error)!+(lattice error)!

perturbative error: Order of perturbative series, 
Convergence of perturbative series 

lattice error
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Important aspects for precision

(Uncertainty)= (perturbative error)!+(lattice error)!

perturbative error: Order of perturbative series, 
Convergence of perturbative series 

lattice error:

Gauge invariance implies better perturbative convergence than 
gauge non-invariant method such as RI/(S)MOM [cf. renormalon argument]

h�̄h(t, x)�h(t, x)i/h�̄h(t, x)
 !
/D �h(t, x)i

<latexit sha1_base64="E29KLYGtNQ/HdKdLzsdWYlQNhRk="></latexit>

-Gradient flow suppresses noise
-Heavy quark one-point function
-The only required extrapolation is a ! 0

<latexit sha1_base64="eutvfbiTn5gS+1r2GGpx5E32hX8="></latexit>

Good precision is expected from

I thank M. Kitazawa for discussion 6



Range of t

Lattice simulation:
<latexit sha1_base64="hD8grzeSWKSnLfuGaFoSekDXxZk="></latexit>

a2 ⌧ 8t ⌧ L2

Perturbativity:

Assuming                            as a reference (and                               and                    as well) a�1 = 4 GeV

<latexit sha1_base64="AtKexGJIl+coF5nhDq3jTSsK/RI="></latexit>

⇤MS = 0.3 GeV

<latexit sha1_base64="sXPUiN7KBPM49zTb3PLyd/RQZCo="></latexit>

L2 &&& ⇤�2

MS

<latexit sha1_base64="/3F+sxDyZKIXYIvLJD7LZEvmYBE="></latexit>

0.06 GeV�2 ⌧ 8t ⌧ 10 GeV�2

<latexit sha1_base64="PzUfr5C8YCo59hDZmralMxWa/Y0="></latexit>

Size of m2
ht

<latexit sha1_base64="nlcO6wHCGtRnUQi9ZJrJk77IUCw="></latexit>

Charm: 0.1 ⌧ 8m2
ct ⌧ 6.8

<latexit sha1_base64="jZKC0hresgdao1gFPUoZ6vebI9g="></latexit>

Bottom:

m2
ht

<latexit sha1_base64="nlcO6wHCGtRnUQi9ZJrJk77IUCw="></latexit>

spans a wide range

1.0 ⌧ 8m2
bt ⌧ 70

<latexit sha1_base64="06Pl7Kwq5L3cy1pZSbQZmDeYP+0="></latexit>

8t ⌧ ⇤�2

MS

<latexit sha1_base64="A8SBsGPvbx/WOn2Z7OiMsGdUDjM="></latexit>
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Perturbative calculation
So far a result for approximately massless quarks is available 

Known Missing

= mt[(c0 + c1↵s + c2↵
2
s +O(↵3

s)) +O(m2t)]

<latexit sha1_base64="Drjsd2O6vRkuUnoE/O2CPlhLddw="></latexit>

2019 Artz, Harlander, Lange, Neumann, and Prausa
2013 Lüscher, 2014 Makino, Suzuki

The known result is not sufficient for heavy quark mass determination

<latexit sha1_base64="Nb1wlM1payomE2xlC1uSQtoZlPA="></latexit>

↵0
s

<latexit sha1_base64="KoFwZ8uRLH9IuTX/fTPJouocQaQ="></latexit>

↵1
s

<latexit sha1_base64="BtI54+kLPTbwugmOv8bNHzaAud8="></latexit>

↵2
s

(One-loop) (Two-loop) (Three-loop)

…

quark

NLO:
NNLO:h�̄`(t, x)�`(t, x)i/h�̄`(t, x)

 !
/D �`(t, x)i

<latexit sha1_base64="dvCYBrmOWUUS89r66cURZ4oYXY4="></latexit>
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Our work
We aim to calculate

Work in progress in collaboration with Robert Harlander and Fabian Lange

・Higher orders in ( 01!2)-expansion (analytic)

・1/ ( 01!2)-expansion (analytic)

・full mass dependence (numerical)

at O(αs) as a first step towards precise mass determination along this line. 
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Two-loop integrals
h�̄h(t, x)�h(t, x)i

<latexit sha1_base64="X6XpYpXow6HmPW4m7S5vjN8MRYU="></latexit>

at O(αs) is given by a linear combination of
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Method of expansion

Expansion by regions is the standard technique to expand 
loop integrals under certain hierarchy 1998 Beneke, Smirnov

2021 Harlander [application to gradient flow]

New method based on the Laplace transform is used in this work

Ĩ(v, t) ⌘
ZZZ 1

0
d(m2)(m2)�v�1I(m2, t)

<latexit sha1_base64="hl7ScuvOrvCq2CJT9187sPAf0Iw="></latexit>

Looking at poles in the v-plane, I can obtain both small- 01!2 and large- 01!2 expansions.  

Details will be explained in our paper.
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( !"!#)-expansion of h�̄h(t, x)�h(t, x)i

<latexit sha1_base64="X6XpYpXow6HmPW4m7S5vjN8MRYU="></latexit>

2014 Makino Suzuki, 2021 Harlander [2111.14376]The other terms

new
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1/( !"!#)-expansion of h�̄h(t, x)�h(t, x)i

<latexit sha1_base64="X6XpYpXow6HmPW4m7S5vjN8MRYU="></latexit>

2021 Harlander [2111.14376]The other terms

new
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Full mass dependence of 
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Numerical two-loop calculation can be performed for a wide range of          ,
which agrees with the expansions for large- or small- .

m2
ht

<latexit sha1_base64="nlcO6wHCGtRnUQi9ZJrJk77IUCw="></latexit>

m2
ht

<latexit sha1_base64="nlcO6wHCGtRnUQi9ZJrJk77IUCw="></latexit>

m2
ht

<latexit sha1_base64="nlcO6wHCGtRnUQi9ZJrJk77IUCw="></latexit>

m2
ht

<latexit sha1_base64="nlcO6wHCGtRnUQi9ZJrJk77IUCw="></latexit>

h�̄h(t, x)�h(t, x)i

<latexit sha1_base64="X6XpYpXow6HmPW4m7S5vjN8MRYU="></latexit>

<latexit sha1_base64="B4j1tpQmPmsOBA/wLdLCtmhO1pc="></latexit> h�̄
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<latexit sha1_base64="GlqxjsvzwCdttJB+Rgi5CecgBf4="></latexit>

O(✏�1) term
<latexit sha1_base64="IiJpKZWtdJaG3uavnCb6pvS4igE="></latexit>

O(✏0) term

Using “ftint” [2024 Harlander, Nellopoulos, Olsson, Wesle] 
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<latexit sha1_base64="+kMhqYB8guHAR6JXODVVmx6hiQA="></latexit>

h�̄h(t, x)�h(t, x)i/h�̄`(t, x)
 !
/D �`(t, x)i : UV finite quantity

Massless quark

Perturbative result for a physical quantity
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mb=4.18 GeV
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h�̄h(t, x)�h(t, x)i/h�̄`(t, x)
 !
/D �`(t, x)i : UV finite quantity

Massless quark

<latexit sha1_base64="GQirDBBCDOGtiQ7924VkrRpkC9A="></latexit> h�̄
h
(t
,x

)�
h
(t
,x

)i
/
h�̄

`
(t
,x

) !
/ D
�

`
(t
,x

)i
[G

eV
�

1
]

Bottom quark case

Input parameters:                             ,<latexit sha1_base64="bfkPw8y7dzu3QGqKBNR2yymb478="></latexit>

mb = 4.18 GeV

<latexit sha1_base64="hb+c0NbE0Vwtgh7ZRnZjJnM/7u0="></latexit>

[O(↵0
s), full mass dep.]

<latexit sha1_base64="LfS1YEP91NHIEer6zBdWWlni63w="></latexit>

[O(↵1
s), full mass dep.]

<latexit sha1_base64="kuZHyhz20h1dUd35Wy5XJiLwLxw="></latexit>

[O(↵1
s)]

<latexit sha1_base64="kuZHyhz20h1dUd35Wy5XJiLwLxw="></latexit>

[O(↵1
s)]

<latexit sha1_base64="VtqddXAhEo4ANONzT3qeUw705RI="></latexit>

↵s(MZ) = 0.1179

Perturbative result for a physical quantity
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mc=1.27 GeV
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h�̄h(t, x)�h(t, x)i/h�̄`(t, x)
 !
/D �`(t, x)i : UV finite quantity

Massless quark

Charm quark case

Input parameters:                             ,

<latexit sha1_base64="hb+c0NbE0Vwtgh7ZRnZjJnM/7u0="></latexit>

[O(↵0
s), full mass dep.]

<latexit sha1_base64="LfS1YEP91NHIEer6zBdWWlni63w="></latexit>

[O(↵1
s), full mass dep.]

<latexit sha1_base64="VtqddXAhEo4ANONzT3qeUw705RI="></latexit>

↵s(MZ) = 0.1179
<latexit sha1_base64="NtIQC6f2SvkoneOridPV6OM8NJk="></latexit>

mc = 1.27 GeV
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<latexit sha1_base64="kuZHyhz20h1dUd35Wy5XJiLwLxw="></latexit>

[O(↵1
s)]

Perturbative result for a physical quantity
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Summary

・I propose to use the gradient-flow quark condensates for precise heavy quark mass
determination.

-Gauge invariant
-One-point function

・For this purpose, we perform perturbative calculation of a flowed heavy 
quark condensate                                  at two loops              .h�̄h(t, x)�h(t, x)i

<latexit sha1_base64="X6XpYpXow6HmPW4m7S5vjN8MRYU="></latexit>

<latexit sha1_base64="kuZHyhz20h1dUd35Wy5XJiLwLxw="></latexit>

[O(↵1
s)]

・Heavy quark MS masses need to be known precisely in particle physics, especially
in Higgs coupling measurement.
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Future directions

・It will be possible to extend the expansions in           or                 to higher orders. m2
ht

<latexit sha1_base64="nlcO6wHCGtRnUQi9ZJrJk77IUCw="></latexit>

<latexit sha1_base64="6kkpCbZ/WMouoBoZvpTibOzsW3Q="></latexit>

(m2
ht)

�1

・We are working on a perturbative calculation of                                       as well.
<latexit sha1_base64="AoTmIHSk9pc0mX7s/CAzwkqtp40="></latexit>

h�̄h(t, x)
 !
/D �h(t, x)i

Two-loop results will be available for (at least) three quantities:

, ,

High sensitivity is expected
<latexit sha1_base64="XQotOjGn6pLeyHza0Vd+9KI0S1g="></latexit>

⇠ O(m2
ht)

・Furthermore, three-loop calculations might be feasible.

・Important question: precision of lattice simulation of these quantities? 

・OPE structure?  (convergence of perturbation theory and size of nonperturbative effects)

Theory side

Lattice side

h�̄h(t, x)�h(t, x)i

h�̄h(t, x)
 !
/D �h(t, x)i

<latexit sha1_base64="0jKZVqzbjkzi1krltHB2lrknTZU="></latexit>

h�̄h(t, x)�h(t, x)i

h�̄`(t, x)
 !
/D �`(t, x)i

<latexit sha1_base64="L3698+hOc35dl73QTQrAoPHStv0="></latexit>

1�
h�̄h(t, x)

 !
/D �h(t, x)i

h�̄`(t, x)
 !
/D �`(t, x)i

<latexit sha1_base64="C3Id+5hb6PyksPlNBTlrT+v0uko="></latexit>
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