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A BRIEF INTRODUCTION

 Primordial Black Holes are formed in the early Universe after
inflation, spanning a wide range of order of magnitudes.

« Cosmological perturbations with an amplitude larger than
threshold 0. collapse into PBHs after re-entering the
cosmological horizon.

* The aim of this work is to study the threshold for PBH formation
from the collapse of adiabatic perturbations of a massless scalar
field.

e This scenario was investigated by 7. Harada & B. Carr: Growth of
primordial black holes in a universe containing a massless scalar
field, PRD (2005)




MATHEMATICAL FORMALISM

 We formulate our project working with the 3+1 conformal decomposition
with the metric line element:

ds* = — a’dt* + a*()e**§; (dx' + p'dt) (dx’ + pldr)

e Stress-energy tensor for a massless scalar field:

1
T, =- 5 gﬂyg”dpqﬁégqb + dﬂ¢dyqb

1 .
. The conjugate momentum: I1 = — (9, — ;) ¢
a

* In this formalism the Klein-Gordon equation could be decomposed:
(0,— po;) 1 =a /\ ¢ + aKI1+ DpD'¢p
(0, — f'0;) ¢ = all
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SCALAR FIELD-PERFECT FLUID EQUIVALENCE

* In spherical symmetry the metric in cosmic time slicing is:
ds? = — A?(t, r)dt* + B(t, r)dr?* + R*(t, r)dQ?

* Misner-Sharp differential operators:

Df:Xaf N {ﬂ:Dt§b
w =D,¢

1

* The stress-energy tensor becomes: 1, = —3 9 (¢2 — 772) + 0,00, ¢

2

In the comoving gauge y =0 and E :=T" = % =pP:=T"

U

The scalar field behaves as a perfect fluid with an equation of state p = p.

4



GRADIENT EXPANSION

* We applied the gradient expansion approach, expanding each variable in
spatial gradient of the curvature perturbation on super horizon scales.

* According to Shibata-Sasaki (1999)

k
< 1

O Hoam

is measuring the order of the gradient expansion.

» Adiabatic cosmological perturbations of the scalar field ¢ and its conjugate
momentum I1

_1 /3 ;
Bit.r) == @Hmn+uﬁm+cmg)

1 /3 ;
n@m=3tém+gmm+0@)
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CURVATURE PERTURBATION PROFILE

* At super-horizon scales the perturbed Universe is described by the
asymptotic form of the spatial metric:

dl? = a*(f)e*" [dr2 + rzdﬂzl

 The perturbation amplitude is defined as the peak of the compaction
function in the comoving gauge:

C(r) = — %r@” (r) [2 + r’ (r)] => o:=C(r,) where C'(r,)=0

* The threshold §. depends on the shape parameter a:

- C” (Fm) 7 N o C” (rm) r2

4C (7) 4C (1) [1=3C (1)

F=re", a=



CURVATURE PERTURBATION PROFILE
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NUMERICAL SIMULATIONS

 Spherically symmetric relativistic hydrodynamical code based on the BSSN formalism
using a non-uniform (exponential growth) grid, extended up to 10 perturbation length-scales.

« Comoving against CMC gauge: the comoving gauge is failing because of a coordinate
singularity forming during the collapse and before the formation of the apparent horizon.
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APPARENT HORIZON FORMATION
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THRESHOLD FOR PBH FORMATION
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THRESHOLD FOR PBH FORMATION
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SUMMARY

This is a work in progress...

1. More simulations for the threshold for PBH are coming.

2. We will investigate numerically the equivalence between the
fluid and the scalar field, recovering the same results using an
hydrodynamical numerical code (Musco) for a perfect fluid with

equation of state p = p.

3. These results will be used in a follow up work to study the
critical collapse, computing the mass function and the
abundance of the population of PBHs formed from the collapse
of a massless scalar field.
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Thanks for your attention!



3+1 conformal decomposition
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Perfect fluid - scalar field equivalence

D.U . D.p + e + 47R
= — — +4r
[ r
= Dtp 1 5)
— —— i
n
Dn A Rr]I FDrU=O Dteze-;thp
D.M = 4aT ER? —> A
DA = — D.p

UD,A etp
Dl = A D.M = 4aT eR*
DM = — 4zR*PU DI = UZ,,A

DM = — 4zR*pU
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Lapse equation

1
. Starting from the definition of D,¢p = —0d,¢, and differentiating

A
with respect D,, we obtain:
D.A D.n
A
e
., From the definition of E = P = 7 we finally obtain:
D.A D.P

A E+ P
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10-Einstein equation

* We can mix the 10-Einstein equation with the Klein-Gordon equation:

D 1
o D (R2U)
7 ['R?

Continuity equation

« Starting from the definition of E and differentiating with respect to D,, we get:

Dn DLE
n -~ 2E
 In particular we can rewrite for the fluid:
e + D D.e
D.e = L Dp = L
p p 2e
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11-Einstein equation

 We can rewrite the 11-Einstein equation for the scalar field in the
following way:

I M
D.U = — D.P 47RP
E+ P R? _

 While for the fluid, assuming the definition of the Misner-Sharp
mass we obtain:

D.U d D 47R
= | Fan
f etrp TR r
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Gradient expansion equations

(O = Q+ xIT, + O (€)
80 = —3H,1L, (X + 5+ &) + 0 ()

r (@, )=+ &N+ 0 (83) Othij = —2121@'3' = %nz‘jﬁkﬁk +D;Bi + DiBj + B*nijr + O (63)
Yiern =ty T hi&, ) + O &)

3¢ — 38%0.C, — 3Hyx — 3Hyk — D; 55 = O (€3
K(t,r) = K(0)(1 +x(5,r)) + O (&%) § — 38%0kCp bX bk 6} (e3)

] et =1+x6n+0(e) f (2428 ) + i+ 3x+ 52T = 0 (&)
pit,r) =0 (e)
¢(I, I") = q)(t) + /1(t, 7‘) + 0 <83) 8,51217;]' + 3%1‘1@' == CL_QG_ZQ’%U (Cb) + O (64)

— 3
\ Iz, r) = I,(1) + Qt, 1) + O (&) e el g )
R + 4D DGy = 4ra?e I (5 — &) + 0 (¢!)

D; A + 3A/D;¢, + 10, (24/ 4 Dir + 870:0) = O (¢))

\

. 1 — 1 —r —
Ri; (&) = DiGpD ;G + gnz’jACb —D;D;C, — gﬁz‘jD Dy

(9
- €2

A =

1 (EkaEka + QZC5>
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Gradient expansion solution
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