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2Simulation Details 

• We are using (2+1), 3, and 5-flavor of Highly Improved Staggered Quarks (HISQ/tree), 
at  and  μI = 0 μI > 0

• Rational Hybrid Monte Carlo (RHMC) with a 3-level leap-frog or Omelyan Integrator.


• Step sizes of light, strange and gauge force integrators are tuned to a meet an 

acceptance of ~70%.


• Trajectory length is 0.5-1.0 time units 

Action

Algorithm

Code
• SIMULATeQCD, a SImple MUlti-GPU LATtice 

code for QCD calculations


• Available on GitHub: https://github.com/

LatticeQCD/SIMULATeQCD

[L. Mazur, et. al. Comput.Phys.Commun. 300 (2024) 109164]

https://github.com/LatticeQCD/SIMULATeQCD
https://github.com/LatticeQCD/SIMULATeQCD
https://github.com/LatticeQCD/SIMULATeQCD
https://www.sciencedirect.com/science/article/pii/S0010465524000870?via=ihub


3Simulation Details

Ensembles:

• (2+1)-flavor with physical quark masses: , aspect ratio ml /ms = 1/27 Nσ /Nτ = 4
3

N⌧ = 8 N⌧ = 12 N⌧ = 16

� ml T[MeV] #conf. � ml T[MeV] #conf. � ml T[MeV] #conf.

6.175 0.003307 125.28 1,471,861

6.245 0.00307 134.84 1,275,380 6.640 0.00196 135.24 330,447 6.935 0.00145 135.80 17671

6.285 0.00293 140.62 1,598,555 6.680 0.00187 140.80 441,115 6.973 0.00139 140.86 23855

6.315 0.00281 145.11 1,559,003 6.712 0.00181 145.40 416,703 7.010 0.00132 145.95 26122

6.354 0.00270 151.14 1,286,603 6.754 0.00173 151.62 323,738 7.054 0.00129 152.19 26965

6.390 0.00257 156.92 1,602,684 6.794 0.00167 157.75 299,029 7.095 0.00124 158.21 21656

6.423 0.00248 162.39 1,437,436 6.825 0.00161 162.65 214,671 7.130 0.00119 163.50 18173

6.445 0.00241 166.14 1,186,523 6.850 0.00157 166.69 156,111 7.156 0.00116 167.53 19926

6.474 0.00234 171.19 373,644 6.880 0.00153 171.65 144,633 7.188 0.00113 172.60 17163

6.500 0.00228 175.84 294,311 6.910 0.00148 176.73 131,248 7.220 0.00110 177.80 3282

TABLE I. Simulation parameters and statistics collected on lattices of size N3
� ⇥ N⌧ with N� = 4N⌧ in calculations with light

to strange quark mass ratio ml/ms = 1/27.
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The two temperature scales are related through the value
of r1fK , which is solely determined through a lattice cal-
culation, and the physical value of r1, which requires in-
put from experiment, e.g. the pion decay constant f⇡.
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The parametrizations of a/r1 and afK used by us at non-
vanishing lattice spacing are given in Appendix A. In all
figures, that show lattice QCD results obtained at non-
vanishing lattice spacing, we use, for definiteness, the
temperature scale based on calculations of afK , as has
been done by us also in the past [29]. For these figures
and the continuum extrapolations at fixed temperature
values we use as basic input the central value of the MILC
results for r1, i.e. r1 = 0.3106 fm. The fits presented in
Appendix A then fix the central value of the kaon decay
constant to fK = 155.7/

p
2 MeV.

As discussed in more detail in Section IV A, we treat
the error on r1 and fK as an overall systematic error
on the temperature scale that will enter the final error
budget in our analysis.

III. FIRST AND SECOND ORDER MOMENTS
OF CONSERVED NET CHARGE

FLUCTUATIONS

We focus here on a discussion of second order cumu-
lants of conserved charge fluctuations at vanishing chem-
ical potentials for the conserved charges of (2 + 1)-flavor

QCD, i.e. net baryon-number (B), electric charge (Q)
and strangeness (S). They are obtained from the QCD
partition function, Z(T, V, ~µ), as derivatives with respect
to the associated chemical potentials ~µ = (µB , µQ, µS),
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This set of six second order cumulants are leading or-
der terms in Taylor expansion of various thermodynamic
quantities derived from Taylor expansions of the pressure
of (2 + 1)-flavor QCD,
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with µ̂X ⌘ µX/T and arbitrary natural numbers i, j, k.
In particular, they provide the leading order expan-
sion coe�cients of mean (nX/T 3
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2 ) of conserved charge distributions. At
leading order in the chemical potentials the former are
given by
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Of particular interest, for a discussion of properties of
strongly interacting matter, created in heavy ion colli-
sions, is the case of strangeness neutral matter (nS ⌘ 0).
The second order cumulants provide important infor-
mation on the relation between strangeness and baryon
chemical potentials in strongly interacting matter [30].
To leading order this is given by,
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[Phys.Rev.D 104 (2021) 7, 074512, Table I]

323 × 8 483 × 12 643 × 16

∼ 912 TB ∼ 938 TB
(uncompressed, fp32) (uncompressed, fp32)

∼ 210 TB
(uncompressed, fp32)
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TABLE II.
403 ⇥ 8, H = 1/40

� ml T [MeV] #conf
6.260 0.002025 136.98 71824
6.285 0.001975 140.62 71547
6.300 0.001930 142.85 71514
6.315 0.001900 145.11 71571
6.330 0.001865 147.40 70212
6.354 0.001820 151.14 51135
6.365 0.001790 152.88 49879
6.390 0.001735 156.92 51707
6.423 0.001675 162.39 52051
6.445 0.001630 166.14 50689
6.474 0.001580 171.19 28080
6.500 0.001535 175.84 29505

TABLE III.
563 ⇥ 8, H = 1/80

� ml T [MeV] #conf
6.285 0.0009875 140.62 23423
6.300 0.0009650 142.85 23184
6.315 0.0009500 145.11 23135
6.330 0.0009325 147.40 23132
6.354 0.0009100 151.14 22942
6.372 0.0008891 154.00 17242
6.390 0.0008675 156.92 17814
6.423 0.0008375 162.39 10937
6.445 0.0008150 166.14 10883

This corresponds to the left border of the well-known
Columbia plot. In Fig. 2, we show a schematic diagram
of the variation of Tc as a function of ms with massless
light quarks, with inputs at 2-flavor, 2+1 flavor (physical
strange mass) and 3-flavor cases from model and lattice
calculations. ((Issues about comparing the scales of dif-
ferent flavor cases))

Recently, it was shown that there appears to be no
first order region in the lower left region, i.e., the 3-flavor
chiral transition may also be continuous. The absence or
presence of a mtri

s value relative to the physical strange
mass may a↵ect the variation of Tc with ms in 2+1 flavor
case Hence, it is interesting to study the slope/curvature
of the variation of Tc as one changes ms.

We can write a Taylor expansion for the chiral tran-

TABLE IV.
563 ⇥ 8, H = 1/160

� ml T [MeV] #conf
6.285 0.00049375 140.62 9954
6.300 0.00048250 142.85 9999
6.315 0.00047500 145.11 6333
6.330 0.00046625 147.40 6314
6.354 0.00045500 151.14 6360
6.372 0.00044456 154.00 4551
6.390 0.00043375 156.92 6929
6.423 0.00041875 162.39 4544
6.445 0.00040750 166.14 4879

FIG. 2. Schematic plot of Tc as a function of strange quark
mass ms. The 2-flavor Tc has been taken from Refs. [22, 23].
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VI. RESULTS

Table and figures
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The temperature T = 1/aN⌧ is determined by the lat-
tice spacing a and the temporal lattice extent N⌧ . Since
our present study is at finite lattice spacings, the rele-
vant universality class for staggered fermions is that of
3d O(2) spin models.

VII. OBSERVABLES

Introducing Cf
0 ⌘
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nected parts of the two-flavor chiral susceptibility as a

• (2+1)-flavor, below physical mass runs ( )Nτ = 8
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The temperature T = 1/aN⌧ is determined by the lat-
tice spacing a and the temporal lattice extent N⌧ . Since
our present study is at finite lattice spacings, the rele-
vant universality class for staggered fermions is that of
3d O(2) spin models.

VII. OBSERVABLES

Introducing Cf
0 ⌘

1
4 trM

�1
f , we collect the discon-

nected parts of the two-flavor chiral susceptibility as a

∼ 98 TB ∼ 70 TB
(uncompressed, fp32) (uncompressed, fp32)

∼ 24 TB
(uncompressed, fp32)

 plan for generation of corresponding  ensembles ( )→ Nτ = 12 723 × 12



5Ensembles

[Altenkor et al. Phys.Rev.Lett. 130 (2023) 23, 231902]

[Altenkor et al. Phys.Rev.Lett. 132 (2024) 5, 051902]

• Large lattices with 2+1 flavour HISQ and ml = ms/5


