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Motivation

Black holes are fascinating test grounds for GR. 

They represent regions of very strong gravity, and 
constrain any candidate to challenge GR.

Scalar fields are ubiquitous in cosmology as a 
mechanism for inflation, dark energy, or even dark 
matter. 

Understanding how scalars (particularly rolling scalars) 
interact with black holes from an analytic perspective is 
important – and revealing.



No Scalar Hair
Black holes in 4D obey a set of theorems: They are spherical, 
obey laws of thermodynamics, and are characterized by 
relatively few “numbers” – or “Black Holes Have No Hair”.

The essence of “no hair” is that the scalar field must have 
finite energy and fall off at infinity. Integrating the equation of 
motion gives a simple relation, only satisfied for 
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No-No Hair!
But this is highly idealised:

• Static
• Vacuum
• Convex potential
• L not negative
• Einstein (or similar) gravity

“No hair” came to mean the much stronger “no field profiles” 
which was rapidly shown not to be valid by using one of these 
fixes.



Varying Scalar
One of the clearest ways of evading the no-hair axioms is to 
have time-dependence. 

A rolling scalar corresponds to many ideas of dark energy.

The black hole should 
absorb scalar energy and 
grow, while the 
cosmological constant 
drops.
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Controlling Lambda

The idea of a varying Lambda is very familiar – in slow roll 
inflation, lambda varies gradually, while our universe is quasi-
de Sitter.

Small slow-roll parameters ensure that inflation in maintained:
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Black Hole in de Sitter
A black hole with cosmological constant is given by the 
Schwarzschild de Sitter solution:

Where

But this is not explicitly time dependent – what does “slow roll” 
mean? 

ds2 = fdt2 � dr2
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Without the black hole, have a 
“static patch” de Sitter potential:

– not the familiar (flat) cosmological 
coordinates

Static Patches:
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The transformation to cosmological time is nontrivial:

And with black hole, even this relative simplicity is lost.
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Black Hole-Slow Roll Approximation

With a black hole, intuition is that the geometry is 
approximately SDS, the scalar still slow-rolls, but that 
this produces a sub-leading effect on the background 
black hole geometry. The spacetime slides from one L 
to a lower one, and the black hole accretes a little mass. 

� = �0 + ��SR

gµ⌫ = g0µ⌫ + �gSRµ⌫

SDS O (��SR)
2



Scalar Field Eqn
Idea is to turn e.o.m for f

into something like a slow roll equation by taking f = f(T), 
then writing 

T is constructed so that f is regular at both horizons. 

T = t+ ⇠(r)
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Substitute in:
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Substitute in:

Dropping second term, and remember f = f(T), we 
must have

g constant, and hence  
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Find g and b by regularity: f(T) must be ingoing on event 
horizon and outgoing on cosmological horizon. 
Final answer gives T:

T looks like Kruskal V at the black hole horizon (rb) and 
Kruskal U at the cosmological horizon (rc) 

T = t� 1
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The T Coordinate
The T coordinate becomes the local Kruskal at each horizon

BH+ CH+

r=const

U+V=const

f=const

t=const

SINGULARITY FUTURE INFINITY



Phi Equation

The phi equation is now a standard slow-roll 
type

but with friction parameter modified from H:

Physical effect of black hole is (apparently) to 
add friction to roll, or to slow down the scalar. 

� =
r2
c
+ r2

h

r3
c
� r3

h

=
ATOT

3V

3��̇(T ) = �@W

@�
<latexit sha1_base64="T20IJoQcJTvbTCzjzwvsKur6DGY=">AAACIXicbVBNSwMxEM36WetX1aOXYBHqwbKrgvYgFL14rNDaQreU2TTbhia7S5IVytLf4sW/4sWDSm/inzG7LaKtA4HHe29mMs+LOFPatj+tpeWV1bX13EZ+c2t7Z7ewt/+gwlgS2iAhD2XLA0U5C2hDM81pK5IUhMdp0xvepnrzkUrFwqCuRxHtCOgHzGcEtKG6hcq52wchALu9UCduNGDjUv0EX+NT15dADANSM+C4Of7BmSvfLRTtsp0VXgTODBTRrGrdwsTsILGggSYclGo7dqQ7STqTcDrOu7GiEZAh9GnbwAAEVZ0kO3GMjw3Tw34ozQs0ztjfHQkIpUbCM04BeqDmtZT8T2vH2r/qJCyIYk0DMl3kxxzrEKd54R6TlGg+MgCIZOavmAzARKNNqmkIzvzJi6BxVq6UnfuLYvVmlkYOHaIjVEIOukRVdIdqqIEIekIv6A29W8/Wq/VhTabWJWvWc4D+lPX1De2Bo4o=</latexit><latexit sha1_base64="T20IJoQcJTvbTCzjzwvsKur6DGY=">AAACIXicbVBNSwMxEM36WetX1aOXYBHqwbKrgvYgFL14rNDaQreU2TTbhia7S5IVytLf4sW/4sWDSm/inzG7LaKtA4HHe29mMs+LOFPatj+tpeWV1bX13EZ+c2t7Z7ewt/+gwlgS2iAhD2XLA0U5C2hDM81pK5IUhMdp0xvepnrzkUrFwqCuRxHtCOgHzGcEtKG6hcq52wchALu9UCduNGDjUv0EX+NT15dADANSM+C4Of7BmSvfLRTtsp0VXgTODBTRrGrdwsTsILGggSYclGo7dqQ7STqTcDrOu7GiEZAh9GnbwAAEVZ0kO3GMjw3Tw34ozQs0ztjfHQkIpUbCM04BeqDmtZT8T2vH2r/qJCyIYk0DMl3kxxzrEKd54R6TlGg+MgCIZOavmAzARKNNqmkIzvzJi6BxVq6UnfuLYvVmlkYOHaIjVEIOukRVdIdqqIEIekIv6A29W8/Wq/VhTabWJWvWc4D+lPX1De2Bo4o=</latexit><latexit sha1_base64="T20IJoQcJTvbTCzjzwvsKur6DGY=">AAACIXicbVBNSwMxEM36WetX1aOXYBHqwbKrgvYgFL14rNDaQreU2TTbhia7S5IVytLf4sW/4sWDSm/inzG7LaKtA4HHe29mMs+LOFPatj+tpeWV1bX13EZ+c2t7Z7ewt/+gwlgS2iAhD2XLA0U5C2hDM81pK5IUhMdp0xvepnrzkUrFwqCuRxHtCOgHzGcEtKG6hcq52wchALu9UCduNGDjUv0EX+NT15dADANSM+C4Of7BmSvfLRTtsp0VXgTODBTRrGrdwsTsILGggSYclGo7dqQ7STqTcDrOu7GiEZAh9GnbwAAEVZ0kO3GMjw3Tw34ozQs0ztjfHQkIpUbCM04BeqDmtZT8T2vH2r/qJCyIYk0DMl3kxxzrEKd54R6TlGg+MgCIZOavmAzARKNNqmkIzvzJi6BxVq6UnfuLYvVmlkYOHaIjVEIOukRVdIdqqIEIekIv6A29W8/Wq/VhTabWJWvWc4D+lPX1De2Bo4o=</latexit><latexit sha1_base64="T20IJoQcJTvbTCzjzwvsKur6DGY=">AAACIXicbVBNSwMxEM36WetX1aOXYBHqwbKrgvYgFL14rNDaQreU2TTbhia7S5IVytLf4sW/4sWDSm/inzG7LaKtA4HHe29mMs+LOFPatj+tpeWV1bX13EZ+c2t7Z7ewt/+gwlgS2iAhD2XLA0U5C2hDM81pK5IUhMdp0xvepnrzkUrFwqCuRxHtCOgHzGcEtKG6hcq52wchALu9UCduNGDjUv0EX+NT15dADANSM+C4Of7BmSvfLRTtsp0VXgTODBTRrGrdwsTsILGggSYclGo7dqQ7STqTcDrOu7GiEZAh9GnbwAAEVZ0kO3GMjw3Tw34ozQs0ztjfHQkIpUbCM04BeqDmtZT8T2vH2r/qJCyIYk0DMl3kxxzrEKd54R6TlGg+MgCIZOavmAzARKNNqmkIzvzJi6BxVq6UnfuLYvVmlkYOHaIjVEIOukRVdIdqqIEIekIv6A29W8/Wq/VhTabWJWvWc4D+lPX1De2Bo4o=</latexit>

BH+ CH+

r=const

U+V=const

f=const

t=const

SINGULARITY FUTURE INFINITY



Can follow evolution of event horizons, using null coordinates:

See how leading order is f rolling on black hole background

Horizon Evolution
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Background

Starting point is constant f, and equations integrate up 
to give SDS in different gauge

Physically, easiest to set B=r2. U,V can be
Kruskals at each horizon.
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Horizon Growth
The solution at each horizon can be integrated up e.g. black 
hole horizon:

Shows teleological behaviour of horizon, total area shift of 

Note

(fractional change in cosmological horizon area greater than 
that of black hole).
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Bulk Back-Reaction

Given this Eddington-Finkelstein behaviour, look at SDS metric 
in (T,r) coords:

The energy momentum of the scalar has 2 independent cpts: 

ds2 = f(r, T ) dT 2 � 2h(r, T ) dTdr � dr2
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Which we relate to the Einstein tensor:
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Need to have control of the slow-roll approximation to identify 
the key dependences in these equations:

Ø  Scalar:

Ø  Einstein:

Slow Roll with a Black Hole
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Slow roll conditions:
Geometry should be dominated by the potential energy:

Requires
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Slow roll conditions:
Scalar motion dominated by friction:

..the same spatial dependence as before, giving a bound

The eta parameter. 
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This allows us to solve the Einstein equations to leading order in 
the slow-roll parameters.

Ø TT + Tr:

implies

Where df is order eh, but slowly varying. We can then integrate 
the f kinetic energy:

f(r, T ) = f0(r) + �f(r, T )� rh0
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And end up with a familiar expression:

With 

In fact, even before slow roll, we can determine features of the 
spacetime from the simplicity of the Einstein equations! 

f(r, T ) = 1� ⇤(T )
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Equality of the T-r and r-r Einstein implies

With the time dependence of the two functions being given by 
including T-T eqn:

Which in turn allows us to integrate:

Subdominant, transient



Double well potential

“Cosmological” soln:

Explicit Example
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Horizon Growth
Horizon growth depends primarily on D but the rate of 
growth determined by the slow roll friction parameter

-400 -200 0 200 400 VEF

1.0005

1.0010

1.0015

1.0020

1.0025

1.0030

/i

rh=1

rh=3

rh=5

rh=7Δ=1

Γ=0.05

H2=1/175



Kerr & Scalars
Want a rotating black hole with nontrivial scalar
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The method can be applied to the phi equation to find an 
expression for the rolling scalar with rotation. This 
complicates the expression for T, but it can be found and 
is now angularly dependent
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Summary
§ Can generalise slow-roll description to 
non-homogeneous black hole 
background. 

§ The slow roll conditions come from 
spatial, not temporal, derivatives.

§ The black hole geometry is to a very 
good approximation quasi-Schwarzschild 
de Sitter.

§ Have a similar picture for Kerr, but scalar 
breaks Kerr symmetries.


