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Heavy quark mass

Precision of heavy quark (b, c) MS masses plays a crucial role
in

e.g. Bottom Yukawa coupling

Experimental measurement (future colliders) SM prediction

AexpYb/Yb ~ (subpercent level) Yp ~ mb/vEW

MS masses need to be determined below subpercent level.

Also important widely for heavy quark physics:
Decay of heavy-light mesons, CKM matrix determinations, Quarkonium spectrum,...



The current status

Ne=2+1+1

Ne=2+1

Averaged values have subpercent precision!

FIAG2023

mc(Mc)

FLAG average for N,=2+1+1

ETM 21A

HPQCD 20A

HPQCD 18
FNAL/MILC/TUMQCD 18
HPQCD 14A

ETM 14A

ETM 14

FLAG average for N,=2+1

ALPHA 21
Petreczky 19
Maezawa 16
JLQCD 16
¥QCD 14
HPQCD 10
HPQCD 08B

PDG

1.25

1.30

1.35

1.40

GeV

Ne=2+1+1

Nf=2+1

FIAG2021 mp(My)
FLAG average for N,.=2+1+1
HPQCD 21
FNAL/MILC/TUMQCD 18
i Gambino 17
Hil HPQCD 14B
b L ETM 16
— HPQCD 14A
L FLAG average for Ne=2+1
Petreczky 19
— Maezawa 16
H HPQCD 13B
*r* HPQCD 10
A PDG
4.1 4.3 4.5 4.7 GeV

Most of determinations are based on RI/(S)MOM or quark current correlator

Further examinations/other precise determinations should be welcome.




Gradient flow

| propose to utilize quark condensates in the gradient flow such as
~ B >
(Xn(ts ) Xn(t,x)) /(Xn(t;z) D xn(t,x))
*The wave function renormalization is canceled in the ratio. 2013 Liischer, 2014 Makino, Suzuki

Xxr(t, ) : Flowed field of heavy quark

Flow equations: 5013 Liischer

I¢xn(t,z) = (DD, — o8, B, (t, x))xn(t,x) [Xh(t = 0,x) = Pp(x)]

Bexn(t,x) = Xn(t,2) (D Dy + 208, Bu(t, ) [Ralt = 0,a) = n (@)
and

0:B,(t,x) = D,G,,(t,z) + aoD,0.B,(t,x) [B,(t =0,z) = A, ()]

2010 Luscher, 2011 Luscher, Weisz
Q0 : gauge parameter 3



How to determine mass
>
<>Zh(t7 CB)Xh(ta $)>/<)_(h(t9 ZB) lD Xh(ta :13)>
Calculate it both in and on the lattice
: Perturbation theory gives a function of t, m4, s

Lattice: Gives a physical result once the lattice quark mass is determined properly
(to reproduce the mass of hadrons consisting of heavy quark h)
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Important aspects for precision

(Uncertainty)=\/ (perturbative error)?+(lattice error)?

perturbative error: Order of perturbative series,
Convergence of perturbative series

lattice error



Important aspects for precision

(Uncertainty)=\/ (perturbative error)?+(lattice error)?

>
perturbative error: Order of perturbative series, (Xn(tsx)xn(t,x)) /(Xn(t, z) D xn(t,))
Convergence of perturbative series

Gauge invariance implies better perturbative convergence than
gauge non-invariant method such as RI/(S)MOM [cf. renormalon argument]

lattice error: Good precision is expected from
-Gradient flow suppresses noise
-Heavy quark one-point function
-The only required extrapolationis a — 0  Ithank M. Kitazawa for discussion g



Range of t

Lattice simulation: a? < 8t < L?
.« . . —92
Perturbativity: 8t <« A
Assuming a™" = 4 GeV as a reference (and Ayzg = 0.3 GeV and L? 2 A2 as well)
0.06 GeV % « 8t < 10 GeV 2
Size of mit

Charm: 0.1 < 8m?3t < 6.8
Bottom: 1.0 <« 8mit < 70

mat spans a wide range



Perturbative calculation

So far a result for approximately massless quarks is available

s NLO: 2013 Luscher, 2014 Makino, Suzuki
(xe(tyx)xe(t,x))/{(xe(t,x) D xe(t, z)) NNLO: 2019 Artz, Harlander, Lange, Neumann, and Prausa

— mt[(co —+ c1o0, ‘|‘2a§ + O(Oﬂg)) + O(mzt)]

Known
quark ; i g
0 1 2
aS aS as
(One-loop) (Two-loop) (Three-loop)

The known result is not sufficient for heavy quark mass determination



Our work

We aim to calculate

- Higher orders in (m?t)-expansion (analytic)
- 1/ (m?t)-expansion (analytic)
* full mass dependence (numerical)

at O(a.) as a first step towards precise mass determination along this line.



Two-loop integrals

(Xn(t,x)xn(t,x)) at O(a,) is given by a linear combination of
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Method of expansion

Expansion by regions is the standard technique to expand

loop integrals under certain hierarchy 1998 Beneke, Smirnov
2021 Harlander [application to gradient flow]

New method based on the Laplace transform is used in this work

I(v,t) = /:0 d(m?)(m?) " 1I(m?,t)

Looking at poles in the v-plane, | can obtain both small-m?“t and large- m?t expansions.

Details will be explained in our paper.
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(m?t)-expansion of (xx(t,z)xn(t,z))

Z(xn(t,z)xn(t, x))
_ Ne my
8m2 t

X {1 + 0.759581CFa

+mjt[2log2 + 2vg + 2log (Mit) + Cros(2.3334 — 2.16804 log (M} /1°)
+ log (mjt)(2.22817 — 0.95493 log (m;, /1°))]

- (’)((mht)2)} new (L.1)

The other terms 2014 Makino Suzuki, 2021 Harlander [2111.14376]
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1/(m*t)-expansion of (xx(t,z)xn(t z))

Zy(Xn(t, z)xn(t, T))
—_— NC
-~ 167m2t2my,

X {1 + Ci:s (=2 — 3vg — 9log 2 + 9log 3 — 3log (M*t) + 6log (m’%/“z»

1
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(—3(68 + 57vE) + 513 log 2 + 381log 3 — 171 log (m°t) + 432 log (s /;ﬁ))]
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(mj;t)?

The other terms 2021 Harlander [2111.14376]

new
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2—loop
bare

Full mass dependence of (xx(t,z)xn(t,x))

Using “ftint” [2024 Harlander, Nellopoulos, Olsson, Wesle]
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Numerical two-loop calculation can be performed for a wide range of m7t,
which agrees with the expansions for large- or small- m?t .
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Perturbative result for a physical quantity

(Xn (b 2)xn (> 7))/ (Re(t: ) B xe(t2)) : UV finite quantity
Massless quark

15



Perturbative result for a physical quantity

(Xn (b 2)xn (> 7))/ (Re(t: ) B xe(t2)) : UV finite quantity
Massless quark

Bottom quark case
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Perturbative result for a physical quantity

(Xn (b 2)xn (> 7))/ (Re(t: ) B xe(t2)) : UV finite quantity
Massless quark

Charm quark case
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Summary

- Heavy quark MS masses need to be known precisely in particle physics, especially
in Higgs coupling measurement.

- | propose to use the gradient-flow quark condensates for precise heavy quark mass
determination.

-Gauge invariant

-One-point function

* For this purpose, we perform perturbative calculation of a flowed heavy
quark condensate (Xn(t,z)xn(t,z)) at two loops [O(al)] .
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Future directions

Theory side

- It will be possible to extend the expansions in mit or (mxt)~"' to higher orders.

—
- We are working on a perturbative calculation of (Xr(t,x) I? xr(t,x)) as well.

Two-loop results will be available for (at least) three quantities:

<
(xn(t, z)xn(t, z)) (xn(t, x)xn(t, ) & (t,x) D x1.(t, x))
= = =
(Xn(tyx) D xn(t,x)) ' (Xe(tsz) D xe(t, ) (Xe(t, @) D xe(t, @)
High sensitivity is expected ~ O (mit)

* Furthermore, three-loop calculations might be feasible.

- OPE structure? (convergence of perturbation theory and size of nonperturbative effects)

Lattice side

- Important question: precision of lattice simulation of these quantities? 9



