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A sub-dominant population of PBHs?

• A discovery of a sub-dominant population of DM in the form of (massive) 
PBHs could: 

• Reveal non-trivial early-universe physics

• Solve the problem of the SMBH seed? 

• Help us set stringent upper limits on other DM candidates
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(UCMHs) have ⇢(r) / r
�9/4 density profiles, which has

been confirmed by recent 3D simulations [16]. Since fPBH

is at or well below the percent-level in all but one of our
detection scenarios, we can assume that UCMHs form in
isolation, so we neglect the e↵ects of PBH-PBH interac-
tions on the UCMH profile.

Due to the steepness of the profile the DM density
reaches a maximum value at the “annihilation plateau”,
where the DM annihilation rate becomes equal to the
Hubble rate. Due to the large resulting gamma-ray lu-
minosities, UCMHs in the Milky Way would appear as
bright point sources with no counterparts in other wave-
lengths. Previous analyses searching the 3FGL for DM
subhalos [60–62] have identified 19 bright, high-latitude,
non-variable unassociated point sources that are spec-
trally compatible with annihilating DM. As described in
detail in Appendix A, we perform a Monte Carlo simula-
tion to assess the observability of UCMHs by Fermi. We
then use this to determine the 95% confidence level (CL)
upper bound on the WIMP annihilation cross-section in
the zero-velocity limit (�vrel)0. This upper limit depends
on the PBHs’ spatial distribution which we assume tracks
the Milky Way DM distribution. We fix fPBH to the 5th
percentile of the posterior P (fPBH|N), derived in the pre-
vious sections for the detection of N PBH candidates.
We conservatively assume that all 19 compatible unasso-
ciated point sources are UCMHs and set the upper limit
on (�vrel)0 by comparing with the expected number of
UCMHs passing cuts on their integrated gamma-ray flux
and galactic latitude (given MPBH, m� and N).

Annihilation in UCMHs outside the Milky Way over all
redshifts contributes to the di↵use, isotropic extragalac-
tic background (EGB) [63–65], which has been measured
by Fermi [66]. This provides an additional very robust
constraint on the DM self-annihilation cross section since
it requires no assumptions about the PBH spatial distri-
bution. To set a conservative bound we do not assume a
particular background model. Instead, we compute the
expected gamma-ray flux from UCMHs in each of Fermi’s
energy bins, and calculate the likelihood of such an excess
above the observed flux using the statistical and system-
atic uncertainties. As for the point source constraints,
we fix fPBH to the 5th percentile for a given detection
scenario.

An important di↵erence with regard to standard indi-
rect detection analyses is the scaling of signals with the
fractional WIMP abundance f� = ⌦�/⌦DM for under-
abundant thermal relics. Typically, the DM annihilation
rate depends on the combination f�

2(�vrel)0 since it fac-
tors into terms dependent on the integrated DM density
profile squared (J-factor) and the self-annihilation cross
section. In the PBH scenario, the DM density profile it-
self depends on (�vrel)0 since this sets the radius of the
annihilation plateau. As a result, the DM annihilation
rate (and thus the extragalactic di↵use flux from PBHs
and expected number of unassociated point sources) de-
pends on the combination f�

4(�vrel)0; this is derived in
Appendix A.
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FIG. 2. Constraints on DM self-annihilation cross sec-

tion. The solid lines correspond to the 95% CL upper limits
obtained assuming a small number of PBH detections with
LIGO/Virgo O3 (blue), Einstein Telescope (ET, orange) and
SKA (green). The lower dashed lines correspond to con-
straints which would be obtained if the number of PBH ob-
servations are as large as allowed by current limits. The dark
grey region is the envelope of 95% CL profile likelihood con-
tours for several supersymmetric models, while the light grey
region is for singlet scalar scenarios. The horizontal dotted
black line indicates the standard thermal relic cross section
3⇥10�26 cm3/s. The angled dotted black line shows the lower
bound from unitarity for s-wave annihilation. �

Results and discussion. For each detection scenario in
Table I we show as function of WIMP mass the 95% CL
upper limit on f
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�(�vrel)0 in Fig. 2, where f� = ⌦�/⌦DM

is the fractional contribution of a particle species to the
cosmic DM density. This allows us to compare our pro-
jections with the theoretical predictions in cases where
new particles constitute only a subdominant component
of DM. The colored curves show the most stringent con-
straint arising from gamma-ray observations at a given
WIMP mass, assuming annihilation into b̄b. For our pro-
jected limits assuming a small number of PBH detections
(solid lines), point source constraints dominate at low
WIMP mass, while di↵use constraints are more relevant
at high mass. This can be seen as a ‘kink’ in each of
the solid lines, above which di↵use constraints dominate.
For larger numbers of PBH detections (dashed lines), dif-
fuse constraints generally dominate (see Appendix A for
a more detailed comparison of the limits).

We find that a detection of O(10) PBHs with any of the
methods described above would rule out large ranges of
standard-model extensions with stable relics at the elec-
troweak scale. To illustrate this, we show in dark grey the
envelope of the 95% CL profile-likelihood contours for the
MSSM7 [67] and various GUT-scale SUSY models [68]
obtained by the GAMBIT collaboration. In light grey,
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FIG. 7: Bounds on the abundance of PBH assuming disk accretion (light shade) or spherical accretion (dark shade), accounting
for the formation of a DM halo. The most stringent bounds in the same mass regions are also shown: Second order GW ones
from [3], Icarus ones from [60], LIGO ones according to [5], BBN bounds from [75], spectral CMB distortions from [76]. The
arrow indicates that for masses M >⇠ 200 M�, PBH can in principle grow in mass up to 109 M� by z = 7.5 by accreting baryons
at Eddington luminosity with ✏ = 0.1.

about 10�5 of the DM mass density in the universe (e.g.
Ref. [87], see also the gray band in Fig. 5 of Ref. [88]).
However, as we just reviewed, it is known that SMBH un-
dergo significant growth with time. In fact, at z ' 6 the
overall mass density into SMBH above 106

M� was only
about a factor 10�3.5 of the current value, such that the
di↵erence between these figures must be accounted for
via mergers, accretion and newly formed objects. A more
quantitative description of the high-redshift SMBH mass
function can be given in terms of the so-called Schechter
function,

dnBH

d log
10

m
= m ln 10

dnBH

dm
=  m

↵
e
�m

, (29)

with inferred values at z = 6 of  = 1.23 ⇥ 10�8Mpc�3,
↵ = �1.03 and m ⌘ M/M⇤, with M⇤ = 2.24 ⇥ 109

M�
(see Ref. [89] or equivalently Fig. 2 in Ref. [90]).
This is consistent with the inferred co-moving density
> 1.1⇥10�9 Mpc�3 above 109

M� between z = 6.44 and
z = 7.44 reported in Ref. [89]. If translated in terms
of the DM fraction, Eq. (29) yields about 96M� Mpc�3

above 106
M�, equivalent to a fraction of the DM abun-

dance in SMBH above 106
M� of fPBH ' 2.9 ⇥ 10�9.

Thus, even under the extreme case of eq. (25), the CMB

angular power spectra do not exclude a primordial origin

hypothesis for the SMBHs.

Are there counter-arguments to this? An apparent
theoretical di�culty is that one expects a direct forma-
tion of SMBHs to happen after the weak reaction freeze-
out, since the horizon mass scales roughly as MH '

105(t/s) M�. However, having a very tiny fraction of
matter in the form of Primordial SMBHs at BBN times,
or even somewhat after BBN, is not obviously excluded,
and only limited by theoretical creativity. A more seri-
ous concern is that, if SMBHs form from (quasi)Gaussian
fluctuations, the mass 6⇥ 104

M� <
⇠ M <

⇠ 5⇥ 1013
M� is

subject to tight constraints coming from CMB spectral
distortions [76]. No cosmologically relevant abundance is
allowed in this range unless the PBH form out of highly
non-Gaussian tail fluctuations [91–93].

In summary, this discussion leaves two possible (pri-
mordial) scenarios:

1 Primordial SMBH hypothesis: SMBHs with a mass
function similar to the inferred one, eq. (29), are
directly of primordial origin. This requires PBHs
to form under rather peculiar highly non-Gaussian
conditions in order to fulfill CMB spectral con-
straints. Also, the bulk of the SMBH population is

Serpico+ 2002.10771

4 X-ray AGN in a z ⇠ 10 galaxy

Fig. 2 JWST and Chandra images of UHZ1: Panel (a) The JWST NIRCam image of the
surroundings of UHZ1, and a zoom-in NIRCam image of UHZ1 in Panels (b and c). Panel (d)
JWST images of UHZ1 in seven filters. The galaxy is detected in all JWST bands except for
F115W. The non-detection in the bluest F115W band clearly indicates the dropout nature
of the galaxy and suggests that it is located at z ⇡ 10. The source is extended, with a
potentially disturbed morphology evocative of late-stage mergers at lower redshift. A bright
nuclear region is apparent in the F150W and F200W bands, and the contrast of this nucleus
against the galaxy outskirts decreases for the redder bands. (e) A JWST/Chandra overlay
showing a 4.2� excess of X-ray counts cospatial with UHZ1. (f) The same Chandra 2�7 keV
Chandra image, this time with UHZ1 represented as black contours. The size of the X-ray
source is consistent with a point source. The location, luminosity, and spectral characteristics
of the source suggest that it is a heavily obscured quasar residing in the z = 10.3 galaxy,
UHZ1. North is up and East is left.

Of this sample of 11 JWST galaxies, we detect a statistically significant X-
ray source associated with UHZ1 (RA=0:14:16.096, Dec=-30:22:40.285); this
galaxy is magnified[2] by a factor of µ = 3.81+0.41

�0.56
. No other galaxies are

located in the vicinity of UHZ1 that could be associated with the X-ray source
(Figure 2). We note that of the galaxy sample, UHZ1 has the highest lensing

Bogdan+ 2305.15458
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The importance of the “Dark Dress”
• Sub-dominant population of PBHs immersed in another form of DM, expanding 

and diluting 
• Accretion of DM mini-halos: Balance between gravitational pull and expansion 

of the universe 

3

FIG. 1. Fraction of PBHs that belong to some binary
system formed in the early Universe. This quantity
is plotted as a function of the fraction of DM in PBHs (for
di↵erent values of the PBH mass). As mentioned in the text,
if PBHs make all the DM, most of them belong to pairs that
have a chance to decouple from the Hubble flow before matter-
radiation equality and form a binary system.

With these prescriptions, the integral of the PDF over
the full (a, j) parameter space provides the fraction of
PBHs that form a decoupled binary system in the early
Universe, as shown in Fig. 1 for di↵erent values of the
PBH mass and DM fraction in PBHs.

The full PDF P (a, j) is displayed in Fig. 2. In the
same figure we also show the contours referring to the
expected merger time of the binary due to the emission
of gravitational radiation, which is given by [34]:

tmerge =
3 c5

170G3
N

a
4
j
7

M
3
PBH

. (11)

We remark that either a very small semi-major axis or an
extreme eccentricity is required to get a merger time com-
parable with the age of the Universe (tuniv ⇠ 13.7 Gyr):
wider, more circular binaries tend to merge on much
longer timescales.

B. Accretion of dark matter mini-halos before
binary decoupling

Let us now add another relevant piece of information
to our model.

Given the PDF described above, the authors of [17]
derived the merger rate at present time, and found that
it would exceed the one observed by the LIGO and Virgo
collaborations. Thus, PBHs can only be a small fraction
of the DM in the Universe.

Motivated by these results, we consider a scenario char-
acterized by a sub-dominant population of PBHs, im-

FIG. 2. Probability distribution of PBH binaries that
decouple in the early Universe. The PDF, derived in [17],
is given by Eq. 5. We plot it as a function of the semi-major
axis a and dimensionless angular momentum j =

p
1� e2.

The red solid lines show contours of constant merger time (in
Gyr).

mersed in a high-density DM-dominated environment,
rapidly expanding and diluting. In this context, the rel-
evant e↵ect we want to model is the progressive growth
of a DM mini-halo around each PBH, governed by the
competition between the gravitational pull of the PBH
and the expanding Hubble flow.
The accretion of the DM halo deep in the radiation

era can be computed numerically [22, 23] by solving the
following equation (similar to Eq. 7), describing radial
infall of matter in an expanding universe:

d2r

dt2
= �

GMPBH

r2
+ (Ḣ +H

2)r , (12)

where H(t) = 1/(2t). Evolving the above equation for
each shell, starting from very high redshift with the initial
conditions r = ri and ṙ = Hiri = ri/(2ti), one finds that
the PBH can accrete a DM halo with M

eq
halo = MPBH at

the end of the radiation era (z = zeq).
The density profile of such a halo was first determined

analytically in [35] as a power law

⇢(r) / r
�3/2

. (13)

We note that the same dependence on r has been ob-
tained in recent, realistic numerical simulations [36]
that follow the evolution of ultra-compact mini halos
(UCMHs)2. There is however evidence that UCMHs may

2 Such halos can form out of small-scale large-amplitude density
fluctuations that are too small to form PBHs, but still large
enough to originate collapsed structures. The ⇢(r) / r�3/2 pro-
file can develop if the UCMHs originate from a pronounced spike
in the power spectrum at some given reference scale.

• A PBH can accrete a DM halo with MHalo = MPBH at the end of the radiation era (z = zeq) 

Bradley J. Kavanagh (GRAPPA, Amsterdam) Black Holes’ Dark Dress: Dark Matter & Merging Black Holes

Rtr(z) = 0.0063

�
MPBH

M�

�1/3 �
1 + zeq

1 + z

�
pc
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PBHs seed the formation of `local’ DM halos:
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Turn-around radius for 
a generic DM shell 
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Using the acceleration equation, ä/a = ≠(1+3Ê)H2
/2,

we get a turnaround radius, r = rta, defined by

GMPBH = (1 + 3Ê)H
2

2 r
3

ta
. (2)

We can gain some intuition from this. During radiation
domination the total energy contained within a sphere of
this radius is equal to half the mass of the PBH (setting
the speed of light to c = 1),

1
2MPBH = 4fi

3 fltotr
3

ta
. (3)

At matter-radiation equality the energy in the dark mat-
ter mass is equal to the energy in radiation. Therefore,
at matter-radiation equality, the dark matter halo mass
around a PBH is comparable to MPBH, independent of
the PBH mass.

During radiation domination we can use H = 1/(2t)
to calculate that

rta ƒ
!
4GMPBHt

2

ta

"1/3

. (analytical estimate) (4)

tta is then the time that a shell is turning around at rta.
We present numerical solutions to Eq. (1) in appendix
B. These show that a much more accurate solution (to
better than 0.1% accuracy) is reached by instead using

rta ƒ
!
2GMPBHt

2

ta

"1/3

, (numerical estimate) (5)

so we will instead use this definition of rta for the dura-
tion of this paper.

B. Kinetic and potential energy

Our simulations initialise particles with zero thermal
velocity. We are interested in their behaviour during
radiation domination when dark matter is very sub-
dominant. It might be expected that the thermal ki-
netic energies of the particles would have a measurable
e�ect on the density profiles. We show in this section
that for PBH masses of order 10M§ this is not true.2 To
do this we derive the ratio between the thermal kinetic
energy and potential energy of a dark matter particle at
turnaround and show that it is negligible. At any later
time the ratio will be even smaller.

Extracting the gravitational potential at turnaround
is straightforward. The dark matter particles have mass
m‰, the PBH has mass MPBH and their separation is the
radius of turnaround, rta. Thus

Ep = GMPBHm‰

rta

. (6)

2
In fact, if the dark matter mass satisfies m‰ Ø 100 GeV, thermal

kinetic energy can be ignored for any PBH mass & 10
≠6M§ - as

we show in section II D.

To know the kinetic energy at turnaround we need to
scale the temperature of the dark matter when it de-
couples from the radiation down to its temperature at
turnaround. The temperature of the dark matter drops
proportionally to 1/a

2. Note that this is di�erent to the
temperature of the Universe itself, which is dominated
by radiation and thus drops proportionally to 1/a.

The velocities of the dark matter are given by a
Maxwell-Boltzmann distribution. To within a factor of
a few, the peak, mean and rms of the velocity distribu-
tion are given by mv

2 ƒ kT . This means that if we use
units where k = 1 and T is measured in eV, Ek = T .
Therefore, in terms of the dark matter temperature at
decoupling, TKD, and the time of decoupling, tKD, the
kinetic energy at turnaround is

Ek = TKD

3
aKD

ata

42

= TKD

tKD

tta

= TKDtKD (2GMPBH)1/2

r
3/2

ta

. (7)

The ratio between kinetic and potential energy can
now be expressed as

Ek

Ep
=

3
TKD

m‰

4 3
tKDÔ

rta

4 3
2

GMPBH

4 1
2

. (8)

To explore this ratio as a function of rta and MPBH we
first need to choose a dark matter model to give us TKD,
tKD and m‰. For this we follow [11]. Specifically, we
take the temperature of kinetic decoupling to be given
by equation (B5) in [11],

TKD = m‰

�(3/4)

3
– m‰

MPl

41/4

, (9)

with

– ©
Ú

16fi3gı(T )
45 , (10)

and gı = 61.75 from equation (4) of [11] and the text
below it. The time at decoupling is then found from the
Friedmann equation

1
2t

= –T
2

MPl

, (11)

which is equation (3) in [11]. Finally, the dark matter
particle mass is taken to be m‰ = 100 GeV, again fol-
lowing [11]. We note that if we were to follow the pro-
cedure in [10] instead our results would be very similar,
with small changes due to small di�erences in the parti-
cle physics model underlying the dark matter. In both
cases, for LIGO-like PBH masses, the kinetic energy is
at least 100 times smaller than the potential energy at
the turnaround time for all relevant radii.
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Sub-dominant population of PBHs: The “Dark Dress”
• Simple analytical computation (DM particles are frozen in at turn-

around with their density matching the background density): 

Analytical and numerical computations in [Bertschinger, ApJS 1985; 
Sten Delos et al. 1712.05421; Gosenca et al. 1710.02055;  Adamek 
et al. 1901.08528] 

• Recent developments: Computation of profile as function of:  
• BH mass and DM particle mass,  
• Temperature of kinetic decoupling  

[Boudaud+ 2106.07480, Carr+ 2011.01930] 
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Figure 1: Dynamics of di↵erent DM shells around a PBH of mass mpbh = 100M� from deep
radiation domination up to matter-radiation equality, teq. The distance r of all the DM shells
are measured from the center of the PBH. In the left panel, the blue colored region represents
the DM spike around the PBH consisting of various DM shells shown by colored concentric
circles. In the right panel, the colored lines show the evolution of di↵erent DM shells around
the PBH, in accordance with Eq. (2.1). The black dotted line shows the turnaround radii, rta
of DM shells given by Eq. (2.2) which grows with time.

in the range 10�5
� 10�4 pc, DM shells initially evolve under the simultaneous e↵ect of

gravitational attraction of the PBH and Hubble expansion. After the turnaround point (where
gravitational attraction of the PBH becomes stronger than the Hubble expansion), they start
moving towards the PBH and become bound to it. For ri greater than 10�4 pc , the Hubble
expansion dominates over the gravitational attraction of the PBH and the DM shells do not
get gravitationally bound to the PBH before matter-radiation equality.

2.1 Density profile of DM spikes

Based on the PBH mass and time scale at which the kinetic decoupling of the DM particles
occurs [67], the density profile of the DM spikes around the PBHs can be a power law with
di↵erent radial indices, as discussed in detail in Ref. [68]. Here, we assume that the formation
of the PBHs takes place after the kinetic decoupling of the DM particles such that there is no
previous accretion of DM particles around the PBHs [69]. The size of the DM spike at any
time is given by the turnaround radius rta of the DM shells at that time. Then, for radiation
domination, the density of the DM spike at a distance r from the center of a PBH of mass
mpbh can be written as:

⇢sp(r) '
⌦cdm

⌦m

⇢eq

2

�
2Gmpbht

2
eq

�3/4
r
�9/4

, (2.3)

with ⇢eq being the total energy density of the Universe at matter-radiation equality (teq) and
⌦cdm/⌦m ⇡ 0.85 as the fraction of CDM in the matter density of the Universe [70]. Here, the
subscript ‘sp’ denotes the DM spike accreted around an isolated PBH. In Eq. (2.3), the factor
of one half comes from the fact that at matter-radiation equality, density of matter is half of
the total energy density. This equation di↵ers slightly from the density profiles of DM spikes
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The paper is organized in the following manner. In Sec. 2, we review the accretion
process of DM spikes around isolated PBHs by closely following the formalism of Ref. [47].
Then, in Sec. 3, we describe the formation mechanism of PBH binaries with and without
DM spikes taking into account the impact of DM spikes. After that analytical and numerical
calculations of the merger time for PBH binaries with and without DM spikes are presented in
Sec. 4. Then, we calculate the merger rates of these PBH binaries for three di↵erent extended
PBH mass functions in Sec. 5. In Sec. 5, we also discuss how the gap between the merger
rates of PBH binaries with and without DM spikes varies with the abundance of PBHs in
CDM fpbh. Finally in Sec. 6, we conclude and point out possible future directions.

2 Formation of DM spikes around PBHs

In this section, we review the formation mechanism and density profile of DM spikes around
isolated PBHs proposed originally in Ref. [41, 42], following closely the treatment in Ref. [47].
We start with the assumption that in the early Universe, non-annihilating CDM particles
(such as axions or WIMPs with almost negligible annihilation cross-sections) can encounter
isolated PBHs in their vicinity, due to which their motion becomes influenced by the combined
e↵ect of the gravitational attraction of the PBHs and Hubble expansion. Then, the equation
of motion of a DM shell of radius r around a PBH of mass mpbh in the FLRW metric is given
by:

d2r

dt2
= �

Gmpbh

r2
+
⇣
Ḣ +H

2
⌘
r , (2.1)

where the first term corresponds to the gravitational attraction of the PBH and the second
term denotes the decelerating Hubble expansion of the Universe. The evolution of these DM
shells starts deep in the radiation era, corresponding to the initial conditions r = ri and
ṙ = Hi ri = ri/ (2 ti).

At some point, the gravitational attraction term in Eq. (2.1) starts to dominate over the
Hubble expansion, i.e. ṙ becomes zero, due to which the DM shell starts to move towards
the PBH and becomes gravitationally bound to it. This is known as the turnaround of the
DM shell and occurs at a time tta. The size of the DM shell at turnaround is known as
the turnaround radius rta of the shell. Shells within the turnaround radius are considered
bound to the PBH. The turnaround of subsequent DM shells leads to the formation of a
DM spike around the PBH which is shown pictorially in the left panel of Fig. 1. During
radiation domination, the turnaround radius of the DM shell can be estimated analytically by
substituting ṙ = 0 and H = 1/(2 t) in Eq. (2.1). We have verified that in radiation domination,
the numerical estimate of the turnaround radius,

rta '
�
2Gmpbh t

2
ta

�1/3
, (2.2)

holds better than its analytic estimate, in agreement with Ref. [47]. So, we shall use the
numerical estimate given by Eq. (2.2) as the turnaround radius of DM shells in the rest of
the paper.

As per Eq. (2.1), the variation of the distance r of di↵erent DM shells from the center of
a PBH of mass mpbh = 100 M� are depicted in the right panel of Fig. 1. This figure shows
that at an initial distance ri (defined at some arbitrary early time) smaller than 10�5 pc
, the gravitational attraction of the PBH strongly dominates over the Hubble expansion
and the shells of the dark matter become quickly gravitationally bound to it. If ri lies
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Figure 1: Dynamics of di↵erent DM shells around a PBH of mass mpbh = 100M� from deep
radiation domination up to matter-radiation equality, teq. The distance r of all the DM shells
are measured from the center of the PBH. In the left panel, the blue colored region represents
the DM spike around the PBH consisting of various DM shells shown by colored concentric
circles. In the right panel, the colored lines show the evolution of di↵erent DM shells around
the PBH, in accordance with Eq. (2.1). The black dotted line shows the turnaround radii, rta
of DM shells given by Eq. (2.2) which grows with time.
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� 10�4 pc, DM shells initially evolve under the simultaneous e↵ect of

gravitational attraction of the PBH and Hubble expansion. After the turnaround point (where
gravitational attraction of the PBH becomes stronger than the Hubble expansion), they start
moving towards the PBH and become bound to it. For ri greater than 10�4 pc , the Hubble
expansion dominates over the gravitational attraction of the PBH and the DM shells do not
get gravitationally bound to the PBH before matter-radiation equality.

2.1 Density profile of DM spikes

Based on the PBH mass and time scale at which the kinetic decoupling of the DM particles
occurs [67], the density profile of the DM spikes around the PBHs can be a power law with
di↵erent radial indices, as discussed in detail in Ref. [68]. Here, we assume that the formation
of the PBHs takes place after the kinetic decoupling of the DM particles such that there is no
previous accretion of DM particles around the PBHs [69]. The size of the DM spike at any
time is given by the turnaround radius rta of the DM shells at that time. Then, for radiation
domination, the density of the DM spike at a distance r from the center of a PBH of mass
mpbh can be written as:
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with ⇢eq being the total energy density of the Universe at matter-radiation equality (teq) and
⌦cdm/⌦m ⇡ 0.85 as the fraction of CDM in the matter density of the Universe [70]. Here, the
subscript ‘sp’ denotes the DM spike accreted around an isolated PBH. In Eq. (2.3), the factor
of one half comes from the fact that at matter-radiation equality, density of matter is half of
the total energy density. This equation di↵ers slightly from the density profiles of DM spikes
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this gives the same profile as Eq. (10) but it now extends
beyond the radius rta(teq).
So long as one neglects the e↵ects of WIMP annihilations,

the density profiles for di↵erent values of M and m� are as
indicated by the solid lines in Fig. 1. These have been calcu-
lated numerically from Eq. (A1) but their qualitative form is
as anticipated above. We have set m� = 10GeV (magenta),
m� = 100GeV (orange) and m� = 1TeV (green), this cov-
ering the most plausible range of values. The upper panel
shows the profiles for M = 10�12

M� and M = 10�6
M�,

where one sees the transition from the constant-density re-
gion to the r�3/2 region and then the r�9/4 region. The lower
panel shows the profiles for M = 1M� and M = 106 M�. In
this case, there is no r

�3/2 region because M > MK but there
is still a constant-density region for M < MKD. The profiles
are inapplicable inside the Schwarzschild radius but this is
only relevant for the lower figure.

The formation of WIMP halos around PBHs due to adia-
batic accretion at late times has also been studied by Gon-
dolo & Silk (1999). If the WIMPs initially have a cusp profile
scaling as r�� , the presence of the black hole leads to a spike
profile scaling as r

��sp , where �sp = (9 � 2�)/(4 � �). This
result was first derived in Quinlan et al. (1995) and can also
be derived from our Eq. (A1). The DM distribution around
the black hole is therefore steeper than in the surrounding
cusp (�sp > �) providing � < 3, as expected in most DM
models, and the usual result (�sp = 9/4) is obtained for a
constant density profile (� = 0).
This analysis no longer applies after the epoch of galaxy

formation, which we take to be z? ⇠ 10, since the local den-
sity is no longer the background cosmological density. As-
trophysical processes - in particular, tidal stripping - could
modify the WIMP halos around BHs within galaxies. When
a star passes near a BH, it deposits energy into the halo,
which could remove part of it (Green & Goodwin 2007). This
mechanism has been invoked for self-gravitating halos made
of WIMPs (Schneider et al. 2010) or axions (Tinyakov et al.
2016; Kavanagh et al. 2020) and it has recently been applied
to WIMP halos around BHs (Hertzberg et al. 2020). Part of
the halo could also be removed by the interaction amongst
PBH-halo systems, particularly in high-density regions such
as galactic centres or PBH clusters.

3.3 E↵ect of WIMP Annihilations

The WIMP population inside the halo is consumed by self-
annihilation (Berezinsky et al. 1992). In order to estimate
the density of WIMPs in the core of the distribution, we
compare the inverse of the age of the halo thalo with the
self-annihilation rate �ann = n� h�viH. Here h�viH is the
velocity-weighted cross-section in the halo, where the WIMPs
are assumed to have a Boltzmann velocity distribution with
dispersion vrms. Setting their density to be ⇢� = m� n�, the
maximum WIMP concentration at redshift z is

⇢�,max(z) = f�
m� H(z)
h�vi

H

, (21)

where we have assumed thalo � teq and thalo ⇠ 1/H(z), where
H(z) is the Hubble rate at redshift z. Equation (21) extends
the result of previous literature (Ullio et al. 2002; Scott &
Sivertsson 2009; Josan & Green 2010) to an arbitrary redshift
and WIMP fraction. For the Taylor expansion in Eq. (5), the
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Figure 1. Density profile of WIMPs bound to a PBH of mass
M = 10�12 M� or M = 10�6 M� (top panel) and M = 1M� or
M = 106 M� (bottom panel) for f� ' 1. We set m� = 10GeV
(magenta), m� = 100GeV (orange) and m� = 1TeV (green). The
density profiles before WIMP annihilations, ⇢i(r), are shown by the
solid lines and derived from Eq. (A1). The density profiles after
annihilations, ⇢�(r), are shown by the dotted lines and labelled
“Today”. The plateau in the WIMP distribution is described by
Eq. (21) but does not apply for r < rS (i.e. to the left of the vertical
dashed lines in the lower diagram).

velocity-averaged cross-section leads to h�viH = a+ 3 b v2rms,
so it generally di↵ers from the thermal average h�vith when
higher-order terms in the expansion are taken into account.
In the following, we neglect these terms in the expansion of
Eq. (5) and set h�viH = h�vith.
The WIMP profile is then

⇢� =
⇢i(r) ⇢�,max(z)

⇢i(r) + ⇢�,max(z)
, (22)

with the plateau in Eq. (21) extending to the radius rcut,
which from Eq. (A1) is defined implicitly by

⇢̃i(rcut) ⇡ ⇢�,max(z) . (23)

MNRAS 000, 1–15 (2020)
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A) Binaries formed after 
close encounters
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Did LIGO detect dark matter?

Simeon Bird,⇤ Ilias Cholis, Julian B. Muñoz, Yacine Ali-Häımoud, Marc
Kamionkowski, Ely D. Kovetz, Alvise Raccanelli, and Adam G. Riess1

1
Department of Physics and Astronomy, Johns Hopkins University,

3400 N. Charles St., Baltimore, MD 21218, USA

We consider the possibility that the black-hole (BH) binary detected by LIGO may be a signature
of dark matter. Interestingly enough, there remains a window for masses 20M� . Mbh . 100M�
where primordial black holes (PBHs) may constitute the dark matter. If two BHs in a galactic halo
pass su�ciently close, they radiate enough energy in gravitational waves to become gravitationally
bound. The bound BHs will rapidly spiral inward due to emission of gravitational radiation and
ultimately merge. Uncertainties in the rate for such events arise from our imprecise knowledge of the
phase-space structure of galactic halos on the smallest scales. Still, reasonable estimates span a range
that overlaps the 2 � 53 Gpc�3 yr�1 rate estimated from GW150914, thus raising the possibility
that LIGO has detected PBH dark matter. PBH mergers are likely to be distributed spatially
more like dark matter than luminous matter and have no optical nor neutrino counterparts. They
may be distinguished from mergers of BHs from more traditional astrophysical sources through the
observed mass spectrum, their high ellipticities, or their stochastic gravitational wave background.
Next generation experiments will be invaluable in performing these tests.

The nature of the dark matter (DM) is one of the
most longstanding and puzzling questions in physics.
Cosmological measurements have now determined with
exquisite precision the abundance of DM [1, 2], and from
both observations and numerical simulations we know
quite a bit about its distribution in Galactic halos. Still,
the nature of the DM remains a mystery. Given the ef-
ficacy with which weakly-interacting massive particles—
for many years the favored particle-theory explanation—
have eluded detection, it may be warranted to consider
other possibilities for DM. Primordial black holes (PBHs)
are one such possibility [3–6].

Here we consider whether the two ⇠ 30M� black holes
detected by LIGO [7] could plausibly be PBHs. There is
a window for PBHs to be DM if the BH mass is in the
range 20M� . M . 100M� [8, 9]. Lower masses are
excluded by microlensing surveys [10–12]. Higher masses
would disrupt wide binaries [9, 13, 14]. It has been ar-
gued that PBHs in this mass range are excluded by CMB
constraints [15, 16]. However, these constraints require
modeling of several complex physical processes, includ-
ing the accretion of gas onto a moving BH, the conversion
of the accreted mass to a luminosity, the self-consistent
feedback of the BH radiation on the accretion process,
and the deposition of the radiated energy as heat in the
photon-baryon plasma. A significant (and di�cult to
quantify) uncertainty should therefore be associated with
this upper limit [17], and it seems worthwhile to exam-
ine whether PBHs in this mass range could have other
observational consequences.

In this Letter, we show that if DM consists of ⇠ 30 M�
BHs, then the rate for mergers of such PBHs falls within
the merger rate inferred from GW150914. In any galactic
halo, there is a chance two BHs will undergo a hard scat-
ter, lose energy to a soft gravitational wave (GW) burst
and become gravitationally bound. This BH binary will

merge via emission of GWs in less than a Hubble time.1

Below we first estimate roughly the rate of such mergers
and then present the results of more detailed calcula-
tions. We discuss uncertainties in the calculation and
some possible ways to distinguish PBHs from BH bina-
ries from more traditional astrophysical sources.
Consider two PBHs approaching each other on a hy-

perbolic orbit with some impact parameter and relative
velocity vpbh. As the PBHs near each other, they pro-
duce a time-varying quadrupole moment and thus GW
emission. The PBH pair becomes gravitationally bound
if the GW emission exceeds the initial kinetic energy. The
cross section for this process is [19, 20],

� = ⇡

✓
85⇡

3

◆2/7

R2
s

⇣vpbh
c

⌘�18/7

= 1.37⇥ 10�14 M2
30 v

�18/7
pbh�200 pc

2, (1)

where Mpbh is the PBH mass, and M30 the PBH mass
in units of 30M�, Rs = 2GMpbh/c2 is its Schwarzschild
radius, vpbh is the relative velocity of two PBHs, and
vpbh�200 is this velocity in units of 200 km sec�1.
We begin with a rough but simple and illustrative es-

timate of the rate per unit volume of such mergers. Sup-
pose that all DM in the Universe resided in Milky-Way
like halos of mass M = M12 1012 M� and uniform mass
density ⇢ = 0.002 ⇢0.002 M� pc�3 with ⇢0.002 ⇠ 1. As-
suming a uniform-density halo of volume V = M/⇢, the
rate of mergers per halo would be

N ' (1/2)V (⇢/Mpbh)
2�v

' 3.10⇥ 10�12 M12 ⇢0.002 v
�11/7
pbh�200 yr

�1 . (2)

1
In our analysis, PBH binaries are formed inside halos at z = 0.

Ref. [18] considered instead binaries which form at early times

and merge over a Hubble time.
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We consider the possibility that the black-hole (BH) binary detected by LIGO may be a signature
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more like dark matter than luminous matter and have no optical nor neutrino counterparts. They
may be distinguished from mergers of BHs from more traditional astrophysical sources through the
observed mass spectrum, their high ellipticities, or their stochastic gravitational wave background.
Next generation experiments will be invaluable in performing these tests.

The nature of the dark matter (DM) is one of the
most longstanding and puzzling questions in physics.
Cosmological measurements have now determined with
exquisite precision the abundance of DM [1, 2], and from
both observations and numerical simulations we know
quite a bit about its distribution in Galactic halos. Still,
the nature of the DM remains a mystery. Given the ef-
ficacy with which weakly-interacting massive particles—
for many years the favored particle-theory explanation—
have eluded detection, it may be warranted to consider
other possibilities for DM. Primordial black holes (PBHs)
are one such possibility [3–6].

Here we consider whether the two ⇠ 30M� black holes
detected by LIGO [7] could plausibly be PBHs. There is
a window for PBHs to be DM if the BH mass is in the
range 20M� . M . 100M� [8, 9]. Lower masses are
excluded by microlensing surveys [10–12]. Higher masses
would disrupt wide binaries [9, 13, 14]. It has been ar-
gued that PBHs in this mass range are excluded by CMB
constraints [15, 16]. However, these constraints require
modeling of several complex physical processes, includ-
ing the accretion of gas onto a moving BH, the conversion
of the accreted mass to a luminosity, the self-consistent
feedback of the BH radiation on the accretion process,
and the deposition of the radiated energy as heat in the
photon-baryon plasma. A significant (and di�cult to
quantify) uncertainty should therefore be associated with
this upper limit [17], and it seems worthwhile to exam-
ine whether PBHs in this mass range could have other
observational consequences.

In this Letter, we show that if DM consists of ⇠ 30 M�
BHs, then the rate for mergers of such PBHs falls within
the merger rate inferred from GW150914. In any galactic
halo, there is a chance two BHs will undergo a hard scat-
ter, lose energy to a soft gravitational wave (GW) burst
and become gravitationally bound. This BH binary will

merge via emission of GWs in less than a Hubble time.1

Below we first estimate roughly the rate of such mergers
and then present the results of more detailed calcula-
tions. We discuss uncertainties in the calculation and
some possible ways to distinguish PBHs from BH bina-
ries from more traditional astrophysical sources.
Consider two PBHs approaching each other on a hy-

perbolic orbit with some impact parameter and relative
velocity vpbh. As the PBHs near each other, they pro-
duce a time-varying quadrupole moment and thus GW
emission. The PBH pair becomes gravitationally bound
if the GW emission exceeds the initial kinetic energy. The
cross section for this process is [19, 20],
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where Mpbh is the PBH mass, and M30 the PBH mass
in units of 30M�, Rs = 2GMpbh/c2 is its Schwarzschild
radius, vpbh is the relative velocity of two PBHs, and
vpbh�200 is this velocity in units of 200 km sec�1.
We begin with a rough but simple and illustrative es-

timate of the rate per unit volume of such mergers. Sup-
pose that all DM in the Universe resided in Milky-Way
like halos of mass M = M12 1012 M� and uniform mass
density ⇢ = 0.002 ⇢0.002 M� pc�3 with ⇢0.002 ⇠ 1. As-
suming a uniform-density halo of volume V = M/⇢, the
rate of mergers per halo would be

N ' (1/2)V (⇢/Mpbh)
2�v

' 3.10⇥ 10�12 M12 ⇢0.002 v
�11/7
pbh�200 yr

�1 . (2)

1
In our analysis, PBH binaries are formed inside halos at z = 0.

Ref. [18] considered instead binaries which form at early times

and merge over a Hubble time.
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Hubble flow

B) Binaries formed in the 
early Universe

MBHR�3 > �(z) before zeq
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Require:

• If most of the DM is made of PBHs, most pairs 
form a binary deep in the radiation era. 

• If fPBH < 0.01, only rare pairs with small 
separation form binary systems. Sasaki+ PRL 2017

Ali-Haimoud+ 2017
Raidal+  2018

Bird+ PRL 2017
Clesse, García-Bellido, PDU 2016
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e > 0.9999

[Ali-Haïmoud et al., 1709.06576, 
BJK, Gaggero & Bertone, 1805.09034]

tmerge =
3 c5

170 G3
N

a4j7

M3
PBH
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Randomly distributed  
(unclustered) PBHs

Angular momentum set by 
torques from smooth density 

perturbations and all other PBHs

Close, eccentric binaries 
 merge today:

j =
�

1 � e2
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6

Dark Dress in action: The merger rate story
• Probability distribution of PBH binaries that form deep in the radiation era 

• The angular momentum stems from the torque exerted by all the other PBHs 

Sasaki+ PRL 2017
Ali-Haimoud+ 2017

4

where we computed the last integral numerically. The
reduced angular momentum j ⌘ `/

p
2Ma is therefore

j ⇡
0.3

p
0.1

�
1/2

✓
3

16⇡⇢eqM

◆1/2

x
3/2

x̂ ⇥ [Teq · x̂] ,

⇡ 0.5 x
3

x̂ ⇥


Teq

M
· x̂

�
(15)

where we used Eqs. (7) and (11) to simplify the expres-
sion.

1. Torques by other PBHs

Let us now specifically consider the tidal field gener-
ated by a point mass M at comoving separation y � x:

T
ij
eq

M
=

3ŷ
i
ŷ
j
� �

ij

y3
. (16)

This implies an angular momentum

j ⇡ 1.5
x
3

y3
(x̂ · ŷ)(x̂ ⇥ ŷ), (17)

with magnitude j ⇡ 0.8(x/y)3 sin(2✓), where ✓ is the
angle between x̂ and ŷ, consistent with the results of
Ref. [41].

The total reduced angular momentum resulting from
all other PBHs (at distance y � x) is hence given by

j ⇡ 1.5
X

p

x
3

y3
p

(x̂ · ŷp)(x̂ ⇥ ŷp). (18)

We compute explicitly the probability distribution of j

in the Appendix, where we find, for a given X,

j
dP

dj

���
X

= P(j/jX), P(�) ⌘
�
2

(1 + �2)3/2
, (19)

with jX ⌘ 0.5X. (20)

Note that this distribution extends to arbitrarily large
j, while physical values are limited to j  1. As long
as jX ⌧ 1, the contribution of unphysical values j > 1
is negligibly small. We emphasize that this probability
distribution accounts for torques by all PBHs. In con-
trast, Refs. [39, 41] only considered torques by the nearest
neighbor, which leads to the correct approximate char-
acteristic value of j, but does not allow to estimate its
exact probability distribution.

2. Torques by linear density perturbations

As pointed out in Refs. [44, 45], if the PBH frac-
tion is smaller than the characteristic large-scale mat-
ter density perturbation �m, then tidal torques are
dominated by large-scale linear perturbations, T

ij
eq =

�@i@j� = �4⇡⇢eq@i@j@
�2

�m. The resulting j is
Gaussian-distributed in the plane perpendicular to x̂,
with variance given by [see Appendix 2]

hj
2
i
1/2 =

r
3

10

�eq

f
X ⇡ 0.5

�eq

f
X. (21)

The relevant scales are those larger than the binary sep-
aration (perturbations on smaller scales are a↵ected in a
complex way by the binary orbit and would require to
be studied separately, as we discuss in Section III A 7).
Using Eq. (11), we find that the dark matter mass cor-
responding to the binary scale when it decouples from
the Hubble flow is of order Mdm ⇠ 0.1Msdec. As we will
see below, the typical decoupling scale factor for binaries
merging today is sdec ⇠ 10�2

� 1, so we conclude that
the scales to be included in �eq in Eq. (21) are those cor-
responding to a dark matter mass larger than ⇠ 10�3

M .
In principle the probability distribution for the total j,

which is the sum of two contributions (other PBHs and
linear perturbations), can be computed by convolving the
two probability distributions. This convolution is not
analytic, however, so for simplicity we assume that for a
given semi-major axis, the probability distribution of j

is given by Eq. (19), with the characteristic value

jX ⇡ 0.5
�
1 + �

2
eq/f

2
�1/2

X. (22)

D. Characteristic initial properties of binaries
merging today

For initial eccentricities close to unity, i.e. j ⌧ 1,
which, as we will see shortly, is the relevant regime, the
coalescence time through GW emission is given by [46]

t =
3

170

a
4

M3
j
7
. (23)

For a given X hence a, there is a unique j such that the
merger time is t; using Eq. (11), it is given by

j(t; X) ⌘

✓
170

3

tM
3
f
4

(0.1 x)4X16/3

◆1/7

. (24)

The di↵erential probability distribution of (X, t) is then
given by

d
2
P

dXdt
=

dP

dX

dP

dt

���
X

=
dP

dX
⇥


@j

@t

dP

dj

���
X

�

j(t;X)

. (25)

The probability distribution of the rescaled nearest-
neighbor separation is dP/dX = e�X (again, this as-
sumes a random distribution of PBHs, and may take
on di↵erent values in specific PBH formation models).
Given that j / t

1/7, @j/@t = j/(7t). Using Eq. (19) we
arrive at

d
2
P

dXdt
=

1

7t
e�X

P (�X) , �X ⌘
j(t; X)

jX
. (26)
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strong scaling of the merger time with a and j, the final
merger time will not be changed substantially by the DM
halo. Indeed, substituting Eq. (27) into Eq. (11), we find
that,

tf =
r

ai

af
ti , (28)

where ti and tf are the initial and final merger times of
the binary, before and after the impact of the DM halo
are taken into account. As we see in Fig. 9, the semi-
major axis is typically not reduced by more than a factor
of 10, meaning that the merger time is unlikely to be
reduced by more than a factor of a few.

IV. MERGER RATES AND CONSTRAINTS ON
THE PBH DENSITY

We can now combine the various findings described in
the previous sections in order to compute the impact of
DM mini-halos on the primordial BBH merger rate and
the corresponding LIGO limit on the PBH fraction.

Let us recap in detail the prescription we follow:

• We begin with the distribution of orbital elements
(a, e), or equivalently (a, j), for PBH binaries in the
early Universe, as described in Sec. II C.

• For a PBH binary with a given semi-major axis, we
estimate the redshift zdec at which the pair decou-
ples from the Hubble flow, and calculate the DM
halo mass accreted at that redshift.

• We compute the final semi-major axis and eccen-
tricity of the binary adopting the relations derived
above – summarized by Eqs. (24) and (27) – in
order to calculate the new distribution of orbital
elements (a, e).

• Once this remapping is performed, we calculate
the corresponding distribution of merger times and,
eventually, we obtain: 1) The merger rate today of
PBH binaries formed in the early Universe (to be
compared to the one derived by assuming the orig-
inal distribution of orbital elements derived in [17]
and given by Eq. (5)); 2) The corresponding limit
on the fraction of DM in PBHs.

Let us now present and discuss the details of this pro-
cedure, and the two main results of the calculation.

FIG. 10. Primordial Black Hole merger rate, averaged
between z = 0 and z = 1, as a function of the DM
fraction. Dotted lines: Merger rate for the “naked” PBH
binary distribution derived in [17]. Solid lines: Merger rate
for the “dressed” PBH binary distribution, with the e↵ect
of dynamical friction taken into account, as derived in the
present work. Gray band: Merger rate inferred by the LIGO
and Virgo collaboration, from [13].

A. Merger Rate Today

The merger rate of primordial BBHs at present time6

is given by:

R0 = nPBHP (tmerge = tuniv) , (29)

where nPBH is the comoving number density of PBHs and
tuniv ⇡ 13.7 Gyr is the age of the Universe. However,
since LIGO probes mergers approximately in the range
z 2 [0, 1], we consider the rate averaged over redshift:

hRi = nPBH

Z 1

0
P (t[z]) dz . (30)

We now compute the probability distribution of the
merger time for both the original PDF given by Eq. (5),
and for the remapped one, that takes into account the
impact of DM dresses.
In the former case, the computation can be carried

out analytically by performing a change of variables and
a marginalization over the semi-major axis as follows:

P (t) =

Z amax

amin

P (a, j(a, t))

✓
dj

dt

◆
da , (31)

6 Note that R is the comoving merger rate density in the source
frame.
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a = 0.01 pc

e = 0.995
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What is the impact of the Dark Dress?

3

to assemble the distribution of DM by adding successive
spherical shells of DM of increasing radius r, until the
final distribution ⇢DM(r) is constructed around the BH.
We denote the potential energy of each shell of DM of
radius r by dUsh(r). It is given by

dUsh(r) = �
G[m1 + menc(r)]

r
[4⇡r2⇢DM(r) dr] . (2.6)

After some algebra, we can instead write it as

dUsh(r) = �
G[m1 + menc(r)]mDM(r)(3 � �sp) dr

r2
.

(2.7)
Integrating Eq. (2.7) between the inner radius rin and

a given radius r, we arrive at the total potential energy
in the distribution of DM between the radii rin and r.
When �sp 6= 2 or �sp 6= 5/2, the result is

�UDM(r) = �
GmDM(r)(3 � �sp)

r

⇥


m1 � mDM(rin)

2 � �sp
+

mDM(r)

5 � 2�sp

�
� Uin ,

(2.8)

where the constant Uin is given by

Uin = �
GmDM(rin)(3 � �sp)

rin(2 � �sp)


m1 �

mDM(rin)(3 � �sp)

5 � 2�sp

�
.

(2.9)
The total potential energy of the DM spike can be ob-
tained by evaluating Eq. (2.8) at r = rsp.

Note that we are ignoring the e↵ect of the gravitational
potential of the small compact object on the binding en-
ergy. This will generally lead to relative errors of order
q, which will be small for the systems we are considering.

C. Orbital energy and energy dissipation through
GWs and DF

Next, we will summarize how we compute the orbital
energy and the dissipation of orbital energy through grav-
itational waves and dynamical friction. Our formalism is
similar to that presented in Eda et al. [28, 29]. Since
the system we are considering is characterized by a small
mass ratio between the IMBH and the orbiting compact
object (q ⌧ 1), we will adopt the approximation µ ' m2

(the errors in this approximation are of order q). This as-
sumes that the barycenter position is equal to the IMBH
position. Similarly, assuming M = m1 leads to errors of
order q. We discuss the impact of this approximation in
more detail in Sec. VI. We will also work with circular
orbits, and we will ignore the correction to the Keplerian
frequency arising from the distribution of DM (which will
be a percent-level e↵ect for most of the binaries we study
in this paper). In this approximation, the orbital energy
reduces to the familiar expression

Eorb = �
Gm1m2

2r2
. (2.10)

Since the lighter object moves within the DM mini-
spike and experiences gravitational interactions with the
DM particles, it loses energy via dynamical friction (DF)
[37–39]. In addition, the orbital energy changes through
the emission of gravitational waves. The timescale over
which energy is dissipated through these processes is slow
compared to the orbital timescale for most of the evolu-
tion of the system. Thus, we will treat the dissipation as
an adiabatic process slowly moving the compact object
on a given circular orbit to another circular orbit with a
slightly smaller radius (i.e. a quasi-circular inspiral). In
this process, energy balance is satisfied, in the sense that

dEorb

dt
= �

dEGW

dt
�

dEDF

dt
. (2.11)

Gravitational-wave energy losses (for circular orbits in
the quadrupole approximation) are given by

dEGW

dt
=

32G4M(m1m2)2

5(cr2)5
. (2.12)

Dynamical friction losses are given by

dEDF

dt
= 4⇡(Gm2)

2⇢DM(r2) ⇠(v) v
�1 log ⇤ . (2.13)

The term ⇠(v) denotes the fraction of DM particles mov-
ing more slowly than the orbital speed.1

In Eq. (2.13), log ⇤ is the usual notation for the
Coulomb logarithm, defined in general as [47, App. L]:

⇤ =

s
b2
max

+ b2
90

b2
min

+ b2
90

, (2.14)

where bmin and bmax are the minimum and maximum
impact parameters for which the two-body encounters
that contribute to the phenomenon can be considered
e↵ective. Moreover, b90 is the impact parameter which
produces a 90� deflection of the DM particle:

b90 =
Gm2

v2
0

⇡
m2

m1

r2 = q r2 , (2.15)

with v0 the orbital speed of the compact object. We fix
⇤ =

p
m1/m2, as we discuss in more detail in Sec. III.

It will be convenient to write these losses as a function
of r2 for circular orbits by using the relationship that v =p
GM/r2. Using the chain rule and Eqs. (2.10), (2.12),

and (2.13), we can also write an explicit expression for the
time evolution of the small compact object’s separation:

ṙ2 = �
64G3 M m1 m2

5 c5 (r2)3
�

8⇡G1/2 m2 ⇢sp ⇠ log ⇤ r
�sp
sp

p
Mm1 r

�sp�5/2
2

.

(2.16)

1 This term has typically been neglected in previous studies of DM
dephasing [28, 29]. For the isotropic spike profile with �sp = 7/3
around an IMBH of mass 103 M�, we find ⇠(v) ⇡ 0.58, inde-
pendent of radius. We set ⇠ = 1 in the analytic analysis of this
section, though as we will see in Sec. III, it will be necessary to
include it later to obtain an accurate description of the dynamics.
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to assemble the distribution of DM by adding successive
spherical shells of DM of increasing radius r, until the
final distribution ⇢DM(r) is constructed around the BH.
We denote the potential energy of each shell of DM of
radius r by dUsh(r). It is given by

dUsh(r) = �
G[m1 + menc(r)]

r
[4⇡r2⇢DM(r) dr] . (2.6)

After some algebra, we can instead write it as

dUsh(r) = �
G[m1 + menc(r)]mDM(r)(3 � �sp) dr

r2
.

(2.7)
Integrating Eq. (2.7) between the inner radius rin and

a given radius r, we arrive at the total potential energy
in the distribution of DM between the radii rin and r.
When �sp 6= 2 or �sp 6= 5/2, the result is

�UDM(r) = �
GmDM(r)(3 � �sp)

r

⇥


m1 � mDM(rin)

2 � �sp
+

mDM(r)

5 � 2�sp

�
� Uin ,

(2.8)

where the constant Uin is given by

Uin = �
GmDM(rin)(3 � �sp)

rin(2 � �sp)


m1 �

mDM(rin)(3 � �sp)

5 � 2�sp

�
.

(2.9)
The total potential energy of the DM spike can be ob-
tained by evaluating Eq. (2.8) at r = rsp.

Note that we are ignoring the e↵ect of the gravitational
potential of the small compact object on the binding en-
ergy. This will generally lead to relative errors of order
q, which will be small for the systems we are considering.

C. Orbital energy and energy dissipation through
GWs and DF

Next, we will summarize how we compute the orbital
energy and the dissipation of orbital energy through grav-
itational waves and dynamical friction. Our formalism is
similar to that presented in Eda et al. [28, 29]. Since
the system we are considering is characterized by a small
mass ratio between the IMBH and the orbiting compact
object (q ⌧ 1), we will adopt the approximation µ ' m2

(the errors in this approximation are of order q). This as-
sumes that the barycenter position is equal to the IMBH
position. Similarly, assuming M = m1 leads to errors of
order q. We discuss the impact of this approximation in
more detail in Sec. VI. We will also work with circular
orbits, and we will ignore the correction to the Keplerian
frequency arising from the distribution of DM (which will
be a percent-level e↵ect for most of the binaries we study
in this paper). In this approximation, the orbital energy
reduces to the familiar expression

Eorb = �
Gm1m2

2r2
. (2.10)

Since the lighter object moves within the DM mini-
spike and experiences gravitational interactions with the
DM particles, it loses energy via dynamical friction (DF)
[37–39]. In addition, the orbital energy changes through
the emission of gravitational waves. The timescale over
which energy is dissipated through these processes is slow
compared to the orbital timescale for most of the evolu-
tion of the system. Thus, we will treat the dissipation as
an adiabatic process slowly moving the compact object
on a given circular orbit to another circular orbit with a
slightly smaller radius (i.e. a quasi-circular inspiral). In
this process, energy balance is satisfied, in the sense that

dEorb

dt
= �

dEGW

dt
�

dEDF

dt
. (2.11)

Gravitational-wave energy losses (for circular orbits in
the quadrupole approximation) are given by

dEGW

dt
=

32G4M(m1m2)2

5(cr2)5
. (2.12)

Dynamical friction losses are given by

dEDF

dt
= 4⇡(Gm2)

2⇢DM(r2) ⇠(v) v
�1 log ⇤ . (2.13)

The term ⇠(v) denotes the fraction of DM particles mov-
ing more slowly than the orbital speed.1

In Eq. (2.13), log ⇤ is the usual notation for the
Coulomb logarithm, defined in general as [47, App. L]:

⇤ =

s
b2
max

+ b2
90

b2
min

+ b2
90

, (2.14)

where bmin and bmax are the minimum and maximum
impact parameters for which the two-body encounters
that contribute to the phenomenon can be considered
e↵ective. Moreover, b90 is the impact parameter which
produces a 90� deflection of the DM particle:

b90 =
Gm2

v2
0

⇡
m2

m1

r2 = q r2 , (2.15)

with v0 the orbital speed of the compact object. We fix
⇤ =

p
m1/m2, as we discuss in more detail in Sec. III.

It will be convenient to write these losses as a function
of r2 for circular orbits by using the relationship that v =p
GM/r2. Using the chain rule and Eqs. (2.10), (2.12),

and (2.13), we can also write an explicit expression for the
time evolution of the small compact object’s separation:

ṙ2 = �
64G3 M m1 m2

5 c5 (r2)3
�

8⇡G1/2 m2 ⇢sp ⇠ log ⇤ r
�sp
sp

p
Mm1 r

�sp�5/2
2

.

(2.16)

1 This term has typically been neglected in previous studies of DM
dephasing [28, 29]. For the isotropic spike profile with �sp = 7/3
around an IMBH of mass 103 M�, we find ⇠(v) ⇡ 0.58, inde-
pendent of radius. We set ⇠ = 1 in the analytic analysis of this
section, though as we will see in Sec. III, it will be necessary to
include it later to obtain an accurate description of the dynamics.
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A model for the Dark Dress impact

• The binary shrinks and hardens 

• The work done by dynamical friction heats and unbinds the DM halo 

• For very eccentric orbits there is very little exchange of angular momentum between 
the PBHs and the DM particles: For large eccentricity the orbits are almost radial  

• Shrinking and hardening are not independent. Merger rate roughly conserved 

7

ries merging today would require around 2 orders of mag-
nitude improvement in spatial resolution in the DM halo
(owing to the much smaller close passage distances). As
we outline in Appendix A, performing large numbers
of such simulations would be computationally infeasible.
Instead, in the next section, we use analytic arguments
to understand the behaviour of binaries merging today.

B. Analytic results

Guided by the results of our numerical simulations,
we now present analytic estimates which capture the key
features. As we will see, the resulting expressions are
rather simple, but are not trivial to derive without input
and validation from N-body simulations (as presented in
Sec. III A).

1. Semi-major axis

First, we consider the evolution of the semi-major axis
of the BBH orbits, incorporating the e↵ects of the DM
halos surrounding them using simple energy conservation
arguments. Initially, the total orbital energy of the sys-
tem is given by:

E
orb
i = �

GNM
2
tot

2ai
, (20)

where Mtot = MPBH + Mhalo and we have treated each
PBH and its halo as a point object. The binding energy
of each DM halo, including all DM particles at a distance
greater than rin from the PBH, is given by:

E
bind(rin) = �4⇡GN

Z 1

rin

Menc(r)

r
r
2
⇢DM(r) dr . (21)

From the simulations, we see that the work done by
dynamical friction unbinds the DM halo, with more of the
halo unbound as the distance of closest approach rperi =
ai(1�ei) decreases. We assume that each PBH maintains
a halo of radius rmin/2, with DM particles further away
than this being completely unbound. The final orbital
energy of the binary is then given by:

E
orb
f = �

GNM
2
f

2af
, (22)

where Mf = MPBH+Mhalo(r < rmin/2). The final semi-
major axis af is then obtained (for a given rmin and there-

fore a given ji =
p

1 � e
2
i ) from energy conservation,

E
orb
i + 2Ebind(rmin/2) = E

orb
f . (23)

The final semi-major axis calculated in this way can be
written explicitly as follows:

af (ai) =
GNM

2
f ai

GNM
2
tot + 4aiEbind(rin)

. (24)

We show this result in the left panel of Fig. 8 as solid
lines for the three di↵erent scenarios. For circular orbits
(ji ! 1) there is little change in the semi-major axis as
the PBHs do not pass within each other’s DM halos5.
For increasingly eccentric binaries, more and more of the
DM halo is stripped, reducing the final orbital energy of
the PBH pair and therefore the final semi-major axis. At
high eccentricity (ji ⌧ 1), almost all of mass of each DM
halo is stripped; almost all of the halo binding energy is
converted to orbital energy and decreasing ji further has
no impact on the final semi-major axis.
In Fig. 9, we show the analytic estimate of af as a

function of ai for binaries with PBH masses of 1 M�,
30 M� and 1000 M�. In this case, we assume a DM
density profile given by Eq. (13) and assume that the
entire DM halo of each PBH is stripped, which is valid
for highly eccentric orbits. For small orbits (ai . 10�4

�

10�3 pc) we find little change in the semi-major axis.
This is because these binaries decouple from the Hubble
flow early and have not had time to grow a substantial
DM halo. The impact of the DM halo increases with
increasing semi-major axis, as the binary decouples later
and the size of the halo at decoupling grows.

2. Angular Momentum

As in the case of the semi-major axis, we can use con-
servation arguments to estimate the final dimensionless
angular momentum j of the orbits after the e↵ects of the
DM halo have been taken into account.
The dimensionful angular momentum L for a binary

of two point masses M is given by:

L
2 =

1

2
GNM

3
a j

2
. (25)

As we have seen from the N-body simulations in the pre-
vious section (in particular Fig. 7), for very eccentric or-
bits there is very little exchange of angular momentum
between the PBHs and the DM particles. This can be
understood from the fact that for large eccentricity the
orbits are almost radial. This means that there is very lit-
tle torque acting on the PBHs, despite the large dynami-
cal friction force. At the distance of closest approach, the
PBH velocity is perpendicular to PBH separation and the
DM density is highest, in which case we might expect a
large torque. However, this is also the point in the orbit
where the PBHs have the highest velocity, suppressing
the dynamical friction force [24]. As we see from our N-
body results, the latter e↵ect dominates and very little
angular momentum is exchanged.
As discussed in Sec. II, we are interested in highly ec-

centric binaries j . 10�2 (corresponding to e & 0.9999)

5 Note that over longer periods, tidal e↵ects would be expected to
disrupt the two halos. We are interested in much more eccentric
binaries and so we do not consider this e↵ect further.
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FIG. 8. Impact of Dark Matter halos on the orbital elements of PBH binaries. We show the final semi-major axis af

(left) and final angular momentum jf (right) of the PBH binaries at the end of our N-body simulations, as a function of the
initial angular momentum ji. Each point corresponds to the result of a single simulation run while the solid lines correspond to
the analytic estimates which we describe in Sec. III B (these curves are not fit to the data). We show results for three di↵erent
PBH masses, in each case with a di↵erent initial semi-major axis ai. The grey shaded region illustrates typical values of j for
which the binaries are expected to merge on timescales of order the age of the Universe.

FIG. 9. Impact of DM halos on the semi-major axis of
highly eccentric PBH binaries. Final semi-major axis of
PBH binaries after their local DM halos have been disrupted
and unbound, following the analytic prescription of Sec. III B.
We show results for 3 di↵erent PBH masses and assume the
DM density profile given in Eq. (13). The black dashed line
corresponds to af = ai.

which are expected to merge today. In this case then,
we may assume that there is no angular momentum ex-
change, in which case the angular momentum of both the
PBHs and the DM halos are separately conserved. From

this, it holds that

L
2 =

1

2
GNM

3
PBH a j

2
, (26)

is conserved and therefore that:

jf =
r

ai

af
ji for j ⌧ 1 . (27)

Combined with the prescription for calculating the final
semi-major axis, this allows us to calculate the final an-
gular momentum of the PBH binaries.
In the right panel of Fig. 8, we plot as solid lines the es-

timates of jf (given by Eq. (27)), which agree well with
the N-body simulation results at small ji. For large j,
the final angular momentum is smaller than this estimate
would suggest. In this case, the more circular orbits lead
to angular momentum exchange between the PBHs and
their DM halos; the torque from dynamical friction re-
duces the angular momentum of the PBH binary. The
conservation of angular momentum of the PBH binary is
not an intrinsic property of the system then, but only a
special quality of the most eccentric orbits, relevant for
mergers today.

3. Merger times

With the results of the previous sections at hand, we
can now calculate the final merger time for a binary
(Eq. (11)), given its initial orbital elements.
We note here that the merger time scales tmerge / a

4
j
7,

while the conserved angular momentum of the PBH bi-
nary scales as L2

/ aj
2: This indicates that, despite the

7

ries merging today would require around 2 orders of mag-
nitude improvement in spatial resolution in the DM halo
(owing to the much smaller close passage distances). As
we outline in Appendix A, performing large numbers
of such simulations would be computationally infeasible.
Instead, in the next section, we use analytic arguments
to understand the behaviour of binaries merging today.

B. Analytic results

Guided by the results of our numerical simulations,
we now present analytic estimates which capture the key
features. As we will see, the resulting expressions are
rather simple, but are not trivial to derive without input
and validation from N-body simulations (as presented in
Sec. III A).

1. Semi-major axis

First, we consider the evolution of the semi-major axis
of the BBH orbits, incorporating the e↵ects of the DM
halos surrounding them using simple energy conservation
arguments. Initially, the total orbital energy of the sys-
tem is given by:

E
orb
i = �

GNM
2
tot

2ai
, (20)

where Mtot = MPBH + Mhalo and we have treated each
PBH and its halo as a point object. The binding energy
of each DM halo, including all DM particles at a distance
greater than rin from the PBH, is given by:

E
bind(rin) = �4⇡GN

Z 1

rin

Menc(r)

r
r
2
⇢DM(r) dr . (21)

From the simulations, we see that the work done by
dynamical friction unbinds the DM halo, with more of the
halo unbound as the distance of closest approach rperi =
ai(1�ei) decreases. We assume that each PBH maintains
a halo of radius rmin/2, with DM particles further away
than this being completely unbound. The final orbital
energy of the binary is then given by:

E
orb
f = �

GNM
2
f

2af
, (22)

where Mf = MPBH+Mhalo(r < rmin/2). The final semi-
major axis af is then obtained (for a given rmin and there-

fore a given ji =
p

1 � e
2
i ) from energy conservation,

E
orb
i + 2Ebind(rmin/2) = E

orb
f . (23)

The final semi-major axis calculated in this way can be
written explicitly as follows:

af (ai) =
GNM

2
f ai

GNM
2
tot + 4aiEbind(rin)

. (24)

We show this result in the left panel of Fig. 8 as solid
lines for the three di↵erent scenarios. For circular orbits
(ji ! 1) there is little change in the semi-major axis as
the PBHs do not pass within each other’s DM halos5.
For increasingly eccentric binaries, more and more of the
DM halo is stripped, reducing the final orbital energy of
the PBH pair and therefore the final semi-major axis. At
high eccentricity (ji ⌧ 1), almost all of mass of each DM
halo is stripped; almost all of the halo binding energy is
converted to orbital energy and decreasing ji further has
no impact on the final semi-major axis.
In Fig. 9, we show the analytic estimate of af as a

function of ai for binaries with PBH masses of 1 M�,
30 M� and 1000 M�. In this case, we assume a DM
density profile given by Eq. (13) and assume that the
entire DM halo of each PBH is stripped, which is valid
for highly eccentric orbits. For small orbits (ai . 10�4

�

10�3 pc) we find little change in the semi-major axis.
This is because these binaries decouple from the Hubble
flow early and have not had time to grow a substantial
DM halo. The impact of the DM halo increases with
increasing semi-major axis, as the binary decouples later
and the size of the halo at decoupling grows.

2. Angular Momentum

As in the case of the semi-major axis, we can use con-
servation arguments to estimate the final dimensionless
angular momentum j of the orbits after the e↵ects of the
DM halo have been taken into account.
The dimensionful angular momentum L for a binary

of two point masses M is given by:

L
2 =

1

2
GNM

3
a j

2
. (25)

As we have seen from the N-body simulations in the pre-
vious section (in particular Fig. 7), for very eccentric or-
bits there is very little exchange of angular momentum
between the PBHs and the DM particles. This can be
understood from the fact that for large eccentricity the
orbits are almost radial. This means that there is very lit-
tle torque acting on the PBHs, despite the large dynami-
cal friction force. At the distance of closest approach, the
PBH velocity is perpendicular to PBH separation and the
DM density is highest, in which case we might expect a
large torque. However, this is also the point in the orbit
where the PBHs have the highest velocity, suppressing
the dynamical friction force [24]. As we see from our N-
body results, the latter e↵ect dominates and very little
angular momentum is exchanged.
As discussed in Sec. II, we are interested in highly ec-

centric binaries j . 10�2 (corresponding to e & 0.9999)

5 Note that over longer periods, tidal e↵ects would be expected to
disrupt the two halos. We are interested in much more eccentric
binaries and so we do not consider this e↵ect further.
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strong scaling of the merger time with a and j, the final
merger time will not be changed substantially by the DM
halo. Indeed, substituting Eq. (27) into Eq. (11), we find
that,

tf =
r

ai

af
ti , (28)

where ti and tf are the initial and final merger times of
the binary, before and after the impact of the DM halo
are taken into account. As we see in Fig. 9, the semi-
major axis is typically not reduced by more than a factor
of 10, meaning that the merger time is unlikely to be
reduced by more than a factor of a few.

IV. MERGER RATES AND CONSTRAINTS ON
THE PBH DENSITY

We can now combine the various findings described in
the previous sections in order to compute the impact of
DM mini-halos on the primordial BBH merger rate and
the corresponding LIGO limit on the PBH fraction.

Let us recap in detail the prescription we follow:

• We begin with the distribution of orbital elements
(a, e), or equivalently (a, j), for PBH binaries in the
early Universe, as described in Sec. II C.

• For a PBH binary with a given semi-major axis, we
estimate the redshift zdec at which the pair decou-
ples from the Hubble flow, and calculate the DM
halo mass accreted at that redshift.

• We compute the final semi-major axis and eccen-
tricity of the binary adopting the relations derived
above – summarized by Eqs. (24) and (27) – in
order to calculate the new distribution of orbital
elements (a, e).

• Once this remapping is performed, we calculate
the corresponding distribution of merger times and,
eventually, we obtain: 1) The merger rate today of
PBH binaries formed in the early Universe (to be
compared to the one derived by assuming the orig-
inal distribution of orbital elements derived in [17]
and given by Eq. (5)); 2) The corresponding limit
on the fraction of DM in PBHs.

Let us now present and discuss the details of this pro-
cedure, and the two main results of the calculation.

FIG. 10. Primordial Black Hole merger rate, averaged
between z = 0 and z = 1, as a function of the DM
fraction. Dotted lines: Merger rate for the “naked” PBH
binary distribution derived in [17]. Solid lines: Merger rate
for the “dressed” PBH binary distribution, with the e↵ect
of dynamical friction taken into account, as derived in the
present work. Gray band: Merger rate inferred by the LIGO
and Virgo collaboration, from [13].

A. Merger Rate Today

The merger rate of primordial BBHs at present time6

is given by:

R0 = nPBHP (tmerge = tuniv) , (29)

where nPBH is the comoving number density of PBHs and
tuniv ⇡ 13.7 Gyr is the age of the Universe. However,
since LIGO probes mergers approximately in the range
z 2 [0, 1], we consider the rate averaged over redshift:

hRi = nPBH

Z 1

0
P (t[z]) dz . (30)

We now compute the probability distribution of the
merger time for both the original PDF given by Eq. (5),
and for the remapped one, that takes into account the
impact of DM dresses.
In the former case, the computation can be carried

out analytically by performing a change of variables and
a marginalization over the semi-major axis as follows:

P (t) =

Z amax

amin

P (a, j(a, t))

✓
dj

dt

◆
da , (31)

6 Note that R is the comoving merger rate density in the source
frame.
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Draw PBH binaries from the distribution of (a, e)
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Guided by the simulations, map   (ai, ei) � (af , ef )
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Merger time                                           is almost conserved: tf =
�

ai

af
ti
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j =
�
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Local DM halos strengthen constraints by around a factor of 2.

4

where we computed the last integral numerically. The
reduced angular momentum j ⌘ `/

p
2Ma is therefore

j ⇡
0.3

p
0.1

�
1/2

✓
3

16⇡⇢eqM

◆1/2

x
3/2

x̂ ⇥ [Teq · x̂] ,

⇡ 0.5 x
3

x̂ ⇥


Teq

M
· x̂

�
(15)

where we used Eqs. (7) and (11) to simplify the expres-
sion.

1. Torques by other PBHs

Let us now specifically consider the tidal field gener-
ated by a point mass M at comoving separation y � x:

T
ij
eq

M
=

3ŷ
i
ŷ
j
� �

ij

y3
. (16)

This implies an angular momentum

j ⇡ 1.5
x
3

y3
(x̂ · ŷ)(x̂ ⇥ ŷ), (17)

with magnitude j ⇡ 0.8(x/y)3 sin(2✓), where ✓ is the
angle between x̂ and ŷ, consistent with the results of
Ref. [41].

The total reduced angular momentum resulting from
all other PBHs (at distance y � x) is hence given by

j ⇡ 1.5
X

p

x
3

y3
p

(x̂ · ŷp)(x̂ ⇥ ŷp). (18)

We compute explicitly the probability distribution of j

in the Appendix, where we find, for a given X,

j
dP

dj

���
X

= P(j/jX), P(�) ⌘
�
2

(1 + �2)3/2
, (19)

with jX ⌘ 0.5X. (20)

Note that this distribution extends to arbitrarily large
j, while physical values are limited to j  1. As long
as jX ⌧ 1, the contribution of unphysical values j > 1
is negligibly small. We emphasize that this probability
distribution accounts for torques by all PBHs. In con-
trast, Refs. [39, 41] only considered torques by the nearest
neighbor, which leads to the correct approximate char-
acteristic value of j, but does not allow to estimate its
exact probability distribution.

2. Torques by linear density perturbations

As pointed out in Refs. [44, 45], if the PBH frac-
tion is smaller than the characteristic large-scale mat-
ter density perturbation �m, then tidal torques are
dominated by large-scale linear perturbations, T

ij
eq =

�@i@j� = �4⇡⇢eq@i@j@
�2

�m. The resulting j is
Gaussian-distributed in the plane perpendicular to x̂,
with variance given by [see Appendix 2]

hj
2
i
1/2 =

r
3

10

�eq

f
X ⇡ 0.5

�eq

f
X. (21)

The relevant scales are those larger than the binary sep-
aration (perturbations on smaller scales are a↵ected in a
complex way by the binary orbit and would require to
be studied separately, as we discuss in Section III A 7).
Using Eq. (11), we find that the dark matter mass cor-
responding to the binary scale when it decouples from
the Hubble flow is of order Mdm ⇠ 0.1Msdec. As we will
see below, the typical decoupling scale factor for binaries
merging today is sdec ⇠ 10�2

� 1, so we conclude that
the scales to be included in �eq in Eq. (21) are those cor-
responding to a dark matter mass larger than ⇠ 10�3

M .
In principle the probability distribution for the total j,

which is the sum of two contributions (other PBHs and
linear perturbations), can be computed by convolving the
two probability distributions. This convolution is not
analytic, however, so for simplicity we assume that for a
given semi-major axis, the probability distribution of j

is given by Eq. (19), with the characteristic value

jX ⇡ 0.5
�
1 + �

2
eq/f

2
�1/2

X. (22)

D. Characteristic initial properties of binaries
merging today

For initial eccentricities close to unity, i.e. j ⌧ 1,
which, as we will see shortly, is the relevant regime, the
coalescence time through GW emission is given by [46]

t =
3

170

a
4

M3
j
7
. (23)

For a given X hence a, there is a unique j such that the
merger time is t; using Eq. (11), it is given by

j(t; X) ⌘

✓
170

3

tM
3
f
4

(0.1 x)4X16/3

◆1/7

. (24)

The di↵erential probability distribution of (X, t) is then
given by

d
2
P

dXdt
=

dP

dX

dP

dt

���
X

=
dP

dX
⇥


@j

@t

dP

dj

���
X

�

j(t;X)

. (25)

The probability distribution of the rescaled nearest-
neighbor separation is dP/dX = e�X (again, this as-
sumes a random distribution of PBHs, and may take
on di↵erent values in specific PBH formation models).
Given that j / t

1/7, @j/@t = j/(7t). Using Eq. (19) we
arrive at

d
2
P

dXdt
=

1

7t
e�X

P (�X) , �X ⌘
j(t; X)

jX
. (26)
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FIG. 1. Fraction of PBHs that belong to some binary
system formed in the early Universe. This quantity
is plotted as a function of the fraction of DM in PBHs (for
di↵erent values of the PBH mass). As mentioned in the text,
if PBHs make all the DM, most of them belong to pairs that
have a chance to decouple from the Hubble flow before matter-
radiation equality and form a binary system.

With these prescriptions, the integral of the PDF over
the full (a, j) parameter space provides the fraction of
PBHs that form a decoupled binary system in the early
Universe, as shown in Fig. 1 for di↵erent values of the
PBH mass and DM fraction in PBHs.

The full PDF P (a, j) is displayed in Fig. 2. In the
same figure we also show the contours referring to the
expected merger time of the binary due to the emission
of gravitational radiation, which is given by [34]:

tmerge =
3 c5

170G3
N

a
4
j
7

M
3
PBH

. (11)

We remark that either a very small semi-major axis or an
extreme eccentricity is required to get a merger time com-
parable with the age of the Universe (tuniv ⇠ 13.7 Gyr):
wider, more circular binaries tend to merge on much
longer timescales.

B. Accretion of dark matter mini-halos before
binary decoupling

Let us now add another relevant piece of information
to our model.

Given the PDF described above, the authors of [17]
derived the merger rate at present time, and found that
it would exceed the one observed by the LIGO and Virgo
collaborations. Thus, PBHs can only be a small fraction
of the DM in the Universe.

Motivated by these results, we consider a scenario char-
acterized by a sub-dominant population of PBHs, im-

FIG. 2. Probability distribution of PBH binaries that
decouple in the early Universe. The PDF, derived in [17],
is given by Eq. 5. We plot it as a function of the semi-major
axis a and dimensionless angular momentum j =

p
1� e2.

The red solid lines show contours of constant merger time (in
Gyr).

mersed in a high-density DM-dominated environment,
rapidly expanding and diluting. In this context, the rel-
evant e↵ect we want to model is the progressive growth
of a DM mini-halo around each PBH, governed by the
competition between the gravitational pull of the PBH
and the expanding Hubble flow.
The accretion of the DM halo deep in the radiation

era can be computed numerically [22, 23] by solving the
following equation (similar to Eq. 7), describing radial
infall of matter in an expanding universe:

d2r

dt2
= �

GMPBH

r2
+ (Ḣ +H

2)r , (12)

where H(t) = 1/(2t). Evolving the above equation for
each shell, starting from very high redshift with the initial
conditions r = ri and ṙ = Hiri = ri/(2ti), one finds that
the PBH can accrete a DM halo with M

eq
halo = MPBH at

the end of the radiation era (z = zeq).
The density profile of such a halo was first determined

analytically in [35] as a power law

⇢(r) / r
�3/2

. (13)

We note that the same dependence on r has been ob-
tained in recent, realistic numerical simulations [36]
that follow the evolution of ultra-compact mini halos
(UCMHs)2. There is however evidence that UCMHs may

2 Such halos can form out of small-scale large-amplitude density
fluctuations that are too small to form PBHs, but still large
enough to originate collapsed structures. The ⇢(r) / r�3/2 pro-
file can develop if the UCMHs originate from a pronounced spike
in the power spectrum at some given reference scale.
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Developments: High mass ratio binaries. 
Phenomenology is more complex.

Jangra, Kavanagh, Diego 2304.05892
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Figure 12: Variation of current merger rates of PBH binaries with and without DM spikes
as a function of fpbh. Here, fpbh = f/0.85 is the fractional abundance of PBHs in cold dark
matter. The shaded region corresponds to the latest merger range of (17.9 � 44) Gpc�3 yr�1

seen by LVK Collaboration for BBHs mergers in mass range of 5�100M� such that mi � mj .

see that as fpbh decreases, the impact of the presence of the DM spikes on the merger rates
of PBH binaries becomes more prominent. This means that as fpbh decreases, the merger
rate in the presence of evaporated and static DM spikes becomes larger (relative to the
case of without DM spikes). From Fig. 12, we also see that as fpbh decreases, the ratio of the
merger rates with and without DM spikes tends to a constant value. This can be explained
as per the variations of probability distributions P (tf |�) and P (�) with fpbh in the presence
of DM spikes.

The typical value of � given by Eq. (5.18) decreases as we increase fpbh.9 However, as we
increase fpbh, the most probable value of �peak for binaries merging today also decreases. This
can be seen by noting that the distribution P (tf |�), given by Eq. (5.1), peaks at �� =

p
2.

The typical initial angular momentum of PBH binaries scales as j� ⇠ �(f2+�
2
eq)

1/2, so setting

ji ⇠
p
2j� and fixing �peak choosing the final merger time, we obtain the estimate:

�peak ⇠
�
f
2 + �

2
eq

� �1
2(+1) , (5.19)

where we have neglected some O(1) factors inside the brackets. Here, the value of the exponent

9
The total number density nT grows proportional to fpbh, while the mean volume x̄3

decreases proportional

to fpbh. The abundance of the binary components grows as fb / fpbh, such that �typ / f�1
pbh.

– 26 –

Static Limit (valid for High mass ratio). 

In analogy to Intermediate Mass Ratio 
Inspiral (IMRI) systems in which a lighter 
object inspirals into another object of 
intermediate mass. The spike stays!
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Dark Dresses become shiny.

Fermi/NASA

3. Point source γ-ray limits
Constraint: PBH halos as γ-ray galactic point sources

Monte Carlo procedure
1. Place PBHs in Milky Way
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ABSTRACT
Primordial black holes (PBHs) are expected to accrete particle dark matter around them to form ultracompact

minihalos (UCMHs), if the PBHs themselves are not most of the dark matter. We show that if most dark matter
is a thermal relic, then the inner regions of UCMHs around PBHs are highly luminous sources of annihilation
products. Flux constraints on gamma rays and neutrinos set strong abundance limits, improving previous
limits by orders of magnitude. Assuming enough particle dark matter exists to form UCMHs, we find that
ΩPBH ! 10−4 (for mDMc2 ≈ 100 GeV) for a vast range in PBH mass. We briefly discuss the uncertainties on our
limits, including those due to the evolution of the UCMH luminosity as it annihilates.
Subject headings: dark matter — early universe — diffuse radiation — gamma rays: diffuse background

1. INTRODUCTION

The early Universe was extremely smooth, but it is possible
that there were rare but large perturbations. Any large per-
turbations (δρ/ρ " 0.3) collapsed to form Primordial Black
Holes (PBHs; Hawking 1971). PBHs are expected to ac-
quire a halo from the surrounding particle dark matter back-
ground, if they themselves do not make up most of the dark
matter (Mack et al. 2007; Ricotti 2007; Ricotti et al. 2008;
Ricotti & Gould 2009). These halos are called Ultracompact
Minihalos (UCMHs; Scott & Sivertsson 2009).

The abundance of PBHs with masses above 1000 M⊙ is
strongly constrained (ΩPBH ! 10−8), using the effects of bary-
onic accretion on the CMB energy spectrum (Ricotti et al.
2008), and that of masses below ∼ 10−15M⊙ is constrained
by the non-observation of gamma rays from PBH evapora-
tion (see Carr et al. 2010, and references therein). In the
planetary–stellar mass regime, there are modest constraints
(ΩPBH ! 10−1) from microlensing (e.g., Alcock et al. 1998,
2001; Tisserand et al. 2007, but see Alcock et al. 2000) and
the dynamics of structure formation and widely separated bi-
nary stars (Yoo et al. 2004; but see also Quinn et al. 2009).
Over a huge range of possible PBH masses (10−15−10−9 M⊙),
the constraints in their abundances are weak or non-existent
(e.g., Seto & Cooray 2007; Abramowicz et al. 2009).

The dark matter UCMHs around PBHs allow new ways
to constrain the abundance of PBHs. Ricotti & Gould
(2009) suggested searching for the microlensing signature
of UCMHs, also pointing out that there could be a gamma-
ray signal from dark matter annihilation in the dense core of
the UCMH. Scott & Sivertsson (2009) developed this further,
considering the gamma-ray signal from individual, nearby
UCMHs of various masses, and their detectability with Fermi.

We develop strong new constraints on dark matter annihila-
tion in UCMHs around PBHs, using general assumptions that
can be evaded only in exotic dark matter models. These limits
apply if PBHs do not make up all of the dark matter, so that
enough particle dark matter exists to form UCMHs. We strive

1 Department of Astronomy, The Ohio State University, 140 West 18th
Avenue, Columbus, OH 43210, lacki@astronomy.ohio-state.edu.

2 Center for Cosmology and AstroParticle Physics, The Ohio State
University, 191 West Woodruff Avenue, Columbus, OH 43210,
beacom@mps.ohio-state.edu.

3 Department of Physics, The Ohio State University, 191 West Woodruff
Avenue, Columbus, OH 43210.

for order-of-magnitude accuracy.

2. DARK MATTER ANNIHILATION

We assume dark matter is a thermal relic, following anni-
hilation freezeout in the early Universe, consisting of Weakly
Interacting Massive Particles (WIMPs). We assume it may
self-annihilate in the late Universe (i.e., there is no large
WIMP-antiWIMP asymmetry), and that the final states are
Standard Model particles. For thermal relic dark mat-
ter, ΩDMh2 = 3× 10−27cm3s−1/⟨σAv⟩, relating the dark mat-
ter density to its thermally-averaged annihilation cross sec-
tion (Kolb & Turner 1990). We take ΩDM = 0.3 and h =
H0/(100 km s−1 Mpc−1) = 0.7. We consider masses above
the GeV range, probed at colliders, and below a PeV, set by
the unitarity bound. We use the relic ⟨σAv⟩, assuming it inde-
pendent of v; this holds for standard s-wave annihilation. Our
results cannot be evaded by reducing ⟨σAv⟩, as this would lead
to an unacceptably large ΩDM.

While ⟨σAv⟩ is fixed, the particular Standard Model final
states are not; however, strong constraints on dark matter an-
nihilation can be set in any case (Beacom et al. 2007). We
then limit the abundance of UCMHs from constraints on dark
matter annihilation, and thus the abundance of PBHs them-
selves.

Constraints on dark matter annihilation from gamma-ray
signals are well known. Direct annihilation produces a
spectral line at mDMc2 (Mack et al. 2008). Annihilation
into quarks, charged leptons, or gauge bosons produces a
gamma-ray continuum when those particles decay. Electron-
positron final states produce gamma rays, through inter-
nal bremsstrahlung, with branching fraction Br(γ) ≈ α ≈
0.01. This process is an electromagnetic radiative correc-
tion; it is independent of surrounding matter density, oc-
curs in any process involving charged particles, and pro-
duces gamma rays with energies up to mDMc2 (Beacom et al.
2005; Bell & Jacques 2009). Additional radiation is produced
through synchrotron and Inverse Compton energy-loss pro-
cesses.

It might be thought that neutrinos are invisible annihila-
tion products; in fact, there are stringent bounds on them
(Beacom et al. 2007; Yüksel et al. 2007). The sheer size of
neutrino telescopes like IceCube compensates for the small
detection cross section, and the atmospheric neutrino back-
ground falls off steeply with energy. Other Standard Model

• If the bulk of the DM is made of WIMPs, and PBH exists as a 
subdominant component, the dark dresses would emit gamma rays and 
neutrinos
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• The dark dresses would show up as a contribution to: 
• Galactic gamma-ray (unidentified sources) in the GeV - TeV domain 
• Isotropic extra-Galactic gamma-ray background 
• Neutrino flux 

• Strong upper limits on PBH abundance, if DM made of WIMPs 
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bounds above 100 GeV. The annihilation luminosity falls as
the WIMP mass increases (Eq. 8). Since the competing extra-
galactic background falls as E2dN/dE ∝ E−0.4 in the GeV to
100GeV range, the allowedΩPBH increases withWIMPmass.
The Galactic signal constrainsΩPBH ! 10−6 for a WIMP mass
of 100 GeV even if Br(γ) = 0.01, smaller than the cosmic
bound (Eq. 9).
With these abundances, we can calculate the lower lim-

its on the mean distance to the nearest PBH, λPBH =
[3π/(4δ⟨nPBH⟩)]1/3, where the local δ = 89000:

λPBH " 220 pc m−1/3
100

(

MPBH

M⊙

)1/3(Br(γ)
0.01

)1/3

, (11)

for WIMP masses greater than 100 GeV. This implies a γ-ray
flux of

Φγ ! 1.0× 10−9cm−2 s−1m−4/3
100

(

MPBH

M⊙

)1/3(Br(γ)
0.01

)1/3

.

(12)

6. NEUTRINO BACKGROUND CONSTRAINTS
Unlike gamma rays, neutrinos do not cascade down in

energy as they travel through the Universe, although they
redshift. We integrate the atmospheric neutrino spectrum
(or diffuse neutrino background limits above 100 TeV)
from mDMc2/e to mDMc2 (Gaisser & Honda 2002), and re-
quire the neutrino flux from UCMHs be less than this;
otherwise, they would have been detected (Beacom et al.
2007; Yüksel et al. 2007). The measured data is re-
ported in Ashie et al. (2005), Gonzalez-Garcia et al. (2006),
Achterberg et al. (2007), Hoshina et al. (2008), Abbasi et al.
(2009), and DeYoung et al. (2009).
In Figure 1, we show the Galactic (solid) and cosmic

(dashed) bounds on PBHs from neutrinos. The atmo-
spheric neutrino background also steeply falls with energy
(E2dN/dE ∝ E−1.3), so that the bound on ΩPBH is fairly
energy-independent up to 100 TeV.

7. CONCLUSIONS
In Figure 2, we show that even with the uncertainties in

our estimates, our constraints are powerful for PBHs inside
UCMHs. PBHs of many masses are ruled out to very small
abundances, for a wide range in WIMP masses. At high PBH
masses (" 1 M⊙), CMB constraints become more power-
ful (Ricotti et al. 2008); at very low masses, Hawking radi-
ation limits are more powerful (e.g., Carr et al. 2010). Mi-
crolensing constraints are weaker, but make no assumptions
about WIMPs (Alcock et al. 2001; Tisserand et al. 2007). For
10−15 M⊙ !MPBH! 10−9 M⊙, ours are the only constraints on
PBHs aside from ΩDM. Our conclusion depends on the stan-
dard assumption that most dark matter is a self-annihilating
thermal relic. Our analysis does not apply if all of the dark
matter is made of PBHs (e.g., Frampton 2009), because there
will not be any WIMPs to annihilate. For the smallest PBH
and WIMP masses (MPBH ! 10−15m−3

100M⊙), radial accretion
may not hold. PBHs could remain important for other rea-
sons (e.g., as seeds of massive black holes; see Mack et al.
2007) which do not require them to have a substantial abun-
dance. The combination of our results with previous limits

imply that PBHs either make up almost all of the dark matter,
or almost none of it.
Our results could be improved by detailed simulations of

how the UCMH evolves as its inner regions annihilate. An-

FIG. 2.— Upper bounds on the current abundance of PBHs of mass MPBH
for a WIMP mass of 100 GeV/c2 (left of the transition in Figure 1). The
limits in this work (blue; solid where baryonic opacity and non-radial accre-
tion can conservatively be ignored, and dotted if baryonic opacity is small
and accretion is radial) are the most powerful limits over a vast mass range.
See the mild caveats in the text. Also shown are microlensing limits (short-
dashed–long-dashed), CMB limits from FIRAS (short-dashed) and WMAP3
(long-dashed), and evaporation radiation limits (dash-dotted). See text for
references.

nihilation could lower the luminosity of the inner regions of
the halo over time, weakening our bounds. Steeper density
profiles than r−3/2 may increase the annihilation luminosity,
but shorten the lifetime of WIMPs so that the halo annihilates
away before z = 0. We expect that some combination of con-
straints on gamma-ray and neutrino backgrounds, reionization
history, and the CMB energy spectrum will generally require
a small ΩPBH.
Further improvements could come frommore detailed stud-

ies of the annihilation products and their detectability. When
considering annihilation into charged particles, we considered
only gamma rays from internal bremsstrahlung, but charged
particles can themselves radiate, such as through Inverse
Compton scattering (e.g., Cirelli & Panci 2009). We are con-
fident the limits for WIMP masses above 100 GeV can be im-
proved by new observations. Finally, Ricotti & Gould (2009)
suggest that some UCMHs may exist without PBHs, formed
from weaker initial perturbations in the early Universe. Lim-
its on dark matter annihilation in these UCMHs may strongly
constrain these weaker perturbations.
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Steigman, and T. Thompson for helpful discussions. This
work was supported by NSF CAREER Grant PHY-0547102
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Let us turn the argument around…

• Let us assume that PBHs will be 
discovered following one of the 
following avenues: 

• Detection of high-redshift events 

• Detection of a sub-solar BH in the 
GW signal 

• Detection of radio emission 
associated to a PBH population in 
the GC region 

luminosity distance D̄, with �i parametrising our uncertainty on D̄, matching the definition
given in Eq. (3.2). We also find that interpreting the right hand side of Eq. (3.2) as p(Di|D̄)
leads to inconsistencies. Consider the case where both Di and �i are large, in which case the
right hand side of Eq. (3.2) is a relatively flat function of D̄. If we interpret this as p(Di|D̄),
it would imply that a wide range of D̄ values would all give rise to the same observed Di

with similar probabilities. However, we know that the measurement error becomes smaller
as we reduce D̄, in which case large Di values should be very unlikely. The only consistent
definition for the error is therefore given by Eq. (3.2).

We will now present two di↵erent analysis methods of the mock data we have generated:
an intuitive binned approach, and a more complete Bayesian analysis of the data, in Sec. 4
and Sec. 5 respectively. With the first method we aim to estimate the detectability threshold
of a PBH population, while with the second method we also assess the capability of the ET
to measure the PBH fraction. We refer to these methods as “cut-and-count” and “likelihood-
based” respectively.
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Figure 6. Data set generated using darksirens � with the baseline parameters of Table 1 and
Table 2, with fPBH = 10�5. The blue dots show the observed ABH events, while the yellow dots
represent the observed PBH events. At a fixed distance D, the typical uncertainty is smaller for PBHs
than for ABHs due to our choice of a larger PBH mass (MPBH = 10M�, MABH = 7M�). The dotted
horizontal line shows the level of instrumental uncertainty corresponding to our SNR cut of ⇢i = 8.
The events that lie above this line still satisfy the SNR condition we impose, but receive an extra
contribution to the error from lensing.

4 Detecting PBHs: the cut-and-count method

In this section, we present the “cut-and-count” method which we use to determine the smallest
PBH fraction that could be detected by the ET. The idea is simple and intuitive: since we
expect no ABHs to be formed beyond some high redshift (as there is a significant delay
between the beginning of the Universe, the birth and death of the first stars and hence the
formation and merging of ABHs), any su�ciently high redshift GW event produced by a BH
merger should be the result of merging primordial BHs.

In practice, however, large distances are also the most uncertain ones, since the GW
signal is typically much fainter than closer events. Hence the question we aim to answer is

– 15 –
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Let us turn the argument around…2. Detection → abundance
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Monte Carlo analysis: Point Source Limit

Fermi/NASA

3. Point source γ-ray limits
Constraint: PBH halos as γ-ray galactic point sources

Monte Carlo procedure
1. Place PBHs in Milky Way

• PBH mini-spikes as Galactic Gamma-ray point sources 
• Fermi-LAT data 

• Step 1: We place PBHs in the Milky Way halo
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Monte Carlo analysis: Point Source Limit

• PBH mini-spikes as Galactic Gamma-ray point sources 
• Fermi-LAT data 

• Step 1: We place PBHs in the Milky Way halo
• Step 2: Assess detectability

Fermi/NASA

3. Point source γ-ray limits
Constraint: PBH halos as γ-ray galactic point sources

Monte Carlo procedure
1. Place PBHs in Milky Way
2. Assess detectability

8

where NMW ⌘ bfPBH(3 ⇥ 1012
M�)/MPBHc is

the number of PBHs in the Milky Way and
p�((�vrel)0, f̂PBH, MPBH, m�) is the probability that a
given PBH appears in the unassociated point source cat-
alogue. With all other parameters fixed, this defines the
upper bound for (�vrel)0, which must be determined nu-
merically. We neglect the possibility that astrophysical
sources appear in the unassociated point source catalogue
since that would only strengthen our bounds.

We compute p� using a Monte Carlo procedure. First,
a PBH’s position is randomly sampled. The PBH spatial
distribution is assumed to track the Galactic DM distri-
bution, here taken to be the Einasto profile

⇢Ein(r) = ⇢s exp

⇢
�

2

↵

✓
r

rs

◆↵

� 1

��
, (A6)

where r is the PBH’s galactocentric distance
and the halo parameters are (⇢s, rs, ↵) =
(0.033 GeV/cm3

, 28.44 kpc, 0.17) [82]. This pa-
rameterization is convenient since the quantity r

↵ can
be e�ciently sampled because its PDF is a gamma
distribution with scale ✓r = ↵r

↵
s /2 and shape kr = 3/↵;

the PBH’s Galactic longitude and sine of its latitude are
sampled uniformly.

Next, we assume that any PBH with su�ciently large
integrated flux above 1 GeV lying far enough outside the
Galactic plane appears in the unassociated point source
catalogue [63]:

|b| > 20�
, �>1 GeV > 7 ⇥ 10�10 cm�2 s�1

. (A7)

Using the annihilation rate defined above, the di↵erential
gamma-ray flux from the PBH is

�
point

PBH
(E) =

�

4⇡d2

dN�

dE
(E) (A8)

where dN/dE is the energy spectrum of photons per DM
annihilation, which is easily integrated over energy. The
final MC estimate for p� is obtained by repeating this
procedure and multiplying the fraction of sampled PBHs
passing the detectability cuts by NMW.

Since there are roughly NMW = 1⇥105
�2⇥1011 PBHs

in the Milky Way (depending on NPBH and MPBH),
(�vrel)0 and thus p� must be very small to give fewer than
NU = 19 point sources. A naive Monte Carlo simulation
is extremely ine�cient for such small cross sections, but
with importance sampling we can obtain more accurate
results for lower computational cost. In detail, Eq. A8
and the flux threshold from Eq. A7 define the maximum
distance dmax at which a PBH is detectable, which means
we should only sample PBHs within this distance of
Earth. Denoting the distance from the Galactic Center to
Earth as d�, we sample the PBH galactic longitude uni-
formly from [� arcsin dmax

d�
, arcsin dmax

d�
] and the sine of its

galactic latitude uniformly from [�dmax/d�, dmax/d�].
Furthermore, inverse CDF sampling allows us to sample
r from the interval [d� � dmax, d� + dmax]. The Monte
Carlo samples must be reweighted to account for the re-
stricted sampling volume.

2. Di↵use gamma rays from PBHs

The photons emitted from DM halos around PBHs lo-
cated across all redshifts contribute to the extragalactic
gamma-ray background (EGB). Taking the gamma-ray
flux in each of the 26 energy bins Fermi uses for their
EGB analysis to be normally distributed, the sum of the
squared, standardized fluxes follows a �

2 distribution,
motivating the use of this quantity as the test statistic:

�
2 =

26X

i=1

✓
�

ex

obs
(Ei) � [�ex

PBH
(Ei) + �

ex

bg
(Ei)]

�i

◆2

. (A9)

The ith bin energies and error bars are denoted by Ei

and �i and the di↵erential fluxes in the numerator are
the observed flux, flux from UCMHs surrounding PBHs
and background flux respectively.

The PBH flux depends on the PBH and Dark Matter
parameters and is well-known: [15, 82, 83]

�
ex

PBH
(E) =

�

4⇡

f̂PBH ⇢DM

MPBH

Z z

0

dz
e
�⌧(E,z)

H(z)

dN�

dE
((1 + z)E) .

(A10)

The optical depth ⌧(E, z) accounts for attenuation of
gamma rays emitted from redshift z and observed with
energy E due primarily to pair production on baryonic
matter and scattering o↵ the extragalactic background
light, for which we use the tables from [82]. The cosmo-
logically averaged DM density is ⇢DM ⇡ 30 M�/kpc3.

Instead of modeling the astrophysical contributions
to the EGB from e.g. blazars, star-forming galaxies
and misaligned active galactic nuclei, we set �

ex

bg
(Ei) =

�
ex

obs
(Ei). This yields less stringent limits than Ref. [83]

and subsequent mixed DM-PBH analyses utilizing their
results [15, 16] since their fiducial EGB background
model is in tension with the Fermi observations. With
this simplification the observed test statistic reduces to
�

2

obs
=

P
26

i=1
[�ex

PBH
(Ei)/�i]

2.
To set a limit at the level ↵ = 0.95 requires setting the

probability of the test statistic exceeding the observed
value to the corresponding p-value of 0.05:

Pr(�2
� �

2

obs
) =

Z 1

�2
obs

P (�2) d�
2 = 0.05. (A11)

This implies �
2

obs
= 38.9, the relevant critical value for

26 degrees of freedom. Substituting Eq. A10 into the
definition of �

2

obs
yields the bound on (�vrel)0.

In Fig. 3, we show separately the di↵use and point
source constraints arising in each of the detection sce-
narios we have considered.

The point source constraints are most important for
small NPBH while the di↵use constraints dominate for
the values of Nmax in Table I. The di↵erence in scaling is
because the number of PBHs passing the integrated flux
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Figure 5. The profile of a halo around a PBH in physical coor-
dinates. The four inner most profiles were fit with a power-law
profile: – = 2.28, and C = 2.5 ◊ 1012.

Figure 6. The physical density profile of the halo for the
boosted power spectrum, with spectral index ns ≠1 = 2. The
parameters of the fit are – = 2.35, and C = 3.9 ◊ 1012.

that these macroscopic dark matter structures trace the
overall distribution of dark matter well, i.e. without sig-
nificant bias above a su�ciently large coarse-graining
scale, their di�use emission is directly proportional to the
coarse-grained dark matter density. The same is true in
a completely unrelated scenario where there are no PBHs
and all of the dark matter is made up of particles that
undergo one-body decay into gamma radiation. Coarse
graining is an important step for making this analogy,
since for resolved PBHs the gamma-ray emission depends
quadratically on the local WIMP density due to the two-
body nature of the annihilation process.

For the decaying dark matter scenario, the observed
di�use gamma-ray background has been used to put con-
straints on the unknown decay rate, where one typically
assumes that the decaying species accounts for all of

Figure 7. The density profiles of Boucenna et al. [11], labelled
BKOV, Eroshenko [10], our analytic estimate (12), our sim-
ulation result taking the best-fit paramaters from Fig. 5 and
the maximum density contrast today. Note that the simula-
tion is for a 30M§ black hole whilst the other three profiles
are derived for a 10M§ black hole.

dark matter. Conversely, if one knew the decay rate,
one would obtain a constraint on the abundance of the
decaying species. Using the above analogy we can there-
fore obtain a bound on the PBH fraction fPBH for any
given PBH mass once we assume a complete model for
the gamma-ray luminosity of these objects,

fPBH = �DM MPBH

�PBH m‰
. (18)

For �DM we use (consistent with [11]) constraints from
[35]. Their Fig. (3.f) shows that the life time of dark
matter particles is greater than ·DM = �≠1

DM
& 1028

s,
at least in the range of the dark matter particles masses
to which the experiment is sensitive: 10GeV < m‰ <

104GeV.
The WIMP annihilation signal is obtained as

�PBH = È‡vÍ
m2

‰

4fi

ˆ Œ

0

fl(r)2
r

2
dr , (19)

where È‡vÍ is the annihilation cross section and spherical
symmetry of the density profile has been assumed. For a
halo with a density profile

fl(r) = Min(flmax, flmax(r/rcut)≠–) , (20)

and assuming – > 3/2, the WIMP annihilation signal
can be integrated into

�PBH = 4fi È‡vÍ fl
2

max
r

3

cut

m2
‰

3
1
3 + 1

2– ≠ 3

4
, (21)

where the first and the second terms in brackets are con-
tributions from the constant-density central region and
the falling profile, respectively. In the particular case of
– = 9/4, this simplifies to

�PBH = 4fi È‡vÍ fl
2

max
r

3

cut

m2
‰

. (22)
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dark matter. Conversely, if one knew the decay rate,
one would obtain a constraint on the abundance of the
decaying species. Using the above analogy we can there-
fore obtain a bound on the PBH fraction fPBH for any
given PBH mass once we assume a complete model for
the gamma-ray luminosity of these objects,

fPBH = �DM MPBH

�PBH m‰
. (18)

For �DM we use (consistent with [11]) constraints from
[35]. Their Fig. (3.f) shows that the life time of dark
matter particles is greater than ·DM = �≠1
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at least in the range of the dark matter particles masses
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The WIMP annihilation signal is obtained as
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where È‡vÍ is the annihilation cross section and spherical
symmetry of the density profile has been assumed. For a
halo with a density profile

fl(r) = Min(flmax, flmax(r/rcut)≠–) , (20)

and assuming – > 3/2, the WIMP annihilation signal
can be integrated into
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where the first and the second terms in brackets are con-
tributions from the constant-density central region and
the falling profile, respectively. In the particular case of
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Black Holes and WIMPs: All or Nothing or Something Else 5

this gives the same profile as Eq. (10) but it now extends
beyond the radius rta(teq).
So long as one neglects the e↵ects of WIMP annihilations,

the density profiles for di↵erent values of M and m� are as
indicated by the solid lines in Fig. 1. These have been calcu-
lated numerically from Eq. (A1) but their qualitative form is
as anticipated above. We have set m� = 10GeV (magenta),
m� = 100GeV (orange) and m� = 1TeV (green), this cov-
ering the most plausible range of values. The upper panel
shows the profiles for M = 10�12

M� and M = 10�6
M�,

where one sees the transition from the constant-density re-
gion to the r�3/2 region and then the r�9/4 region. The lower
panel shows the profiles for M = 1M� and M = 106 M�. In
this case, there is no r

�3/2 region because M > MK but there
is still a constant-density region for M < MKD. The profiles
are inapplicable inside the Schwarzschild radius but this is
only relevant for the lower figure.

The formation of WIMP halos around PBHs due to adia-
batic accretion at late times has also been studied by Gon-
dolo & Silk (1999). If the WIMPs initially have a cusp profile
scaling as r�� , the presence of the black hole leads to a spike
profile scaling as r

��sp , where �sp = (9 � 2�)/(4 � �). This
result was first derived in Quinlan et al. (1995) and can also
be derived from our Eq. (A1). The DM distribution around
the black hole is therefore steeper than in the surrounding
cusp (�sp > �) providing � < 3, as expected in most DM
models, and the usual result (�sp = 9/4) is obtained for a
constant density profile (� = 0).
This analysis no longer applies after the epoch of galaxy

formation, which we take to be z? ⇠ 10, since the local den-
sity is no longer the background cosmological density. As-
trophysical processes - in particular, tidal stripping - could
modify the WIMP halos around BHs within galaxies. When
a star passes near a BH, it deposits energy into the halo,
which could remove part of it (Green & Goodwin 2007). This
mechanism has been invoked for self-gravitating halos made
of WIMPs (Schneider et al. 2010) or axions (Tinyakov et al.
2016; Kavanagh et al. 2020) and it has recently been applied
to WIMP halos around BHs (Hertzberg et al. 2020). Part of
the halo could also be removed by the interaction amongst
PBH-halo systems, particularly in high-density regions such
as galactic centres or PBH clusters.

3.3 E↵ect of WIMP Annihilations

The WIMP population inside the halo is consumed by self-
annihilation (Berezinsky et al. 1992). In order to estimate
the density of WIMPs in the core of the distribution, we
compare the inverse of the age of the halo thalo with the
self-annihilation rate �ann = n� h�viH. Here h�viH is the
velocity-weighted cross-section in the halo, where the WIMPs
are assumed to have a Boltzmann velocity distribution with
dispersion vrms. Setting their density to be ⇢� = m� n�, the
maximum WIMP concentration at redshift z is

⇢�,max(z) = f�
m� H(z)
h�vi

H

, (21)

where we have assumed thalo � teq and thalo ⇠ 1/H(z), where
H(z) is the Hubble rate at redshift z. Equation (21) extends
the result of previous literature (Ullio et al. 2002; Scott &
Sivertsson 2009; Josan & Green 2010) to an arbitrary redshift
and WIMP fraction. For the Taylor expansion in Eq. (5), the
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Figure 1. Density profile of WIMPs bound to a PBH of mass
M = 10�12 M� or M = 10�6 M� (top panel) and M = 1M� or
M = 106 M� (bottom panel) for f� ' 1. We set m� = 10GeV
(magenta), m� = 100GeV (orange) and m� = 1TeV (green). The
density profiles before WIMP annihilations, ⇢i(r), are shown by the
solid lines and derived from Eq. (A1). The density profiles after
annihilations, ⇢�(r), are shown by the dotted lines and labelled
“Today”. The plateau in the WIMP distribution is described by
Eq. (21) but does not apply for r < rS (i.e. to the left of the vertical
dashed lines in the lower diagram).

velocity-averaged cross-section leads to h�viH = a+ 3 b v2rms,
so it generally di↵ers from the thermal average h�vith when
higher-order terms in the expansion are taken into account.
In the following, we neglect these terms in the expansion of
Eq. (5) and set h�viH = h�vith.
The WIMP profile is then

⇢� =
⇢i(r) ⇢�,max(z)

⇢i(r) + ⇢�,max(z)
, (22)

with the plateau in Eq. (21) extending to the radius rcut,
which from Eq. (A1) is defined implicitly by

⇢̃i(rcut) ⇡ ⇢�,max(z) . (23)

MNRAS 000, 1–15 (2020)
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Monte Carlo analysis: Point Source Limit

• PBH mini-spikes as Galactic Gamma-ray point sources 
• Fermi-LAT data 

• Step 1: We place PBHs in the Milky Way halo
• Step 2: Assess detectability 
• Step 3: Require N < 19 (3FGL unassociated sources compatible with DM annihilation)
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Monte Carlo analysis: Point Source Limit

• PBH mini-spikes as Galactic Gamma-ray point sources 
• Fermi-LAT data 

• Step 1: We place PBHs in the Milky Way halo
• Step 2: Assess detectability 
• Step 3: Require N < 19 (3FGL unassociated sources compatible with DM annihilation)

5

FIG. 3. The gamma-ray spectra from 9 of the brightest (F� > 2⇥ 10�9 cm�2 s�1, E� > 1 GeV) non-variable (variability index
< 80), unassociated 3FGL sources located outside of the Galactic Plane (|b| > 5�). Each of these 9 sources are reasonably well
fit (�2 < 25) by dark matter annihilating to bb̄, and the dashed curves represent this prediction for the best-fit value of the
dark matter mass.

Bertoni+ 1504.02087
Coronado-Blázquez 1910.14429

• Bright (F > 7 × 10−10 cm−2 s −1), 

• Located far away from the Galactic 
Plane (|b| > 20 deg),

• No signs of variability

• Spectral shape is compatible with 
that predicted from annihilating DM 
particles



Edinburgh - June 2024 Figure 9: Overall estimate for the continuous cosmic background radiation. The data in Fig. 8 were used
to derive upper and lower limits at all frequencies, which is proportional to the spread in this “splatter plot”.
Where the background is well measured the line is narrow, and it becomes thicker in regions where the
uncertainties are larger.

cosmologically important lines by estimating their monopole terms as functions of redshift, and hence their
contribution to the spectrum of the monopole. We will also present some recent experimental attempts to
constrain these line contributions to the background sky.

4.1 The Hi line
The spin-flip transition in neutral hydrogen, Hi, also known as the 21-cm line, has a rest-frame frequency
of 1420 MHz, corresponding to 0.00587 eV. It comes from the transition between the aligned (triplet) and
anti-aligned (singlet) electron-proton spin states, the latter of which has slightly lower energy. Although
intrinsically weak (this is a forbidden transition, with a lifetime of around 10 million years), the fact that
hydrogen is the most abundant element in the Universe makes this line an important tracer of neutral gas
everywhere, including for cosmological large-scale structure. There is currently much promise for the 21-cm
line to probe the epoch of reionization (EoR) at z ⇠ 10, which marks the end of the cosmic “dark ages”,
where we currently only have indirect information (see Furlanetto et al., 2006, for a review of the prospects
for 21-cm intensity mapping).

Prior to the EoR, the intensity of the 21-cm mean background depends largely on the hydrogen spin

17
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Monte Carlo analysis: Diffuse gamma-ray limit

• PBH mini-spikes required not to overshoot the “Spectrum of the Universe” 
• Fermi-LAT energy band under consideration 

8

be e�ciently sampled because its PDF is a gamma
distribution with scale ✓r = ↵r

↵
s /2 and shape kr = 3/↵;

the PBH’s Galactic longitude and sine of its latitude are
sampled uniformly.

Next, we assume that any PBH with su�ciently large
integrated flux above 1 GeV lying far enough outside the
Galactic plane appears in the unassociated point source
catalogue [61]:

|b| > 20�
, �>1 GeV > 7 ⇥ 10�10 cm�2 s�1

. (A7)

Using the annihilation rate defined above, the di↵erential
gamma-ray flux from the PBH is

�
point

PBH
(E) =

�

4⇡d2

dN�

dE
(E) (A8)

where dN/dE is the energy spectrum of photons per DM
annihilation, which is easily integrated over energy. The
final MC estimate for p� is obtained by repeating this
procedure and multiplying the fraction of sampled PBHs
passing the detectability cuts by NMW.

Since there are roughly NMW = 1⇥105
�2⇥1011 PBHs

in the Milky Way (depending on NPBH and MPBH),
(�vrel)0 and thus p� must be very small to give fewer than
NU = 19 point sources. A naive Monte Carlo simulation
is extremely ine�cient for such small cross sections, but
with importance sampling we can obtain more accurate
results for lower computational cost. In detail, Eq. A8
and the flux threshold from Eq. A7 define the maximum
distance dmax at which a PBH is detectable, which means
we should only sample PBHs within this distance of
Earth. Denoting the distance from the Galactic Center to
Earth as d�, we sample the PBH galactic longitude uni-
formly from [� arcsin dmax

d�
, arcsin dmax

d�
] and the sine of its

galactic latitude uniformly from [�dmax/d�, dmax/d�].
Furthermore, inverse CDF sampling allows us to sample
r from the interval [d� � dmax, d� + dmax]. The Monte
Carlo samples must be reweighted to account for the re-
stricted sampling volume.

2. Di↵use gamma rays from PBHs

The photons emitted from DM halos around PBHs lo-
cated across all redshifts contribute to the extragalactic
gamma-ray background (EGB). Taking the gamma-ray
flux in each of the 26 energy bins Fermi uses for their
EGB analysis to be normally distributed, the sum of the
squared, standardized fluxes follows a �

2 distribution,
motivating the use of this quantity as the test statistic:

�
2 =

26X

i=1

✓
�

ex

obs
(Ei) � [�ex

PBH
(Ei) + �

ex

bg
(Ei)]

�i

◆2

. (A9)

The ith bin energies and error bars are denoted by Ei

and �i and the di↵erential fluxes in the numerator are
the observed flux, flux from UCMHs surrounding PBHs
and background flux respectively.

The PBH flux depends on the PBH and Dark Matter
parameters and is well-known: [15, 80, 81]

�
ex

PBH
(E) =

�

4⇡

f̂PBH ⇢DM

MPBH

Z z

0

dz
e
�⌧(E,z)

H(z)

dN�

dE
((1 + z)E) .

(A10)

The optical depth ⌧(E, z) accounts for attenuation of
gamma rays emitted from redshift z and observed with
energy E due primarily to pair production on baryonic
matter and scattering o↵ the extragalactic background
light, for which we use the tables from [80]. The cosmo-
logically averaged DM density is ⇢DM ⇡ 30 M�/kpc3.

Instead of modeling the astrophysical contributions
to the EGB from e.g. blazars, star-forming galaxies
and misaligned active galactic nuclei, we set �

ex

bg
(Ei) =

�
ex

obs
(Ei). This yields less stringent limits than Ref. [81]

and subsequent mixed DM-PBH analyses utilizing their
results [15, 16] since their fiducial EGB background
model is in tension with the Fermi observations. With
this simplification the observed test statistic reduces to
�

2

obs
=

P
26

i=1
[�ex

PBH
(Ei)/�i]

2.
To set a limit at the level ↵ = 0.95 requires setting the

probability of the test statistic exceeding the observed
value to the corresponding p-value of 0.05:

Pr(�2
� �

2

obs
) =

Z 1

�2
obs

P (�2) d�
2 = 0.05. (A11)

This implies �
2

obs
= 38.9, the relevant critical value for

26 degrees of freedom. Substituting Eq. A10 into the
definition of �

2

obs
yields the bound on (�vrel)0.

In Fig. 3, we show separately the di↵use and point
source constraints arising in each of the detection sce-
narios we have considered.

The point source constraints are most important for
small NPBH while the di↵use constraints dominate for
the values of Nmax in Table I. The di↵erence in scaling is
because the number of PBHs passing the integrated flux
cut is proportional to fPBH times p� (the probability of a
PBH lying in the tail of the integrated flux distribution),

which is a very sensitive function of � / (�vrel)
1/3

0
since

the distribution is roughly log-normal. This means that
holding N� fixed while increasing fPBH translates into a
small decrease in (�vrel)0. In contrast, the di↵use extra-
galactic flux from PBHs scales less strongly with (�vrel)0
as �

ex

PBH
/ fPBH(�vrel)

1/3

0
, so the cross section constraint

scales as f
3

PBH
. These di↵erent scalings for the di↵use

and point-source cross section bounds are exhibited in
Fig. 3.

3. Dependence of results on priors

In Fig. 3, we also show the projected constraints on
(�vrel)0 for two di↵erent choices of prior on the mean

“The spectrum of the Universe”
1802.03694
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The full result 4

(UCMHs) have ⇢(r) / r
�9/4 density profiles, which has

been confirmed by recent 3D simulations [16]. Since fPBH

is at or well below the percent-level in all but one of our
detection scenarios, we can assume that UCMHs form in
isolation, so we neglect the e↵ects of PBH-PBH interac-
tions on the UCMH profile.

Due to the steepness of the profile the DM density
reaches a maximum value at the “annihilation plateau”,
where the DM annihilation rate becomes equal to the
Hubble rate. Due to the large resulting gamma-ray lu-
minosities, UCMHs in the Milky Way would appear as
bright point sources with no counterparts in other wave-
lengths. Previous analyses searching the 3FGL for DM
subhalos [60–62] have identified 19 bright, high-latitude,
non-variable unassociated point sources that are spec-
trally compatible with annihilating DM. As described in
detail in Appendix A, we perform a Monte Carlo simula-
tion to assess the observability of UCMHs by Fermi. We
then use this to determine the 95% confidence level (CL)
upper bound on the WIMP annihilation cross-section in
the zero-velocity limit (�vrel)0. This upper limit depends
on the PBHs’ spatial distribution which we assume tracks
the Milky Way DM distribution. We fix fPBH to the 5th
percentile of the posterior P (fPBH|N), derived in the pre-
vious sections for the detection of N PBH candidates.
We conservatively assume that all 19 compatible unasso-
ciated point sources are UCMHs and set the upper limit
on (�vrel)0 by comparing with the expected number of
UCMHs passing cuts on their integrated gamma-ray flux
and galactic latitude (given MPBH, m� and N).

Annihilation in UCMHs outside the Milky Way over all
redshifts contributes to the di↵use, isotropic extragalac-
tic background (EGB) [63–65], which has been measured
by Fermi [66]. This provides an additional very robust
constraint on the DM self-annihilation cross section since
it requires no assumptions about the PBH spatial distri-
bution. To set a conservative bound we do not assume a
particular background model. Instead, we compute the
expected gamma-ray flux from UCMHs in each of Fermi’s
energy bins, and calculate the likelihood of such an excess
above the observed flux using the statistical and system-
atic uncertainties. As for the point source constraints,
we fix fPBH to the 5th percentile for a given detection
scenario.

An important di↵erence with regard to standard indi-
rect detection analyses is the scaling of signals with the
fractional WIMP abundance f� = ⌦�/⌦DM for under-
abundant thermal relics. Typically, the DM annihilation
rate depends on the combination f�

2(�vrel)0 since it fac-
tors into terms dependent on the integrated DM density
profile squared (J-factor) and the self-annihilation cross
section. In the PBH scenario, the DM density profile it-
self depends on (�vrel)0 since this sets the radius of the
annihilation plateau. As a result, the DM annihilation
rate (and thus the extragalactic di↵use flux from PBHs
and expected number of unassociated point sources) de-
pends on the combination f�

4(�vrel)0; this is derived in
Appendix A.
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FIG. 2. Constraints on DM self-annihilation cross sec-

tion. The solid lines correspond to the 95% CL upper limits
obtained assuming a small number of PBH detections with
LIGO/Virgo O3 (blue), Einstein Telescope (ET, orange) and
SKA (green). The lower dashed lines correspond to con-
straints which would be obtained if the number of PBH ob-
servations are as large as allowed by current limits. The dark
grey region is the envelope of 95% CL profile likelihood con-
tours for several supersymmetric models, while the light grey
region is for singlet scalar scenarios. The horizontal dotted
black line indicates the standard thermal relic cross section
3⇥10�26 cm3/s. The angled dotted black line shows the lower
bound from unitarity for s-wave annihilation. �

Results and discussion. For each detection scenario in
Table I we show as function of WIMP mass the 95% CL
upper limit on f

4

�(�vrel)0 in Fig. 2, where f� = ⌦�/⌦DM

is the fractional contribution of a particle species to the
cosmic DM density. This allows us to compare our pro-
jections with the theoretical predictions in cases where
new particles constitute only a subdominant component
of DM. The colored curves show the most stringent con-
straint arising from gamma-ray observations at a given
WIMP mass, assuming annihilation into b̄b. For our pro-
jected limits assuming a small number of PBH detections
(solid lines), point source constraints dominate at low
WIMP mass, while di↵use constraints are more relevant
at high mass. This can be seen as a ‘kink’ in each of
the solid lines, above which di↵use constraints dominate.
For larger numbers of PBH detections (dashed lines), dif-
fuse constraints generally dominate (see Appendix A for
a more detailed comparison of the limits).

We find that a detection of O(10) PBHs with any of the
methods described above would rule out large ranges of
standard-model extensions with stable relics at the elec-
troweak scale. To illustrate this, we show in dark grey the
envelope of the 95% CL profile-likelihood contours for the
MSSM7 [67] and various GUT-scale SUSY models [68]
obtained by the GAMBIT collaboration. In light grey,

• G. Bertone, A. Coogan, 
DG, B.J. Kavanagh, C. 
Weniger, 1905.01238
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(a) (b)

Figure 9: (a) The densities of the initial power-law (black) with ⇢0 = 226 M� pc�3 and � = 1.2, and the final
spike (pink) after a BH with m = 106M� has formed. (b) The logarithmic slopes of the initial power-law and the
final spike. Around the spike radius, the final density profile transitions from the original � = 1.2 to �sp, with the
predicted value of 33/14 shown as the cyan dashed line.

being BH dominated. This region needs to be sampled carefully so that consecutive points in (Ir, L) are su�-
ciently densely spaced, such that the switch from DM to BH domination is properly resolved. We thus construct
a basic refining algorithm, which adds extra (E , L) points wherever the jump in Ir is too large. The threshold for
adding extra point is an input of the calculation, and these steps are rerun until all Ir jumps are below the threshold.

With the properly spaced out (Ir, L) grids in the initial and final state in our pockets, we can now calculate the
mapping Ei(Ef , L). We stick to a gridded approach, as 2D interpolation is still incredibly slow. The downside of
our extensive grid usage now catches up with us when we move on to calculate the final integral, Eq. (3.11). Its
boundaries mostly derive from the final state radial velocity going to zero, with some factors for mimicking the
Schwarzschild metric. Consequently, the integrand diverges at the upper limits of both E and L, which also shift
based on the value r we are computing the final density for. Because we have to work with pre-computed grids, we
implement the boundaries by masking the appropriate E and L values for our value of r. This procedure introduces
noise to the final density, as the integrand cannot always be properly sampled by its integration grid.

The result of the entire calculation are shown in Fig. 9a, which show an extreme increase in density due to the
adiabatic growth of the BH. This extreme increase and change in power-law is commonly referred to as a spike, in
order to di↵erentiate it from the regular power-law cusp. We investigate the power-law behaviour of the final density
by computing d log(⇢)/d log(r) = ��(r) in Fig. 9b, where we can see that the final density smoothly transitions
to a new power-law at a certain radius. We can quantify these observations by comparing to the semi-analytical
results of GS. They calculated the final density to be

⇢f (r) = ⇢spg�(r)
⇣
rsp

r

⌘��sp

, (3.13)

where �sp = (9 � 2�)/(4 � �) is the slope of the spike, rsp = ↵�r0(mBH/⇢0r
3

0
)1/(3��) the spike radius, and

⇢sp = ⇢0(rsp/r0)�� the normalisation, given 0  �  2, while ↵� and g�(r) are obtained numerically.

GS state that they obtained ↵� = 0.103 for � = 1.2 and g�(r) ' (1 � 4rS/r)3, but they do not state how. We
thus cannot compare our numerical result to a fully analytical result. Furthermore, Ref. [58] performed a similar
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3 Adiabatic changes in the potential

Dark matter halos are not naturally dense enough to cause significant dynamical friction, so we need additional
processes to enhance their density around a central black hole. While one could imagine that the merger of two DM
halos could increase the central density, the dynamical nature of these processes actually causes a more flattened
profile. Instead, we look towards the baryonic sector, where processes unrelated to the DM halo could lead to the
growth of a central massive object. E↵ectively, this means that there is an external density influencing our DM
halo, which could enhance the central DM density if the baryonic density becomes large enough.

Let us approach the system from a Newtonian perspective, where the dynamics of particles are governed by the
potentials within which they orbit. Newtonian potentials are additive, so we can separate the total potential
� = �DM +�bar into the separate potentials from dark matter and baryonic components. We start out with a DM
+ baryon system that is in equilibrium when some process causes a change in the baryonic component. The DM
distribution should then adjust to the new overall potential as well. We can break apart the baryonic processes
into two di↵erent categories: adiabatic and non-adiabatic. Whether a process is (non-)adiabatic depends on the
di↵erence between the baryonic process timescale tbar and the orbital periods of the particles in the DM halo torb.
If tbar is much larger than the orbital period, then the change per orbit is minimal and the process is adiabatic with
respect to the halo.

3.1 The Gondolo & Silk formalism

[TODO: Make notation clearer, adjust text to better reflect which bits were already in place and which bits weren’t.]
The mathematical formalism for adiabatic changes in the potential was first written down by Gondolo & Silk for
their study of dark matter at the centre of the Milky Way. The GS formalism is constructed as follows. Take a DM
halo that is in equilibrium, with DM that is su�ciently particle-like and non-interacting. A central object is then
allowed to grow adiabatically, with the initial and final states illustrated in Fig. 6. Under these circumstances, the
adiabatic invariants of the orbital actions Ir, I✓ and I� are fixed for each particle. We assume spherical symmetry
of the halo, so that I✓ = L � Lz and I� = Lz, meaning that angular momentum in its totality is conserved. A test
particle will thus slowly change its energy as dictated by the fixed radial energy

I
f
r (Ef , L) = I

i
r(Ei, L) , (3.1)

with the sub/superscripts i and f respectively denoting the initial state of the DM halo and the final state of DM
halo a↵ected by the change in potential. E is the relative energy per unit mass defined as E =  (r) � v

2
/2, with

 (r) = �0 ��(r) the positive-definite relative gravitational potential, so that all particles with E > 0 are on bound
orbits. The radial action is defined as

I
x
r (Ex, L) =

1

⇡

Z rapo

rperi

dr v
x
r (r, Ex, L) (3.2)

v
x
r (r, Ex, L) =

r
2( x(r) � Ex) � L2

r2
, (3.3)

Quinlan et al., 9407005 
Gondolo and Silk, 9906391 

Gianfranco Bertone, Renske 
Wierda, DG, Bradley 
Kavanagh, Marta Volonteri, 
Naoki Yoshida, 2404.08731
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Figure 6: [NOTE: mockup]

3 Adiabatic changes in the potential

Dark matter halos are not naturally dense enough to cause significant dynamical friction, so we need additional
processes to enhance their density around a central black hole. While one could imagine that the merger of two DM
halos could increase the central density, the dynamical nature of these processes actually causes a more flattened
profile. Instead, we look towards the baryonic sector, where processes unrelated to the DM halo could lead to the
growth of a central massive object. E↵ectively, this means that there is an external density influencing our DM
halo, which could enhance the central DM density if the baryonic density becomes large enough.

Let us approach the system from a Newtonian perspective, where the dynamics of particles are governed by the
potentials within which they orbit. Newtonian potentials are additive, so we can separate the total potential
� = �DM +�bar into the separate potentials from dark matter and baryonic components. We start out with a DM
+ baryon system that is in equilibrium when some process causes a change in the baryonic component. The DM
distribution should then adjust to the new overall potential as well. We can break apart the baryonic processes
into two di↵erent categories: adiabatic and non-adiabatic. Whether a process is (non-)adiabatic depends on the
di↵erence between the baryonic process timescale tbar and the orbital periods of the particles in the DM halo torb.
If tbar is much larger than the orbital period, then the change per orbit is minimal and the process is adiabatic with
respect to the halo.

3.1 The Gondolo & Silk formalism

[TODO: Make notation clearer, adjust text to better reflect which bits were already in place and which bits weren’t.]
The mathematical formalism for adiabatic changes in the potential was first written down by Gondolo & Silk for
their study of dark matter at the centre of the Milky Way. The GS formalism is constructed as follows. Take a DM
halo that is in equilibrium, with DM that is su�ciently particle-like and non-interacting. A central object is then
allowed to grow adiabatically, with the initial and final states illustrated in Fig. 6. Under these circumstances, the
adiabatic invariants of the orbital actions Ir, I✓ and I� are fixed for each particle. We assume spherical symmetry
of the halo, so that I✓ = L � Lz and I� = Lz, meaning that angular momentum in its totality is conserved. A test
particle will thus slowly change its energy as dictated by the fixed radial energy

I
f
r (Ef , L) = I

i
r(Ei, L) , (3.1)

with the sub/superscripts i and f respectively denoting the initial state of the DM halo and the final state of DM
halo a↵ected by the change in potential. E is the relative energy per unit mass defined as E =  (r) � v

2
/2, with

 (r) = �0 ��(r) the positive-definite relative gravitational potential, so that all particles with E > 0 are on bound
orbits. The radial action is defined as

I
x
r (Ex, L) =

1

⇡

Z rapo

rperi

dr v
x
r (r, Ex, L) (3.2)

v
x
r (r, Ex, L) =

r
2( x(r) � Ex) � L2

r2
, (3.3)

• First step: formation of a 
super massive star (SMS) 
at the center of a small 
DM halo (MSMS ~ 105 MSun; 
MDM ~ 107 MSun; z ~ 15) 

• Second step: Direct 
collapse of the SMS to a 
Direct-Collapse Black 
Hole (DCBH) 

• Third step: Final 
(adiabatic) growth by 
accretion of the remaining 
baryonic matter. 

In the previous paragraph, we found for the NFW pro-
file a spike with A = 7/3. For this result to hold, it is
crucial to postulate that the initial density profile has a
1/r singularity all the way down to the Galactic center.
This behavior is just an extrapolation from an N-body
simulation with resolution not better than a kpc. As the
simulations show that larger structures form from the
merging of smaller substructures, such an extrapolation
to scales smaller than 10 pc or so may not be trivial.
More importantly, even if the 1/r scaling is indeed pre-
served down to the inner few pc in N-body simulations,
it is unlikely to survive the addition of baryons. If the
density profile is assumed to be truncated in the inner-
most region, we expect a shallower spike and a model-
dependent suppression. For example, if the truncation of
a singular profile is performed introducing a core radius,
by replacing ρi(r) ∝ 1/rγ with ρi(r) ∝ 1/[1+(r/a)α]γ/α,
the spike exponent A will depend just on α (its expression
can be recovered from the analysis above substituting
γ = 0 and β = γ; note, however, that the normalization
of the spike is set by the other parameters as well).
Finally, the results in this Section show that the spike

obtained by assuming a single-power-law density profile
(∼ 1/rγ for any r) with γ → 0 will probably not provide
a good approximation to the true spike. Most likely, the
results in Ref. [12], where values of γ as low as 10−6 are
considered, will be modified assuming the more general
double-power-law density profile of the form in Eq. (4).

IV. INSTANTANEOUS GROWTH OF THE

BLACK HOLE

We now consider what happens when the black hole is
inserted instantaneously to the center of the dark-matter
distribution. This will provide some indication of what
happens to the dark-matter distribution if the black-hole
growth is too rapid to be approximated as adiabatic. We
do this calculation under the assumption that all particles
are on circular orbits.
We first provide a qualitative argument to show that

the sudden black-hole growth leads to a central dark-
matter-density enhancement that is not as dramatic as
that for adiabatic growth. If the black hole grows adia-
batically, the initial large circular orbit becomes a final
circular orbit of much smaller radius. Thus, the dark
matter that was initially at a large radius spends all of
its time at a much smaller radius. Now suppose the black
hole appears suddenly and dominates the potential at
these radii. Again, the angular momentum of the par-
ticle is conserved, but its energy changes in such a way
that it follows an elliptical Keplerian orbit, as shown in
Fig. 2, in which its largest radius is the initial radius.
Although the orbit reaches to smaller radii than the cir-
cular orbit that arises from adiabatic growth, the velocity
of the particle at these small radii is large. As a result,
the particle on this orbit spends most of its time at radii

initial orbit

adiabatic final

sudden final

FIG. 2. Initial and final orbits for sudden and adiabatic
black-hole growth. If the black-hole grows adiabatically, the
initial large circular orbit becomes a final circular orbit of
much smaller radius. If the black hole appears suddenly, the
initial circular orbit becomes an elliptical orbit shown (assum-
ing that the final potential at these radii is dominated by the
black hole).

larger than the radius of the final orbit from adiabatic
growth.
We now quantify these arguments. When the black

hole is added, the velocity of each particle remains un-
changed, but the gravitational potential is changed sud-
denly. The final profile is obtained by following each
particle along its subsequent orbit. The probability for
a particle that at the appearance of the black hole was
at galactocentric distance r0 with a velocity v⃗0 to be be-
tween radii r and r + dr is

P (r)dr =
dt

T (r0, v⃗0)
=

1

T (r0, v⃗0)

dr

vr(r, r0, v⃗0)
, (10)

where T is half of the period of the particle, and vr is the
radial component of its velocity.
If all particles are on circular orbits, then the calcu-

lation is simplified, as the initial radial velocities are all
zero. We thus need to integrate the probability that a
particle that is observed at radius r in the final configu-
ration came from an orbit at radius r0 in the initial con-
figuration. Doing so, we find that the final radial profile
is given by:

ρf (r) =
1

r2

∫ rmax

rmin

dr0r
2
0ρi(r0)

1

T (r0)

1

vr(r, r0)
, (11)

where

vr =
√

2 [Φf (r0)− Φf (r)] + v2c (r0) (1− r20/r
2), (12)
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• Kavanagh+ 2002.12811 (PRD) 
• Coogan+ 2108.04154 (PRD) 
• Cole+ 2211.01362 (Nature Astronomy)

https://arxiv.org/abs/2108.04154
https://arxiv.org/abs/2211.01362
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Conclusions

• PBHs — if present as a sub-dominant population — can grow a 
DM “dress” around them 

• The impact of the Dark Dress on the PBH merger rate is 
(unexpectedly) small for equal-mass-ratio events. It can be 
relevant in general. 

• The Dark Dress can shine in gamma rays if DM is mostly 
made of WIMPs. 

• A detection of PBHs would allow to set the most stringent 
limits ever on the WIMP annihilation cross section 

• Dark Dresses could help to understand DM properties! 
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High redshift
Figure 2. The selection functions fdet(z) for aLIGO (black) and ET-D (green) for three di↵erent PBH
masses: 10 M� (dot-dashed lines), 20 M� (dashed lines) and 30 M� (solid lines). The selection function
is defined as the fraction of mergers which are detectable at a given redshift.
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Figure 3. Distribution of merger events as a function of redshift for ABHs and PBHs. We show results
for our fiducial ABH model (solid blue), the more optimistic ABH model (dashed blue) based on GRB
data, and our PBH model with fPBH = ⌦PBH/⌦DM = 10�5 (yellow). We fix the ABH merger rates
taking the fiducial values of k, a, b, zm given in Sec. 2.3 for each model. Left: Comoving merger rate
density per unit volume per unit time R(z). Right: Redshift probability distribution p(z), defined in
Eq. (2.3). This corresponds to the distribution of observed event redshifts for an ideal detector, ignoring
the e↵ects of a selection function fdet(z).

from the Hubble flow and form binary systems. Head-on collisions are avoided thanks to the
small angular momentum provided by the presence of surrounding PBHs and smooth density
perturbations. After formation, the binaries slowly lose energy through gravitational wave
emission and eventually merge. The coalescence time is given by [45]

tmerger =
3

170

c
5

G3M
3

PBH

a
4
j
7
, (2.6)

where MPBH is the PBH mass, a is the binary’s initial semi-major axis and j is the initial
dimensionless angular momentum, related to the eccentricity e as j ⌘

p
1 � e2. As the binaries

– 6 –
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• PBH density fluctuations grow and eventually form clusters and non-linear structures. 

• If the cluster halo core undergoes gravothermal instability —>  more frequent binary 
encounters. 

• Perturbed binaries typically harden and do not contribute to the merger rate anymore -> 
suppression of the merger rate 
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Caveats: Clustering
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❖ More disruption by clusters at later times and
for larger 𝑓𝑃𝐵𝐻.

❖ If 𝑓𝑃𝐵𝐻 ≲ 0.005, all binaries survive until today.
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Early halos and PBH merger rate 7

Figure 5. The PBH merger rate with the suppression factor (solid
line) and without it (dashed line). The shaded area is the PBH
merger rate inferred by the LIGO-Virgo-KAGRA collaboration
R = 17.9÷ 44 Gpc−3 yr−1 (Abbott et al. 2023)

timescales (Stasenko et al. 2022), as a result of which most
of the binaries will be perturbed compared to pure Pois-
son clustering. However, in this case, PBH binaries will al-
ready be formed in these clusters through dynamical chan-
nels: due to the emission of gravitational waves during close
approaches (Bird et al. 2016; Clesse & Garćıa-Bellido 2017;
Stasenko & Kirillov 2021; Garćıa-Bellido et al. 2022) and as
a result of three-body interactions (Franciolini et al. 2022).
The merger rate of these binaries may dominate over early
ones, which requires a separate analysis.

6 CONCLUSION

PBHs with the masses ∼ 10M⊙ are the subject of active
discussion regarding strongest constraints on their contribu-
tion to the composition of DM (fPBH ! 10−3) due to the
observation of gravitational wave signals. This constraint as-
sumes that binaries forming in the early Universe are not
perturbed and/or destroyed with time. However, the Poisson
initial space distribution of PBHs leads to the early formation
of a dark halos. In such halos, the probability of perturbing
and/or destroying a pair of PBHs is significant. In this work,
the dynamics of PBHs in early dark matter structures and
its influence on the merger rate were considered.

To study the dynamics of PBHs in early dark halos, the
Fokker-Planck kinetic equation was solved numerically. We
have shown that the halo core collapse time essentially de-
pends on the fraction of PBHs in the DM composition fPBH .
For fPBH < 1, the halo evolves much faster than in the case
when the entire DM consists of PBHs, which is due to dy-
namical friction against DM particles. Halo evolution leads
to an increase in the density of PBHs in the central region of
the halo, which leads to the perturbation of PBH binaries, as
a result of which their lifetime can increase significantly.

The result was obtained under the assumption that early
halos are not destroyed during the structure formation and
their internal dynamics leads to core collapse due to the in-

teraction of PBHs both with each other and with dark matter
particles. By calculating the core collapse time, we estimated
the suppression factor for the modern merger rate. Namely,
it is assumed that if a binary finds itself in a halo that ex-
periences core collapse to the redshift z = 0, then it will no
longer contribute to the merger rate. This is due to the fact
that in the processes of interactions of a binary with other
PBHs, its parameters will be significantly perturbed, leading
to a binary lifetime will exceed the age of the Universe.
Ultimately, we showed that the constraints on the frac-

tion of PBHs in DM can be relaxed to fPBH ! 0.1, which
is compatible with the constraints obtained in the modern
Universe from dwarf galaxies and lensing. Moreover, in the
case of initial PBH clustering, the constraints will probably
be weakened more strongly due to the fact that an even larger
fraction of binaries will be perturbed.
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Figure 3. Constraints on the allowed PBH DM fraction f for a variety of e↵ects associated with PBHs of
mass MBH in units of the solar mass M�. Here, a monochromatic PBH mass spectrum has been employed.
The red dashed and green dot-dashed curves are our results, corresponding to m� = 100GeV (red, dotted)
and m� = 1TeV (green, dot-dashed), respectively. For both cases, h�vi = 3⇥10�26 cm3/s has been used. Also
shown are constraints from extra-Galactic �-rays from evaporation (EG) [64], femtolensing of �-ray bursts (F)
[65], neutron-star capture (NS) [66], microlensing with the Subaru/HSC Andromeda observation (HSC) [67],
Kepler microlensing of stars (K) [15], EROS-2 [68] and OGLE-III [69] microlensing of stars (ML), survival
of a star cluster in Eridanus II (E) [70], accretion e↵ects (WMAP and FIRAS) [71], and disruption of wide
binaries (WB) [72].

WIMPs. In this case, we fix the PBH parameters to some representative benchmark values, namely
MBH = 10�12

M�, MBH = 10�5
M�, MBH = 10�2

M�, and MBH = 10M�.

In Fig. 4, we display density plots for the PBH fraction f as a function of m� and h�vi for
the four above-mentioned values of MBH. The colored regions of these plots represent f with the
color scale indicating the value of log

10
f . White regions show areas in which the value of f > 1

and are therefore excluded. The hatched regions mark the areas of the WIMP parameter space that
are excluded by the search of gamma rays from DM annihilation in dwarf satellite galaxies coming
from the combined analysis of the Fermi and MAGIC telescopes [73] for the bb̄ channel. This bound
assumes that WIMPs account for the total DM of the Universe and is therefore only valid for f ⌧ 1,
otherwise it should be properly rescaled for the considered value of f . We show it to illustrate the
interplay between the WIMP indirect-detection bounds and f . Figure 4 provides the maximal value
of f for each WIMP parameter pair m� and h�vi.
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[65], neutron-star capture (NS) [66], microlensing with the Subaru/HSC Andromeda observation (HSC) [67],
Kepler microlensing of stars (K) [15], EROS-2 [68] and OGLE-III [69] microlensing of stars (ML), survival
of a star cluster in Eridanus II (E) [70], accretion e↵ects (WMAP and FIRAS) [71], and disruption of wide
binaries (WB) [72].
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and are therefore excluded. The hatched regions mark the areas of the WIMP parameter space that
are excluded by the search of gamma rays from DM annihilation in dwarf satellite galaxies coming
from the combined analysis of the Fermi and MAGIC telescopes [73] for the bb̄ channel. This bound
assumes that WIMPs account for the total DM of the Universe and is therefore only valid for f ⌧ 1,
otherwise it should be properly rescaled for the considered value of f . We show it to illustrate the
interplay between the WIMP indirect-detection bounds and f . Figure 4 provides the maximal value
of f for each WIMP parameter pair m� and h�vi.
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m� (TeV) fGal

PBH
fGal
� feg

PBH
feg

�

10�2 8⇥ 10�10 3⇥ 10�6 2⇥ 10�11 2⇥ 10�7

10�1 8⇥ 10�9 2⇥ 10�5 2⇥ 10�10 1⇥ 10�6

100 8⇥ 10�8 5⇥ 10�5 2⇥ 10�9 5⇥ 10�6

101 9⇥ 10�7 2⇥ 10�4 3⇥ 10�8 2⇥ 10�5

Table 1. Bounds from the Galactic (Gal) and extragalactic (eg)
�-ray flux on fPBH when the DM is mainly WIMPs and on f�
when it is mainly PBHs for di↵erent WIMP masses. See main text
for additional discussion.

astrophysical sources are subtracted. This is about one order
of magnitude larger than the Fermi point-source sensitivity,
�Fermi = 6⇥ 10�9 cm�2 s�1.
The condition ��, gal  �res yields

fPBH . �res M

D(b, `)�0 N�
(35)

⇡

8
<

:

8.7⇥ 10�8
� m�

TeV

�
1.0

(M & M⇤)

3.3⇥ 10�11
� m�

TeV

��5.07
⇣
10

�10 M�
M

⌘2
(M . M⇤)

,

where M⇤ is the intersect of the last two expressions,

M⇤ ⇡ 2⇥ 10�12
M� (m�/TeV)�3.0

. (36)

The first expression applies when the WIMP kinetic energy
can be neglected and is derived analytically from Eq. (27).
The second condition includes the e↵ect of the WIMP ki-
netic energy and comes from the result given in Eq. (29).
Note that M⇤ is considerably less than the mass (19) where
kinetic energy can be completely neglected. This is because
the transition is only gradual and M⇤ just corresponds to the
intersect of the asymptotic expressions.
The fPBH constraint given by the flat part of Eq. (35) is

indicated for various WIMP masses in Table 1, where we
assume f� ⇡ 1. The full constraints are shown by the red
lines in Fig. 2 for 2 ⇥ 10�12

m
�3.2 . M/M� . 8 ⇥ 104 m1.0,

where m ⌘ m�/TeV. The di↵erent curves correspond to a
WIMP mass of 10GeV (dashed line), 100GeV (solid line)
and 1TeV (dotted line). The Galactic population of PBHs
can also be bound from below by requiring that there be
at least one of them within our halo (Carr & Sakellariadou
1999). This gives

fPBH & M

ME

, (37)

where ME ⇡ 1012 M� is the total halo mass. This intersects
the upper bound from WIMP annihilations at a mass

M
gal = ME

M� �res

⌥N� D(b, `)
⇡ 8⇥ 104 M� (m�/TeV)1.0 . (38)

The last exponent is derived using ⌥ / m
�4/3
� and the nu-

merical fit for N�(m�).

4.2 Extragalactic Background Flux

In order to discuss the extragalactic component, we adopt the
standard flat ⇤CDM cosmological model with current radia-
tion density ⌦r = 7 ⇥ 10�5, matter density ⌦m = 0.31 and
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Figure 2. Constraints on fPBH as a function of PBH mass from
Galactic (red) or extragalactic (blue) �-ray background. Results
are shown for m� = 10GeV (dashed lines), m� = 100GeV (dot-
dashed lines) and m� = 1TeV (dotted lines), setting h�vi = 3 ⇥
10�26 cm3/s. Also shown are the Galactic (red solid line) and the
extragalactic incredulity limits (blue solid line).

dark energy density ⌦⇤ ⇡ 0.69 in units of the critical den-
sity (Aghanim et al. 2020). In contrast to other works (Han-
dley 2021; Di Valentino et al. 2019a; Vagnozzi et al. 2020),
we do not include the e↵ects of cosmological curvature or the
possibility that the dark energy evolves with redshift (Poulin
et al. 2019; Di Valentino et al. 2019b). The Hubble rate at
redshift z is then H(z) = H0 h(z) with

h(z) =
p

⌦⇤ + ⌦m (1 + z)3 + ⌦r (1 + z)4 . (39)

The extragalactic di↵erential flux (cm�2 s�1 MeV�1 ster�1)
of �-rays is produced by the collective annihilations of WIMPs
around PBHs at all redshifts (Ullio et al. 2002),

d��

dE d⌦

����
eg

=

1Z

0

dz
e
�⌧E(z, E)

8⇡H(z)
dN�

dE

Z
dM �(z)

dnPBH(M)
dM

,

(40)

where “eg” indicates extragalactic, nPBH is the number den-
sity of PBHs, �(z) is the WIMP annihilation rate around
each PBH, and ⌧E is the optical depth at redshift z resulting
from (i) photon-matter pair production, (ii) photon-photon
scattering, and (iii) photon-photon pair production (Cirelli
et al. 2010; Slatyer et al. 2009). The numerical expressions
for both the energy spectrum dN�/dE and the optical depth
are taken from Cirelli et al. (2011).
When the WIMP velocity distribution can be neglected,

the z-dependence of the decay rate obtained from Eq. (27)
becomes �(z) = �0 [h(z)]

2/3, where �0 = ⌥ f
1.7
� M/M�. We

can then implement the normalisation of the PBH mass func-
tion,
Z

dM M
dnPBH(M, z)

dM
⌘ ⇢PBH(z) = fPBH ⇢DM(z) , (41)
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this gives the same profile as Eq. (10) but it now extends
beyond the radius rta(teq).
So long as one neglects the e↵ects of WIMP annihilations,

the density profiles for di↵erent values of M and m� are as
indicated by the solid lines in Fig. 1. These have been calcu-
lated numerically from Eq. (A1) but their qualitative form is
as anticipated above. We have set m� = 10GeV (magenta),
m� = 100GeV (orange) and m� = 1TeV (green), this cov-
ering the most plausible range of values. The upper panel
shows the profiles for M = 10�12

M� and M = 10�6
M�,

where one sees the transition from the constant-density re-
gion to the r�3/2 region and then the r�9/4 region. The lower
panel shows the profiles for M = 1M� and M = 106 M�. In
this case, there is no r

�3/2 region because M > MK but there
is still a constant-density region for M < MKD. The profiles
are inapplicable inside the Schwarzschild radius but this is
only relevant for the lower figure.

The formation of WIMP halos around PBHs due to adia-
batic accretion at late times has also been studied by Gon-
dolo & Silk (1999). If the WIMPs initially have a cusp profile
scaling as r�� , the presence of the black hole leads to a spike
profile scaling as r

��sp , where �sp = (9 � 2�)/(4 � �). This
result was first derived in Quinlan et al. (1995) and can also
be derived from our Eq. (A1). The DM distribution around
the black hole is therefore steeper than in the surrounding
cusp (�sp > �) providing � < 3, as expected in most DM
models, and the usual result (�sp = 9/4) is obtained for a
constant density profile (� = 0).
This analysis no longer applies after the epoch of galaxy

formation, which we take to be z? ⇠ 10, since the local den-
sity is no longer the background cosmological density. As-
trophysical processes - in particular, tidal stripping - could
modify the WIMP halos around BHs within galaxies. When
a star passes near a BH, it deposits energy into the halo,
which could remove part of it (Green & Goodwin 2007). This
mechanism has been invoked for self-gravitating halos made
of WIMPs (Schneider et al. 2010) or axions (Tinyakov et al.
2016; Kavanagh et al. 2020) and it has recently been applied
to WIMP halos around BHs (Hertzberg et al. 2020). Part of
the halo could also be removed by the interaction amongst
PBH-halo systems, particularly in high-density regions such
as galactic centres or PBH clusters.

3.3 E↵ect of WIMP Annihilations

The WIMP population inside the halo is consumed by self-
annihilation (Berezinsky et al. 1992). In order to estimate
the density of WIMPs in the core of the distribution, we
compare the inverse of the age of the halo thalo with the
self-annihilation rate �ann = n� h�viH. Here h�viH is the
velocity-weighted cross-section in the halo, where the WIMPs
are assumed to have a Boltzmann velocity distribution with
dispersion vrms. Setting their density to be ⇢� = m� n�, the
maximum WIMP concentration at redshift z is

⇢�,max(z) = f�
m� H(z)
h�vi

H

, (21)

where we have assumed thalo � teq and thalo ⇠ 1/H(z), where
H(z) is the Hubble rate at redshift z. Equation (21) extends
the result of previous literature (Ullio et al. 2002; Scott &
Sivertsson 2009; Josan & Green 2010) to an arbitrary redshift
and WIMP fraction. For the Taylor expansion in Eq. (5), the
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Figure 1. Density profile of WIMPs bound to a PBH of mass
M = 10�12 M� or M = 10�6 M� (top panel) and M = 1M� or
M = 106 M� (bottom panel) for f� ' 1. We set m� = 10GeV
(magenta), m� = 100GeV (orange) and m� = 1TeV (green). The
density profiles before WIMP annihilations, ⇢i(r), are shown by the
solid lines and derived from Eq. (A1). The density profiles after
annihilations, ⇢�(r), are shown by the dotted lines and labelled
“Today”. The plateau in the WIMP distribution is described by
Eq. (21) but does not apply for r < rS (i.e. to the left of the vertical
dashed lines in the lower diagram).

velocity-averaged cross-section leads to h�viH = a+ 3 b v2rms,
so it generally di↵ers from the thermal average h�vith when
higher-order terms in the expansion are taken into account.
In the following, we neglect these terms in the expansion of
Eq. (5) and set h�viH = h�vith.
The WIMP profile is then

⇢� =
⇢i(r) ⇢�,max(z)

⇢i(r) + ⇢�,max(z)
, (22)

with the plateau in Eq. (21) extending to the radius rcut,
which from Eq. (A1) is defined implicitly by

⇢̃i(rcut) ⇡ ⇢�,max(z) . (23)

MNRAS 000, 1–15 (2020)
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Figure 1. WIMP density profile ⇢(r/rg) around a PBH of mass MBH [cf. Eq. (2.9)]. The values of MBH for
each curve are MBH = 10M� (yellow dotted curve), MBH = 10�2 M� (orange dot-dashed curve), MBH =
10�5 M� (red dashed curve), and MBH = 10�12 M� (maroon solid curve), where M� is the solar mass.
In all cases, the WIMP mass and the velocity-averaged cross-section have been set to m� = 100GeV and
h�vi = 3 ⇥ 10�26 cm3/s, respectively. The horizontal black long-dashed line shows the value of ⇢max in
Eq. (2.8).

Since x̄ is constant for MBH . MBH, we obtain �BH / M
3

BH
, while the dependence of x̄ on MBH for

MBH & MBH yields milder relations.

In Fig. 2, we show �BH as a function of MBH for di↵erent values of m�, which are chosen as
m� = 10GeV, m� = 100GeV, m� = 1TeV, and m� = 10TeV. Nevertheless, for small values of
MBH (according to Fig. 2), we have �BH / M

3

BH
. In general, for the di↵erent regimes of MBH, the

complete power law behavior of �BH is manifest in Fig. 2. The subscript ‘BH’ reminds us that �BH

depends on MBH.
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Appendix A: Gamma ray constraints

Here we give the details of our procedure for con-
straining (�vrel)0 in each PBH detection scenario using
their di↵use gamma-ray emission and by treating them
as gamma-ray point sources. For each detection scenario,
as point estimates for fPBH we conservatively use the
5th percentile for f̂PBH computed using the posteriors
P (fPBH|N) found above. These values are collected in
Table II.

The key ingredient for both the di↵use and point
source analyses is the WIMP annihilation rate around
a PBH. As described in the main text, the ultracompact
minihalos (UCMHs) surrounding PBHs have ⇢ / r

�9/4

DM halos. Since the maximum-possible WIMP density
at present is ⇢max = m�/(�vrel)0 t0 (where t0 is the age
of the universe),3 the UCMH density profile is constant
within the cuto↵ radius [16]

rcut = 9.1 ⇥ 10�8 kpc

✓
(�vrel)0

3 ⇥ 10�26 cm3/s

◆4/9

(A1)

⇥

⇣
m�

100 GeV

⌘�4/9
✓

MPBH

M�

◆1/3

. (A2)

The WIMP annihilation rate in a UCMH is obtained by
integrating the UCMH density squared over all space 4

� =
4⇡(�vrel)0⇢2

max
r
3

cut

2m�
. (A3)

We note that the maximum density (and the corre-
sponding cuto↵) apply only to the WIMP component of
Dark Matter in the UCMH; we therefore now consider the

3 This is conservative since ⇢max was not derived for particles mov-
ing along radial trajectories [13].

4 Changing the bound of the radial integral to the minihalo’s tidal
radius (see [16], Sec. 2-E) does not appreciably change the anni-
hilation rate.

case of a sub-dominant WIMP. In standard indirect de-
tection analyses the gamma-ray flux depends separately
on the integral of the WIMP density squared in the ob-
serving region (the J-factor) and particle physics factors,
giving an overall dependence on f

2

�(�vrel)0 for under-
abundant species making up a fraction f� of the DM.
In the UCMH scenario, the dependence is more compli-
cated since the WIMP density profile depends on the
particle physics through (�vrel)0. Since rcut is the radius
at which the WIMP density attains its maximum value

and ⇢�(r) = f�⇢DM(r), we have rcut / f
4/9

� . In contrast,
⇢max does not depend on f�. This means that the WIMP
annihilation rate for an under-abundant species scales as

� /
⇥
f

4

�(�vrel)0
⇤1/3

. (A4)

Finally, we note that we aim to constrain the zero-

velocity limit of the WIMP annihilation cross section
(�vrel)0, which is typically the most relevant for anni-
hilation signals today. We compare in Fig. 2 with the
corresponding quantity calculated for di↵erent theories
of Weak-scale New Physics. This comparison (along with
our conclusions about the constraining power of a future
PBH detection) therefore does not depend strongly on
assumptions about the velocity dependence of the cross
section.

Prior 0.5 M� 10 M� 100 M�

Nmin

Log-flat 1.49 ⇥ 10�3 7.28 ⇥ 10�6 2.56 ⇥ 10�5

Je↵reys 2.81 ⇥ 10�3 1.32 ⇥ 10�5 2.82 ⇥ 10�5

Nmax

Log-flat 1.10 ⇥ 10�1 4.17 ⇥ 10�3 3.34 ⇥ 10�4

Je↵reys 1.10 ⇥ 10�1 4.17 ⇥ 10�3 3.36 ⇥ 10�4

TABLE II. Point estimates for fPBH. The entries in this
table are the 5th percentiles of the posteriors P (fPBH|N) for
each scenario in Table I. The second column indicates the
prior for the merger rate (in the case of gravitational wave
scenarios) or mean number of expected observations (for the
SKA scenario).

1. PBHs as gamma-ray point sources

The natural test statistic for this analysis is N� , the
number of PBHs that pass the Fermi analysis cuts and
appear in the 3FGL unassociated point source list. Since
there are 19 observed unassociated point sources, to set
an upper bound on (�vrel)0 at the ↵ = 0.95 level we re-
quire the probability of observing at least 19 unassociated
point sources to be equal to the corresponding p-value
of 0.05. This probability is the cumulative distribution
function for a binomial distribution:

Pr(N� � 19) =
NMWX

N�=19

B(N� |NMW, p�) = 0.05, (A5)

7

[77] A. Abramowski et al. (H.E.S.S.), Phys. Rev. Lett. 106,
161301 (2011), arXiv:1103.3266 [astro-ph.HE].

[78] M. Ackermann et al., Astrophys. J 761, 91 (2012),
arXiv:1205.6474 [astro-ph.CO].

[79] M. Ackermann et al. (Fermi-LAT), Phys. Rev. Lett. 115,
231301 (2015), arXiv:1503.02641 [astro-ph.HE].

[80] H. Abdallah et al. (HESS), Phys. Rev. Lett. 120, 201101
(2018), arXiv:1805.05741 [astro-ph.HE].

[81] A. Rohatgi, “Webplotdigitizer,”
https://automeris.io/WebPlotDigitizer (2018).

[82] M. Cirelli, G. Corcella, A. Hektor, G. Hutsi, M. Kadastik,
P. Panci, M. Raidal, F. Sala, and A. Strumia, JCAP
1103, 051 (2011), [Erratum: JCAP1210,E01(2012)],
arXiv:1012.4515 [hep-ph].

[83] S. Ando and K. Ishiwata, JCAP 1505, 024 (2015),
arXiv:1502.02007 [astro-ph.CO].

Appendix A: Gamma ray constraints
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straining (�vrel)0 in each PBH detection scenario using
their di↵use gamma-ray emission and by treating them
as gamma-ray point sources. For each detection scenario,
as point estimates for fPBH we conservatively use the
5th percentile for f̂PBH computed using the posteriors
P (fPBH|N) found above. These values are collected in
Table II.

The key ingredient for both the di↵use and point
source analyses is the WIMP annihilation rate around
a PBH. As described in the main text, the ultracompact
minihalos (UCMHs) surrounding PBHs have ⇢ / r
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DM halos. Since the maximum-possible WIMP density
at present is ⇢max = m�/(�vrel)0 t0 (where t0 is the age
of the universe),3 the UCMH density profile is constant
within the cuto↵ radius [16]
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integrating the UCMH density squared over all space 4
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We note that the maximum density (and the corre-
sponding cuto↵) apply only to the WIMP component of
Dark Matter in the UCMH; we therefore now consider the

3 This is conservative since ⇢max was not derived for particles mov-
ing along radial trajectories [13].

4 Changing the bound of the radial integral to the minihalo’s tidal
radius (see [16], Sec. 2-E) does not appreciably change the anni-
hilation rate.

case of a sub-dominant WIMP. In standard indirect de-
tection analyses the gamma-ray flux depends separately
on the integral of the WIMP density squared in the ob-
serving region (the J-factor) and particle physics factors,
giving an overall dependence on f
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�(�vrel)0 for under-
abundant species making up a fraction f� of the DM.
In the UCMH scenario, the dependence is more compli-
cated since the WIMP density profile depends on the
particle physics through (�vrel)0. Since rcut is the radius
at which the WIMP density attains its maximum value

and ⇢�(r) = f�⇢DM(r), we have rcut / f
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� . In contrast,
⇢max does not depend on f�. This means that the WIMP
annihilation rate for an under-abundant species scales as
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Finally, we note that we aim to constrain the zero-

velocity limit of the WIMP annihilation cross section
(�vrel)0, which is typically the most relevant for anni-
hilation signals today. We compare in Fig. 2 with the
corresponding quantity calculated for di↵erent theories
of Weak-scale New Physics. This comparison (along with
our conclusions about the constraining power of a future
PBH detection) therefore does not depend strongly on
assumptions about the velocity dependence of the cross
section.
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Nmin

Log-flat 1.49 ⇥ 10�3 7.28 ⇥ 10�6 2.56 ⇥ 10�5

Je↵reys 2.81 ⇥ 10�3 1.32 ⇥ 10�5 2.82 ⇥ 10�5

Nmax

Log-flat 1.10 ⇥ 10�1 4.17 ⇥ 10�3 3.34 ⇥ 10�4

Je↵reys 1.10 ⇥ 10�1 4.17 ⇥ 10�3 3.36 ⇥ 10�4

TABLE II. Point estimates for fPBH. The entries in this
table are the 5th percentiles of the posteriors P (fPBH|N) for
each scenario in Table I. The second column indicates the
prior for the merger rate (in the case of gravitational wave
scenarios) or mean number of expected observations (for the
SKA scenario).

1. PBHs as gamma-ray point sources

The natural test statistic for this analysis is N� , the
number of PBHs that pass the Fermi analysis cuts and
appear in the 3FGL unassociated point source list. Since
there are 19 observed unassociated point sources, to set
an upper bound on (�vrel)0 at the ↵ = 0.95 level we re-
quire the probability of observing at least 19 unassociated
point sources to be equal to the corresponding p-value
of 0.05. This probability is the cumulative distribution
function for a binomial distribution:

Pr(N� � 19) =
NMWX

N�=19

B(N� |NMW, p�) = 0.05, (A5)
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Figure 1. Ratio of the thermal kinetic energy to the potential
energy at the turnaround radius for various PBH masses.

In figure 1 we show this ratio for three di�erent PBH
masses. We have also included one line for a lighter dark
matter particle mass to show that kinetic energy can be
relevant for su�ciently light dark matter at su�ciently
small radii. However, for the 100 GeV mass dark matter
we see that even for a 1M§ mass PBH the kinetic energy
is negligible for all the radii plotted. We will see in section
II D that this plot is very conservative because we are ac-
tually only interested in radii above rta ≥ 10≠7kpc/h (for
LIGO-like PBH masses). This is because dark matter an-
nihilation would reduce the density observable today at
radii smaller than this.

C. The analytical density profile

We can make a simple estimate of the density profiles
surrounding a PBH by assuming the particles are frozen
in at turn-around with their density matching the back-
ground density at that time.

During radiation domination, the resulting density
profile is

flDM(r) = fl(r(tta))

= fleq

2

3
a

aeq

4≠3

ƒ fleq

2

3
t

teq

4≠3/2

ƒ
1

fleq

2

2
t
3/2

eq
(2GMPBH)3/4

r
≠9/4

,

(12)

where fleq is the density of the Universe at matter-
radiation equality. This density is twice the background
density of the matter at this time, hence the extra factor
of one half. Note that this generates a steep r

≠9/4 profile.
This was the profile derived for the spherically-symmetric

collapse in an Einstein-de Sitter universe [27, 28] and ex-
pected for UCMHs [15] (see also [29, 30]). Given that
most particles will later spend some time closer to the
PBH than their turnaround radius but that very few will
move further away the actual profile will necessarily be
even more compact. In fact, in appendix A we show that
including the dynamics of the nearly radial orbits of the
particles after turn-around does not change the profile
shape but increases the density by about 50%. Phenom-
ena that could alter this conclusion would be the halo
being disrupted later on, or thermal kinetic energy being
relevant at turnaround. We have addressed when kinetic
energy is relevant in section II B and we address the pos-
sibility of halo disruption in section II E.

D. WIMP annihilation and the maximum density

There is a maximum possible WIMP density today due
to their self-annihilation [15]

flmax = m‰

È‡vÍt0

ƒ
1

m‰

100GeV

2 3
3 ◊ 10≠26cm3

/s
È‡vÍ

4 3
4 ◊ 1017s

t0

4

◊ 1.5 ◊ 10≠14g/cm3
,

(13)

where t0 is the age of the Universe, m‰ is the WIMP mass
and È‡vÍ is the WIMP cross section. The WIMP annihi-
lation cross section is chosen such that WIMPs form most
of the dark matter and we neglect any velocity depen-
dence of this thermally averaged quantity. For the refer-
ence values shown in the equation above this corresponds
to a density contrast today of 1 + ”0 = flmax/fl0 ƒ 1016.
We note that this maximum density was not derived for
particles undergoing radial motion. See [8] for a dis-
cussion of the WIMP survival time inside dark matter
haloes.

The constant value of the density extends up to some
radius rcut, where the power-law profile begins. We esti-
mate this radius by equating Eq. (12) with (13) to be

rcut =
3

fleq

2flmax

44/9 !
2GMPBH t

2

eq

"1/3

ƒ
1

m‰

100GeV

2≠4/9
3

MPBH

M§

41/3

1.3 ◊ 10≠7kpc h
≠1

.

(14)

On the second line we have assumed the WIMP param-
eters shown in Eq. (13) and used teq = 2.4 ◊ 1012s,
fleq = 2.1 ◊ 10≠19g/cm3, and h = 0.7.

In figure 2 we use equation (8) to show the ratio of
thermal kinetic energy to potential energy at rcut (cal-
culated at the time when rcut is the turnaround radius).
This is plotted as a function of the seed PBH mass. We

• WIMP annihilation: Constant density core [Adamek+ 1901.08528, 
Carr+ 2011.01930] 
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Figure 1. Ratio of the thermal kinetic energy to the potential
energy at the turnaround radius for various PBH masses.

In figure 1 we show this ratio for three di�erent PBH
masses. We have also included one line for a lighter dark
matter particle mass to show that kinetic energy can be
relevant for su�ciently light dark matter at su�ciently
small radii. However, for the 100 GeV mass dark matter
we see that even for a 1M§ mass PBH the kinetic energy
is negligible for all the radii plotted. We will see in section
II D that this plot is very conservative because we are ac-
tually only interested in radii above rta ≥ 10≠7kpc/h (for
LIGO-like PBH masses). This is because dark matter an-
nihilation would reduce the density observable today at
radii smaller than this.

C. The analytical density profile

We can make a simple estimate of the density profiles
surrounding a PBH by assuming the particles are frozen
in at turn-around with their density matching the back-
ground density at that time.

During radiation domination, the resulting density
profile is

flDM(r) = fl(r(tta))
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where fleq is the density of the Universe at matter-
radiation equality. This density is twice the background
density of the matter at this time, hence the extra factor
of one half. Note that this generates a steep r

≠9/4 profile.
This was the profile derived for the spherically-symmetric

collapse in an Einstein-de Sitter universe [27, 28] and ex-
pected for UCMHs [15] (see also [29, 30]). Given that
most particles will later spend some time closer to the
PBH than their turnaround radius but that very few will
move further away the actual profile will necessarily be
even more compact. In fact, in appendix A we show that
including the dynamics of the nearly radial orbits of the
particles after turn-around does not change the profile
shape but increases the density by about 50%. Phenom-
ena that could alter this conclusion would be the halo
being disrupted later on, or thermal kinetic energy being
relevant at turnaround. We have addressed when kinetic
energy is relevant in section II B and we address the pos-
sibility of halo disruption in section II E.

D. WIMP annihilation and the maximum density

There is a maximum possible WIMP density today due
to their self-annihilation [15]

flmax = m‰
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where t0 is the age of the Universe, m‰ is the WIMP mass
and È‡vÍ is the WIMP cross section. The WIMP annihi-
lation cross section is chosen such that WIMPs form most
of the dark matter and we neglect any velocity depen-
dence of this thermally averaged quantity. For the refer-
ence values shown in the equation above this corresponds
to a density contrast today of 1 + ”0 = flmax/fl0 ƒ 1016.
We note that this maximum density was not derived for
particles undergoing radial motion. See [8] for a dis-
cussion of the WIMP survival time inside dark matter
haloes.

The constant value of the density extends up to some
radius rcut, where the power-law profile begins. We esti-
mate this radius by equating Eq. (12) with (13) to be
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On the second line we have assumed the WIMP param-
eters shown in Eq. (13) and used teq = 2.4 ◊ 1012s,
fleq = 2.1 ◊ 10≠19g/cm3, and h = 0.7.

In figure 2 we use equation (8) to show the ratio of
thermal kinetic energy to potential energy at rcut (cal-
culated at the time when rcut is the turnaround radius).
This is plotted as a function of the seed PBH mass. We

• WIMP Kinetic Decoupling: Constant density core [Eroshenko 
1607.00612, Carr+ 2011.01930]

4 B. Carr et al.

where r̄ ⌘
�
2GM� t

2

eq

�
1/3

⇡ 0.0193 pc is the turn-around ra-
dius at teq for a solar-mass PBH and the energy density then
is ⇢eq = 3H2

eq m
2

Pl/(8⇡). The factor f� ensures the WIMP
density profile scales with the WIMP fraction and the mass
in the WIMP halo at this stage is f� times the PBH mass.
For PBHs which form before KD, there is also a constant

density core within rta(tKD), so for M < MKD we can express
the overall density profile at teq as

⇢̃i(r) =
⇢�, spike(r) ⇢KD

⇢�, spike(r) + ⇢KD

. (11)

This expression reduces to ⇢�, spike(r) for r � rta(tKD) and
⇢KD for r ⌧ rta(tKD), with the transition occurring where
⇢�, spike(r) ⇡ ⇢KD. This is similar to taking the halo profile to
be ⇢i(r) = min[⇢�, spike, ⇢KD], as assumed by Adamek et al.
(2019). We have used the form in Eq. (11) because it gives a
smoother transition between the two expressions. For PBHs
larger than MKD, which form after tKD, there is no constant-
density core region and so Eq. (11) is inapplicable. Instead,
one applies Eq. (10) over the range rS < r < rta(teq).
We refer to the expression given by Eq. (11) as the “initial”

density profile. However, it is not initial in the sense that it
applies at a particular time: the density at a given value of r
within the halo is constant and it is only the halo radius which
changes. It is initial in the sense that it neglects two physical
e↵ects which modify the profile. The relationship between
these e↵ects is rather obscure in previous literature, so we
now clarify this. We present the full analysis in Appendix A
but here summarise the qualitative conclusions.
The first e↵ect is that the WIMPs are expected to have

a Maxwellian velocity distribution and the low-velocity ones
will be captured by the black hole before those with the av-
erage velocity �. This problem was studied by Eroshenko
(2016), who showed that Eq. (11) is replaced with a more
complicated expression, Eq. (A1),which also depends on the
WIMP velocity distribution. Starting from ⇢̃i, this yields a
new distribution ⇢i and turns the r

�9/4 profile into an r
�3/2

profile at small r. However, a central core with constant den-
sity ⇢KD is retained since the density can never exceed this.
The second e↵ect is that the above treatment does not

take into account the orbital motion of WIMPs bound to
the PBH (i.e. it neglects their kinetic energy). This problem
was studied by Adamek et al. (2019) and concerns the mean
velocity � rather than the low-velocity tail. (Here � applies
at the moment of turn-around and not after virialisation.)
Since the WIMP velocity decreases as a

�1, the kinetic and
potential energies for WIMPs binding at a distance r from
the PBH at the time t are

EK = kB TKD

✓
tKD

t

◆
, Ep =

GMm�

r
=

m�rS

2 r
, (12)

where the first expression also specifies the velocity dispersion
�. Using Eq. (8) to express t in terms of r then implies that
the ratio of the two energies is

EK

Ep

=
2kB TKD

m�

tKD
p
rS r

, (13)

so the kinetic term is important out to a radius

rK ⇡
t
2
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2

(14)
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cm .

Outside this radius, we recover the spike solution of Eq. (10)
except that the density must be multiplied by a concentration
parameter ↵E ⇡ 1.53, as shown by Eq. (A23). We note that

rta(teq) ⇡ (rS t
2

eq)
1/3

⇡ 109 (M/M�)
1/3 cm , (15)

and this exceeds rK provided M < 1012 M�(m�/TeV)�27/4.
Thus one expects the r

�9/4 profile to develop well before the
matter-dominated era.
These two e↵ects are linked because the low-velocity tail

is only important if � is su�ciently large. For example, there
could be no such tail if � = 0. Indeed, as shown in the Ap-
pendix, both e↵ects produce an r

�3/2 tail within the radius
rK. Finally, as we show in the Appendix, a profile with a
r
�3/4 distribution develops at the core. The overall density
profile is therefore
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>>>:
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�
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(16)

Here rC is the intersect of the first two lines, given by

rC ⇡ rS

✓
m�

TKD

◆
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✓
M

M�

◆⇣
m�

TeV
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cm (17)

and

r̂ = GM�
teq

tKD

m�

TKD

= 1.1⇥ 1026 cm (m�/TeV)2.25 , (18)

and the intersect of the second two lines is the radius rK given
by Eq. (14).
At KD, Eq. (13) implies that the kinetic term can be ne-

glected for (Adamek et al. 2019),

M & MK ⇡ 10�5
M� (m�/TeV)�17/8

. (19)

This is also the condition rK exceeds rC, ensuring that the
intermediate r

�3/2 region exists. Adamek et al. were mainly
interested in solar-mass PBHs, so only needed to confirm that
condition (19) is well satisfied. In this paper, we consider a
much wider range of masses, including those for which the
WIMP kinetic energy is important. Note that MK is much
less thanMKD form� < 1 TeV. They also discuss the e↵ect of
primordial power spectrum on the halo profile but conclude
that this is not important.

3.2 Halo formation after matter-radiation equality

Although Eq. (8) no longer applies after teq, because the mass
of the WIMP halo exceeds the mass of the black hole, the
halo continues to grow. Indeed, self-similar secondary infall
and virialisation should give a DM spike with the same radial
dependence as Eq. (10). This is confirmed by the numerical
calculations in Adamek et al. (2019) and can be understood
as follows. Since the black hole represents an initial overden-
sity M/M̃ for a region of mass M̃ and density fluctuations
grow as (1+z)�1 during the matter-dominated era, the mass
gravitationally bound by the PBH grows as

M̃(z) = M

✓
1 + zeq

1 + z

◆
(20)

after teq. Since Eq. (20) implies that the radius of the shell
binding at redshift z is r / (M̃/⇢)1/3 / (1 + z)�4/3

/ ⇢
�4/9,

MNRAS 000, 1–15 (2020)
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this gives the same profile as Eq. (10) but it now extends
beyond the radius rta(teq).
So long as one neglects the e↵ects of WIMP annihilations,

the density profiles for di↵erent values of M and m� are as
indicated by the solid lines in Fig. 1. These have been calcu-
lated numerically from Eq. (A1) but their qualitative form is
as anticipated above. We have set m� = 10GeV (magenta),
m� = 100GeV (orange) and m� = 1TeV (green), this cov-
ering the most plausible range of values. The upper panel
shows the profiles for M = 10�12

M� and M = 10�6
M�,

where one sees the transition from the constant-density re-
gion to the r�3/2 region and then the r�9/4 region. The lower
panel shows the profiles for M = 1M� and M = 106 M�. In
this case, there is no r

�3/2 region because M > MK but there
is still a constant-density region for M < MKD. The profiles
are inapplicable inside the Schwarzschild radius but this is
only relevant for the lower figure.

The formation of WIMP halos around PBHs due to adia-
batic accretion at late times has also been studied by Gon-
dolo & Silk (1999). If the WIMPs initially have a cusp profile
scaling as r�� , the presence of the black hole leads to a spike
profile scaling as r

��sp , where �sp = (9 � 2�)/(4 � �). This
result was first derived in Quinlan et al. (1995) and can also
be derived from our Eq. (A1). The DM distribution around
the black hole is therefore steeper than in the surrounding
cusp (�sp > �) providing � < 3, as expected in most DM
models, and the usual result (�sp = 9/4) is obtained for a
constant density profile (� = 0).
This analysis no longer applies after the epoch of galaxy

formation, which we take to be z? ⇠ 10, since the local den-
sity is no longer the background cosmological density. As-
trophysical processes - in particular, tidal stripping - could
modify the WIMP halos around BHs within galaxies. When
a star passes near a BH, it deposits energy into the halo,
which could remove part of it (Green & Goodwin 2007). This
mechanism has been invoked for self-gravitating halos made
of WIMPs (Schneider et al. 2010) or axions (Tinyakov et al.
2016; Kavanagh et al. 2020) and it has recently been applied
to WIMP halos around BHs (Hertzberg et al. 2020). Part of
the halo could also be removed by the interaction amongst
PBH-halo systems, particularly in high-density regions such
as galactic centres or PBH clusters.

3.3 E↵ect of WIMP Annihilations

The WIMP population inside the halo is consumed by self-
annihilation (Berezinsky et al. 1992). In order to estimate
the density of WIMPs in the core of the distribution, we
compare the inverse of the age of the halo thalo with the
self-annihilation rate �ann = n� h�viH. Here h�viH is the
velocity-weighted cross-section in the halo, where the WIMPs
are assumed to have a Boltzmann velocity distribution with
dispersion vrms. Setting their density to be ⇢� = m� n�, the
maximum WIMP concentration at redshift z is

⇢�,max(z) = f�
m� H(z)
h�vi

H

, (21)

where we have assumed thalo � teq and thalo ⇠ 1/H(z), where
H(z) is the Hubble rate at redshift z. Equation (21) extends
the result of previous literature (Ullio et al. 2002; Scott &
Sivertsson 2009; Josan & Green 2010) to an arbitrary redshift
and WIMP fraction. For the Taylor expansion in Eq. (5), the

���

���

���

���

���

��-�

��-�

��-�

��-�

��-��

��-��

��-��

��-��

��-��

��-��

��-��

��-��

��� ��� ��� ��� ��� ���� ���� ���� ���� ����

���

���

���

���

���

��-�

��-�

��-�

��-�

��-��

��-��

��-��

��-��

��-��

��-��

��-��

��-��

Figure 1. Density profile of WIMPs bound to a PBH of mass
M = 10�12 M� or M = 10�6 M� (top panel) and M = 1M� or
M = 106 M� (bottom panel) for f� ' 1. We set m� = 10GeV
(magenta), m� = 100GeV (orange) and m� = 1TeV (green). The
density profiles before WIMP annihilations, ⇢i(r), are shown by the
solid lines and derived from Eq. (A1). The density profiles after
annihilations, ⇢�(r), are shown by the dotted lines and labelled
“Today”. The plateau in the WIMP distribution is described by
Eq. (21) but does not apply for r < rS (i.e. to the left of the vertical
dashed lines in the lower diagram).

velocity-averaged cross-section leads to h�viH = a+ 3 b v2rms,
so it generally di↵ers from the thermal average h�vith when
higher-order terms in the expansion are taken into account.
In the following, we neglect these terms in the expansion of
Eq. (5) and set h�viH = h�vith.
The WIMP profile is then

⇢� =
⇢i(r) ⇢�,max(z)

⇢i(r) + ⇢�,max(z)
, (22)

with the plateau in Eq. (21) extending to the radius rcut,
which from Eq. (A1) is defined implicitly by

⇢̃i(rcut) ⇡ ⇢�,max(z) . (23)
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FIG. 2. New constraints (red shaded regions) on DM models if a DM spike is detected with an EMRI. For ultralight bosons (panel a), fermionic
DM (panel b), and PBH DM (panel d), we exclude a region of the DM particle/PBH mass. The constraints depend on the mass of the detected
central black hole, MBH (the DM spike profile is uniquely predicted for given MBH using the M–� relation). For self-annihilating DM (panel
c), the constraint is on the cross section-DM mass plane, assuming MBH = 106 M�. If ultralight bosons exist in the mDM 2 [10�17, 10�14]
eV range, they could be identified through superradiant-induced clouds (see Ref. [32]; panel a, green region). If the EMRI event is sufficiently
nearby (' 90Mpc), as expected of the closest EMRIs [59], electromagnetic counterparts from DM annihilation may be possible in some
optimistic cases (panel c, green region). Previous lower limits (gray regions) on fermionic DM and upper limits on DM annihilation cross
section are from Refs. [60, 61]. For all panels, the thick solid lines and thin gray lines correspond to � = 2 and � = 1 initial DM halo slopes,
respectively. See text and Appendix for details.

less than the mean age of galaxies or stars, ⇠ 1010 yr), an
EMRI DM spike measurement sets a upper limit on the total
annihilation cross section,

�v . 3.17 ⇥ 10�32 cm3s�1

⇣
m�

100GeV

⌘

⇥

✓
1020 GeV/cm3

⇢obs

◆✓
106 yr
tBH

◆
.

(8)

Thus, any EMRI DM spike measurement will be in strong
tension with the simplest thermal relic DM hypothesis (Fig. 2,
panel c), currently an open window between 20GeV < m� <

100TeV [61]. We emphasize this is the total cross section,
thus includes the difficult-to-probe neutrino channels.

For other cases (p-wave annihilation, non-thermal mod-
els, and others), the cross-section could be significantly
lower [13]. In such scenarios, the EMRI event could have
a persistent electromagnetic counterpart due to DM annihi-
lation. We find that in the optimistic scenario, where � =
2, the BH is heavy MBH ⇠ 106 M� and nearby D ⇠

90Mpc, the electromagnetic counterpart is detectable with e-
ASTROGAM/Fermi/CTA (see the Appendix for details), as
shown in Fig. 2. However, within such a small volume, the
expected number of EMRI events is only of order one [59].
Thus, to see the electromagnetic counterpart, the fraction of
halos hosting spikes must be high, the DM spike must be rel-
atively young, and the event must be nearby.

Primordial black hole DM We consider the case that PBHs
dominates cosmic DM density (as long as the non-PBH com-
ponent of DM cannot mimic a spike as described above.) If
a DM spike is measured with EMRI, there must be at least
one PBH (N � 1) in the probed volume (8MBH < r <

300MBH). The mass of the of the PBH,mPBH, must then sat-
isfy

NmPBH 

Z
300MBH

8MBH

⇢obs(r)d
3
r . (9)

Consequently, the PBH mass range could be constrained to
mPBH . 10�7 M� (� = 1, Fig. 2, panel d). This sim-
ple PBH number argument offers an independent constraint
on the PBHs, complementary to various existing considera-
tions (e.g., Refs. [77–82]).

We note that the above N = 1 constraint is exceptionally
conservative. In the case of a spike detection, for the PBH
DM to mimic the dynamical friction effect, the spike must
have a large amount of PBHs N � 1, thus leading to more
stringent constraints. We leave the exploration of this effect
for the future.

In principle, one could also combine these spike measure-
ments with ground-based detectors that observe PBH merg-
ers within the spikes. Unfortunately, the fraction of mergers
within a single halo is Nsp . 10�2 yr�1 (Ref. [33]]), and thus

Spike profile  can change if some DM candidates are 
considered  [Hannuksela+ 1906.11845] 
 
In several cases, a core can form 
Positive detection -> Upper limits on DM properties

BEC 
core


