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A Field Theory with Computable Large-Momenta Behaviour. 

K. SYMA:NZlK 

Deutsches :Elektronen-Synchrotron D E S Y  . H a m b u r g  

(ricevuto il 12 Dicembre 1972) 

In  the current extensive discussions (*) of 94 theory it is usually taken for granted 
that  the renormalized coupling constant g must be positive. As emphasized previously (2) 
there is no known reason, axiomatic or otherwise, for g >  0 to be required for a 
physically acceptable theory. The feeling that  otherwise the theory cannot have a 
vacuum and particles of discrete mass is not rigorously founded as discussed near the 
end  of this letter. The interesting feature of the theory with g < 0, however, appears 
wor th  pointing out: If one assumes the theory to exist, the large-momenta behaviour 
of its F e y n m a n  amplitudes can be computed at generic momenta to arbitrary accuracy. 
Besides, we find that  the imaginary part  of the four-point vertex function in ~04 theory 
should not change sign in momentum space. 

Consider the vertex functions (**) /~(Pl-. .P~; m2, g). For brevity, we will discuss 
them only for nonexceptional momenta (i.e. for Euclidean momenta with no even 
partial sum of momenta vanishing, for Minkowskian momenta see ref. (4)). Then as 
~t --> co 

(1) F(2Pl  ... AP2~; m2, g) = 0(24-2"( In 2)c) = Fa,(2p 1 ... 2P2n; m2, g) + O(~2-2"(ln 2)d), 

whereby the asymptotic forms (the vertex functions of a certain massless theory) satisfy 

(2) Fas(~Pl  "'" ~P2n; m2, g ) =  ~4-2nFas(Pl  ""  ~O2n; m2, g(~))exp  [--4nfd2' 2'-ly(g(2'))] 
1 

(*) See 6.g., ref. (') ~nd references given there.  
(') K. G. W l ~ o ~ :  CLNS-195, CorneU U., Sept. 1972. 
(') K. SYI~A~ZlK: S~aringer Tracts i~ Moder~ Physics, Vol. 57 (1971), p. 222. 
(**) For  notat ion,  and derivation of the  formulae,  see ref. (8'0. 
(s) K.  S ~ N Z I K :  Comm. Math. Phys., 18, 227 (1970). 
(~) K.  S ~ N Z l K :  Comm. Math. Phys., 23, 49 (1971). See also Repor t  IC]71]137, Trieste. 
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Deep Inelastic Scattering in a Field Theory with Computable 

Large-Momenta Behaviour. 

(]. PAttlSI 

Laborator i  IVaz ional i  d i  F r a s c a t i  del C Z r E N  - F r a s c a l i  

( r i cevu to  il 7 F c b b r a i o  1972) 

In  a r e cen t  p a p e r ( Q  SYMANZIK has  shown  t h a t  in a t h e o r y  cha r ac t e r i z ed  b y  a 

gq~ i n t e r a c t i o n  w i t h  a n e g a t i v e  coupl ing  c o n s t a n t  t h e  b e h a v i o u r  of t h e  G r e e n ' s  f unc t i ons  

in t h e  deep E u c l i d e a n  region (2) can  be  d i r ec t ly  c o m p u t e d  in a p e r t m ' b a t i v e  f a sh ion :  

the  d imens ions  os al l  ~he opera to r s  a re  c a n o n i c a l ;  t he  cor rec t ions  to t h e  l ead ing  t e r m s  

are  a f ac to r  I f logq 2 smal ler .  

T h e  a im  of t h i s  no t e  is to p r o v e  t h a t  in  t h i s  modcl  also t he  de(;p ine las t ic  s t r u c t u r e  

func t i ons  can be  d i r ec t ly  c o m p u t e d  in t h e  B j o r k e n  l imi t  (3). Some gene ra l  s t a t e m e n t s  

can  be  done :  B j o r k e n  sca l ing  (3) a n d  t he  p a r t o n  mode l  (4,~) a re  cam)niea l ly  rea l ized  (~), 

e.g. t he  t o t a l  c ross-sect ion for c+e + a n n i h i l a t i o n  in to  h a d r o n s  is t he  same  as in the  

free field t h e o r y  (v). 

As  a s imple  ~pplica~iou we c o m p u t e  t h e  s t r u c t u r e  func t i on  F2(-)) for  d(:ep ine las t ic  

s c a t t e r i n g  a t  t h e  first  o rder  in  the  coup l ing  c o n s t a n t  ft. I t  is ~mus ing  r no t e  Shat  in  

s t a n d a r d  por t l~rba t ion  t h e o r y  no  d i a g r a m  c o n t r i b u t e s  to  F2(o  ) a t  t h i s  order .  

~Ve br ief ly  r e sume  t h e  resu l t s  of ref. (1). 

In  a c h a r g e d  g ~  field t heo ry ,  if  0 ~ g > g ~ ,  t h e  a s y m p t o t i c a l l y  s t ab le  fixed p o i n t  (s) 

is loca ted  a t  g = 0 a n d  t he  effect ive coup l ing  c o n s t a n t  g(/l) (z) wh ich  appea r s  in t he  

so lu t ion  of t h e  C a l l a n - S y m a n z i k  e q u a t i o n  (9.10), is a s y m p t o t i c  of o rde r  - - 1 f l o g 2 .  T h e  

r eno rma l i z ed  Green ' s  f unc t i ons  of t he  f u n d a m e n t a l  ficld ~ a n d  of t h e  o t h e r  local  ope ra to r s  

a re  a s y m p t o t i c a l  t h e  s ame  as in the  free field t heo ry ,  a p a r t  f rom a mlf l t ip l ica t ive  fac tor .  

C) K. SY~A.~'ZIK: .4 field theory with computable large-momenta behaviour, DESu Preprint 72/68 (1972). 

: )  K. S ~ h ' Z I K :  Comm. Math. Phys., 23, 49 (1971). 

(:) J. D. DJORKEN: Phys. Rev., 179, 1547 (1969). 

(') S.D. DICELL, D. J. LEV~ a~nd Tt)'No Mow ~AN: Phys. Roy. Loll., 22, 744 (1969); Phys. Roy., 187, 

2J59 (1969). 

Q) N. CAnmBO, G. P,tntsr, M. T~:s'rA ~nd A. VERGANELAKIS: Left. N~,ovo Cimenlo, 4, 569 (]970). 

(') G. PATClSI: Phys. Loll., 42 B, 114 (1972). 

(7) N. CABIBI~O, G. PAltJSl and M. TESTA: Loll. Nuovo Cimeuto, 4, 35 (1970). 

(s) K.G.  WILSON and J. KOGUT: The renorlnalization group and the e e, xlOansi~ra, COO 2220-2 (1972); 

Phys. Rep., to be published. 

(J) C. (~. CALLAN j['.: Phys. Roy. /9, 2, 1541 (1970). 

Qo) K. SYMJL.~.'ZIK: Comm. Math. Phys., 18, 48 (1970). 
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Ultraviolet Behavior of Non-Abelian Gauge Theories*
David J.Gross t and Frank Wilczek

Joseph Henry Laboratories, Princeton University, Princeton, Nese J'casey 08540

(Received 27 April 1973)

It is shown that a wide class of non-Abelian gauge theories have, up to calculable loga-

rithmic corrections, free-field-theory asymptotic behavior. It is suggested that Bjorken

scaling may be obtained from strong-interaction dynamics based on non-Abelian gauge

symmetry.
Non-Abelian gauge theories have received much attention recently as a means of constructing unified

and renormalizable theories of the weak and electromagnetic interactions. ' In this note we report on

an investigation of the ultraviolet (UV) asymptotic behavior of such theories. We have found that they

possess the remarkable feature, perhaps unique among renormalizable theories, of asymptotically ap-

proaching free-field theory. Such asymptotically free theories will exhibit, for matrix elements of

currents between on-mass-shell states, Bjorken scaling. We therefore suggest that one should look to

a non-Abelian gauge theory of the strong interactions to provide the explanation for Bjorken scaling,

which has so far eluded field-theoretic understanding.

The UV behavior of renormalizable field theories can be discussed using the renormalization-group

equations, "which for a theory involving one field (say gq') are

[m&/em+ P(g) 8/Sg -ny(g)11",»~"i(g; P„..., P„)=0.

(1)

is the asymptotic part of the one-particle-irreducible renormalized r&-particle Green's function,

P(g) and y(g'j are finite functions of the renormalized coupling constant g, and m is either the renor-

malized mass or, in the case of massless particles, the Euclidean momentum at which the theory is

renormalized. ' If we set P, =Aq, ', whe. re q.o are (nonexceptional) Euclidean momenta, then (1) deter-

mines the A dependence of r "~:r "(g; P,.) = ~'I ~" (g(g, f); q;) exp [-n f, y (g(g, t')) dt'],

(2)

dg/d ~ = P(g), g(g, o) =g.The UV behavior of I" ~ i (A. -+ ~) is determined by the large-f behavior of g which in turn is controlled

by the zeros of P: P(g&)=0. These fixed points of the renormalization-group equations are said to be

UV stable [infrared (IR) stable] if g -g~ as f -+ ~ (—~) for g(0) near g~. If the physical coupling con-

stant is in the domain of attraction of a UV-stable fixed point, then

I' "(g P,) = A~ "& ~&I' " (g q, )exp{-n. f, [y(g(g, f)) —y(gz)]dt];

(4)

where t=lnA. , D is the dimension (in mass units) of I ~"', and g, the invariant coupling constant, is the

solution of

so that y(g&) is the anomalous dimension of the

field. As Wilson has stressed, the UV behavior

is determined by the theory at the fixed point (g

=g,).'
In general, the dimensions of operators at a

fixed point are not canonical, i.e., y(gz) e0. If

we wish to explain Bjorken scaling, we must as-

sume the existence of a tower of operators with

canonical dimensions. Recently, it has been ar-

gued for all but gauge theories, that this can only

occur if the fixed point is at the origin, g&= 0, so

that the theory is asymptotically free." In that

case the anomalous dimensions of all operators

vanish, one obtains naive scaling up to finite and

calculable powers of ink., and the structure of

operator products at short distances is that of

free-field theory. ' Therefore, the existence of

such a fixed point, for a theory of the strong in-

teractions, might explain Bjorken scaling and the

success of naive light-cone or parton-model rela-

tions. Unfortunately, it appears that the fixed

point at the origin, which is common to all theo-

ries, is not UV stable. "The only exception

would seem to be non-Abelian gauge theories,

which hitherto have not been explored in this re-

1343

VOLUME )0, NUMBER 26 PHYSICAL REVIEW LETTERS 25 JUNE 1973

~4Y. Nambu and G. Jona-Lasino, Phys. Rev. 122, 345
(1961); S. Coleman and E.Weinberg, Phys. Rev. D 7,
1888 (1973).
' K. Symanzik (to be published) has recently suggested
that one consider a A. @4 theory with a negative A, to
achieve UV stability at A=0. However, one can show,
using the renormalization-group equations, that in such
theory the ground-state energy is unbounded from below
(S. Coleman, private communication) .

'6W. A. Bardeen, H. Fritzsch, and M. Gell-Mann,
CERN Report No. CERN-TH-1538, 1972 {to be pub-
lished) .
' H. Georgi and S. L. Glashow, Phys. Rev. Lett. 28,
1494 (1972); S.Weinberg, Phys, Rev. D 5, 1962 (1972).
' For a review of this program, see S. L. Adler, in
Proceedings of the Sixteenth International Conference
on High Energy Physics, National Accelerator Labora-
tory, Batavia, Illinois, 1972 (to be published).

Reliable Perturbative Results for Strong Interactions?*

H. David Politzer
Jefferson Physical I.aboxatomes, Hazard University, Cambridge, Massachusetts 02138

(Received 3 May 1973)

An explicit calculation shows perturbation theory to be arbitrarily good for the deep
Euclidean Green's functions of any Yang-Mills theory and of many Yang-Mills theories
with fermions. Under the hypothesis that spontaneous symmetry breakdown is of dynami-
cal origin, these symmetric Green's functions are the asymptotic forms of the physical-
ly significant spontaneously broken solution, whose coupling could be strong.

Renormalization-group techniques hold great
promise for studying short-distance and strong-
coupling problems in field theory. " Symanzik'
has emphasized the role that perturbation theory
might play in approximating the otherwise un-
known functions that occur in these discussions.
But specific models in four dimensions that had
been investigated yielded (in this context) dis-
appointing results. ' This note reports an in-
triguing contrary finding for any generalized
Yang-Mills theory and theories including a wide
class of fermion representations. For these
one-coupling-constant theories (or generaliza-
tions involving product groups) the coefficient
function in the Callan-Symanzik equations com-
monly called P(g) is negative near g=0.
The constrast with quantum electrodynamics

(QED) might be illuminating. Renormalization
of QED must be carried out at off-mass-shell
points because of infrared divergences. For
small e', we expect perturbation theory to be
good in some neighborhood of the normalization
point. But what about the inevitable logarithms
of momenta that grow as we approach the mass
shell or as some momenta go to infinity? In
QED, the mass-shell divergences do not occur
in observable predictions, when we take due
account of the experimental situation. The re-
normalization-group technique' provides a some-
what opaque analysis of this situation. Loosely
speaking, ' the effective coupling of soft photons

goes to zero, compensating for the fact that
there are more and more of them. But the large-
r' divergence represents a real breakdown of
perturbation theory. It is commonly said that
for momenta such that e'1n(p'/m') -1, higher
orders become comparable, and hence a calcu-
lation to any finite order is meaningless in this
domain. The renormalization group technique
shows that the effective coupling grows with mo-
me nta.
The behavior in the two momentum regimes is

reversed in a Yang-Mills theory. The effective
coupling goes to zero for large momenta, but
as p"s approach zero, higher-order corrections
become comparable. Thus perturbation theory
tells nothing about the mass-shell structure of
the symmetric theory. Even for arbitrarily
small g, there is no sense in which the interact-
ing theory is a small perturbation on a free mul-
tiplet of massless vector mesons. The truly
catastrophic infrared problem makes a sym-
metric particle interpretation impossible. Thus,
though one can well approximate asymptotic
Green's functions, to what particle states do
they refer?
Consider theories defined by the Lagrangian

2 = —4Eq,'E'"'+i iy, y D;; g;,
where

s ~ o++f ~&~~ &~ ~
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A D V A N T A G E S  O F  T H E  C O L O R  O C T E T  G L U O N  P I C T U R E  ¢~ H. FRITZSCH*, M. GELL-MANN and H. LEUTWYLER** 

California Institute of Technology, Pasadena, Calif. 91109, USA Received 1 October 1973 
It is pointed out that there are several advantages in abstracting properties of hadrons and their currents from a 

Yang-Mills gauge model based on colored quarks and color octet gluons. In the discussion of  hadrons, and especially of  their 
electromagnetic and weak currents, a great deal of  use 
has been made of a Lagrangian field theory model in 
which quark fields are coupled symmetrically to a neu- 
tral vector "gluon" field. Properties of  the model are 
abstracted and assumed to be true for the real hadron 
system. In the last few years, theorists have abstracted 
not only properties true to each order of the coupling 
constant (such as the charge algebra SU 3 X SU 3 and 
the manner in which its conservation is violated) but 
also properties that would be true to each order only 
if there were an effective cutoff  in transverse momen- 
tum (for example, Bjorken scaling, V-A light cone al- 
gebra, extended V-A-S-T-P light cone algebra with fi- 
nite quark bare masses, etc.). We suppose that the hadron system can be described 

by a theory that resembles such a Lagrangian model. I f  
we accept the stronger abstractions like exact asymp- 
totic Bjorken scaling, we may have to assume that the 
propagation of gluons is somehow modified at high 
frequencies to give the transverse momentum cutoff. 
Likewise a modification at low frequencies may be 
necessary so as to confine the quarks and antiquarks 
permanently inside the hadrons. The resulting picture could be equivalent to that 

emerging from the bootstrap-duality approach (in 
which quarks and gluons are not mentioned initially), 
provided the baryons and mesons then turn out to 
¢, Work supported in part by the U.S. Atomic Energy Com- 

mission. Prepared under Contract AT(ll-I)-68 for the San 
Francisco Operations Office, U.S. Atomic Energy Commis- 
sion. Work supported in part by a grant from the Alfred P. 
Sloan Foundation. * On leave from Max-Planck-Institut ftir Physik und Astro- 
physik, Miinchen, Germany. ** On leave from Institute for Theoretical Physics, Bern, 
Switzerland. 

behave as if they were composed of  quarks and 
gluons. 

We assume here the validity of  quark statistics 
(equivalent to para-Fermi statistics of  rank three, but 
with restriction of baryons to ferrnions and mesons 
to bosons). The quarks come in three "colors",  but 
all physical states and interactions are supposed to be 
singlets with respect to the SU 3 of color. Thus, we do 
not accept theories in which quarks are real, observ- 
able particles; nor do we allow any scheme in which 
the color non-singlet degrees of  freedom can be ex- 
cited. Color is a perfect symmetry.  (We should men- 
tion that even if there is a fourth "charmed"  quark u' 
in addition to the usual u, d, and s, there are still three 
colors and the principal conclusions set forth here are 
unaffected.) 

For a long time, the quark-gluon field theory mod- 
el used for abstraction was the one with the Lagrangian 
density 

L = -?1 [3/~ (0~ - igB~ •o) + M ] q + L B. (1) Here M is the diagonal mechanical mass matrix of  the 
quarks and L B is the Lagrangian density of  the free 
neutral vector field Ba, which is a color singlet. Re- 
cently, it has been suggested [ 1] that a different mod- 
el be used, in which the neutral vector field BAa is a 
color octet (A = 1 ... 8) and we have L = - t7  ['yc~(0,, - i g B A a X  A ) + M]q 

+ L B (Yang-Mills), (2) where ×A is the color SU 3 analog ~'i" In this commu- 
nication we discuss the advantages of  abstracting prop- 
erties of  hadrons from (2) rather than (1). We remember, of course, that the real description 
of hadrons may involve a mysterious alteration of  L B 
to L B or of  LBOf-M ) to La(Y-M), where the new 
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G. 't Hooft / Birth of asymptotic freedom 

work on M~ 4 theory with a negative coupling constant [12]. A natural question for 

me to ask was whether such theories with a non-positive hamiltonian were viable at 

all. A
nd then he explained that this question of course worried him but that perhaps 

this disease could be cured by a remarkable property of his theory. The equation 

]£2------~
 ~k 3 2 ~ k 2  q- O(~k 3 ) 

(3) 

a~2 = 

is solved by 
x 

- "  

(4) 

1 + (3a /32~2) log~  = ' 

so at small distances (/~-* oo) the coupling strength vanishes and the hamiltonian 

would be dominated by the kinetic term which is still p
ositive. 

Nowadays it is
 generally agreed that such arguments are not sufficient to cure this 

theory, but it i
s nevertheless interesting in its own right. I had great joy in informing 

Symanzik of my own findings in gauge theories. There the/3 function (although I 

did not call it that yet) starts out negative naturally: 

f l (g2)  
1 ( ! ~ C l l C 2 N s 2 f 3 N f ) g 4 q _ O ( g 6 )  

(5) 

167r 2 

where N s is the number of scalars and Nf the number of fermions in the elementary 

representation. For SU(2), C1 = 2, C2 = C3 = 1 and for SU(3), C1 = 3. So in SU(2) 

up to 11 fermions are allowed, in SU(3) 16½. 

Symanzik's reply was one of interest but skepticism. It l
ooked too good to be true. 

If true, this result would be very important, he told me, and he advised me to publish 

it soon. I ignored this sensible advice however, because I found it necessary to first 

write down elaborately my methods [13] which deviated from what was then 

conventional. I did mention my result of eq. (5) at the discussion session after 

Symanzik's talk at the conference. 

I must add that at that time I was totally ignorant of strong interaction phenome- 

nology. So I was not aware of an important paper by Parisi [14] in which he 

explained how remarkably well Symanzik's asymptotically free - h 0 4  theory could 

explain the Bjorken scaling properties of the fairly successful patton models for deep 

inelastic scattering. 

Soon afterwards the results of two American groups were announced: Politzer [15] 

had discovered independently the minus sign for gauge theories and stressed in his 

announcement  the importance of now having a calculable perturbative behavior at 

high energies. Gross and Wilczek [16] had also computed /3 for gauge theories. I 

think they first coined the words "asymptotic freedom"*. In any case, they fully 

* But, as Ilio
poulos would remark later, invariably when someone talks about freedom, what he really 

means turns out to be something else... [17]. 
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THE BIRTH OF ASYMPTOTIC FREEDOM 

Gerard 't HOOFT 

Institut voor Theoretische Fysica, Rijksunioersiteit, Utrecht, The Netherlands* 

An account is given of the author's personal perception of the historical developments that 
accumulated into the present understanding of the renormalization group behavior of renormaliz- 
able quantum field theories. 

When I was asked to speak at the special colloquium at DESY to commemorate 
Kurt Symanzik the subject "Asymptotic freedom" was a natural choice to make. For 
my memories of Kurt Symanzik from the time that this notion was developed and 
understood are filled with admiration and gratitude. 

The notion of "renormalization group" was introduced by Peterman and 
Stiackelberg [1] in 1953. What they observed was in modern words the following. 
When a renormalized amplitude is computed as a perturbative expansion in terms of 
some set of coupling constants then this can be seen as a recursive procedure. The 
formally infinite counterterms of the lagrangian that have been introduced to make 
amplitudes finite up to a certain order are used again in the next order diagrams. 
The surviving infinities in the new diagrams can then again be cancelled by new 
local counterterms. 

Now the infinite parts of these counterterms are prescribed, but the finite parts 
can be chosen at will, in principle. Any recipe that prescribes the choice of these 
finite parts is called a regularization procedure. Reformulating the theory in terms of 
the formally infinite bare coupling constants, masses and possibly field renormaliza- 
tion factors is called "renormalization". The transition from one prescription to 
another can be described by substitutions of the form 

g,  = g + a2g  2 + a 3 g 3 . . .  , 

m ' =  m + b , ( m ) g  + b z ( m ) g  2 . . . .  

etc. 

One formalism may use g and m as the fundamental independent variables, another 

* Mailing address: Princetonplein 5, PO Box 80.006, 3508 TA Utrecht, The Netherlands. 
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G 't Hooft, unpublishedProc Colloquium on Renormalization of Yang-Mills Fields
and applications to Particle Physics, 19 Jun 1972, Marseilles, France

Nucl. Phys. B254 (1985), 31
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 theory, are color singlets. We may, if we like, go further and 

lbstract operators with three quark fields, or four quark fields and an 

antiquark field, and so forth, in order to connect the vacuum with baryon 

states. but we still need select only those that are color singlets in order 

to connect all physical hadron states with one another. 

It might be a convenience to abstract quark operators themselves, or 

other non-singlets with respect to color, along with fictitious sectors of 

Hilbert space with triality non-zero, but it is not a necessity. It may not even 

be much of a convenience, since we would then, in describing the spatial and 

temporal variation of these fields, be discussing a fictitious spectrum for 

each fictitious sector of Hilbert space, and we probably 4on't want to load 

ourselves with so much spurious information. 

We might eventually abstract from the quark-vector- gluon field theory 

model enough algebraic information about the color singlet operators in the 

model to describe all the degrees of freedom that are present. 

For the real world of baryons and mesons. there must be a similar algebraic 

system, which may differ in some respects from that of the model, but which is 

in principle knowable. The operator  could then be expressed in terms of 

this system, and the complete Hilbert space of baryons and mesons would be 

a representation of it. We would have a cOIDp'lete theory of the hadrons and 

their currents, and we need never mention any operators other than color 

Now the interesting question has been raised lately whether we should 

regard the gluone as well as the quarks as being non-singlets with respect 

to  For example, they could form a color octet of neutral vector fields 

obeying the Yang-Mills equations. (We must, of course, consider whether it 

is practical to add a common mass term for the gluon in that case - such a 

mass term would show up physically as a term in  other than the quark bare 

-139 -
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Birth of QCD
Watergate Break-in 17th June 1972

May 11, 1974: Fermilab Dedication

9th August, 1974
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Beta function
❖ Running of the QCD 

coupling  is determined 
by the  function, which 
has the expansion

❖  (April/May 1973)

❖ The first two coefficients 
 are invariant under 

scheme change.

αs
β

β(αs) = − bα2
s (1 + b′ αs) + O(α4

s )

b =
(33 − 2nf )

12π

b, b′ 

1loop:      Politzer, Gross-Wilczek
2loop:                      Caswell, Jones
3loop:     Tarasov et al, Larin et al
4loop:     Ritbergen et al, Czakon
5loop:   Baikov et al, Herzog et al
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Acceptance of QCD
❖ Asymptotic freedom gave one the ability to immediately calculate a limited 

number of quantities in strong interactions, based on operator product 
expansion.

❖ Approximate scaling in Deep-Inelastic scattering, Gross-Wilczek, Georgi-Politzer

❖  total cross section, Appelquist-Georgi, Zee

❖  rule, Gaillard-Lee, Altarelli-Maiani

❖ However acceptance of the new theory was  not immediate.

e+e−

ΔI =
1
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The problem of going beyond the leading logarithmic approximation in QCD for 
leptoproduction and Drell-Yan processes is considered. All the coefficient functions for 
leptoproduction are evaluated to order as(Q 2) (apart from two-loop corrections to loga- 
rithmic exponents). Existing calculations are thus completed and in part corrected. Par- 
ticular attention is given to the constraint imposed by the validity at all Q2 of the Adler 
sum rule. The question of a convenient definition of effective parton densities appropri- 
ate at this level of accuracy is discussed. Phenomenological eonsequences for leptopro- 
duction are considered with special emphasis on the problem of extraction from the data 
of the small sea densities which are particularly sensitive to the corrections. The modifica- 
tions of the Drell-Yan formula relevant for proton-nucleus processes are also explicitly 
calculated to order as(Q2). 

1. Introduction 

The gauge theory of colored quarks and gluons (QCD) ** is at present the best 
candidate for a fundamental theory of the strong interactions. The asymptotic free- 
dom of QCD offers a natural explanation for the approximate validity of Bjorken 
scaling in the deep inelastic region of leptoproduction. However even in this limit 

* This work is supported in part through funds provided by the US Department of Energy 
(DOE) under contract EY-76-C-02-3069. 

** See, for example, the reviews of ref. [ 1 ]. 
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Quark elashc scattering as a source of high-transverse-momentum mesons*

R. D. Field and R. P. Feynman
California Institute of Technology, Pasadena, California 91125

(Received 20 October 1976)

Vfe investigate the consequences of the assumption that the hjtgh-transverse-momentum parti-
cles seen in hadron-hadron collisions are produced by a single, hard, large-angle elastic scat-
tering of quarks, one from the target and one from the beam. The fast outgoing quarks are as-
sumed to fragment into a cascade jet of hadrons. The distributions of quarks in the incoming
hadrons are determined from lepton-hadron inelastic scattering data, together with certain
theoretical constraints such as sum rules, etc. The manner in which quarks cascade into had-
rons is determined from particle distributions seen in lepton-hadron and lepton-lepton colli-
sions supplemented by theoretical arguments. The quark elastic scattering cross section is
parametrized in a purely phenomenological way and the choice da/d t = 2.3&& 10 /(—st 3) pb GeV
gives a reasonable fit to all the data for hadron+hadron-meson+anything for P~~2 GeV/&.
Many predictions do not depend sensitively on the exact form for &o/dt and therefore test
our basic assumption. The data examined include single-particle production inPP collisions
at various energies and angles. Particle ratios (7t, ~,E',A, and g) are predicted and dis-
cussed. In addition, the ratio of production of ~ 's by beams of 71' and protons on a proton
target is explained. %'ith this model we have found no serious inconsistency with data, but
several predictions for charge ratios and beam ratios at other angles are presented that
have yet to be tested experimentally.

I. INTRODUCTION

When hadrons collide at high energy most of the
energy appears in many particles moving in the
directions of the original momenta with only a
small transverse momentum (p ) =0.35 GeV.
There are, however, a few hadrons of unusually
high transverse momenta. When this was first
discovered it was hoped that they arose from an
intimate hard collision between the constituent
partons of the colliding hadrons. Their study could
therefore lead to a deeper understanding of the
short-distance behavior of the fundamental strong
forces. However, this plan has so far been frus-
trated by two features. First, the expectation
from all field theories (and there is no other con-
sistent relativistic formulation ot quantum theory)
suggests that the cross sections with all momenta
scaled in the same proportion should fall off with
p~ nearly as p~ (with possible logarithmic mod-
ifications), whereas experimentally the behavior
'is closer top~ '.
Because of this, many theorists have suggested

that we are not yet observing the fundamental in-
teraction between partons, but some other more
complex mechanism —and only at much larger en-
ergies will the expected p 4 appear (after the
other mechanism, falling asp, ', has fallen away).
There is no consensus on what this other me-
chanism, which is operating in the present experi-
mental region, might be; very many theories are
available.
The second frustrating feature is that the ob-

served large-p particles need not be particles

which are originally directly driven out, but may
be the result of a disintegration or fragmentation
of these originals. Interpretation of the data then
needs considerable theoretical analysis requiring
many assumptions of mechanism and decay func-
tions. This makes it difficult, in any comparison
to experiment, to judge from a fit whether the
mechanism proposed by the theory is verified, or
merely that the many possible unknown functions
have been cleverly adjusted to fit.
We have no easy solution to these difficulties.

In fact, after trying phenomenologically to test
and distinguish some of the various models we
have become unusually sensitive to these frustra-
tions. We feel the only way out is a long hard job.
One must take some one model and test it against
everything experimentally available at the same
time. Then if it succeeds, or can be adjusted to
succeed so far, make as definite predictions as
possible for experiments soon to come—indicating
those which, if not fulfilled, will prove the model
wrong. Only in that way can models be eliminated
and progress made. In this paper we shall begin
this work starting with one particular model.
The model we shall choose is not a popular one,

so that we will not duplicate too much of the work
of others who are similarly analyzing various
models (e.g. , constituent-interchange model, mul-
tiperipheral-type models, etc.). We shall assume
that the high-p~ particles arise from direct hard
collisions between constituent quarks in the in-
coming particles, and in a fundamental quark,
+quark~-quark, +quark, elastic collision the
primary outgoing high-p~ particles are quarks

QUARK ELASTIC SCATTERING AS A SOURCE OF. . . 2591

(in fact, of the same flavor as the quarks that
came in}, which fragment or cascade down into
several hadrons. This is illustrated in Fig. 1.
We disregard the theoretical argument that this
elastic cross section [which we write as do/
dt(s, t), where s and t are the s, t invariants for
the quark collision] must vary as s 'f (t/s) and,
instead, leave it as an unknown function to be de-
termined empirically by the data. It will vary
more like s ~y (t/s) with ~ about 4.
We shall need the distributions G„,(x) of quarks

q in the initial hadrons; for protons and neutrons
this is given to a large extent by deep-inelastic
ep (or pp) scattering data. Also, we shall need to
know what the chances, D,"(z), are that a quark q
going out at Large momentum disintegrates into
various kinds of hadrons, pg, with a fraction g of

{a)
Dq (z)
h

h

G~ (x)

(b)
q

Dq(Z)

q

Dh~~a( aj (

=(o+b» c+~)cl 0

~ dt
br

GB~b(xb)

FIG. 1. (a) Quark-parton-model mechanism for single-
hadron production in lepton-hadron processes. (b) Quark-
parton-model mechanism for single-hadron production
in e+e annihilation. (c) Illustration of the common un-
derlying structure of constituent or "hard-scattering"
models for hadron-hadron collisions. The large-trans-
verse-momentum reaction A +B 8+X is assumed to
occur as a result of a single large-angle scattering of
constituents a+b c+d, followed in general by the de-
cay or fragmentation of c into the observed particle h.
We further hypothesize that the dominant basic sub-
process is the elastic scattering of quarks (q, + q~
-a'g + eg, ).

the original momentum of the quark. This is given,
in principle, by the hadrons produced by the re-
coiling quarks in deep-inelastic neutrino proton
scattering. Unfortunately, in both cases the data
are incomplete and must be supplemented by the-
oretical arguments that require much discussion.
This first paper deals primarily with these func-
tions G„,(x) and D,"(g) and with the behavior of
outgoing particle and incoming beam ratios for
Large-p, single-particLe production. We examine
various forms for dp/dt and make predictions that
are insensitive to its detailed form. Since the be-
havior of G„,(x) and D,"(z) is inferred from lepton-
hadron and lepton-lepton processes, much of this
first paper can be viewed as an attempt to pre-
dict properties of hadron-hadron collisions from
information gained studying lepton-initiated re-
actions. A subsequent paper will investigate ex-
perimental quantities that depend more strongly
on the precise form of dg/dt (e.g. , two-particle
correlation data in large-p„hadron collisions).
Then it will be necessary to include the effects of
the transverse momentum spread of the quarks
within the hadrons and of the hadrons that frag-
ment from quarks. These effects have little in-
fluence on the results of the present paper and we
have omitted them in our calculations reported
here.
We are fully aware that all partons are not

quarks, that half the momentum of the proton is
something else (gluons?). And there is no good
reason to exclude the possibility that some of the
high-p~ particles could result from gluon inter-
actions. We are also aware that there is no good
reason for the quark-quark cross section to vary
as s 4. But we must start somewhere and we have
chosen to start here. Let us see what experiments
might exclude our specific choice, and indicate
the presence of gluons, or some different model
entirely.
Before we begin, however, we must say ahead

of time in what region we expect our theory to hold.
We must be careful, because we do not wish to be
embarrassed later by appearing to think up an ex-
cuse as to why something does not fit. We expect
to allow, generally, any data outside the low-p~
main collision (for example, outside the low-p~
"pionization'* region) with enough momentum that
our ubiquitous approximations of relativistic quarks
and scaling hold. We take this to mean simply the
condition p, ~2 GeV/c, although we can guess that
down to 1.5 GeV/c it may still work fairly well.
There is one situation where this may be insuf-
ficient. If we are calculating something of par-
ticularly low probability that is easy to find in
the main Low-p~ part of the collision, we may have
to go a little farther out in p~ before the "back-

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.8.3633
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.9.416
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.8.4000
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.8.4038
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.33.108
https://www.sciencedirect.com/science/article/pii/0370269374900604?via=ihub


Plotting αs

41 9. Quantum Chromodynamics

Table 9.1: Unweighted and weighted pre-averages of –s(m2

Z) for each sub-
field in columns two and three. The bottom line corresponds to the com-
bined result (without lattice gauge theory) using the ‰

2 averaging method.
The same ‰

2 averaging is used for column four combining all unweighted
averages except for the sub-field of column one. See text for more details.

averages per sub-field unweighted weighted unweighted without subfield
· decays & low Q

2 0.1173 ± 0.0017 0.1174 ± 0.0009 0.1177 ± 0.0013
QQ̄ bound states 0.1181 ± 0.0037 0.1177 ± 0.0011 0.1175 ± 0.0011
PDF fits 0.1161 ± 0.0022 0.1168 ± 0.0014 0.1179 ± 0.0011
e

+
e

≠ jets & shapes 0.1189 ± 0.0037 0.1187 ± 0.0017 0.1174 ± 0.0011
hadron colliders 0.1168 ± 0.0027 0.1169 ± 0.0014 0.1177 ± 0.0011
electroweak 0.1203 ± 0.0028 0.1203 ± 0.0016 0.1171 ± 0.0011
PDG 2023 (without lattice) 0.1175 ± 0.0010 0.1178 ± 0.0005 n/a

αs(mZ
2) = 0.1180 ± 0.0009

August 2023

α s
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Figure 9.5: Summary of determinations of –s as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
–s(m2

Z) = 0.1180 ± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

weighted fits with our standard procedure in columns two and three of Table 9.1. We observe
that the weighted averages are rather close to the unweighted ones. However, the uncertainties
become significantly smaller. This approach may be too aggressive as it ignores the correlations
among the data, methods, and theory ingredients of the various determinations. We feel that the
uncertainty of ±0.0005 is an underestimation of the true error. We also note that in the unweighted
combination the estimated uncertainty for each sub-field is larger than the spread of the results as
given by the standard deviation. In the weighted fit this crosscheck fails in four out of six cases.

The last several years have seen clarification of some persistent concerns and a wealth of new
results at NNLO, providing not only a rather precise and reasonably stable world average value

1st December, 2023

PDG

A better way to plot?

HEAVY-QUARK POTENTIAL IN SU(3) LATTICE GAUGE. . .

0.0—

tential to heavy-quark spectroscopy.
We now turn to fits restricted to large or small values of

x. The value x=0.5 divides the data approximately in
half, and we use it as a boundary between "small" and
"large" x. Taking first the small-x region, a fit restricted
to x (0.5, gives a =0.187+0.004 and Ao/+X
=0.0072+0.0001. The smaller value of a found here
compared to the global fit shows a hint of asymptotic
freedom. The trend continues when the x interval is re-
stricted further. For example, for x &0.3, the correspond-
ing results are a =0.177+0.005 and Ao/+K=0.0059+0.0005.
The formula for V from two-loop perturbation theory is

16vr
1

102 ln(L)
33RL 121 L (7)

—2.0—

0.5 1.0 1.5

FIG. 3. Linear-plus-Coulomb fit to V.

not in the interpolation interval). So far only the R =a
and R =2a data have been used. If scaling is working, us-
ing the values of Vo(P) just found should map all the data
onto a scaling curve which represents the continuum po-
tential in dimensionless form. The results are shown in
Fig. 2. The quality of the scaling appears to be good and
gives some ex post facto justification for our assumptions.
Although it was appealing to use the force to eliminate

Vo(P), similar final results would have been obtained if we
simply fitted for the Vo(P) which gave the best scaling
curve. Thus, the basic assumption being tested is that
scaling itself is working to a good approximation even at
these large values of g and small values of R.

where L =2ln(1/AzR), and the renormalization scheme
is such that the potential defines the running coupling
constant. The corresponding A parameter introduced by
Kovacs is Az ——82.065Ao. The effective coupling deter-
mined by perturbation theory is very similar to that from
our fits to the Monte Carlo data. For example, defining a
as the coefficient of 1/R in Eq. (7), we get a=0. 190 at
x =0.1005, the smallest Monte Carlo x value. Ho~ever,
perturbation theory alone does not describe the small-x
data. This is seen in Fig. 4 where we plot two-loop pertur-
bation theory from Eq. (7) versus the data, adjusting a
constant so the two agree at x =0.1005. The discrepancy
widens if renormalized perturbation theory is replaced by
simple one-gluon exchange, the values of K from the latter
being too small by at least a factor of 2. An interesting
possibility is that the small-x data could be well described

IV. FITS TO THE POTENTIAL 0.0—

An excellent global description of the data is given by a
simple linear-plus-Coulomb form,

V(R) =KR—a/R,
or in dimensionless units,

V=Ax —o, /x,

(5)

(6)

-1.0—

where K=A (Aob ), and we will quote Ao/+K to be con-
sistent with the usual practice in treating the linear term
in the potential. The fit shown in Fig. 3 gives
a=0.206+0.003, and Ao/+. K =0.0097+0.0003 for the
parameters of Eq. (5). Since the fit is not restricted to
large or small x, a and K are only an effective coupling
and string tension, respectively. Other forms for the po-
tential such as the 2+Bx form of Martin do not give
good fits and the linear-plus-Coulomb form would be the
natural one to use in app1ying the pure-gauge-theory po-

—2.0—

{

0.5 1.0
i

1.5
FICy. 4. Two-loop perturbation theory vs V.

X

Stack

Heavy quark potential from 
lattice gauge theory, fitted to 

linear +coulomb potential

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.29.1213


Extension beyond processes governed 
by operator product expansion



Infrared safety
❖ In the 1977 paper of Sterman and Weinberg a final state is classified as 

two-jet like if all but a fraction  of the energy is contained in a pair of 
cones of half-angle .

❖

❖ The jet measure proposed by Sterman and Weinberg was not important 
for itself, but because it established the zero-mass limit as a diagnostic for 
perturbative calculability. 

❖ An observable is infrared and collinear safe if, 
in the limit of a collinear splitting, or the emission of an infinitely soft 
particle, the observable remains unchanged.

ϵ
δ

f2 = 1 − 8CF
αs

2π {ln
1
δ [ln ( 1

2ϵ
− 1) −

3
4

+ 3ϵ] +
π2

12
−

7
16

− ϵ +
3
2

ϵ2 + O(δ2 ln ϵ)}

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.39.1436


IR safety 

❖ PRL reconsidered after the acceptance of papers 
exploiting infrared safety by Farhi (thrust) and by 
Georgi & Machacek (spherocity), both listed as received 
on Sept. 26, 1977. 

George Sterman 
50 years of Quantum Chromodynamics

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.39.1587
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.39.1237
https://indico.cern.ch/event/1276932/timetable/#20230912.detailed


Jet structure: IR safe sequential recombination algorithms

❖  Calculate the distances between particles: 

❖ Calculate the beam distances: ;

❖ Combine particles with smallest distance or, if diB is smallest, 
call it a jet;

❖ Find again smallest distance and repeat procedure until no 
pseudo-particles are left.

dij = min(k2p
Ti , k2p

Tj )
Δy2 + Δϕ2

R2

diB = k2p
Ti



Sequential recombination algorithms

❖

❖ p=1 (inclusive  algorithm)

❖ Soft particle  means that  ⇒ clustered first, no effect on jets 
Collinear particle  means that  ⇒ clustered first, no effect on jets

❖ p=0

❖ Soft particle  can be new jet of zero momentum ⇒ no effect on hard jets 
Collinear particle  means that  ⇒ clustered first, no effect on jets

❖ p<0 (anti-  algorithm)

❖ Soft particle  means d →∞ ⇒ clustered last or new zero-jet, no effect on hard jets                                                                                                                                                   
Collinear particle  means that  ⇒ clustered first, no effect on jets

dij = min(k2p
Ti , k2p

Tj )
Δy2 + Δϕ2

R2

kT

(kT → 0) d → 0
(Δy2 + Δϕ2 → 0) d → 0

(kT → 0)
(Δy2 + Δϕ2 → 0) d → 0

kT

(kT → 0)
(Δy2 + Δϕ2 → 0) d → 0



 and Anti-kTkT

❖  algorithm: motivated by QCD 
branching structure

❖ Anti- : hard particles cluster 
first; if no other hard particles are 
close by, the algorithm will give 
perfect cones

❖ Some what ironic that anti-  
algorithm leads to conical jets.

kT

kT

kT

Salam, Towards Jetography
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Factorization



Asymptotic freedom expands it scope
❖ The publication of the DGLAP equation Altarelli-Parisi 1977,   Dokshitser  

(Sov. Phys. JETP, 46,641) with its physical picture of parton evolution, 
raised the issue of whether the Drell-Yan model could be 
extended to QCD.

❖ Politzer (1977) deserves credit for outlining the factorization 
idea. 

❖ Unlike in the parton model, the transverse momentum is 
now unbounded. 

❖ Transverse momentum in Drell-Yan processes (APP) and 
AEM (1979) followed Politzer’s lead regulating collinear/
soft singularities by continuing off-shell, (which turned out 
to be a tricky procedure).

cf, Sachrajda, 2/1978 - Lepton pair production and the Drell-Yan formula in QCD

https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/0550-3213(77)90197-3
https://doi.org/10.1016/0370-2693(78)90805-5
https://doi.org/10.1016/0550-3213(78)90067-6
https://doi.org/10.1016/0370-2693(78)90831-6


Collinear factorization

❖ QCD factorization should hold for inclusive quantities Collins,Soper,Sterman

❖ DIS: 

❖ Semi-inclusive e^+ e^- annihilation: 

❖ Drell-Yan processes: 

❖ Inclusive jet production: 

❖ Heavy quark production: 

e + A → e′ + X

e+ + e− → A + X

A + B → (μ+ + μ−, W, Z ) + X

A + B → jet + X

A + B → heavy quark(mQ ≫ Λ) + X

σ(P1, P2) = ∑
i, j

∫ dx1 ∫ dx2 fi(x1, μ2) fj(x2, μ2) ̂σij(p1, p2, αs(μ2), Q2/μ2) + O(1/Q2)

Universal parton distributions Hard scattering cross section

https://arxiv.org/abs/hep-ph/0409313


Non-global effects
❖ Real physical measurements are not inclusive, because of limited 

detector acceptance and vetoes imposed to identify jet signatures.

❖ In proton-proton collisions Glauber (Coulomb) phases can spoil 
the cancellation of collinear singularities in soft observables giving 
rise to super-leading logarithms, ) where  is jet-
veto scale;  Forshaw, Kyrieleis, Seymour  

❖ Thus for gap-between-jets cross-sections we get super-leading logs

❖

❖   Summing the effects of  Glauber gluons (alternating series) we 

have,     

L = ln(Q /Q0 Q0

σSLL ∼
αs L
π Nc ( Nc αs

π
π2)

∞

∑
n=0

c1,n ( Nc αs

π
L2)

n+1

≡
αs L
π Nc

wπ

∞

∑
n=0

c1,nwn+1 ,

σSLL+G ∼
αs L
π Nc

∞

∑
ℓ=1

∞

∑
n=0

cℓ,n wℓ
π wn+ℓ , 10 20 30 40 50
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Figure 2: Numerical estimates of the impact of the Glauber series on gg ! qq̄ (top row) and
gg ! gg (bottom row) small-angle scattering as a function of the jet-veto scale Q0. The
figures on the left show the all-order result obtained with three di↵erent choices for the scale
µ̄ in the coupling. The figures on the right show the contributions of individual Glauber-
phase pairs for µ̄ =

p
QQ0, with all large double logarithms resummed. Dashed lines show

the corresponding curves in the SLL approximation (` = 1). In all plots Q = 1TeV and
�Y = 2.

4.1 Numerical estimates for 2 ! 2 processes

For 2 ! 2 processes, the leading-order hard functions have, in general, a non-trivial depen-
dence on the kinematic variables. In the small-angle limit, these processes are dominated
by the t- or u-channel exchange. For gg ! qq̄ and gg ! gg scattering the cross section is

23

Boer, Hager, Neubert, Stillger, Xu (2023) 

w =
Nc αs

π
L2, wπ =

Nc αs

π
π2

 effects for 
 jet veto cuts in 

small angle gluon-gluon 
scattering

O(7%)
O(20 GeV)

Time to start treating violations of factorization as a feature, 
rather than a bug

https://arxiv.org/abs/hep-ph/0604094
https://arxiv.org/abs/2311.18811


Amplitudes



 Spinor techniques

❖ Weyl spinors

❖ Explicitly we find in terms of the 
components of ,pμ = (p0, p1, p2, p3)

γμ = ( 0 σμ

σ̄μ 0 ) , (μ = 0,3) γ5 = iγ0γ1γ2γ3 = (−1 0
0 +1)

σ1 = (0 1
1 0), σ2 = (0 −i

i 0 ), σ3 = (1 0
0 −1)

σμ = (1, σi), σ̄μ = (1, − σi)

pμγμ = ( 0 p ·αβ

pα ·β 0 ),

p ·αβ = ( p− −p̄⊥

−p⊥ p+ ), pα ·β = (p+ p̄⊥
p⊥ p−), where p± = p0 ± p3, p⊥ = p1 + ip2, p̄ ⊥ = p1 − ip2 .

Weyl 
representation

Lance Dixon, Calculating Scattering Amplitudes Efficiently,     Elvang and Huang, Scattering amplitudes

https://arxiv.org/abs/hep-ph/9601359
https://arxiv.org/abs/1308.1697


Spinor products 
❖ Take all particles to be 

outgoing.

❖ So we need outgoing 
particles  and 
outgoing antiparticles 

❖ Spinor products, 

❖ Gluon polarizations require 
an auxiliary light-like 
vector 

ū±(p)
v±(p)

⟨ij⟩[ ji] = 2pi ⋅ pj

b

ū±(p)pμγμ = 0, ū−(p) = ( 0 , ⟨p |β )
ū+(p) = ([p | ·β , 0)

pμγμ v±(p) = 0 v−(p) = ( 0
|p⟩α), v+(p) = ( |p]

·α

0 )
ū−(pi)v−(pj) = ⟨i |α | j⟩α = ⟨ij⟩,ū+(pi)v+(pj) = [i | ·β | j]

·β = [ij],

Dotted (undotted) indices come together with an  south-west, north-east, (north-west, south-east) 
summation convention, which is neatly handled by the angle and square bracket notation.

εμ
+(k, b) =

[k |γμ |b⟩

2⟨bk⟩
, εμ

−(k, b) =
⟨k |γμ |b]

2[kb]
⟨ij⟩ ∼ 2pi ⋅ pj

Calkul,  Xu, Zhang and Chang

https://www.sciencedirect.com/science/article/pii/037026938191025X
https://www.sciencedirect.com/science/article/pii/0550321387904792?via=ihub


Maximal Helicity Violating amplitudes
❖  colour sub-amplitudes defined in 

terms of traces of fundamental SU(3) matrices

❖   and 
  

)

❖ Maximal helicity violating amplitude has a 
simple form for all 

❖ Simple expression for m=3 (in complex 
kinematics) and m=4

❖ The “Little group” is the group of 
transformations that leave the momentum of 
an on-shell particle invariant, i.e for a massless 
particle rotation in xy plane= SO(2)=U(1) 

(m − 1)!

Atree
m (1+,2+,3+, …m+)

Atree
m (1−,2+,3+, …m+) = 0

(εi ⋅ εj = 0 for all i, j

m

|p⟩ → t |p⟩, |p] = t−1 |p]

𝒜tree
m (1,2,3,…m) = gm−2 ∑

𝒫(2,3,…m)

Tr[tA1tA2tA3⋯tAm] Atree
m (1,2,3,…m)

Atree
m (1−,2−,3+, …m+) = i

⟨12⟩4

⟨12⟩⟨23⟩…⟨m1⟩

Atree
4 (1−,2−,3+,4+) = i

⟨12⟩4

⟨12⟩⟨23⟩⟨34⟩⟨41⟩

Atree
3 (1−,2−,3+) = i

⟨12⟩4

⟨12⟩⟨23⟩⟨31⟩
Atree

3 (1+,2+,3−) = i
[12]4

[12][23][31]

Angle and square spinors for Weyl spinor scale as  for t−2h h = ± 1
2

Parke-Taylor

Berends-Giele

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.56.2459
https://www.sciencedirect.com/science/article/pii/0550321388904427?via=ihub


Tree-level gluon amplitudes

❖ Colour decomposition

❖ However these amplitudes are not all 
independent, Kleiss-Kuijf, DDM

❖ Further reduction in independent 
amplitudes, because of BCJ relations.       

 are colour factors subject to Jacobi 
identity,  kinematic factors, satisfying 
the same algebra as color factors, , 
ordinary Feynman propagators.

cj
nj

dij

𝒜tree
m (1,2,3,…m) = gm−2 ∑

𝒫(2,3,…m)

Tr[tA1tA2tA3⋯tAm] Atree
m (1,2,3,…m)

𝒜tree
m = gm−2 ∑

σ∈Sm−2

(FAσ2 ⋯ FAσ3)1m Atree
m (1,σ2, …σm−1, m)

(m − 1)!

(m − 2)!

(m − 3)!𝒜tree
m = gm−2 ∑

j

cj nj

∏ij
dij

Sum over j runs over distinct m-point graphs 
with only three point vertices

Review of BCJ and double copy results

https://www.sciencedirect.com/science/article/pii/0550321389905749?via=ihub
https://arxiv.org/abs/hep-ph/9910563
https://arxiv.org/abs/0805.3993
https://arxiv.org/abs/2203.13013


Explicit forms for MHV 4-gluon amplitude
Ast = Atree

4 (1−,2−,3+,4+) =
ns

s
−

nt

t

Atu = Atree
4 (1−,3+,2−,4+) =

nt

t
−

nu

u

Aus = Atree
4 (1−,2−,4+,3+) =

nu

u
−

ns

s

= − i
⟨12⟩4

⟨12⟩⟨23⟩⟨34⟩⟨41⟩
= i

⟨12⟩2[34]2

st

= − i
⟨12⟩4

⟨13⟩⟨32⟩⟨24⟩⟨41⟩
= i

⟨12⟩2[34]2

tu

= − i
⟨12⟩4

⟨12⟩⟨24⟩⟨43⟩⟨31⟩
= i

⟨12⟩2[34]2

su

BCJ relation: st Ast = ut Atu = su Aus

Parke-Taylor

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.56.2459


Additional simplifications: BCJ for 4 point diagrams

cs = fA1A2B fBA3A4

cs + ct + cu = 0

𝒜4 = g2 ( nscs

s
+

ntct

t
+

nucu

u )

ct = fA1A4B fBA2A3

Jacobi Identity:

cu = fA1A3B fBA4A2

Full amplitude can be written in a form 
where kinematic part obeys the same 

algebra as the color part

cs + ct + cu = 0 ⟹ ns + nt + nu = 0

  𝒜4 = g2 ( nscs

s
+

ntct

t
+

nucu

u ) = g2[csAst − cuAtu]

Bern, Carrasco, Johansson

gluon-gluon 
scattering

https://arxiv.org/abs/0805.3993


MHV - Graviton Scattering

❖ Double copy result   

❖ In agreement with BGK  (1988) result 

❖  and 

ℳ(1−,2−,3+,4+) = ( κ
2 )

2

[ n2
s

s
+

n2
t

t
+

n2
u

u ]

ℳ(1−,2−,3+,4+) = − ( κ
2 )

2 ⟨12⟩7s
N(4) ⟨34⟩

N(4) = ⟨12⟩⟨13⟩⟨14⟩⟨23⟩⟨24⟩⟨34⟩ κ = 32πG

= − ( κ
2 )

2

[s Ast Aus]

Kawai, Lewellen, Tye

https://www.sciencedirect.com/science/article/pii/0370269388908131?via=ihub
https://www.sciencedirect.com/science/article/pii/0550321386903627?via=ihub


 BCFW-combining on-shell amplitudes

❖ Continue to complex 
momenta, such that

, ̂p2
1 = ̂p2

4 = 0
̂p1 + ̂p4 = p1 + p4

| 1̂] = |1] − z |4]
| 4̂⟩ = |4⟩ + z |1⟩

A3(− ̂P−, p+
3 , ̂p+

4 ) = − i
[34]3

[4 | ̂P][ ̂P |3]
A3( ̂P+, ̂p−

1 , p−
2 ) = − i

⟨12⟩3

⟨2 ̂P⟩⟨ ̂P1⟩

A(z) = A3(− ̂P−, p+
3 , ̂p+

4 )
i

̂P2(z)
A3( ̂P+, ̂p−

1 , p−
2 ) where P = p3 + ̂p4

A(z) = − i
[34]3⟨12⟩3

⟨1 | ̂P |3] ⟨2 | ̂P |4]
1
̂P2(z)

has a simple pole at z0

⟨1 | ̂P |3] = ⟨14⟩[43], ⟨2 | ̂P |4] = ⟨23⟩[34], ̂P2(z) = [43]⟨31⟩ (z + z0), z0 = ⟨34⟩/⟨31⟩

A(0) = − i
⟨12⟩3

⟨23⟩ ⟨34⟩ ⟨41⟩

̂p4 =
1
2

[4 |γμ | 4̂⟩ =
1
2

[4 |γμ | 4̂⟩ +
z
2

[4 |γμ |1⟩

̂p1 =
1
2

⟨1 |γμ | 1̂] =
1
2

⟨1 |γμ |1] −
z
2

⟨1 |γμ |4]

by Cauchy A(z) =
ci

(z − z0)
⟹ A(0) = −

ci

z0BCFW

https://arxiv.org/abs/hep-th/0501052


Spinor techniques for massive particles
❖ If amplitudes purport to be a complete description, it is 

necessary to be able to handle massive particles.

❖ For massive particles we can go to the rest-frame, where the 
little group is .

❖ In a general frame 

❖ Arkani-Hamed et al define spin-spinors with an SU2(2) index ,

❖

O(3) ≡ SU(2)

I

λI
α = |pI⟩α = P− (−s*

c ), λ̃I ·α = [pI | ·α = P− (−s
c ) for I = 1

Arkani-Hamed et al

λI
α = |pI⟩α = P+ (c

s), λ̃ ·α I = [pI | ·α = P+ ( c
s*) for I = 2

pμ = (E, P sin θ cos ϕ, P sin θ sin ϕ, P cos θ), P± = E ± P

c = cos(
θ
2

), s = sin(
θ
2

)exp(iϕ), s* = cos(
θ
2

)exp(−iϕ)

https://arxiv.org/abs/1709.04891


Examples for Top production
❖ Simple results for massive amplitudes

❖ the two primitive leading-colour 
amplitudes are given by,

−iA3(1Q,3−, 2Q̄) = −
⟨12⟩⟨q |1 |3]

m⟨q3⟩

−iA3(1Q,3+, 2Q̄) = −
⟨12⟩⟨q |1 |3]

m⟨q3⟩

-iA4(1Q,3+
g ,4+

g , 2Q̄) = m
[34]
⟨34⟩

⟨12⟩
(s13 − m2)

−iA4(1Q,3+
g ,4−

g , 2Q̄) =
⟨4 |1 |3]([13]⟨42⟩ + ⟨14⟩[32])

(s13 − m2)s34

see also Ellis & CampbellHelicity amplitudes for QCD with massive quarks, OchirovHelicity amplitudes for QCD with massive quarks, Ochirov

https://arxiv.org/abs/2309.03323
https://arxiv.org/abs/1802.06730
https://arxiv.org/abs/1802.06730


NLO (in hadron-hadron reactions)



The beginning…

❖ Lederman credits Yamaguchi and Okun for 
suggesting lepton pair processes.

❖ “As seen both in the mass spectrum and the 
resultant cross section there is no forcing evidence of 
any resonant structure.”

❖ “Indeed, in the mass region near 3.5 GeV/c2, the 
observed spectrum may be reproduced by a 
composite of a resonance and a steeper continuum.”

8th September 1970

❖ Drell and Yan had 
seen the Christenson 
et al data at the 
spring APS meeting

https://inspirehep.net/files/239e4f5c80f786d2298f56b0c35e5bae


Drell-Yan
❖ Drell and Yan (1970) showed that the parton model could 

be derived if the impulse approximation was valid.

❖ To accomplish this, they had to impose a transverse 
momentum cut-off for the particles that appeared in the 
quantum field theory.

❖ Rapid fall-off of the cross section, despite the fact that the 
partons were point-like particles (in contrast to DIS).

dσ
dQ2

=
4πα
3Q2

1
Q2

ℱ(τ) =
4πα
3Q2

1
Q2 ∫

1

0
dx1 ∫

1

0
dx2 δ(x1x2 − τ)∑

a

λ−2
a F2a(x1)F′ 2ā(x2)

Unknown! parton chargesNo colour factor!

Assumed anti-parton 
distributions= parton 

distributions!

cf, Altarelli, Brandt & Preparata, PRL (1970)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.25.316
https://doi.org/10.1103/PhysRevLett.26.42


The first Drell Yan prediction

May1970!

❖ Predictions are 

❖
approximate scaling , 

❖ angular dependence, 

❖  dependence on nucleon number.

Q3 dσ
dQ

= F(τ), τ = Q2/s

(1 + cos2 θ)

A1

https://doi.org/10.1103/PhysRevLett.25.316


Radiative corrections to Drell-Yan

Marciano(1975) - Dimensional Regularization and Mass singularities

Altarelli, RKE, Martinelli  had written a 
previous paper mainly on radiative 

corrections to DIS, including corrections to 
DY as a (erroneous) postscript 

❖ QCD predicts an approximate 
linear rise of  with s or 
Q^2, but only at fixed .

❖ Intrinsic  needed.

⟨k2
T⟩

τ

kT

Transverse momentum in DY processes, 
Altarelli, Parisi and Petronzio (1977)

AEM

https://doi.org/10.1103/PhysRevD.12.3861
https://www.sciencedirect.com/science/article/pii/0370269378908055?via=ihub
https://www.sciencedirect.com/science/article/pii/0550321379901160?via=ihub


 QCD corrections for hadron-hadron  interactions

❖ Correction relative to DIS

❖

❖ Simple origin for the large 
size of the corrections;

❖ Phenomenology, 
distribution;

αS

2π
≈

1
20

xF

αs fq(z) = CF
αs

2π [(1 +
4π2

3 )δ(1 − z) + 2(1 + z2)( ln(1 − z)
1 − z )+

+
3

(1 − z)+
− 6 − 4z]

αS fG(z) =
1
2

αs

2π [(z2 + (1 − z)2) ln(1 − z) +
9
2

z2 − 5z +
3
2 ]

Altarelli, Ellis, Martinelli, see also Kubar-Andre 
and Paige, and Abad and Humpert

https://doi.org/10.1016/0550-3213(79)90116-0
https://doi.org/10.1103/PhysRevD.19.221
https://doi.org/10.1103/PhysRevD.19.221


Drell-Yan data and K-factor
❖ Data lay above the naive DY prediction, 

leading to the introduction of a “K-factor”   

❖

From ~4 experiments 

❖ Telegdi question (  or not?)

K ≥ 2

Nc

NA3, Badier et al,

https://inspirehep.net/files/6ca1025b78b9682ce04f01de5a1eb1c5
https://doi.org/10.1016/0370-2693(79)90093-5


Subtraction/slicing method at NLO

❖

❖ Jet definition can be arbitrarily complicated, but IR/collinear safe 

❖

❖ We need to combine without knowledge of  

❖ Divergences regularized in  dimensions.

❖ Two solutions: slicing and subtraction.

σNLO = ∫m+1
dσR + ∫m

dσV

dσR = PSm+1 |ℳm+1 |2 FJ
m+1(p1, …pm+1)

FJ

d = 4 − 2ϵ

Virtual diagrams

Real diagrams



One-dimensional example 
❖ The full cross section in  

dimensions is

❖  is the energy of the 
emitted gluon

❖ KLN cancellation theorem, 

❖ Infrared safety: 

d

x

ℳ(0) = ν

FJ
1(0) = FJ

0

σ = ∫
1

0

dx
x1+ϵ

ℳ(x)FJ
1(x) +

1
ϵ

νFJ(0)

σ = ∫
1

0

dx
x1+ϵ [ℳ(x)FJ

1(x) − ℳ(0)FJ
1(0)] + ∫

1

0

dx
x1+ϵ

νFJ
0 +

1
ϵ

νFJ
0

= ∫
1

0

dx
x [ℳ(x)FJ

1(x) − ℳ(0)FJ
1(0)] + O(1)νFJ

0

σ = ∫
1

0

dx
x1+ϵ

ℳ(x)FJ
1(x) +

1
ϵ

νFJ
0 ≈ ∫

δ

0

dx
x1+ϵ

νFJ
0 +

1
ϵ

νFJ
0 + ∫

1

δ

dx
x

ℳ(x) FJ
I (x)

≈ ln δ ν FJ
0 + ∫

1

δ

dx
x

ℳ(x) FJ
I (x)

Subtraction

Slicing



NLO QCD solved!
❖ NLO order is a solved problem numerically, (with the exception of processes first 

occurring at one-loop level, and processes with a large number of external partons). NLO 
electroweak corrections also often included. In some cases matched with parton shower.

❖ MadGraph5_aMC@NLO, Recola, Openloops 2, Gosam, POWHEG(Box)

❖ Ingredients required - 

❖ Tree-level and one-loop diagram generation, (or equivalent for processes 
beginning at one-loop order);

❖ Reduction to known integrals (Generalized Unitarity, OPP, Tensor reduction to scalar integrals, 
Passarino&Veltman Collier, On the fly reduction);

❖ Complete basis set of one-loop scalar integrals (‘tHooft & Veltman, Denner Nierste & Scharf, 
RKE & Zanderighi).

❖ Subtraction procedure to cancel soft and collinear divergences between real 
and virtual (ERT, Catani-Seymour, FKS);

http://madgraph.phys.ucl.ac.be/
https://recola.gitlab.io/recola2/
https://link.springer.com/article/10.1140/epjc/s10052-019-7306-2
https://github.com/gudrunhe/gosam
https://powhegbox.mib.infn.it/
https://doi.org/10.1016/j.nuclphysb.2006.11.012
https://doi.org/10.1016/0550-3213(79)90234-7
https://doi.org/10.1016/j.cpc.2016.10.013
https://arxiv.org/abs/1710.11452
https://doi.org/10.1016/0550-3213(79)90605-9
https://doi.org/10.1016/0550-3213(91)90011-L
https://arxiv.org/abs/0712.1851
https://doi.org/10.1016/0550-3213(81)90165-6
https://doi.org/10.1016/S0920-5632(96)90030-4
https://doi.org/10.1016/0550-3213(96)00110-1


RepresentativeNLO results
Process µ nlf Cross section (pb)

LO NLO

a.1 pp→ tt̄ mtop 5 123.76±0.05 162.08±0.12

a.2 pp→ tj mtop 5 34.78±0.03 41.03± 0.07

a.3 pp→ tjj mtop 5 11.851±0.006 13.71± 0.02

a.4 pp→ tb̄j mtop/4 4 31.37±0.03 32.86± 0.04

a.5 pp→ tb̄jj mtop/4 4 11.91±0.006 7.299± 0.05

b.1 pp→ (W+ →)e+νe mW 5 5072.5±2.9 6146.2±9.8

b.2 pp→ (W+ →)e+νe j mW 5 828.4±0.8 1065.3±1.8

b.3 pp→ (W+ →)e+νe jj mW 5 298.8±0.4 289.7± 0.3

b.4 pp→ (γ∗/Z →)e+e− mZ 5 1007.0±0.1 1170.0±2.4

b.5 pp→ (γ∗/Z →)e+e− j mZ 5 156.11±0.03 203.0± 0.2

b.6 pp→ (γ∗/Z →)e+e− jj mZ 5 54.24±0.02 54.1± 0.6

c.1 pp→ (W+ →)e+νebb̄ mW + 2mb 4 11.557±0.005 22.95± 0.07

c.2 pp→ (W+ →)e+νett̄ mW + 2mtop 5 0.009415±0.000003 0.01159±0.00001

c.3 pp→ (γ∗/Z →)e+e−bb̄ mZ + 2mb 4 9.459±0.004 15.31± 0.03

c.4 pp→ (γ∗/Z →)e+e−tt̄ mZ + 2mtop 5 0.0035131±0.0000004 0.004876±0.000002

c.5 pp→ γtt̄ 2mtop 5 0.2906±0.0001 0.4169±0.0003

d.1 pp→W+W− 2mW 4 29.976±0.004 43.92± 0.03

d.2 pp→W+W− j 2mW 4 11.613±0.002 15.174±0.008

d.3 pp→W+W+ jj 2mW 4 0.07048±0.00004 0.08241±0.0004

e.1 pp→HW+ mW +mH 5 0.3428±0.0003 0.4455±0.0003

e.2 pp→HW+ j mW +mH 5 0.1223±0.0001 0.1501±0.0002

e.3 pp→HZ mZ +mH 5 0.2781±0.0001 0.3659±0.0002

e.4 pp→HZ j mZ +mH 5 0.0988±0.0001 0.1237±0.0001

e.5 pp→Htt̄ mtop +mH 5 0.08896±0.00001 0.09869±0.00003

e.6 pp→Hbb̄ mb +mH 4 0.16510±0.00009 0.2099±0.0006

e.7 pp→Hjj mH 5 1.104±0.002 1.333± 0.002

Table 2: Results for total rates, possibly within cuts, at the 7 TeV LHC, obtained with MadFKS

and MadLoop. The errors are due to the statistical uncertainty of Monte Carlo integration. See
the text for details.

• In the case of process c.5, the photon has been isolated with the prescription of

ref. [13], with parameters

δ0 = 0.4 , n = 1 , εγ = 1 , (2.3)

and parton-parton or parton-photon distances defined in the 〈η,ϕ〉 plane. The photon
is also required to be hard and central:

p(γ)T ≥ 20 GeV ,
∣∣∣η(γ)

∣∣∣ ≤ 2.5 . (2.4)
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  MadGraph5_aMC@NLO. Alwall et al,

https://arxiv.org/abs/1103.0621
https://arxiv.org/abs/1405.0301
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NNLO results

❖ In a recent paper 
(2202.07738) I tried 
to document all the 
processes calculated 
at NNLO.

❖ About 50% are 
available in MCFM.

❖ We use both  
slicing and jettiness 
slicing.

qT

Most apart from heavy quark 
and jet  production are 

generalizations of Drell-Yan

https://link.springer.com/article/10.1007/JHEP06(2022)002


Examples of NNLO results from MCFM

42



NNLO by slicing
σNNLO = ∫ dΦN |ℳN |2 + ∫ dΦN+1 |ℳN+1 |2 θ<

N + ∫ dΦN+2 |ℳN+2 |2 θ<
N

+∫ dΦN+1 |ℳN+1 |2 θ>
N + ∫ dΦN+2 |ℳN+2 |2 θ>

N

≡ σNNLO(τ < τcut) + σNNLO(τ > τcut) .

❖ Unresolved is subject to a factorization formula 
and power corrections.

❖ Resolved radiation contribution obtained from 
NLO calculation with one additional jet, available 
by subtraction in MCFM.

❖ As the cut on the resolved radiation becomes 
smaller, neglected power corrections are also 
smaller, but cancellation between resolved and 
unresolved is bigger.

σ(τ < τcut) = ∫ H ⊗ B ⊗ B ⊗ S ⊗ [
N

∏
n

Jn] + ⋯ .

  and θ<
N = θ(τcut − τ) θ>

N = θ(τ − τcut)

Unresolved

Resolved



Slicing  parameters
❖ For color singlet production, “ ” of produced color singlet 

object, (Catani et al hep-ph/0703012v2)

❖ “N-jettiness” (Boughezal et al) 1505.03893  

❖ The  are light-like reference vectors for each of the initial beams and final-state jets in 
the problem

❖  denote the four-momenta of any final-state radiation.

❖  is twice the lab-frame energy of each jet

❖ Can handle coloured final states, e.g. H+jet

❖ Recent new parameter “Jet veto” (Gavardi et al), 2308.11577

qT

𝒯N = ∑
k

mini { 2pi ⋅ qk

Qi }
pi

qk

Qi = 2Ei

https://arxiv.org/abs/hep-ph/0703012
https://arxiv.org/abs/1505.03893
https://arxiv.org/abs/2308.11577


NNLO results: dependence on slicing procedure
❖ For most (but not all) 

processes the power 
corrections are smaller 
for  slicing than for 
jettiness.

❖ Factor of two in the 
exponent difference 
between the leading 
form factors for  and 
jettiness

❖  removed by defining 
 and 

QT

qT

ϵT = qcut
T /Q

ϵτ = (τcut /Q)
1
2

2202.07738

Campbell et al, 2202.07738
45

NLO

NNLO

https://arxiv.org/abs/2202.07738
https://arxiv.org/abs/2202.07738


Precision QCD
❖ We compute higher orders in 

QCD to increase the precision 
of our predictions i.e. to 
reduce the theoretical error.

❖ As we accumulate higher 
order terms we can ask how 
our error estimates in lower 
order perform.

❖ The NNLO central value lies 
within the NLO error band in 
only 4 out of the 17 cases 
shown.
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Gavin Salam, (LHCP2016)
 

http://lhcp2016.hep.lu.se/
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N3LO results for inclusive Z/  etcγ*

⌃
/
⌃

N
3
L
O

Q [GeV]

pp ! �⇤/Z +X |
p
s = 13 TeV | PDF4LHC15 nnlo mc | µ0 = Q

LO QCD
NLO QCD

NNLO QCD
N3LO QCD

Baglio et al, 2209.06138,
 c.f. Mistlberger

❖ Results for  
normalized to N3LO.

❖ Both  and  are varied by a 
factor 2 about their central 
values respecting the constraint 

, “7-point scale 

variation”

❖ In most of the analyzed cases 
the seven point scale variation 
at NNLO does not capture the 
N3LO central value.

Z, W±, H, WH, ZH

μR μF

1
2

<
μR

μF
< 2

https://arxiv.org/abs/2209.06138


Conclusions
❖ The future for (perturbative) QCD is bright.

❖ Only ~10% of the final LHC luminosity of 3ab-1 has been 
collected.

❖ Paucity of BSM signatures, emphasizes the importance 
of precision QCD for LHC (and ultimately for planned 
successor machines, FCC).

❖ Electron Ion Collider, expected to perform 3-d 
tomography of the proton, is expected in the early 2030’s


