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Plan for the lectures

• Basics of collider physics

• Basics of QCD

• DIS and the Parton Model

• Higher order corrections 

• Asymptotic freedom

• QCD improved parton model


• State-of-the-art computations for the LHC

• Monte Carlo generators

• Higgs phenomenology

• Top phenomenology

• Searching for New Physics: EFT
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Fixed order computations
Going to higher orders
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
• Starting point for further simulation.
• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 45/81
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• OK for very inclusive observables.
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• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.
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Resolution

Need to introduce resolution t0, e.g. a cutoff in p?. Prevent us
from the singularity at q ! 0.

Emissions below t0 are unresolvable.

Finite result due to virtual corrections:

+ = finite.

unresolvable + virtual emissions are included in Sudakov form
factor via unitarity (see below!).

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 58/81
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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
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Resolution

Need to introduce resolution t0, e.g. a cutoff in p?. Prevent us
from the singularity at q ! 0.

Emissions below t0 are unresolvable.

Finite result due to virtual corrections:

+ = finite.

unresolvable + virtual emissions are included in Sudakov form
factor via unitarity (see below!).
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We need to add real and virtual corrections to the hard scattering 
dealing with singularities

Relatively straightforward at NLO (automated), complicated at NNLO (tens of 
processes), extremely hard at NNNLO (handful of processes known)
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Structure of an NLO calculation

5
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Elements of a NLO computation

NLO contributions have three parts

Virtual part

�NLO
=

Z

m
d(d)�V +

z }| {

Real emission part

Z

m+1
d(d)�R+

Z

m
d(4)�B

Born

Loops have been for long the bottleneck of NLO computations

Virtuals and Reals are each divergent and subtraction scheme need to be used (Dipoles, FKS, 
Antenna’s)
A lot of work is necessary for each computation

45

Difficulties: 


• Loop calculations: tough and time consuming


• Divergences: Both real and virtual corrections are divergent


• More channels, more phase space integrations
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How to deal with NLO in practice?

NLO corrections involve divergences: Divergences are bad for 
numerical computations

6

MCnet Beijing Hua-Sheng Shao51

NLO SUBTRACTION

�NLO =

Z
d�(n)B +

Z
d�(n)V +

Z
d�(n+1)R

• Master formula:

• The subtraction counterterm S should be chosen:
• It exactly matches the singular behaviour of  real ME
• It can be integrated numerically in a convenient way
• It can be integrated exactly in d dimension
• It is process independent (overall factor times Born ME)

• In gauge theory, the singular structure is universal

Friday, June 11, 21

Subtraction:
finite finite
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Subtraction techniques at NLO

Dipole subtraction

• Catani, Seymour hep-ph/9602277

• Automated in MadDipole, Sherpa, HELAC-NLO

FKS subtraction

• Frixione, Kunszt, Signer hep-ph/9512328

• Automated in MadGraph5_aMC@NLO and Powheg/Powhel

7

Detailed discussion of these could be another lecture course!
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A note about NLO
NLO is relative

8
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Calling a code  “a NLO code” is an abuse of language and can be confusing.
A NLO calculation always refers to an IR-safe observable, when the genuine αS corrections to 
this observable on top of the LO estimate are known.

An NLO code will, in general, be able to produce results for several quantities and 
distributions, only some of which will be at NLO accuracy.

☞  Total cross section, σ(tt)

☞  PT >0 of one top quark

☞  PT >0 of the tt pair

☞  PT >0 of the jet

☞  tt invariant mass, m(tt)

☞  ΔΦ(tt)>0

LO

Virt

Real

-

..............  ✓
   .................. ✓

................................... ✗

......................... ✗

................... ✓

47

Predictions at NLO
Warning!

Example:  Suppose we use the NLO code for pp → ttExample: top pair production Which observables do we compute at NLO?

NLO

Total cross-section


pT of a top quark


pT of top pair


pT of hardest jet


tt invariant mass


It is certain observables which are computed at NLO
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Need for higher-orders
Why is this so important?

9

Reminder: 


Level of experimental precision 
demands precise theoretical predictions


Theorists are not simply having fun!!!



Eleni Vryonidou STFC HEP school 2024

Higher order computations

10

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 

Complexity rises a lot with each N!
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Status of hard scattering cross-sections

LO automated

NLO automated

NNLO: Several processes known (VV production, top pair production, all  processes)


NNNLO: only a handful of processes!

• Higgs in gluon fusion (Anastasiou et al, arXiv:1602.00695)

• Higgs in VBF (Dreyer et al, arXiv:1811.07906) 

• Higgs in bottom annihilation (Duhr et al, arXiv:1904.09990)

• Drell-Yan (Duhr et al, arXiv:2001.07717, 2007.13313) 

2 → 1

11
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Progress in higher-order computations

12

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

PARTONIC CROSS SECTION COMPUTATION: STATE OF THE ART

• LO: almost all processes 
• NLO: most processes (automated calculations) 
• NNLO: all 2 → 1, most 2→2 (explosion of calculations in the past few years) 
• N3LO: five processes so far 
• No time to mention very important pheno linked with resummation of large logs

A. Huss, QCD@LHC-X 2020
A. Huss, QCD@LHC-X 2020 
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Hard scattering cross-section
Perturbative expansion

13
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 

16

Parton-level cross section⇥̂ab�X(ŝ, µF , µR)

⇤̂ = ⇤Born
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NkLO, for k = 0, .., 3. The bands are obtained by varying the perturbative scales by a factor
of 2 around the central scale µcent. = mH/2. We see that, as expected, the scale dependence
�(scale) is reduced considerably as the perturbative order is increased, reaching a few percent
at N3LO. Moreover, we observe a nice convergence of the perturbative series, with the scale
variation band at N3LO strictly contained within the NNLO band. We stress, however, that
this convergent behaviour depends on the choice of the hard scale [6, 7].

In the right panel of figure 1 we show the NCDY cross section at di↵erent orders normal-
ized to the N3LO prediction as a function of the invariant mass Q of the produced lepton
pair. Similar to the case of Higgs production, we observe a considerable reduction of the
dependence on the perturbative scales as the order is increased. At the same time, we find
that the bands obtained from scale variation at NNLO and N3LO do not overlap for invariant
masses 60 GeV . Q . 400 GeV, and this conclusion is independent of the choice of the cen-
tral scale. This clearly shows that care is needed when interpreting scale variation as a tool
to estimate the size of the missing higher orders, especially at high orders in perturbation
theory where we aim for precision predictions.

In order to investigate the relevance and the impact of N3LO computations, we summarize
in table 1 the results for the inclusive production cross section for various 2 ! 1 processes.
All results are obtained for the LHC with

p
S = 13 TeV, and we fold partonic cross sections

with the pdf4lhc15_nnlo_mc set [26]. We show results for the K-factors from NNLO to
N3LO, and we observe that in all cases the N3LO corrections can change the value of the
predictions by a few percent, up to 5% depending on the invariant mass Q considered. We
also show the uncertainty �(scale) on the cross section from varying the perturbative scales
by a factor of 2 up and down around the central scale µcent. = Q/2. We see that in all
cases the residual scale dependence at N3LO is of the order of a few percent. Based on these
results, we conclude that N3LO predictions for hadron collider observables are highly desired
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Figure 1: The left panel shows the Higgs boson production cross section in gluon fusion
as a function of the LHC energy through di↵erent orders in perturbation theory. The right
panel shows the invariant-mass distribution ⌃(Q) of the Drell-Yan production process at the
LHC with

p
S = 13 TeV at di↵erent orders in perturbation theory.
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Dilepton production
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Uncertainties in theory predictions

14

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

µ0 = MH

<latexit sha1_base64="lj4scN0hx8Jtl6lCeNXr178Uw+o=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKRS9C0UsvQgX7AdtlyabZNjSbLMmsUEp/hhcPinj113jz35i2e9DWBwOP92aYmRelghtw3W+nsLa+sblV3C7t7O7tH5QPj9pGZZqyFlVC6W5EDBNcshZwEKybakaSSLBONLqb+Z0npg1X8hHGKQsSMpA85pSAlfxekoUuvsH3YSMsV9yqOwdeJV5OKihHMyx/9fqKZgmTQAUxxvfcFIIJ0cCpYNNSLzMsJXREBsy3VJKEmWAyP3mKz6zSx7HStiTgufp7YkISY8ZJZDsTAkOz7M3E/zw/g/g6mHCZZsAkXSyKM4FB4dn/uM81oyDGlhCqub0V0yHRhIJNqWRD8JZfXiXti6pXq14+1Cr12zyOIjpBp+gceegK1VEDNVELUaTQM3pFbw44L86787FoLTj5zDH6A+fzB6BAkC4=</latexit>

 Not so good perturbative convergence until N3LO for  !0 =  MH 

N3LO: GLUON FUSION INTO HIGGS

How do we estimate 
uncertainties?


Vary the renormalisation and 
factorisation scale


Typically pick some central scale 
 and vary the scale up and 

down by a factor of 2
μ0
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How do we actually compute all of these?

15

Monte Carlo
Theory

Experiment
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Example: 3 jet production in pp collisions

1. Know the Feynman rules (SM or BSM)

2. Find all possible Subprocesses

97 processes with 781 diagrams generated in 2.994 s

Total: 97 processes with 781 diagrams

3. Compute the amplitude


4. Compute  for each subprocess, sum over spin and colour

5. Integrate over the phase space

|M |2

Focusing on LO
How to compute a LO cross-section

16
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LO calculation of a cross-section

17

How many subprocesses?


Amplitude computation (Feynman diagrams)


Square the amplitude, sum over spin and colour


Integrate over the phase space 

Difficulty

Complexity increases with


• number of particles in the final state 


• number of Feynman diagrams for the process (typically organise these in 
terms of leading couplings: see tutorial)
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Structure of an automated MC generator

I. Input Feynman rules

II. Define initial and final state

III. Automatically find all subprocesses

IV. Compute matrix element (including tricks like helicity amplitudes)

V. Integrate over the phase space by optimising the PS 

parametrisation and sampling 

VI. Unweight and write events in the Les Houches format

18
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Next: Shower+Hadronisation 
Detector simulation and reconstruction
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Output of LO MC generators
Les houches events

19

PDG Momenta Mass

All Information needed to pass to parton shower is included in the event

Example: gg>ZZ
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Available public MC generators

20

Matrix element generators (and integrators): 

• MadGraph/MadEvent

• Comix/AMEGIC (part of Sherpa)

• HELAC/PHEGAS

• Whizard

• CalcHEP/CompHEP 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Is Fixed Order enough?

Fixed order computations can’t give us the full picture of what we see 
at the LHC

21

Studied so far
p
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An LHC event

22
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1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist
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Is fixed order enough?

23
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Limits of fixed-order predictions

?
• Particle multiplicity?
• Jet structure?
• Hadrons?

• Fixed order calculations involve 
only a few partons 


• Not what we see in detectors


• Need Shower and Hadronisation
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A multiscale story

High-  scattering: process 
dependent, systematically improvable 
with higher order corrections, where 
we expect new physics 

Parton Shower: QCD, universal, soft 
and collinear physics

Hadronisation: low , universal, 
based on different models

Underlying event: low , involves 
multiple interactions

Q2

Q2

Q2

24

Colliders, Higgs and the strong interaction — MPG PKS, July 2021Gavin Salam 46

schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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Parton Shower
What does the parton shower do/should do?

• Dress partons with radiation with an arbitrary number of branchings


• Preserve the inclusive cross-section: unitary 


• Needs to evolve in scale from Q~1TeV (hard scattering) down to ~GeV

25
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Basics of parton shower
Collinear factorisation

26

small angle=collinear
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2
a

b

c
θ

Mn+1θ ➞ 0

Collinear factorization

• Consider a process for which two particles are separated by a small angle θ.

• In the limit of θ  ➞ 0 the contribution is coming from a single parent particle 
going on shell: therefore its branching is related to time scales which are very 
long with respect to the hard subprocess.

• The inclusion of such a branching cannot change the picture set up by the hard 
process: the whole emission process must be writable in this limit as the simpler 
one times a branching probability.

• The first task of Monte Carlo physics is to make this statement quantitative.
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θ ➞ 0 ×
b

c
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2a

Mnθ ≪

• Time scale associated with splitting much longer than the one of the hard scattering


• This kind of splitting should be described by a branching probability


• The parton shower will quantify the probability of emission 

Starting with one splitting
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Basics of parton shower
Collinear factorisation
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small angle=collinear
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 The process factorizes in the collinear limit. This procedure it universal! 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Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization
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• Time scale associated with splitting much longer than the one of the hard scattering


• This kind of splitting should be described by a branching probability


• The parton shower will quantify the probability of emission 

Collinear factorisation: 

Starting with one splitting
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Collinear factorisation and splitting functions
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Collinear factorization

•  is the evolution variable


•  tends to zero in the collinear limit (this factor is singular)


•  energy fraction transferred from parton a to parton b in splitting (  in the soft limit) 


•  azimuthal angle 

t
t

z z → 1
ϕ

The branching probability has the same form for all quantities 


• transverse momentum 


• invariant mass 

∝ θ2

k⊥ ∼ z2(1 − z)2θ2E2

Q2 ∼ z(1 − z)θ2E2

a

b

c
θ
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Collinear factorisation and splitting functions
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Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions (as we saw in DIS)
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Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions (as we saw in DIS)
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At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization

These functions are universal for each type of splitting
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Multiple emissions
How does this change with multiple emissions?
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Multiple emission

• Now consider Mn+1 as the new core process and use the recipe we used for the 
first emission in order to get the dominant contribution to the (n+2)-body cross 
section: add a new branching at angle much smaller than the previous one: 
 
 

• This can be done for an arbitrary number of emissions. The recipe to get the leading 
collinear singularity is thus cast in the form of an iterative sequence of emissions 
whose probability does not depend on the past history of the system: a ‘Markov 
chain’. No interference!!!
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We can generalise this for an arbitrary number of emissions


Iterative sequence of emissions which does not depend on the history 
(Markov Chain)
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Multiple emission
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Multiple emission

• The dominant contribution comes from the region where the subsequently emitted 
partons satisfy the strong ordering requirement: θ ≫ θ’ ≫ θ’’... 
For the rate for multiple emission we get 
 
 
 
 
where Q is a typical hard scale and Q0 is a small infrared cutoff that separates 
perturbative from non perturbative regimes.

• Each power of αs comes with a logarithm. The logarithm can be easily large, and 
therefore it can lead to a breakdown of perturbation theory.
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Dominant contribution comes from subsequent emissions which satisfy strong ordering 



For  emissions the rate takes the form:

θ ≫ θ′ ≫ θ′ ′ 

k

•  is the hard scale and  is an infrared cut off (separating non-perturbative regime)

• Each power of  comes with a logarithm (breakdown of perturbation theory when large) 

Q Q0
αs

a

b

c
θ b

d

e
θ’x



Eleni Vryonidou STFC HEP school 2024

Basics of PS
What we saw so far

• Collinear factorisation allows subsequent branchings from the hard 
process scale down to the non-perturbative regime


• Different legs and subsequent emissions are uncorrelated

• No interference effects

• Captures leading contributions 

• Resummed calculation

• Bridge between fixed order and hadronisation

31



Eleni Vryonidou STFC HEP school 2024

Sudakov form factor
We need to take the survival probability into account, i.e. a parton can split at 
scale  if it has not branched at 


The probability of branching between scale  and  (with no emission before) 
is:


The no-splitting probability between scale  and   is 


The probability of no emission between  and  is:

t t′ > t
t t + dt

t t + dt 1 − dp(t)
Q2 t
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Sudakov form factor

The differential probability for the branching a ⟶ bc between scales t and t+dt 
knowing that no emission occurred before: 
 

The probability that a parton does NOT split between the scales t and t+dt is 
given by 1-dp(t).

Probability that particle a does not emit between scales Q2 and t

67
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Δ(Q2,t) is the Sudakov form factor

Property: Δ(A,B) = Δ(A,C) Δ(C,B)
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Sudakov form factor
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Sudakov form factor

Sudakov form factor
Note that

sall = s2 +s>2 = s2 +s2

✓
1

D2(t0, t)
�1

◆
,

) D2(t0, t) =
s2

sall
.

Two jet rate = D2 = P
2(No emission in the range t ! t0) .

Sudakov form factor = No emission probability .

Often D(t0, t) ⌘ D(t).
• Hard scale t, typically CM energy or p? of hard process.
• Resolution t0, two partons are resolved as two entities if

inv mass or relative p? above t0.
• P

2 (not P), as we have two legs that evolve independently.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 62/81



Eleni Vryonidou STFC HEP school 2024

Sudakovs

The Sudakov is used to create the branching tree of a parton

The probability of  ordered splittings form a leg at given scale is



The shower selects the  scales for the splitting randomly but weighted 
with no emission probability (before or after)

k
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Parton shower

68

The Sudakov form factor is the heart of the parton shower. It gives the 
probability that a parton does not branch between two scales
Using this no-emission probability the branching tree of a parton is generated.
Define dPk as the probability for k ordered splittings from leg a at given scales 
 
 
 
 

Q02 is the hadronization scale (~1 GeV). Below this scale we do not trust the 
perturbative description for parton splitting anymore.
This is what is implemented in a parton shower, taking the scales for the splitting 
ti randomly (but weighted according to the no-emission probability).

dP1(t1) = �(Q2, t1) dp(t1)�(t1, Q2
0),

dP2(t1, t2) = �(Q2, t1) dp(t1) �(t1, t2) dp(t2) �(t2, Q2
0)⇥(t1 � t2),

... = ...

dPk(t1, ..., tk) = �(Q2, Q2
0)

k�

l=1

dp(tl)⇥(tl�1 � tl)

ti
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
should be 1). We can explicitly show this by integrating the probability 
for k splittings: 
 
 

• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved
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Unitarity

The parton shower is unitary. Sum of all possibilities should be 1.

Probability of k ordered splittings:


Integrating this gives us: 


Summing over all possible numbers of emissions (0 to ):∞
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
should be 1). We can explicitly show this by integrating the probability 
for k splittings: 
 
 

• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved
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dPk(t1, ..., tk) = �(Q2, Q2
0)

k�

l=1

dp(tl)⇥(tl�1 � tl)

Pk �
⇤

dPk(t1, ..., tk) = �(Q2, Q2
0)

1
k!

�⇤ Q2

Q2
0

dp(t)

⇥k

, ⇥k = 0, 1, ...

�⇤

k=0

Pk = �(Q2, Q2
0)
�⇤

k=0

1
k!

�⌅ Q2

Q2
0

dp(t)

⇥k

= �(Q2, Q2
0) exp

�⌅ Q2

Q2
0

dp(t)

⇥
= 1

Unitarity

The parton shower is unitary. Sum of all possibilities should be 1.

Probability of k ordered splittings:


Integrating this gives us: 


Summing over all possible numbers of emissions (0 to ):∞
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
should be 1). We can explicitly show this by integrating the probability 
for k splittings: 
 
 

• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved
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dPk(t1, ..., tk) = �(Q2, Q2
0)

k�

l=1

dp(tl)⇥(tl�1 � tl)

Pk �
⇤

dPk(t1, ..., tk) = �(Q2, Q2
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1
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�⇤ Q2

Q2
0

dp(t)

⇥k

, ⇥k = 0, 1, ...

�⇤

k=0

Pk = �(Q2, Q2
0)
�⇤

k=0

1
k!

�⌅ Q2

Q2
0

dp(t)

⇥k

= �(Q2, Q2
0) exp

�⌅ Q2

Q2
0

dp(t)

⇥
= 1
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
should be 1). We can explicitly show this by integrating the probability 
for k splittings: 
 
 

• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved
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dPk(t1, ..., tk) = �(Q2, Q2
0)

k�

l=1

dp(tl)⇥(tl�1 � tl)

Pk �
⇤

dPk(t1, ..., tk) = �(Q2, Q2
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1
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�⇤ Q2

Q2
0
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⇥k
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1
k!

�⌅ Q2

Q2
0
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⇥k

= �(Q2, Q2
0) exp
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Q2
0

dp(t)

⇥
= 1 Probability is conserved
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Evolution parameter in parton shower
A parton shower is constructed: 

• Within the simplest collinear approximation, the splitting functions are universal, and fully 

factorised from the “hard” cross section 

• Within the simplest approximation, decays are independent (apart from being ordered in a 

decreasing sequence of scales)

Other variables can be used as evolution parameter:


35

Collinear limit

Universal DGLAP splitting kernels for collinear limit:

ds = s0 Â
jets

dq 2

q 2
aS

2p
P(z)dz

Note: Other variables may equally well characterize the colline-
ar limit:

dq 2

q 2 ⇠ dQ
2

Q2 ⇠
dp

2
?

p2
?

⇠ dq̃
2

q̃2 ⇠ dt

t

whenever Q
2,p2

?, t ! 0 means “collinear”.
• q : HERWIG

• Q
2: PYTHIA  6.3, SHERPA.

• p?: PYTHIA � 6.4, ARIADNE, Catani–Seymour showers.
• q̃: Herwig++.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 57/81

Collinear limit

Universal DGLAP splitting kernels for collinear limit:

ds = s0 Â
jets

dq 2

q 2
aS

2p
P(z)dz

Note: Other variables may equally well characterize the colline-
ar limit:

dq 2

q 2 ⇠ dQ
2

Q2 ⇠
dp

2
?

p2
?

⇠ dq̃
2

q̃2 ⇠ dt

t

whenever Q
2,p2

?, t ! 0 means “collinear”.
• q : HERWIG

• Q
2: PYTHIA  6.3, SHERPA.

• p?: PYTHIA � 6.4, ARIADNE, Catani–Seymour showers.
• q̃: Herwig++.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 57/81

Same collinear behaviour, differences in the soft limit 
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Ordered branchings
Angular ordering

36

Angular ordering

Radiation from parton i is
bound to a cone, given by the
colour partner parton j.

i

j

Results in angular ordered
parton shower and suppresses
soft gluons viz. hadrons in a jet.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 70/81

I
I P

I
I

t � t � t � t t � t 0

I t > t > t > t t > t 0

t
t

t

t

t 0

Shower is based on ordered splittings

I
I P

I
I

t � t � t � t t � t 0

I t > t > t > t t > t 0

t
t

t

t

t 0

Emission with smaller and smaller angles


I

I

I
✓

I
e+e�

Inside the cones partons emit as independent 
charges, outside radiation is coherent as if coming 
directly from the initial colour charge

θ1 > θ2 > θ3 θ > θ4

Note:
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Hadronisation

37

S�`iQMb ǳ+HQb2 iQǴ 2�+? Qi?2` ?�/`QMBx2 +Q?2`2MiHvX

h?2`2 �`2 irQ K�BM b+?QQHb Q7 i?Qm;?i Q7 r?�i ǳ+HQb2 iQǴ K2�Mb,

*Hmbi2` ?�/`QMBx�iBQM
◦ +`2�i2 +Hmbi2`b 7`QK +QHQ`@

+QMM2+i2/ T�`iQMb U;HmQMb #`�M+?
iQ irQ [m�`FbV

◦ BMpQFBM; +QHQ` T`2+QM}M2K2Mi

ai`BM; ?�/`QMBx�iBQM
◦ +`2�i2 bi`BM;b 7`QK +QHQ` bi`BM;-

rBi? ;HmQMb ǳbi`2i+?BM; i?2 bi`BM;Ǵ
HQ+�HHv

◦ BMpQFBM; MQM@T2`im`#�iBp2 BMbB;?ib

LQi2 �H`2�/v ?2`2, `2�H@HB72 KQ/2Hb #Q``Qr i`�Bib �M/ T?2MQK2M� 7`QK #Qi? Ĝ
/2T2M/BM; 2X;X QM �p�BH�#H2 T?�b2bT�+2 7Q` ?�/`QMbX dR f 3e

• Colourless hadrons observed in detectors, not partons.


• Hadronisation describes creation of hadrons in QCD at low scales where 


• Requires non perturbative input 

• Two models: cluster and string

αs ∼ 𝒪(1)

Color-singlet parton pairs end 
up “close” in phase space. This 
is called preconfinement. 
Involves collecting   pairs into 
color-singlet clusters. 

 


qq̄

Create strings from color 
string, with gluons 
“stretching the string” 
locally. It uses non-
perturbative insights 


S�`iQMb ǳ+HQb2 iQǴ 2�+? Qi?2` ?�/`QMBx2 +Q?2`2MiHvX

h?2`2 �`2 irQ K�BM b+?QQHb Q7 i?Qm;?i Q7 r?�i ǳ+HQb2 iQǴ K2�Mb,

*Hmbi2` ?�/`QMBx�iBQM
◦ +`2�i2 +Hmbi2`b 7`QK +QHQ`@

+QMM2+i2/ T�`iQMb U;HmQMb #`�M+?
iQ irQ [m�`FbV

◦ BMpQFBM; +QHQ` T`2+QM}M2K2Mi

ai`BM; ?�/`QMBx�iBQM
◦ +`2�i2 bi`BM;b 7`QK +QHQ` bi`BM;-

rBi? ;HmQMb ǳbi`2i+?BM; i?2 bi`BM;Ǵ
HQ+�HHv

◦ BMpQFBM; MQM@T2`im`#�iBp2 BMbB;?ib

LQi2 �H`2�/v ?2`2, `2�H@HB72 KQ/2Hb #Q``Qr i`�Bib �M/ T?2MQK2M� 7`QK #Qi? Ĝ
/2T2M/BM; 2X;X QM �p�BH�#H2 T?�b2bT�+2 7Q` ?�/`QMbX dR f 3e

Cluster hadronisation String hadronisation
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Hadronisation

38

String vs Cluster
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Summary: Parton shower

• A parton shower dresses partons with radiation such that the sum of probabilities is one. 

• Predictions become exclusive.

• General-purpose, process-independent tools

• Based on collinear factorisation and build around the Sudakov form factors provide a 

resummed prediction

• Similar ideas can be used for the initial state shower (need to account for PDFs-

deconstruction of the DGLAP evolution, backwards evolution)

• Full description starting from hard scattering, shower and hadronisation (also underlying event)

• Move to hadronisation at a cut off at which perturbative QCD can’t be trusted

• Hadronisation is also universal and independent of the collider energy

39
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Parton shower programs

40

Multi-purpose Event Generators

Current release 
series

Hard matrix 
elements

Shower 
algorithms NLO Matching Multijet merging MPI Hadronization

Shower 
variations

Herwig 7
Internal, 
libraries,

event files
QTilde, Dipoles Internally 

automated
Internally 

automated
Eikonal Clusters, 

(Strings)
Yes

Pythia 8 Internal,
event files

Pt ordered, 
DIRE, VINCIA

External Internal, ME via 
event files

Interleaved Strings Yes

Sherpa 2 Internal, 
libraries

CSShower, 
DIRE

Internally 
automated

Internally 
automated

Eikonal Clusters,
Strings

Yes

Multi-purpose Event Generators

Current release 
series

Hard matrix 
elements

Shower 
algorithms NLO Matching Multijet merging MPI Hadronization

Shower 
variations

Herwig 7
Internal, 
libraries,

event files
QTilde, Dipoles Internally 

automated
Internally 

automated
Eikonal Clusters, 

(Strings)
Yes

Pythia 8 Internal,
event files

Pt ordered, 
DIRE, VINCIA

External Internal, ME via 
event files

Interleaved Strings Yes

Sherpa 2 Internal, 
libraries

CSShower, 
DIRE

Internally 
automated

Internally 
automated

Eikonal Clusters,
Strings

Yes

Herwig and Pythia use 
LHE files e.g. produced 
in MG5_aMC
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What do we see in the detectors?

41

BUSSTEPP 2020 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

A QUICK OVERVIEW ABOUT JETS

• High-energy collisions ofter results into collimated sprays of particles, called 
jets.

Collimated sprays of particles: Jets! 
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Jets 

42

Fabio MaltoniFabio MaltoniGGI Florence - 2017

q

q

Jets

2-jets 3-jets 4-jets

Jets are in the eye of the beholder!

GavinSalam®

same event!!

101

How do we decide?

Jet algorithms: 


A set of rules to project 
information from the 
hadrons we see in the 
detectors onto a small 
number of parton-like 
objects
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Jet algorithms 

43
Fabio MaltoniFabio MaltoniGGI Florence - 2017

Jet algorithms

jet 1 jet 2

LO partons

Jet Def n

jet 1 jet 2

Jet Def n

NLO partons

jet 1 jet 2

Jet Def n

parton shower

jet 1 jet 2

Jet Def n

hadron level

π π

K

p φ

GavinSalam®

Projection to jets must be resilient to QCD effects

A jet definition is a fully specified set of rules for projecting information 
from hundreds of hadrons, onto a handful of parton-like objects. 

In the projection a lot of information is lost. 

102

Procedure needs to be IRC safe!
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Example of jet algorithms

Sequential recombination algorithm 
• Bottom-up: combine particles starting from 

closest ones 

• How? Choose a distance 

measure, iterate recombination 
until few objects left, call them 
jets 


• Usually trivially made IRC safe, but their 
algorithmically complex


• Examples: Jade, kt, Cambridge/ Aachen, 
anti-kt ... 

44

Cone: 

• Top-down approach: find coarse regions of 

energy flow. 

• How? Find stable cones (i.e. their axis 

coincides with sum of momenta of particles in 
it) 


• Can be programmed to be fairly fast, at the 
price of being complex 


• Examples: JetClu, MidPoint, ATLAS cone, 
CMS cone, SISCone 
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IR safety and cone algorithms

45

51

IR safe definition of jets

Observables must be insensitive to modification of final state with respect to soft 
and/or collinear splitting 

Seeded cone algorithms are infrared unsafe! 
Example: Take the hardest constituent of event as seed for jet cone

Assume 3 constituents in event with cone size R=0.5

collinear splitting of 
hardest constituent

1-jet configuration
new seed!!

2-jet configuration

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

R (233)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

R (233)

16

Example:Take the hardest constituent of event as seed for jet cone 

Sensitive to collinear emission! Not IRC!
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Example of jet algorithm
kT algorithm 

46

inclusive kT algorithm:   

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

Distance 
measure

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)
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Steps: 

1. Find the smallest of 

2. If  recombine them

3. If  call  a jet and remove from particles

4. Repeat from I until no particles left

dij, diB
ij
iB i

Minimum distance between jets is R


Number of jets above  is IR safepTj
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3. if      call i a jet and remove from list of particles
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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IR-safe sequential jet algorithms
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Only number of jets above pt 
cut is IR safe
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IR-safe sequential jet algorithms
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jets is R

Only number of jets above pt 
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Minimum distance between 
jets is R

Only number of jets above pt 
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Minimum distance between 
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Only number of jets above pt 
cut is IR safe

Distance 
measure

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

52

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

IR-safe sequential jet algorithms

py

0

px0

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

53

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

54

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

55

Minimum distance between 
jets is R
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Only number of jets above pt 
cut is IR safe

p

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

Distance 
measure

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

52

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

IR-safe sequential jet algorithms
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Only number of jets above pt 
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IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]
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Only number of jets above pt 
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jets is R

Only number of jets above pt 
cut is IR safe
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3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

59

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]



Eleni Vryonidou STFC HEP school 2024

Example of jet algorithm
kT algorithm 

47

inclusive kT algorithm:   

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
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jets is R

Only number of jets above pt 
cut is IR safe
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IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]
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jets is R

Only number of jets above pt 
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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IR-safe sequential jet algorithms
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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4. repeat from 1. until no particles left
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jets is R

Only number of jets above pt 
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

56

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Only number of jets above pt 
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3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Only number of jets above pt 
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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jets is R

Only number of jets above pt 
cut is IR safe
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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2. if     recombine them
3. if      call i a jet and remove from list of particles
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4-jets found! 
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Fig. 7 A sample parton-level event (generated with Herwig [112,
113]), together with many random soft “ghosts”, clustered with four
different jet algorithms, illustrating the “active” catchment areas of the

resulting hard jets (cf. Sect. 4.4). For kt and Cam/Aachen the detailed
shapes are in part determined by the specific set of ghosts used, and
change when the ghosts are modified

Figure 7 illustrates the jets that are produced with the four
“choice” IRC-safe algorithms in a simple, parton-level event
(generated with Herwig), showing among other things, the
degree of regularity (or not) of the boundaries of the result-
ing jets and their extents in the rapidity-azimuth place.

3 Computational geometry and jet finding

It takes the human eye and brain a fraction of a second to
identify the main regions of energy flow in a calorimetric
event such as Fig. 7. A good few seconds might be needed
to quantify that energy flow, and to come to a conclusion
as to how many jets it contains. Those are timescales that
usefully serve as a reference when considering the speed of
jet finders—if a jet finder takes a few seconds to classify an
event it will seem somewhat tedious, whereas a few millisec-
onds will seem fast. One can reach similar conclusions by

comparing to the time for a Monte Carlo event generator to
produce an event (from tens of milliseconds to a fraction of a
second), or for a fast detector simulation to process it. Or by
considering the number of CPU hours needed to process a
typical event sample, which might consist of O(107) events.

The time taken for jet finding by computer codes de-
pends strongly on the number of input particles (or tow-
ers, etc.), N . We do not yet know the exact average mul-
tiplicities of LHC events, but rough estimates are given in
Table 3. With the kt algorithm’s “standard” N3 timing, as-
suming about 109 computer operations per second, one ex-
pects a time for clustering a low-luminosity LHC event of
1 s (this is also what one finds in practice). So this is close to
being “tedious,” and becomes dissuasive for high-luminosity
LHC and heavy-ion collisions, or if one wishes to try out
many distinct jet definitions (e.g. several different R values
to see which is best). A more extreme example is the exact
seedless cone algorithm following the method in [21], which
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1 s (this is also what one finds in practice). So this is close to
being “tedious,” and becomes dissuasive for high-luminosity
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many distinct jet definitions (e.g. several different R values
to see which is best). A more extreme example is the exact
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Fig. 7 A sample parton-level event (generated with Herwig [112,
113]), together with many random soft “ghosts”, clustered with four
different jet algorithms, illustrating the “active” catchment areas of the

resulting hard jets (cf. Sect. 4.4). For kt and Cam/Aachen the detailed
shapes are in part determined by the specific set of ghosts used, and
change when the ghosts are modified

Figure 7 illustrates the jets that are produced with the four
“choice” IRC-safe algorithms in a simple, parton-level event
(generated with Herwig), showing among other things, the
degree of regularity (or not) of the boundaries of the result-
ing jets and their extents in the rapidity-azimuth place.
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considering the number of CPU hours needed to process a
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soft jet 
more 

circular

hard jet 
more 

circular

shape independent 
of jet pT

[G. Salam, Towards Jetography]
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G. Salam

KT algorithm


Anti-KT algorithm 


Cambridge/Aachen Fabio MaltoniFabio MaltoniGGI Florence - 2017

kT  algorithm at hadron colliders

Measure (dimensionful):

dij = min(p2ti, p
2
tj)

�R2
ij

R2

diB = p2ti

The algorithm proceeds by searching for the smallest of the dij and the diB.  
If it is a then dij particles i and j  are recombined* into a single new particle.  
If it is a diB then i is removed from the list of particles, and called a jet. 

This is repeated until no particles remain. 

kT algorigthm “undoes” the QCD shower

*a 4-momenta recombination scheme is needed (E-scheme)

GavinSalam®
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Fabio MaltoniFabio MaltoniGGI Florence - 2017

Anti-kT  algorithm

Measure (dimensionful):

dij =
1

max(p2ti, p
2
tj)

�R2
ij

R2

diB =
1

p2ti

Objects that are close in angle prefer to cluster early, but that clustering tends to occur with a hard 
particle (rather than necessarily involving soft particles). This means that jets `grow' in concentric 
circles out from a hard core, until they reach a radius R, giving circular jets. 

Unlike cone algorithms the `anti-kT' algorithm is collinear (and infrared) safe. This has led to be the 
default jet algorithm at the LHC. 

It’s a handy algorithm but it does not provide internal structure information.

GavinSalam®
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Cambridge/Aachen alg. - distance measure:
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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inclusive kT algorithm:   
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IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

See exercises!
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Summary so far

• We try to improve cross-section computations by going to higher 
orders: LO, NLO, NNLO etc


• We try to describe collinear radiation with the parton shower

• We identify jets using IRC jet algorithms
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Summary so far

• We try to improve cross-section computations by going to higher 
orders: LO, NLO, NNLO etc


• We try to describe collinear radiation with the parton shower

• We identify jets using IRC jet algorithms
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Any room for improvement? 
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Fixed order vs parton shower

Parton shower describes soft and collinear radiation: not appropriate for hard 
emissions 

For hard radiation we need input from the matrix element

Two directions of improving parton shower Monte Carlo

• ME+PS merging: include higher multiplicity (but leading order) matrix 

elements 

• NLO+PS matching: include NLO corrections to the matrix elements to 

reduce theoretical uncertainties and then match to the parton shower

50
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Parton shower results

51

Limits of parton showers

W + jets, LHC 7 TeV.
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Higher jets not covered by parton shower only ! merging.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 81/81

Parton shower can’t 
describe high multiplicity 
hard jet events 
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Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 81/81

Parton shower can’t 
describe high multiplicity 
hard jet events 

Need input from the 
matrix element
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Towards LO merging

52

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

Approaches are complementary: merge them!

ME

1. Fixed order calculation
2. Computationally expensive
3. Limited number of particles
4. Valid when partons are hard and 

well separated
5. Quantum interference correct
6. Needed for multi-jet description

Shower MC

1. Resums logs to all orders
2. Computationally cheap
3. No limit on particle multiplicity
4. Valid when partons are collinear 

and/or soft
5. Partial interference through 

angular ordering
6. Needed for hadronization

85

Matrix elements vs. Parton showers
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Matrix elements vs. Parton showers

MERGE 



Eleni Vryonidou STFC HEP school 2024

Double counting 

53

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

Possible double counting

86

Parton shower

M
at

ri
x 

el
em

en
ts

...

...

...

...

• Overlap between ME and PS: double counting 


• Apply a cut in phase space: a merging scale 
 to divide the shower and matrix element 

regions


• Ensure the transition is smooth between them


• The matrix element should look like the parton 
shower at the cutoff


Qc
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kT < Qc

kT < Qc

kT < Qc
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kT > QckT > Qc

kT > Qc

kT > Qc Poss ible double count ing 
between partons from matrix 
elements and parton shower 
easily avoided by applying a cut 
in phase space
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Example: MLM merging
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Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

• The simplest way to do the Sudakov suppression is to run the 
shower on the event, starting from t0! 
 
 
 
 
 

• If hardest shower emission scale kT1 > tcut, throw the event away, if all 
kT1,2,3 < tcut, keep the event

• The suppression for this is                         so the internal structure 
of the shower history is ignored. In practice, this approximation is still 
pretty good

• Allows matching with any shower, without modifications!

[M.L. Mangano, 2002, 2006] 
[J. Alwall et al 2007, 2008]

91

kT1

kT2

kT3

t0

e-

e+

Q2

MLM matching

(�q(Q
2, tcut))

4

[M.L. Mangano, 2002, 2006] 
 [J. Alwall et al 2007, 2008] 

1. Generate parton configuration from matrix element 


2. Shower the event without any restriction (shower from )


3. Cluster jets with a clustering algorithm 


4. Match partons and jets


5. Reject if not all partons and jets match or if additional jets have been produced

Q0
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Exp vs Theory
Merged results
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Much better agreement with experiment!
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Summary: LO merging

• Good description of both hard and soft/collinear regimes

• Double counting problem is solved by throwing away events where 

the matrix element partons are too soft or the radiation from the 
parton shower is too hard. 


• Better agreement with data in high-multiplicity regions
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Is LO merging enough?
We have seen the importance of higher-order corrections to predict 
rates and distributions and reduce uncertainties

Need at least NLO to describe the data!

57

.JOJNJIÚKE����NN

LOGOTYPFÄRGER
Lunds universitets logotyp får bara förekomma i följande 
färgvarianter: brons/blå, svart eller vit (negativ). Färgvariant 
brons/blå är den rekommenderade och ska användas överallt 
där det är möjligt. 
 
LOGOTYPSTORLEK
Lunds universitets logotyp får inte göras för liten. Detta för 
att säkerställa läsbarhet och tydlighet. Logotypen (oavsett 
version) får därför inte göras mindre än att sigillet i logotypen 
har en höjd på minst 10 mm (se illustration ovan). 

3FLPNNFOEFSBE�GÊSHWBSJBOU

4WBSU 7JU�OFHBUJW

.JOJNJIÚKE����NN

LUNDS UNIVERSITET | GRAFISK MANUAL | BASREGLER | LOGOTYPFÄRGER OCH LOGOTYPSTORLEK  10

.JOJNJIÚKE����NN

.JOJNJIÚKE����NN

Quantitative predictions

For precise, quantitative comparisons between 
theory and data, (at least) Next-to-Leading-
Order corrections are a must

4

Page 12 of 29 Eur. Phys. J. C (2013) 73:2339

Fig. 7 Normalised differential tt̄ production cross section in the dilep-
ton channels as a function of the p!

T (top left) and η! (top right) of the
leptons, and the p!+!−

T (bottom left), and m!+!−
(bottom right) of the

lepton pair. The superscript ‘!’ refers to both !+ and !−. The inner

(outer) error bars indicate the statistical (combined statistical and sys-
tematic) uncertainty. The measurements are compared to predictions
from MADGRAPH, POWHEG, and MC@NLO. The MADGRAPH pre-
diction is shown both as a curve and as a binned histogram

rapidity, ηb, are shown. Also shown are predictions from
MADGRAPH, POWHEG, and MC@NLO. Good agreement is
observed between the data and the theoretical predictions
within experimental uncertainties.

For the dilepton channels, the normalised tt̄ differential
cross section as a function of the lepton and b jet kinematic
properties is defined at the particle level for the visible phase
space where the leptons have |η!| < 2.4 and p!

T > 20 GeV,
and the b jets from the top-quark decays both lie within the
range |η| < 2.4 and pT > 30 GeV. The b jet at the particle
level is defined as described above for the ! + jets analysis.

In Fig. 7, the normalised differential cross section for
the following lepton and lepton-pair observables are pre-
sented: the transverse momentum of the leptons p!

T, the
pseudorapidity η! of the leptons, the transverse momen-
tum of the lepton pair p!+!−

T , and the invariant mass of the
lepton pair m!+!−

. The distributions for the transverse mo-
mentum of the b jets, pb

T, and their pseudorapidity, ηb, are
shown in Fig. 8. Predictions from MADGRAPH, POWHEG,
and MC@NLO are also shown. Good agreement is observed
between data and theoretical predictions within experimen-
tal uncertainties. The MC@NLO and POWHEG predictions,

LO + PS 
accuracy

NLO + PS 
accuracyNLO

LO
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Is LO merging enough?
We have seen the importance of higher-order corrections to predict 
rates and distributions and reduce uncertainties

Need at least NLO to describe the data!
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Quantitative predictions

For precise, quantitative comparisons between 
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Order corrections are a must
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rapidity, ηb, are shown. Also shown are predictions from
MADGRAPH, POWHEG, and MC@NLO. Good agreement is
observed between the data and the theoretical predictions
within experimental uncertainties.

For the dilepton channels, the normalised tt̄ differential
cross section as a function of the lepton and b jet kinematic
properties is defined at the particle level for the visible phase
space where the leptons have |η!| < 2.4 and p!

T > 20 GeV,
and the b jets from the top-quark decays both lie within the
range |η| < 2.4 and pT > 30 GeV. The b jet at the particle
level is defined as described above for the ! + jets analysis.

In Fig. 7, the normalised differential cross section for
the following lepton and lepton-pair observables are pre-
sented: the transverse momentum of the leptons p!

T, the
pseudorapidity η! of the leptons, the transverse momen-
tum of the lepton pair p!+!−

T , and the invariant mass of the
lepton pair m!+!−

. The distributions for the transverse mo-
mentum of the b jets, pb

T, and their pseudorapidity, ηb, are
shown in Fig. 8. Predictions from MADGRAPH, POWHEG,
and MC@NLO are also shown. Good agreement is observed
between data and theoretical predictions within experimen-
tal uncertainties. The MC@NLO and POWHEG predictions,

LO + PS 
accuracy

NLO + PS 
accuracyNLO

LO

Let’s match NLO predictions 
to the parton shower
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Higher orders and PS matching
Issues with matching NLO+PS
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Limitations of Fixed Order calculations

• In the small transverse momentum region, this 
calculation breaks down (it’s even negative in the first 
bin!), and anywhere else it is purely a LO calculation for 
V+1j

7

“LO”

“NLO”

transverse momentum [GeV]

Note: Fixed order calculation makes 
no sense in the small  regionpT

NLO has divergences in virtual and real 
corrections


The real emission has to be integrated over 
the full phase-space to cancel the IR poles 
against the virtual corrections


Our trick of introducing a cut (merging scale) 
like we did for LO merging cannot work


We need a new procedure to match NLO 
matrix elements with parton showers
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Double counting @NLO

59

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

Sources of double counting

• There is double counting between the real emission matrix 
elements and the parton shower: the extra radiation can come 
from the matrix elements or the parton shower

• There is also an overlap between the virtual corrections and the 
Sudakov suppression in the zero-emission probability

103

Parton shower

...

...Born+Virtual:

Real emission:

Double counting between the shower 
and the real emission matrix element


Overlap between virtual corrections 
and the Sudakov suppression in the 
zero emission probability

The Sudakov form factor is the no-emission probability, defined as 
  where  is the probability of branching


That means  contains contributions from the virtual corrections                                   

Δ = 1 − P P

Δ
Double counting
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NLO+PS
How to avoid double counting?

Two main methods: 

MC@NLO: Frixione, Webber 2002

POWHEG: Nason 2004


also

KRKNLO, Vincia, Geneva

60
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MC@NLO matching

To remove the double counting add and subtract the same term to m 
and m+1 configurations

61
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MC@NLO procedure

• To remove the double counting, we can add and subtract the 
same term to the m and m+1 body configurations 
 
 
 
 
 
 
Where the MC are defined to be the contribution 
of the parton shower to get from the m body Born 
final state to the m+1 body real emission final state

14

Frixione & Webber (2002)

d�MC@NLO

dO
=

"
d�m(B +

Z

loop
V +

Z
d�1MC)

#
I
(m)
MC (O)

+

"
d�m+1(R�MC)

#
)I(m+1)

MC (O)

MC are the contributions of the PS to go from m body Born final state to the m+1 real 
emission final state: Shower subtraction terms
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MC@NLO features

Good features of including the subtraction counter terms

• Double counting avoided: The rate expanded at NLO coincides with the total NLO cross 

section 

• Smooth matching: MC@NLO coincides (in shape) with the parton shower in the soft/

collinear region and it agrees with the NLO in the hard region 

• Stability: weights associated to different multiplicities are separately finite. The MC term 

has the same infrared behaviour as the real emission. 

Not so nice feature: 

• Parton shower dependence: the form of the MC terms depends on what the parton 

shower does exactly. Need special subtraction terms for each parton shower to which we 
want to match: updates in showers might not be compatible with MC terms 
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Summary: NLO+PS

Higher order computations matched to parton showers allow us to 
have useful features from both!

MC@NLO: subtraction term avoids double counting between NLO and 
parton shower

Other NLO+PS method: 

POWHEG: overall k-factor and modification of first emission to fill hard 
region of phase-space based on the real emission matrix elements
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Showered results
Higgs production NLO+PS
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Higgs boson production

• Powheg: original: F=1, 
default F={1 for pT(H) < mH, 0 for pT(H) > mH} 

• Not only an impact at large pT, but also at 
small pT. Higher order terms in shower are 
large, hence can easily be tuned.
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Figure 5: Comparisons of the Higgs-boson transverse momentum and rapidity distributions
from the KrkNLO, MC@NLO and POWHEG methods implemented in Herwig 7 for Higgs-
boson production in gluon–gluon fusion at the LHC, see text for details.

ever, MC@NLO and POWHEG (Default), by construction, converge to the NLO results,
departing from the NNLO predictions. On the other hand, POWHEG (Original) is closer
to the NNLO predictions but for larger pH

T
values is much harder than both the KrkNLO

and NNLO predictions, as can also be seen in Fig. 5.
In Fig. 7 we show the results of the KrkNLO method obtained for di↵erent modern MS

PDF sets: CT10nlo (used as our default PDF set), CT14lo, HERAPDF20, MMHT2014lo and
NNPDF30lo. We can see that the distributions can vary even by up to 40%. The biggest
di↵erences are observed at low transverse momenta and large rapidities. In Appendix A we
compare all the di↵erent PDFs in the MS and MC schemes and show that the di↵erences at
the level of parton distribution functions, see Fig. 9, are commensurate to those observed
in Fig. 7 for the di↵erential cross sections. Further studies of systematic e↵ects due to
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In Fig. 7 we show the results of the KrkNLO method obtained for di↵erent modern MS

PDF sets: CT10nlo (used as our default PDF set), CT14lo, HERAPDF20, MMHT2014lo and
NNPDF30lo. We can see that the distributions can vary even by up to 40%. The biggest
di↵erences are observed at low transverse momenta and large rapidities. In Appendix A we
compare all the di↵erent PDFs in the MS and MC schemes and show that the di↵erences at
the level of parton distribution functions, see Fig. 9, are commensurate to those observed
in Fig. 7 for the di↵erential cross sections. Further studies of systematic e↵ects due to

11

Plot from Jadach et al. (2016)

herwig7 herwig7

.JOJNJIÚKE����NN

LOGOTYPFÄRGER
Lunds universitets logotyp får bara förekomma i följande 
färgvarianter: brons/blå, svart eller vit (negativ). Färgvariant 
brons/blå är den rekommenderade och ska användas överallt 
där det är möjligt. 
 
LOGOTYPSTORLEK
Lunds universitets logotyp får inte göras för liten. Detta för 
att säkerställa läsbarhet och tydlighet. Logotypen (oavsett 
version) får därför inte göras mindre än att sigillet i logotypen 
har en höjd på minst 10 mm (se illustration ovan). 

3FLPNNFOEFSBE�GÊSHWBSJBOU

4WBSU 7JU�OFHBUJW

.JOJNJIÚKE����NN

LUNDS UNIVERSITET | GRAFISK MANUAL | BASREGLER | LOGOTYPFÄRGER OCH LOGOTYPSTORLEK  10

.JOJNJIÚKE����NN

.JOJNJIÚKE����NN

Damped powheg

• Inclusion of beyond-NLO terms can be varied by 
changing F 

• Should this be considered an uncertainty or a tuning 
parameter?

31

following form

F =
h2

p2
T + h2

. (4.6)

The resulting transverse-momentum distribution at the LHC, for a Higgs boson mass of

400 GeV, is shown in fig. 19 for h → ∞ (standard POWHEG), h = 120 GeV and h = 400 GeV.

One can see that it is not difficult to get distributions that undershoot the MC@NLO one in

Figure 19: Comparison of the predictions of MC@NLO, standard POWHEG (h → ∞) and POWHEG with
two different values of the parameter h (h = 120 GeV and h = mH = 400 GeV) in the function F
of eq. (4.6), for the transverse-momentum distributions of a Higgs boson, at the LHC pp collider.

the intermediate range of pT. We also observe that, with this procedure, no undesired

features of other distributions appear. In particular, the distribution in the rapidity of the

hardest jet, and in the rapidity difference between the hardest jet and the Higgs boson

remain qualitatively the same, as shown in fig. 20.

4.4 Next-to-leading logarithmic resummation

As explained in section (4.4) of ref. [9], one can reach next-to-leading logarithmic (NLL)

accuracy of soft gluon resummation if the number of coloured partons involved in the hard

scattering is less or equal to three. This can be obtained by replacing the strong coupling

constant in the Sudakov exponent with [29]
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Higgs production in gluon fusion: 0812.0578
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Higgs boson production

• Powheg: original: F=1, 
default F={1 for pT(H) < mH, 0 for pT(H) > mH} 

• Not only an impact at large pT, but also at 
small pT. Higher order terms in shower are 
large, hence can easily be tuned.
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Figure 5: Comparisons of the Higgs-boson transverse momentum and rapidity distributions
from the KrkNLO, MC@NLO and POWHEG methods implemented in Herwig 7 for Higgs-
boson production in gluon–gluon fusion at the LHC, see text for details.

ever, MC@NLO and POWHEG (Default), by construction, converge to the NLO results,
departing from the NNLO predictions. On the other hand, POWHEG (Original) is closer
to the NNLO predictions but for larger pH

T
values is much harder than both the KrkNLO

and NNLO predictions, as can also be seen in Fig. 5.
In Fig. 7 we show the results of the KrkNLO method obtained for di↵erent modern MS

PDF sets: CT10nlo (used as our default PDF set), CT14lo, HERAPDF20, MMHT2014lo and
NNPDF30lo. We can see that the distributions can vary even by up to 40%. The biggest
di↵erences are observed at low transverse momenta and large rapidities. In Appendix A we
compare all the di↵erent PDFs in the MS and MC schemes and show that the di↵erences at
the level of parton distribution functions, see Fig. 9, are commensurate to those observed
in Fig. 7 for the di↵erential cross sections. Further studies of systematic e↵ects due to
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the level of parton distribution functions, see Fig. 9, are commensurate to those observed
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Damped powheg

• Inclusion of beyond-NLO terms can be varied by 
changing F 

• Should this be considered an uncertainty or a tuning 
parameter?
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following form

F =
h2

p2
T + h2

. (4.6)

The resulting transverse-momentum distribution at the LHC, for a Higgs boson mass of

400 GeV, is shown in fig. 19 for h → ∞ (standard POWHEG), h = 120 GeV and h = 400 GeV.

One can see that it is not difficult to get distributions that undershoot the MC@NLO one in

Figure 19: Comparison of the predictions of MC@NLO, standard POWHEG (h → ∞) and POWHEG with
two different values of the parameter h (h = 120 GeV and h = mH = 400 GeV) in the function F
of eq. (4.6), for the transverse-momentum distributions of a Higgs boson, at the LHC pp collider.

the intermediate range of pT. We also observe that, with this procedure, no undesired

features of other distributions appear. In particular, the distribution in the rapidity of the

hardest jet, and in the rapidity difference between the hardest jet and the Higgs boson

remain qualitatively the same, as shown in fig. 20.

4.4 Next-to-leading logarithmic resummation

As explained in section (4.4) of ref. [9], one can reach next-to-leading logarithmic (NLL)

accuracy of soft gluon resummation if the number of coloured partons involved in the hard

scattering is less or equal to three. This can be obtained by replacing the strong coupling

constant in the Sudakov exponent with [29]
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Higgs production in gluon fusion: 0812.0578
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Original Powheg was giving too hard tails


Improved Powheg very close to MC@NLO
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Merging@NLO
Best of both worlds

65

To improve both high multiplicity regions and rates 

Two main methods of merging@NLO

• FxFx

• MEPS@NLO


Make MC@NLO calculation exclusive in more jets by vetoing additional radiation and 
resumming the dependence on the merging scale

• CKKW-L approach (i.e. Sudakov rejection based on shower kernels) 

Used in Sherpa’s “MEPS@NLO” 

CKKW from hard scale down to the scale of the softest jet not affected by veto; 

• MLM-type rejection from there down to merging scale 


Used in MadGraph5_aMC@NLO with Pythia or Herwig: “FxFx merging” 
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Merging@NLO
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Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

• Differential jet rates

• Matching up to 2 jets at NLO : consistent with up 
to 1 more jet.

• Method works for ttbar+jets and W+jets equally 
well.

Figure 6: As in fig. 3, with N = 2.

to disappear, and the merging-parameter dependence reduced, when pcut
T

becomes large.

We finally turn to discussing the case of the N = 2, sharp-D function, Sudakov-

reweighted merging; that is, we increase the largest multiplicity by one unit w.r.t. what

was done before. The settings are the same as in the N = 1 case, and figs. 6, 7, and 8 are

the analogues of figs. 3, 4, and 5 respectively (with the exception of one panel in fig. 8).

The numerators of the ratios that appear in the upper insets are the same as before for

the H + 0j and H + 1j cases; that for H + 2j is obviously specific to N = 2. In the lower

insets, together with the ratios that allow one to assess the merging systematics, we have

plotted (as histograms overlaid with open circles) the ratios of the N = 1 results over the

N = 2 ones, both for µQ = 50 GeV. We have also recomputed the Alpgen predictions, by

adding the H + 3 parton sample, for consistency with N = 2. The corresponding results

will not be shown in the plots, since these are already quite busy, and there is no difference
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 MULTI-JET MERGING @ NLO
[Frederix, Frixione, 1209.6215]
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[Hoeche et al. , 1207.5030]

• Jet rates

• Up to 3 extra jets at NLO

• Various approaches give consistent results

W + jets: up to 3-jets@NLO


Jet multiplicity


Good agreement with LHC data
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• Jet rates

• Up to 3 extra jets at NLO

• Various approaches give consistent results

H + jets: up to 2-jets@NLO


Differential jet rate


Very mild merging scale dependence
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Is this progress relevant?

67

Z

ATLAS Data
SHERPA Z + 0-1 jet LO

10�1

1

10 1

10 2
s(� Njet), Z ! e+e�, p?(jet) > 30 GeV, |yjet| < 4.4

s
(Z

!
e+

e�
+

�
N

je
t)

[p
b]

0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

0.2
0.4
0.6
0.8

1
1.2
1.4

Njet

M
C

/D
at

a

CMS Data
SHERPA Z + 0-1 jet LO

10�6

10�5

10�4

10�3

10�2

10�1
Z boson pT with dressed leptons

1/
s

ds
/d

p T
(Z

)
[1

/G
eV

]

1 10 1 10 2

0.6

0.8

1

1.2

1.4

pT(Z) [GeV]

M
C

/D
at

a

Merging at LO



Eleni Vryonidou STFC HEP school 2024

Is this progress relevant?
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Is this progress relevant?
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Impressive improvement in description of data!
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Rediscovering the SM Searching for the unknown

Good agreement with the SM
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Higgs production at the LHC

HESEP - July 2018          Fabio Maltoni

Higgs production channels
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Higgs decays

30

• Weath of decay channels for 125 
GeV, rich phenomenology


• Very narrow! 


• Diphoton and 4lepton final state are 
the cleanest signatures


• Hadronic channels are hard at the 
LHC because of the backgrounds, 
but accessible through boosted 
techniques!
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Higgs potential: V(H ) = 1
2
MH

2H 2 +λHHHvH 3 +
1
4
λHHHHH 4

λHHH = λHHHH =
MH

2

2v2
Fixed values in the SM: Measuring λΗΗΗ and  

λΗΗΗH tests the SM
How do we measure it?
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[Frederix et al. ‘14]

�H = 55 pb

�HH = 44 fb

�HHH = 110 ab

At 14 TeV from gg fusion:

As in single Higgs many  channels contribute in principle.
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HH production at pp colliders at NLO in QCD
MH=125 GeV, MSTW2008 NLO pdf (68%cl)
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Cross sections for HH(H) increase by a factor of 20(60) at a FCC. 

Phase I : Higgs self-coupling
Higgs potential: V(H ) = 1

2
MH

2H 2 +λHHHvH 3 +
1
4
λHHHHH 4

λHHH = λHHHH =
MH

2

2v2
Fixed values in the SM: Measuring λΗΗΗ and  

λΗΗΗH tests the SM
How do we measure it?
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Dolan et al arXiv:1206.5001

�(HH)

Grazzini et al arXiv:1803.02463
[fb]

SM cross sections

Frederix et al. arxiv:1401.7340

Need for differential information
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�(HH)

Grazzini et al arXiv:1803.02463
[fb]

SM cross sections

Frederix et al. arxiv:1401.7340

July 3rd, 2022Luca Cadamuro (IJCLab - CNRS/IN2P3) Experimental summary and outlook

The (near) future
Run 2 (~140 fb-1) 

■ Expect ~2.5 ⨉ SM per experiment 
⟹ 1.7 ⨉ SM ATLAS + CMS


■ Interest expressed to pursue a Run 2 combination

□ may prove that the self-coupling exists (κλ > 0), tight 

bounds on many BSM models


■ Extensive discussion on plans and action items to 
develop this idea / exercise for future comb.


Run 3 (~400 fb-1) 

■ 95% CL UL sensitivity at ~1 ⨉ SM  (ATLAS + CMS)

■ We can plan ahead! Better triggers, more refined 

analyses, new object ID… 
→ a first hint/evidence for HH in Run 3?


■ Clear target for a ATLAS+CMS combination

28
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Summary of 
Run 2 results 

■

July 3rd, 2022Luca Cadamuro (IJCLab - CNRS/IN2P3) Experimental summary and outlook

The HL-LHC prospects
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Figure 3. Left: Projected combined HL-LHC sensitivity to Higgs trilinear coupling from direct search channels. Right:
sensitivity to BSM Higgs bosons, in the H/A ! tt channel. From Ref. [2].

self-coupling l , ATLAS and CMS project a sensitivity to the HH signal of approximately 3 s.d. per experiment, leading to
a combined observation sensitivity of 4 s.d. These analyses, which make use also of the HH mass spectrum shape, result in
the likelihood profile as a function of kl shown in Fig. 3 (left). An important feature of these analyses is the presence of the
secondary minimum in the likelihood lineshape, due to the degeneracy in the total number of HH signal events for different kl
values. We note that at the HL-LHC the secondary minimum can be excluded at 99.4% CL, with a constraint on the Higgs
self-coupling of 0.5 < kl < 1.5 at the 68% CL. The results on HH production studies are statistics limited, therefore a dataset
of at least 6 ab�1 (ATLAS and CMS combined) is essential to achieve this objective.

Higgs studies at HL-LHC will enhance the sensitivity to BSM physics, exploiting indirect probes via precision measurements,
and a multitude of direct search targets, ranging from exotic decays of the 125 GeV Higgs boson (e.g. decays including light
scalars, light dark photons or axion-like particles, and decays to long-lived BSM particles) to the production of new Higgs
bosons, neutral and charged, at masses above or below 125 GeV. As an example, Fig. 3 (right) shows a summary of the MSSM
regions of parameter space that will be probed by ATLAS and CMS. The expected exclusion limit for H/A ! tt is presented
in black-dashed and compared to the present limit (in red and green for ATLAS and CMS, respectively). The HL-LHC will
have access to new Higgs bosons as heavy as 2.5 TeV for tanb > 50. In the figure, we also present the expected bound coming
from Higgs precision coupling measurements which excludes Higgs bosons with masses lower than approximately 1 TeV over
a large range of tanb .

Precision measurements provide an important tool to search for BSM physics associated to mass scales beyond the LHC
direct reach. The EFT framework, where the SM Lagrangian is supplemented with dimension-6 operators Âi ciO

(6)
i

/L2, allows
one to systematically parametrise BSM effects and how they modify SM processes. Figure 2 (right) shows the results of a global
fit to observables in Higgs physics, as well as diboson and Drell-Yan processes at high energy. The fit includes all operators
generated by new physics that only couples to SM bosons. These operators can either modify SM amplitudes, or generate new
amplitudes. In the former case, the best LHC probes are, for example, precision measurements of Higgs branching ratios. In the
case of the operator OH , for example, the constraints in Fig. 2 (right) translate into a sensitivity to the Higgs compositeness
scale f > 1.6 TeV, corresponding to a new physics mass scale of 20 TeV for an underlying strongly coupled theory. The effects
associated with some new amplitudes grow quadratically with the energy. For example, Drell-Yan production at large mass can
access, via the operators O2W,2B, energy scales of order 12 TeV (Fig. 2).

2.1 Production of multiple EW gauge bosons
The measurement of production of pairs or triplets of EW gauge boson will be of great importance to test the mechanism of EW
symmetry breaking, since it can signal the presence of anomalous EW couplings, and of new physics at energy scales beyond
the reach of direct resonance production. First observations of EW multiboson interactions have recently been achieved in
vector boson scattering (VBS) of WW and WZ and we expect a fuller picture to be accessible at HL-LHC, by statistics, but also
through improved detector instrumentation and acceptance in the forward direction. Table 1 summarizes the expected SM yields,
quoting the expected precision and significance for several HL-LHC measurements. In particular, the extraction of individual
polarization contributions to same-sign WW scattering will yield a > 3 s.d. evidence for WLWL production, combining ATLAS
and CMS results.

3

Nan Lu (USTC) HH prospects at HL-LHC

Snowmass ATLAS HH→bbττ+bbγγ combination

12

Significance [�] Combined signal

Uncertainty scenario bb̄�� bb̄⌧+⌧� Combination strength precision [%]

No syst. unc. 2.3 4.0 4.6 �23/+ 23

Baseline 2.2 2.8 3.2 �31/+ 34

Theoretical unc. halved 1.1 1.7 2.0 �49/+ 51

Run 2 syst. unc. 1.1 1.5 1.7 �57/+ 68

ATL-PHYS-PUB-2022-005

Uncertainty scenario Likelihood scan 1� CI Likelihood scan 2� CI

No syst. unc. [0.6, 1.5] [0.3, 2.1]

Baseline [0.5, 1.6] [0.0, 2.7]

Theoretical unc. halved [0.2, 2.2] [�0.4, 5.6]

Run 2 syst. unc. [0.1, 2.5] [�0.7, 5.7]

• constraint on κλ

• SM HH significance and 
measurement of signal strength

Snowmass update by ATLAS and CMS

5σ significance from a naive combination 

New production and decay modes

European strategy (YR 2018)

4σ significance on SM HH 

50% precision on κλ (68% CL)

Prospects improve as we refine our current analyses : prospects for discovery at HL-LHC
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�(HH)

Grazzini et al arXiv:1803.02463
[fb]

SM cross sections

Frederix et al. arxiv:1401.7340
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The (near) future
Run 2 (~140 fb-1) 

■ Expect ~2.5 ⨉ SM per experiment 
⟹ 1.7 ⨉ SM ATLAS + CMS


■ Interest expressed to pursue a Run 2 combination

□ may prove that the self-coupling exists (κλ > 0), tight 

bounds on many BSM models


■ Extensive discussion on plans and action items to 
develop this idea / exercise for future comb.


Run 3 (~400 fb-1) 

■ 95% CL UL sensitivity at ~1 ⨉ SM  (ATLAS + CMS)

■ We can plan ahead! Better triggers, more refined 

analyses, new object ID… 
→ a first hint/evidence for HH in Run 3?


■ Clear target for a ATLAS+CMS combination
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The HL-LHC prospects
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Figure 3. Left: Projected combined HL-LHC sensitivity to Higgs trilinear coupling from direct search channels. Right:
sensitivity to BSM Higgs bosons, in the H/A ! tt channel. From Ref. [2].

self-coupling l , ATLAS and CMS project a sensitivity to the HH signal of approximately 3 s.d. per experiment, leading to
a combined observation sensitivity of 4 s.d. These analyses, which make use also of the HH mass spectrum shape, result in
the likelihood profile as a function of kl shown in Fig. 3 (left). An important feature of these analyses is the presence of the
secondary minimum in the likelihood lineshape, due to the degeneracy in the total number of HH signal events for different kl
values. We note that at the HL-LHC the secondary minimum can be excluded at 99.4% CL, with a constraint on the Higgs
self-coupling of 0.5 < kl < 1.5 at the 68% CL. The results on HH production studies are statistics limited, therefore a dataset
of at least 6 ab�1 (ATLAS and CMS combined) is essential to achieve this objective.

Higgs studies at HL-LHC will enhance the sensitivity to BSM physics, exploiting indirect probes via precision measurements,
and a multitude of direct search targets, ranging from exotic decays of the 125 GeV Higgs boson (e.g. decays including light
scalars, light dark photons or axion-like particles, and decays to long-lived BSM particles) to the production of new Higgs
bosons, neutral and charged, at masses above or below 125 GeV. As an example, Fig. 3 (right) shows a summary of the MSSM
regions of parameter space that will be probed by ATLAS and CMS. The expected exclusion limit for H/A ! tt is presented
in black-dashed and compared to the present limit (in red and green for ATLAS and CMS, respectively). The HL-LHC will
have access to new Higgs bosons as heavy as 2.5 TeV for tanb > 50. In the figure, we also present the expected bound coming
from Higgs precision coupling measurements which excludes Higgs bosons with masses lower than approximately 1 TeV over
a large range of tanb .

Precision measurements provide an important tool to search for BSM physics associated to mass scales beyond the LHC
direct reach. The EFT framework, where the SM Lagrangian is supplemented with dimension-6 operators Âi ciO

(6)
i

/L2, allows
one to systematically parametrise BSM effects and how they modify SM processes. Figure 2 (right) shows the results of a global
fit to observables in Higgs physics, as well as diboson and Drell-Yan processes at high energy. The fit includes all operators
generated by new physics that only couples to SM bosons. These operators can either modify SM amplitudes, or generate new
amplitudes. In the former case, the best LHC probes are, for example, precision measurements of Higgs branching ratios. In the
case of the operator OH , for example, the constraints in Fig. 2 (right) translate into a sensitivity to the Higgs compositeness
scale f > 1.6 TeV, corresponding to a new physics mass scale of 20 TeV for an underlying strongly coupled theory. The effects
associated with some new amplitudes grow quadratically with the energy. For example, Drell-Yan production at large mass can
access, via the operators O2W,2B, energy scales of order 12 TeV (Fig. 2).

2.1 Production of multiple EW gauge bosons
The measurement of production of pairs or triplets of EW gauge boson will be of great importance to test the mechanism of EW
symmetry breaking, since it can signal the presence of anomalous EW couplings, and of new physics at energy scales beyond
the reach of direct resonance production. First observations of EW multiboson interactions have recently been achieved in
vector boson scattering (VBS) of WW and WZ and we expect a fuller picture to be accessible at HL-LHC, by statistics, but also
through improved detector instrumentation and acceptance in the forward direction. Table 1 summarizes the expected SM yields,
quoting the expected precision and significance for several HL-LHC measurements. In particular, the extraction of individual
polarization contributions to same-sign WW scattering will yield a > 3 s.d. evidence for WLWL production, combining ATLAS
and CMS results.
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Nan Lu (USTC) HH prospects at HL-LHC

Snowmass ATLAS HH→bbττ+bbγγ combination

12

Significance [�] Combined signal

Uncertainty scenario bb̄�� bb̄⌧+⌧� Combination strength precision [%]

No syst. unc. 2.3 4.0 4.6 �23/+ 23

Baseline 2.2 2.8 3.2 �31/+ 34

Theoretical unc. halved 1.1 1.7 2.0 �49/+ 51

Run 2 syst. unc. 1.1 1.5 1.7 �57/+ 68

ATL-PHYS-PUB-2022-005

Uncertainty scenario Likelihood scan 1� CI Likelihood scan 2� CI

No syst. unc. [0.6, 1.5] [0.3, 2.1]

Baseline [0.5, 1.6] [0.0, 2.7]

Theoretical unc. halved [0.2, 2.2] [�0.4, 5.6]

Run 2 syst. unc. [0.1, 2.5] [�0.7, 5.7]

• constraint on κλ

• SM HH significance and 
measurement of signal strength

Snowmass update by ATLAS and CMS

5σ significance from a naive combination 

New production and decay modes

European strategy (YR 2018)

4σ significance on SM HH 

50% precision on κλ (68% CL)

Prospects improve as we refine our current analyses : prospects for discovery at HL-LHC

A challenge even for the HL-LHC



Eleni Vryonidou STFC HEP school 2024

Higgs width

76
HESEP - July 2018          Fabio Maltoni

Higgs width

45

•Summing up all partial widths one obtains a total width of about 4 MeV. 
Very narrow! How can the width be measured?

2. On-shell/Off-shell : gg→ZZ→4leptons 

• On-shell:

• Above:

beware: model dependent

The SM Higgs width is 4MeV. How can we measure it?

HESEP - July 2018          Fabio Maltoni

Higgs width

45

•Summing up all partial widths one obtains a total width of about 4 MeV. 
Very narrow! How can the width be measured?

2. On-shell/Off-shell : gg→ZZ→4leptons 

• On-shell:

• Above:

beware: model dependent

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-EP-2021-272
2022/02/15

CMS-HIG-21-013

First evidence for off-shell production of the Higgs boson
and measurement of its width

The CMS Collaboration*

Abstract

The first evidence for off-shell Higgs boson production is reported in the final state
with two Z bosons decaying into either four charged leptons (muons or electrons),
or two charged leptons and two neutrinos, and a measurement of the Higgs boson
width is performed. Results are based on data from the CMS experiment at the LHC
at a center-of-mass energy of 13 TeV, corresponding to an integrated luminosity of up
to 140 fb�1. The total rate of off-shell Higgs boson production beyond the Z boson
pair production threshold, relative to its standard model expectation, is constrained
to the interval [0.0061, 2.0] at 95% confidence level. The scenario with no off-shell pro-
duction is excluded at 99.97% confidence level (3.6 standard deviations). The width
of the Higgs boson is extracted as GH = 3.2+2.4

�1.7 MeV, in agreement with the stan-
dard model expectation of 4.1 MeV. The data are also used to set new constraints on
anomalous Higgs boson couplings to W and Z boson pairs.

Submitted to Nature Physics

© 2022 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license

*See Appendix A for the list of collaboration members
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LHC is a top factory
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Rich phenomenology:  

                         pair production

                          associated 
                          production

                          top loops

connection to Higgs physics

single 

4 tops
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Top physics
 Why study the top quark ? 

78

1. Heaviest known particle: Strong coupling to the Higgs 

2. Portal to new physics: e.g. EWSB, composite Higgs 

3. LHC is a top factory: precise access to top properties through a lot 
of production channels 
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Top has a special place in the Universe
Stability of the vacuum

Higgs potential:

79
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The future of the Universe
The fate of the Universe depends on 1GeV in mt  

yt(Mt) = 0.93587 + 0.00557

✓
Mt

GeV
� 173.15

◆
. . .± 0.00200th

[Degrassi, et al.  ‘12] 

!131

It’s the Yukawa that enters in this calculation.
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Vacuum stability

!129

The one-loop renormalization group equation (RGE) for λ(µ) is

dλ(µ)

d logµ2
=

1

16π2

[

12λ2 +
3

8
g4 +

3

16
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)2 −3h4
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2
λ
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+ 6λh2
t

]

where

mt =
htv√
2

m2
H = 2λv2

This equation must be solved together with the one-loop RGEs for the gauge and Yukawa
couplings, which, in the Standard Model, are given by
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]

here gs is the strong interaction coupling constant, and the MS scheme is adopted.

Solving this system of coupled equations with the initial condition

λ (mH) =
m2

H

2v2
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Need  to be positive (and remain positive)!λ
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Top Yukawa!

Degrassi et al arXiv:1205.6497
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Top quark is a special quark
Spin Correlations

The top decays before hadronising


Spin information is preserved!


Top Spin effects 

80
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  The top is special

!101

Thanks to its large mass it is the only quark that decays 
before hadronising 

τhad ≈ h/ΛQCD ≈ 2•10-24 s 
τtop ≈ h/ Γtop =1/(GF mt3 |Vtb|2/8π√2) ≈ 5•10-25 s 
(with h=6.6 10-25 GeV s) 

(Compare with τb ≈ (GF2 mb5 |Vbc|2 )-1 ≈ 10-12 s)

t

b

W
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t

b

!+, d̄

W+

ν, u

One can easily show that for the top, the lepton+ (or 
the d), in the top rest frame,  tends to be emitted in 
the same direction of the top spin.

Note that this has nothing to do with W polarization! 
In particular one studies spin correlations between 
the top and anti-top in ttbar production and the spin 
of the top in single top. 

Results depend on the degree of polarization (p) of 
the tops themselves and from the choice of the “spin-
analyzer” ki.

1

Γ

dΓ

d cos θ
=

1 + p ki cos θ

2

Spin correlations
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the d), in the top rest frame,  tends to be emitted in 
the same direction of the top spin.

Note that this has nothing to do with W polarization! 
In particular one studies spin correlations between 
the top and anti-top in ttbar production and the spin 
of the top in single top. 

Results depend on the degree of polarization (p) of 
the tops themselves and from the choice of the “spin-
analyzer” ki.

1

Γ

dΓ

d cos θ
=

1 + p ki cos θ

2

Spin correlations

Spin analysing power

We can check how the top is produced!

Lepton+ or d emitted in the top spin direction

ki
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Weak interaction and W polarisation

81

LAL - Cours d’Automne 2019             Fabio Maltoni

W polarisation

!115

The SM vertex of the top decay implies that
it’s only the tL that takes part to the interaction.

This has straightforward consequences on the
possible helicity states of the on-shell W produced
in the decay.

Neglecting mb, this implies that the W can be only either longitudinally polarised or with 
negative helicity. In general:

How do we measure it??  The W polarisation is inherited by its decay products, which 
“remember it” in their angular distributions. 

Only left-handed tops in the decay!

Helicities of W bosons
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W polarisation

!115

The SM vertex of the top decay implies that
it’s only the tL that takes part to the interaction.

This has straightforward consequences on the
possible helicity states of the on-shell W produced
in the decay.

Neglecting mb, this implies that the W can be only either longitudinally polarised or with 
negative helicity. In general:

How do we measure it??  The W polarisation is inherited by its decay products, which 
“remember it” in their angular distributions. 

longitudinal left-handed right-handed

−i
g

2
Vtqγμ 1

2
(1 − γ5)

? ??
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Weak interaction and W polarisation

82
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W polarisation

!116

Fraction of  longitudinal W’s  (basically the 
only ones we see in a pp collider!)

• The formula above is already not trivial since it says 
that  W polarisations  don’t  interfere!  (This  is  true 
only for 1dim distributions!)

• Longitudinal  polarisation  come  from  the  Higgs 
doublet (charged component).

• cos(θ), which is defined in a specific frame, can be 
related to m(lepton,bottom) or pt(lepton) , ergo

• no top momentum reconstruction necessary!
• Rather “easy measurement” .

f0 =
m2

t

2m2
W

+ m2
t

= 70%

1

N

dN(W → lν)

dcosθ
= K

[

f0 sin2 θ + fL(1 − cos θ)2 + fR(1 + cos θ)2
]
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!116
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2m2
W

+ m2
t

= 70%

1

N

dN(W → lν)

dcosθ
= K

[

f0 sin2 θ + fL(1 − cos θ)2 + fR(1 + cos θ)2
]

Check of Wtb interaction!

Extract W polarisation by looking at the W decay products: 

fL =
2m2

W

2m2
W + m2

t
∼ 30 %f0 =

m2
t

2m2
W + m2

t
∼ 70 % fR ∼ 0 %
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• Longitudinal  polarisation  come  from  the  Higgs 
doublet (charged component).

• cos(θ), which is defined in a specific frame, can be 
related to m(lepton,bottom) or pt(lepton) , ergo

• no top momentum reconstruction necessary!
• Rather “easy measurement” .

f0 =
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2m2
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+ m2
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= 70%

1

N

dN(W → lν)

dcosθ
= K

[

f0 sin2 θ + fL(1 − cos θ)2 + fR(1 + cos θ)2
]

for mb = 0

Angular distribution of :l+
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Status of top measurements
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Model ECM [TeV]
R
L dt[fb

�1
] Measurement Theory Reference

4t 13 139 fb�1 � = 24 + 7 � 6 fb � = 12.0 ± 2.4 fb (JHEP 02 (2018) 031) JHEP 11 (2021) 118

tZj 13 139 fb�1 � = 97 ± 13 ± 7 fb � = 102 + 5 � 2 fb (Madgraph5 + aMCNLO (NLO)) JHEP 07 (2020) 124

t̄t� 7 4.6 fb�1 � = 63 ± 8 + 17 � 13 fb � = 48 ± 10 fb (Whizard+NLO) PRD 91, 072007 (2015)

t̄t� 8 20.2 fb�1 � = 139 ± 7 ± 17 fb � = 151 ± 25 fb (MadGraph+PRD 83 (2011) 074013) JHEP 11 (2017) 086

t̄t� 13 36.1 fb�1 � = 521 ± 9 ± 41 fb � = 495 ± 99 fb (PRD 83 (2011) 074013) EPJC 79 (2019) 382

t̄tH 8 20.3 fb�1 � = 220 ± 100 ± 70 fb � = 133 + 8 � 13 fb (LHCHXSWG NLO QCD + NLO EW) PLB 784 (2018) 173

t̄tH 13 80 fb�1 � = 670 ± 90 + 110 � 100 fb � = 507 + 35 � 50 fb (LHCHXSWG NLO QCD + NLO EW) PLB 784 (2018) 173

t̄tZ 8 20.3 fb�1 � = 176 + 52 � 48 ± 24 fb � = 215 ± 30 fb (HELAC-NLO) JHEP 11, 172 (2015)

t̄tZ 13 139 fb�1 � = 990 ± 50 ± 80 fb � = 840 + 90 � 100 fb (NLO QCD + EW) Eur. Phys. J. C 81 (2021) 737

t̄tW 8 20.3 fb�1 � = 369 + 86 � 79 ± 44 fb � = 232 ± 32 fb (MCFM) JHEP 11, 172 (2015)

t̄tW 13 36.1 fb�1 � = 870 ± 130 ± 140 fb � = 600 ± 72 fb (Madgraph5 + aMCNLO) PRD 99, 072009 (2019)

ts�chan 8 20.3 fb�1 � = 4.8 ± 0.8 + 1.6 � 1.3 pb � = 5.61 ± 0.22 pb (NLO+NNL) PLB 756, 228-246 (2016)

Wt 7 2.0 fb�1 � = 16.8 ± 2.9 ± 3.9 pb � = 15.7 ± 1.1 pb (NLO+NLL) PLB 716, 142-159 (2012)

Wt 8 20.3 fb�1 � = 23 ± 1.3 + 3.4 � 3.7 pb � = 22.4 ± 1.5 pb (NLO+NLL) JHEP 01, 064 (2016)

Wt 13 3.2 fb�1 � = 94 ± 10 + 28 � 23 pb � = 71.7 ± 3.9 pb (NLO+NNLL) JHEP 01 (2018) 63

tt�chan 7 4.6 fb�1 � = 68 ± 2 ± 8 pb � = 64.6 + 2.7 � 2 pb (NLO+NLL) PRD 90, 112006 (2014)

tt�chan 8 20.3 fb�1 � = 89.6 ± 1.7 + 7.2 � 6.4 pb � = 87.8 + 3.4 � 1.9 pb (NLO+NLL) EPJC 77 (2017) 531

tt�chan 13 3.2 fb�1 � = 247 ± 6 ± 46 pb � = 217 ± 10 pb (NLO+NLL) JHEP 04 (2017) 086

t̄t 5 0.3 fb�1 � = 66.0 ± 4.5 ± 2.0 pb � = 68.2 + 5.1 � 5.3 pb (top++ NNLO+NNLL) ATLAS-CONF-2021-003

t̄t 7 4.6 fb�1 � = 182.9 ± 3.1 ± 6.4 pb � = 177 + 10 � 11 pb (top++ NNLO+NNLL) EPJC 74: 3109 (2014)

t̄t 8 20.2 fb�1 � = 242.9 ± 1.7 ± 8.6 pb � = 252.9 + 13.3 � 14.5 pb (top++ NNLO+NNLL) EPJC 74 (2014) 3109

t̄t 13 36.1 fb�1 � = 826.4 ± 3.6 ± 19.6 pb � = 832 + 40 � 45 pb (top++ NNLO+NNLL) EPJC 80 (2020) 528

Top Quark Production Cross Section Measurements

Status: March 2022

ATLAS Preliminary

Run 1,2
p
s = 5, 7, 8, 13 TeV

Table 2: Values and references used in Figure 1.
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t̄t 13 36.1 fb�1 � = 826.4 ± 3.6 ± 19.6 pb � = 832 + 40 � 45 pb (top++ NNLO+NNLL) EPJC 80 (2020) 528

Top Quark Production Cross Section Measurements

Status: March 2022

ATLAS Preliminary

Run 1,2
p
s = 5, 7, 8, 13 TeV

Table 2: Values and references used in Figure 1.
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Very precise measurements!


In some cases:


ΔEXP < ΔTH


