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What is a 
decay?



Deconstructing particle decay

What does decay mean in a particle detector?
Example: top quark t → Wb
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* Strictly speaking, this is part of the unitary evolution, S = 1 + i T.

** This also involves the identification of the final state, Wb / …
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momenta measurement **

unitary * evolution
J is conserved
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J = L+ S1 + S2

projection
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Detectors measure momenta in the quantum-mechanical sense.

They do not measure spin.

The measurement of momenta influences the spin state but in general it 
does not collapse it as a Stern-Gerlach experiment would do.

This leads to novel entanglement effects that are yet untested:

Post-decay entanglement

Entanglement and post-selection
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Post-decay 
entanglement



Post-decay entanglement

General states are described by a density operator. 

One can fully characterise the effects of a particle decay

by specifying how the post-decay operator ρ' relates to the initial one ρ
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A → A1 A2 ... 

we will focus on spin degrees of freedom 



Post-decay entanglement

Consider a system of two particles A, B, with spin state described by

Let A decay A → A1 A2 … with amplitudes

Then, the spin state of A1 A2 … and B is described by
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in particular, the entanglement properties between A and B can be 
inherited by { the decay products of A } vs B

H are the spin spaces
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these come from the projector
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Post-decay entanglement

When t t-bar are entangled and t-bar decays into W− b-bar, t is entangled 
with the W− b-bar pair

Potential problem:

The b spin is, in principle, not measurable.

When we have several entangled particles and trace over [unobserved] 
degrees of freedom, entanglement may be `lost´.
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but b-bar has RH helicity up to small mass effects, 
trace maintains entanglement between t and W−

time
tt Wbt



Post-decay entanglement

Example: threshold region mtt ≤ 390 GeV, β≤ 0.9, beamline basis z = (0,0,1)

θ 👉 angle between W− momentum in t-bar rest frame and ẑ axis or any 
fixed axis
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phase space region N(ρ)

θ = 0 0.13

cos θ > 0.9 0.12

cos θ > 0.5 0.10

cos θ > 0 0.07

all θ 0

The amount of 
entanglement is the same 
in any direction but the 
quantum state is not, so 
integration washes out 
entanglement

Negativity: 
entanglement measure

The projection is at work here: the spin quantum 

state depends on t-bar decay kinematics



Post-decay entanglement

Entanglement indicator: 
lowest eigenvalue λ1 of the ρΤ2 matrix for tW
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λ1 < 0 ⇔ Entanglement

Bias: even if λ1 > 0, in a small 
sample we may find it negative

Run 2 Significance 
 [stat + 10% sys + bias]

Threshold 7.0 σ

Boosted 5.0 σ

these numbers can possibly be improved 
by combining several regions... 

stat uncertainty



Entanglement autodistillation

Entanglement decreases by measurements [collapse], interaction with 
environment [decoherence] …

Methods are known [distillation] to manipulate a sub-system and, if lucky, 
increase entanglement 

Most remarkably, the decay can increase entanglement spontaneously.
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tt Wbt

N (before) N (after)<



Entanglement autodistillation

Since the b spins are, in principle, not measurable, we can use the t-W 
entanglement as a proxy to probe the entanglement increase.

And this could be observed in e+ e− colliders [needs that tops are polarised]
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Unique quantum effect that 
requires large luminosity 
to be observed

polar angle between W 
momentum  in top rest 

frame and top direction in 
c.m. frame

e+e− → t t-bar
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To take away

Particle decay and subsequent momenta projection is 

a very special kind of “measurement” in QM sense

Post-decay entanglement never tested, 5σ sensitivity 

is possible at LHC with Run 2 data

Spontaneous increase of entanglement 

[autodistillation] possible and testable at colliders



Entanglement and 
post-selection



Warming up: pre-selection experiment

Assume fermion pairs fA fB produced in an entangled state, say 

We perform a Stern-Gerlach experiment on fA, and after that, fB decays

We select those fB for which the result of the SG experiment on fA gives 

The decay distribution of those pre-selected fB corresponds to having spin 
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But… are we really using the fact that tB > tA?
What happens when tB < tA? 



A post-selection experiment

Remarkably, the same happens time-backwards:

fB decays and after that, we perform a Stern-Gerlach experiment on fA

We select the subset of fB for which the result of the posterior SG 
experiment on fA gives 

Then, the decay distribution of those fB that had decayed before the outcome 
of the SG experiment corresponds to having spin 
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[no experimental evidence yet, verified with Monte Carlo]



A post-selection experiment

This experiment could be performed with low-energy μ+μ− pairs produced 
in Drell-Yan or from the decay of a η meson

The muon polarisation can be measured from the daughter electron
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this distribution 
corresponds to μ+ ↑

this distribution 
corresponds to μ+↓



Comment #1
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From what I have shown, one cannot state that μ+ in the sub-sample

for which the posterior SG on μ−  gives 
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What one can say is that this sub-sample

is physically equivalent to a sample of μ+ with spin 
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the fact that



Comment #2

I have not yet shown that this effect is genuinely quantum.

Consider for example inclusive t t-bar production, label as t1 the quark that 

decays first, t2 the one that decays last, and l1, l2 their daughter leptons.
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A selection on the latter decay results in 
a selection on the first decay.

But this happens despite the t t-bar spin 
state state being separable. 

Nothing to do with quantum 
entanglement!

angles between leptons and top helicity direction
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Comment #2

Definitive test: CHSH inequalities

How are they measured?

Bob registers μ+ decay

Alice chooses whether to measure spin in ẑ or ŷ axis for μ−

Expected values for Bob are calculated for each choice of Alice, e.g.

It turns out that 
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<latexit sha1_base64="jVF7sh4flH0wKjMUXY3qi30Dve0=">AAAB9HicbZC7TsMwFIadcivllsLIYlEhMVUJ4jahChbGItGL1ESV4560Vh0nsp2iKuqbwISAjSfhBXgb3JABWv7p8/l/S+f8QcKZ0o7zZZVWVtfWN8qbla3tnd09u7rfVnEqKbRozGPZDYgCzgS0NNMcuokEEgUcOsH4du53JiAVi8WDnibgR2QoWMgo0WbUt6seJ2LIAd9gT+bUt2tO3cmFl8EtoIYKNfv2pzeIaRqB0JQTpXquk2g/I1IzymFW8VIFCaFjMoSeQUEiUH6Wrz7Dx2EssR4Bzt+/sxmJlJpGgclERI/Uojcf/uf1Uh1e+RkTSapBUBMxXphyrGM8bwAPmASq+dQAoZKZLTEdEUmoNj1VzPnu4rHL0D6tuxf18/uzWuO6KKKMDtEROkEuukQNdIeaqIUoekTP6A29WxPryXqxXn+iJav4c4D+yPr4Bk6CkRY=</latexit>

hBi

when Alice gets ↑ 

when Alice gets ↓
<latexit sha1_base64="vupUXK9d/tz7TfE1k4iCfeHMkQo=">AAACVHichVFLTwIxGOwu8hAVUY9eGonBi2SX+LpoUC8eMZFHwhLSLd9CQ/dB2zUhG/6hZ43/RRPL4wBi4pymM9Mv/aZuxJlUlvVpmKmtdCab287v7O4V9osHh00ZxoJCg4Y8FG2XSOAsgIZiikM7EkB8l0PLHT3O/NYrCMnC4EVNIuj6ZBAwj1GitNQrjh1OggEHfI8fsCMW/Baf4xW9vGL8J5fXdT3HE4Qm9jRx5FgoXJ32iiWrYs2BN4m9JCW0RL1XfHP6IY19CBTlRMqObUWqmxChGOUwzTuxhIjQERlAR9OA+CC7ybyaKT71QoHVEPD8vJpNiC/lxHd1xidqKH97M/EvrxMr76absCCKFQRUR7TnxRyrEM8axn0mgCo+0YRQwfQrMR0S3YLS/5DX69u/l90kzWrFvqpcPl+UanfLInLoGJ2gM2Sja1RDT6iOGoiiD/RtZIys8W58mSkzvYiaxvLOEVqDWfgBoZ2tjA==</latexit>

hABi = �hAB0i = hAB0i = hA0B0i = � 1p
2

<latexit sha1_base64="VKRPCbBWhp6xkvy+10+hwH3nwcY=">AAAB/XicdVDLTgIxFO3gC/GFutNNIzFxNZlBngsJiRuXmMgjYQjplAINnYftHRMyEP0ZXRl150/4A/6NBTFRo2dzz73nNOk5bii4Ast6NxJLyyura8n11Mbm1vZOenevoYJIUlangQhkyyWKCe6zOnAQrBVKRjxXsKY7Op/pzRsmFQ/8KxiHrOORgc/7nBLQp276YIId2gtA4Qk+w1nsqGsJelZwtpvOWKaVL+eKWWyZecsu5041KZdLuUIe26Y1RwYtUOum35xeQCOP+UAFUaptWyF0YiKBU8GmKSdSLCR0RAasralPPKY68TzDFB/3A4lhyPB8/+6NiafU2HO1xyMwVL+12fEvrR1Bv9SJuR9GwHyqLVrrRwJDgGdV4B6XjIIYa0Ko5PqXmA6JJBR0YSkd/ysj/p80sqZdMPOXuUy1sigiiQ7RETpBNiqiKrpANVRHFN2hB/SMXoxb4954NJ4+rQlj8WYf/YDx+gGVH5NM</latexit>

| · · · | = 2
p
2 > 2 CHSH inequality violated



From past to future
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Experiment agrees with future-to-past interpretation 

But… as said, the phenomenon is time-unaware… 

Is it possible a past-to-future interpretation? 

yes, it is!

The initial state is                             and if we do a SG on fA before fB 

decays, we get up or down with equal probability.

<latexit sha1_base64="8RetDsS8fQkVAPvla04735biAv8="></latexit>

1p
2
[ |"#i � |#"i ]

The decay of fB projects fA into a state                        
that depends on the decay configuration. 

<latexit sha1_base64="TSNExVOfF40quAMDkwZujvyce+0="></latexit>X

↵

h
M↵ 1

2
|⇠↵ - 12 i �M↵ - 1

2
|⇠ 1

2 i
i

The probability to have SG up or down is not the same.



From past to future
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μ+ decay configuration 
more compatible with spin   

higher probability that 
SG on μ− gives

<latexit sha1_base64="En7Uson8T2onjBAOr/VgO1wLxzI=">AAACCnicbVC7TgMxEPSFVwivABINjSFCooruEAIqFImGMkjkIeVOkc/ZS6z47JPtI4ou+QO+ghYqOkTLT1DwLzghBSRMNbsza+9OmHCmjet+Orml5ZXVtfx6YWNza3unuLtX1zJVFGpUcqmaIdHAmYCaYYZDM1FA4pBDI+zfTPTGAyjNpLg3wwSCmHQFixglxrbaxYORf+R35EAQpeQA+4qILgfcLpbcsjsFXiTejJTQDNV28cu+QtMYhKGcaN3y3CAjyjDKYVzwUw0JoX3ShZalgsSgg2y6/RifRFJh0wM8rX97MxJrPYxD64mJ6el5bdL8VwtDyTtz35roKsiYSFIDgtopq0Upx0biSS64wxRQw4eWEKqYXRzTHlGEGptewebhzV+/SOpnZe+i7N2dlyrXs2Ty6BAdo1PkoUtUQbeoimqIohF6Qs/oxXl0Xp035/3HmnNmM/voD5yPb5bHmmc=</latexit>

|#i
<latexit sha1_base64="HsY6w2kdohOgtc0ZIOtHN3QCWoA=">AAACCHicbVC7TgMxEPTxDOF1PDoaQ4REFd0hBFQoEg1lkMhDyp0in7NJrPjsk+0DhSM/wFfQQkWHaPkLCv4FJ1wBCVPN7sxqdydKONPG8z6dufmFxaXlwkpxdW19Y9Pd2q5rmSoKNSq5VM2IaOBMQM0ww6GZKCBxxKERDS7HeuMWlGZS3JhhAmFMeoJ1GSXGttru7kOwH6QJUUre4UAR0eOA227JK3sT4Fni56SEclTb7lfQkTSNQRjKidYt3wszogyjHEbFINWQEDogPWhZKkgMOswmt4/wYVcqbPqAJ/Vvb0ZirYdxZD0xMX09rY2b/2pRJHlnaq3pnocZE0lqQFA7ZbVuyrGReJwK7jAF1PChJYQqZg/HtE8UocZmV7R5+NPfz5L6cdk/LfvXJ6XKRZ5MAe2hA3SEfHSGKugKVVENUXSPntAzenEenVfnzXn/sc45+cwO+gPn4xvzIpmA</latexit>

|"i
time

<latexit sha1_base64="En7Uson8T2onjBAOr/VgO1wLxzI=">AAACCnicbVC7TgMxEPSFVwivABINjSFCooruEAIqFImGMkjkIeVOkc/ZS6z47JPtI4ou+QO+ghYqOkTLT1DwLzghBSRMNbsza+9OmHCmjet+Orml5ZXVtfx6YWNza3unuLtX1zJVFGpUcqmaIdHAmYCaYYZDM1FA4pBDI+zfTPTGAyjNpLg3wwSCmHQFixglxrbaxYORf+R35EAQpeQA+4qILgfcLpbcsjsFXiTejJTQDNV28cu+QtMYhKGcaN3y3CAjyjDKYVzwUw0JoX3ShZalgsSgg2y6/RifRFJh0wM8rX97MxJrPYxD64mJ6el5bdL8VwtDyTtz35roKsiYSFIDgtopq0Upx0biSS64wxRQw4eWEKqYXRzTHlGEGptewebhzV+/SOpnZe+i7N2dlyrXs2Ty6BAdo1PkoUtUQbeoimqIohF6Qs/oxXl0Xp035/3HmnNmM/voD5yPb5bHmmc=</latexit>

|#i
<latexit sha1_base64="HsY6w2kdohOgtc0ZIOtHN3QCWoA=">AAACCHicbVC7TgMxEPTxDOF1PDoaQ4REFd0hBFQoEg1lkMhDyp0in7NJrPjsk+0DhSM/wFfQQkWHaPkLCv4FJ1wBCVPN7sxqdydKONPG8z6dufmFxaXlwkpxdW19Y9Pd2q5rmSoKNSq5VM2IaOBMQM0ww6GZKCBxxKERDS7HeuMWlGZS3JhhAmFMeoJ1GSXGttru7kOwH6QJUUre4UAR0eOA227JK3sT4Fni56SEclTb7lfQkTSNQRjKidYt3wszogyjHEbFINWQEDogPWhZKkgMOswmt4/wYVcqbPqAJ/Vvb0ZirYdxZD0xMX09rY2b/2pRJHlnaq3pnocZE0lqQFA7ZbVuyrGReJwK7jAF1PChJYQqZg/HtE8UocZmV7R5+NPfz5L6cdk/LfvXJ6XKRZ5MAe2hA3SEfHSGKugKVVENUXSPntAzenEenVfnzXn/sc45+cwO+gPn4xvzIpmA</latexit>

|"i
Then, when we post-select events where SG gives     , we recover μ+ decay 
distributions just as if μ+ had spin      when it decayed. Beautiful and amazing.
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To take away

Post-selection is a genuine entanglement effect, 

yet untested

Past-to-future and future-to-past 

interpretations are equivalent and lead to the 

very same predictions



Quantum entanglement in the media
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🤔 does not exactly look 
like a spooky action at a 
distance ... 



End



What?

If we want to study quantum information stuff with the spin of elementary 
particles, we have to measure it. All of it!                density operator 

As we all know, top quarks, W/Z bosons, … even τ leptons decay before 
one can pass them through a Stern-Gerlach experiment to measure spin.

But: the spin leaves its imprint in angular distributions.
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<latexit sha1_base64="Sc98JQ3Fsw1N/Jv3c+Oyr5Janhk="></latexit>

⇢ =
1

2

✓
1 + P3 P1 � iP2

P1 + iP2 1� P3

◆

<latexit sha1_base64="YqNi//NCeuthsT9oAjhs3I2fWzY="></latexit>

1

�

d�

d⌦
=

1

4⇡
(1 + ↵~P · n̂)

<latexit sha1_base64="pUkp7JLvUxzMFl2tMgxi1KlJVNY=">AAACNnicbVC9TsMwGHTKXyl/AUYWiwqpSKhKEAIWUAULY5EordREleM6jVXHjmwHqYr6PjwCT8EKDLAhVh4BN2SgLTed7+7T5++ChFGlHefNKi0sLi2vlFcra+sbm1v29s69EqnEpIUFE7ITIEUY5aSlqWakk0iC4oCRdjC8nvjtByIVFfxOjxLix2jAaUgx0kbq2VdehDTk8ALWPEU59HRENIIeFgp6SUSPptSc52ru5+phz646dScHnCduQaqgQLNnv3t9gdOYcI0ZUqrrOn6GpKaYkXHFSxVJEB6iAekaylFMlJ/ll47hQSgkNGth/v6bzVCs1CgOTCZGOlKz3kT81wsCwfoza3V47meUJ6kmHJsp44Upg1rASYewTyXBmo0MQVhS83GIIyQR1qbpiunDnb1+ntwf193Tunt7Um1cFs2UwR7YBzXggjPQADegCVoAg0fwDF7Aq/VkfVif1tdvtGQVM7tgCtb3D1gwqsM=</latexit>

n̂ = (sin ✓ cos�, sin ✓ sin�, cos ✓)

take daughter particle

as spin analyser

constant

momentum 
direction of 

daughter particle

density operator 
for spin 1/2



What?

Top pair: two spin-1/2 particles, simplest example of quantum correlation

27

3 coefficients 
corresponding to top 

polarisation

9 spin 
correlations

normalisation

<latexit sha1_base64="y/aOdiCHC2hLowKX3aTp1tQd04E="></latexit>

1

�

d�

d⌦ad⌦b
=

1

(4⇡)2

h
1 + ↵a

~B+ · n̂a + ↵b
~B� · n̂b + ↵a↵bn̂

T
aCn̂b

i

3 coefficients 
corresponding to anti-

top polarisation

<latexit sha1_base64="1BXj+otfFn+kjGc797YHvcjPrrA="></latexit>

n̂a = (sin ✓a cos'a, sin ✓a sin'a, cos ✓a)

n̂b = (sin ✓b cos'b, sin ✓b sin'b, cos ✓b)

<latexit sha1_base64="oOGPQLkb6J60c9iPCvQN1SAIn2g="></latexit>

⇢ =
1

4

0

@1⌦ 1 +
X

i

B+
i �i ⌦ 1 +

X

i

B�
i 1⌦ �i +

X

ij

Cik�i ⌦ �j

1

A

Measured by ATLAS and CMS since some time



A post-selection experiment

Definitive test: CHSH inequalities

A useful formulation of Bell-like inequalities for spin-1/2 systems is 
provided by the so-called CHSH inequalities for two systems A (Alice) and 
B (Bob).

Alice measures two spin observables A, A´. Bob measures two spin 
observables B, B´. [Both normalised to unity]. Then, clasically:

28

Clauser, Horne, Shimony, Holt, ‘69

<latexit sha1_base64="AD5ebOdfGCzwrOmL2uCcL49PWjc=">AAACRHicbZBLTwIxFIU7+EJ8oS7dNBKDiZHMEKOuDOLGJSbySICQTrkDDZ2HbceEIH9PN/4B/4OujLozdmCiCNzV6XdOm95jB5xJZZovRmJhcWl5JbmaWlvf2NxKb+9UpB8KCmXqc1/UbCKBMw/KiikOtUAAcW0OVbt3FfnVexCS+d6t6gfQdEnHYw6jRGnUSpMH3ODE63DAl0XcEGN5PAGzv/Toj2aLcymeSEcPwx3Ot9IZM2eOBs8KKxYZFE+plX5utH0auuApyomUdcsMVHNAhGKUwzDVCCUEhPZIB+paesQF2RyMqhjiA8cXWHUBj86T2QFxpey7ts64RHXltBfBeV49VM55c8C8IFTgUR3RnhNyrHwcNYrbTABVvK8FoYLpX2LaJYJQpXtP6fWt6WVnRSWfs05z1s1JpnARF5FEe2gfHSILnaECukYlVEYUPaE39Im+jEfj1Xg3PsbRhBHf2UX/xvj+AZ5SrO8=</latexit>

|hABi � hAB0i+ hA0Bi+ hA0B0i|  2

these are spin correlation observables



What?

The CHSH inequalities involve spin correlations. Therefore, for a particle of 
spin 1/2, they involve the Cij spin-correlation coefficients [already measured for 

top pair production]

It can be shown that the maximum of the l.h.s. 

is given by 

where λ1 and λ2 are the two largest eigenvalues of the positive definite 
matrix CTC

29

<latexit sha1_base64="Q2WVceYLO6LWVlR00CSfi5IFM7I=">AAACPXicbZDLTgIxFIY7eEO8oS7dNBKDiZHMGKOuDOLGJSZyiQwhnXKAhs4lbceEDDybPoAv4APoyqg7txaYKAJn9fX//ybn/E7AmVSm+WIkFhaXlleSq6m19Y3NrfT2Tln6oaBQoj73RdUhEjjzoKSY4lANBBDX4VBxutdDv/IAQjLfu1O9AOouaXusxShRWmqk7/vY5sRrc8BXBWyLMR5PiNlf9ehPzRbmqngi3W+kM2bOHA2eBSuGDIqn2Eg/202fhi54inIiZc0yA1WPiFCMchik7FBCQGiXtKGm0SMuyHo06mCAD1q+wKoDePSezEbElbLnOjrjEtWR095QnOfVQtW6qEfMC0IFHtUR7bVCjpWPh1XiJhNAFe9pIFQwvSWmHSIIVbrwlD7fmj52FsonOessZ92eZvKXcRFJtIf20SGy0DnKoxtURCVE0RN6Q5/oy3g0Xo1342McTRjxn130b4zvH7ICqpk=</latexit>

|hABi � hAB0i+ hA0Bi+ hA0B0i|

<latexit sha1_base64="YblrFWY2SLEzJPni5ihweBmL8UE=">AAACAXicbZDLSgMxFIbP1Futt1GXggSLIAhlpoi6koIblxXsBdphyKRpG5q5mJwRytCVvoyuRN35Cr6Ab2NaK2jrWX05/38g/x8kUmh0nE8rt7C4tLySXy2srW9sbtnbO3Udp4rxGotlrJoB1VyKiNdQoOTNRHEaBpI3gsHlWG/ccaVFHN3gMOFeSHuR6ApG0ax8e79M2vpWYdaW5qhDfZcckx8uj3y76JScyZB5cKdQhOlUffuj3YlZGvIImaRat1wnQS+jCgWTfFRop5onlA1oj7cMRjTk2ssmOUbksBsrgn1OJu/f3oyGWg/DwHhCin09q42X/2mtFLvnXiaiJEUeMWMxWjeVBGMyroN0hOIM5dAAZUqYXxLWp4oyNKUVTHx3Nuw81Msl97TkXp8UKxfTIvKwBwdwBC6cQQWuoAo1YPAAT/AKb9a99Wg9Wy/f1pw1vdmFP2O9fwEHjZXk</latexit>

2
p

�1 + �2

Horodecki, Horodecki, Horodecki, ‘ 95



What?

Simpler but equally effective: Take judicious choice of [non-commuting] spin 
observables

30

<latexit sha1_base64="Q2WVceYLO6LWVlR00CSfi5IFM7I=">AAACPXicbZDLTgIxFIY7eEO8oS7dNBKDiZHMGKOuDOLGJSZyiQwhnXKAhs4lbceEDDybPoAv4APoyqg7txaYKAJn9fX//ybn/E7AmVSm+WIkFhaXlleSq6m19Y3NrfT2Tln6oaBQoj73RdUhEjjzoKSY4lANBBDX4VBxutdDv/IAQjLfu1O9AOouaXusxShRWmqk7/vY5sRrc8BXBWyLMR5PiNlf9ehPzRbmqngi3W+kM2bOHA2eBSuGDIqn2Eg/202fhi54inIiZc0yA1WPiFCMchik7FBCQGiXtKGm0SMuyHo06mCAD1q+wKoDePSezEbElbLnOjrjEtWR095QnOfVQtW6qEfMC0IFHtUR7bVCjpWPh1XiJhNAFe9pIFQwvSWmHSIIVbrwlD7fmj52FsonOessZ92eZvKXcRFJtIf20SGy0DnKoxtURCVE0RN6Q5/oy3g0Xo1342McTRjxn130b4zvH7ICqpk=</latexit>

|hABi � hAB0i+ hA0Bi+ hA0B0i|

<latexit sha1_base64="3Rnnbwci9iBD//8rMUKkjabPgaQ=">AAAB9HicdZDLSgMxGIUz9VbrbapLN8EiCMKQ0Y52NlLoxmUFe4G2lEyaadNmLiSZSpn2TXQl6s4n8QV8G9NaQUXP6st/TuD/jxdzJhVC70ZmZXVtfSO7mdva3tndM/P7dRklgtAaiXgkmh6WlLOQ1hRTnDZjQXHgcdrwRpW53xhTIVkU3qpJTDsB7ofMZwQrPeqa+WmlmzI2g6dQw3A4m3bNArKQ4zo2gshykO2ez8F1S0XHgbaFFiqApapd863di0gS0FARjqVs2ShWnRQLxQins1w7kTTGZIT7tKUxxAGVnXSx+gwe+5GAakDh4v09m+JAykng6UyA1UD+9ubDv7xWovxSJ2VhnCgaEh3Rnp9wqCI4bwD2mKBE8YkGTATTW0IywAITpXvK6fO/boT/Q/3Msi8s+6ZYKF8ti8iCQ3AEToANLkEZXIMqqAEC7sADeAYvxti4Nx6Np89oxlj+OQA/ZLx+AN3YkXc=</latexit>

|Cii + Cjj |

<latexit sha1_base64="Do6qpI6gJE5CzSD8PIn7dHpvya0=">AAAB9HicdZDLTgIxGIU7eEO8Dbp000hM3DjpKKPMxpCwcYmJXBIgpFM6UOhc0nYwZOBNdGXUnU/iC/g2FsREjZ7V1/+cJv9/vJgzqRB6NzIrq2vrG9nN3Nb2zu6emd+vyygRhNZIxCPR9LCknIW0ppjitBkLigOP04Y3qsz9xpgKyaLwVk1i2glwP2Q+I1jpUdfMTyvdlLEZPIUahsPZtGsWkIUc17ERRJaDbPd8Dq5bKjoOtC20UAEsVe2ab+1eRJKAhopwLGXLRrHqpFgoRjid5dqJpDEmI9ynLY0hDqjspIvVZ/DYjwRUAwoX7+/ZFAdSTgJPZwKsBvK3Nx/+5bUS5Zc6KQvjRNGQ6Ij2/IRDFcF5A7DHBCWKTzRgIpjeEpIBFpgo3VNOn/91I/wf6meWfWHZN8VC+WpZRBYcgiNwAmxwCcrgGlRBDRBwBx7AM3gxxsa98Wg8fUYzxvLPAfgh4/UD4OSReQ==</latexit>

|Cii � Cjj |

<latexit sha1_base64="Ymh6E9W9FMoc79lE1YAWiHClGcI=">AAACFXicbZA7T8MwFIWd8irhFWBksah4TFVSIWBCRSyMRdCH1ESR4zqtqRNHtgOqov4O+DMwIWBAYubf4JQM0HKn4/sdS/ecIGFUKtv+Mkpz8wuLS+Vlc2V1bX3D2txqSZ4KTJqYMy46AZKE0Zg0FVWMdBJBUBQw0g6GFzlv3xEhKY9v1CghXoT6MQ0pRkqvfKu2D8+hK2h/oJAQ/B7W4LVPIXRdU5ODGXQLTd+q2FV7MnBWOIWogGIavvXh9jhOIxIrzJCUXcdOlJchoShmZGy6qSQJwkPUJ10tYxQR6WWTbGO4F3IB1YDAyfu3N0ORlKMo0J4IqYGcZvnyP9ZNVXjqZTROUkVirC2ahSmDisO8ItijgmDFRlogLKi+EuIBEggrXWQe35kOOytatapzXHWujir1s6KIMtgBu+AQOOAE1MElaIAmwOARPIM38G48GE/Gi/H6Yy0ZxZ9t8GeMz2+dSps8</latexit>

A ! 2Si

A0 ! 2Sj

<latexit sha1_base64="Ymh6E9W9FMoc79lE1YAWiHClGcI=">AAACFXicbZA7T8MwFIWd8irhFWBksah4TFVSIWBCRSyMRdCH1ESR4zqtqRNHtgOqov4O+DMwIWBAYubf4JQM0HKn4/sdS/ecIGFUKtv+Mkpz8wuLS+Vlc2V1bX3D2txqSZ4KTJqYMy46AZKE0Zg0FVWMdBJBUBQw0g6GFzlv3xEhKY9v1CghXoT6MQ0pRkqvfKu2D8+hK2h/oJAQ/B7W4LVPIXRdU5ODGXQLTd+q2FV7MnBWOIWogGIavvXh9jhOIxIrzJCUXcdOlJchoShmZGy6qSQJwkPUJ10tYxQR6WWTbGO4F3IB1YDAyfu3N0ORlKMo0J4IqYGcZvnyP9ZNVXjqZTROUkVirC2ahSmDisO8ItijgmDFRlogLKi+EuIBEggrXWQe35kOOytatapzXHWujir1s6KIMtgBu+AQOOAE1MElaIAmwOARPIM38G48GE/Gi/H6Yy0ZxZ9t8GeMz2+dSps8</latexit>

A ! 2Si

A0 ! 2Sj

<latexit sha1_base64="gmtsiRDc286jY2vfbYSw9eSO310="></latexit>

B ! 1p
2
(2Si + 2Sj)

B0 ! 1p
2
(�2Si + 2Sj)

<latexit sha1_base64="+8cKol7kXIE/zlF9AvXXAQXhB6A="></latexit>

B ! 1p
2
(�2Si � 2Sj)

B0 ! 1p
2
(2Si � 2Sj)

CHSH violation is probed by testing if |Cii ± Cjj | > √2
These estimators are optimal when off-diagonal Cij vanish



Post-decay entanglement

A density operator describing a composite system is separable if it can be 
written as

Necessary criterion for separability:

taking the transpose in subspace of B [for example] the resulting density 
operator ρT2 is valid.

Example: composite system A ⊗ B with dim HA = n, dim HB = m
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<latexit sha1_base64="CzxMRZ5d9Gs5LGT/bdwD2yefDrE=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZUbEulGqblwqWBU6dcikt20wkwzJHbEM/RP9GV2JdefGvzGtFXwdCJycc8LNPXEqhUXff/cmJqemZ2YLc8X5hcWl5dLK6oXVmeFQ51pqcxUzC1IoqKNACVepAZbEEi7jm+Ohf3kLxgqtzrGXQjNhHSXagjN0UlSqhqaroxDhDnMLaZ/u09BmSaRo6s7IVNeHNNQoErBfwlExKpX9ij8C/UuCMSmTMU6j0iBsaZ4loJBLZm0j8FNs5syg4BL6xTBz4xm/YR1oOKqYG9fMRwv26WZbG4pdoKP792zOEmt7SewyCcOu/e0Nxf+8RobtvWYuVJohKO4izmtnkqKmw55oSxjgKHuOMG6E+yXlXWYYR9fmcP3g97J/ycV2JditBGc75drBuIgCWScbZIsEpEpq5ISckjrh5IE8kQF59e69R+/Ze/mMTnjjN2vkB7y3D9f6oJ8=</latexit>

⇢sep =
X

n

pn⇢
A
n ⌦ ⇢Bn

<latexit sha1_base64="0Bci6PlmEsSBYSY19Lf1U3sKE9g="></latexit>

⇢T2 =

0

BBB@

PT
11 PT

12 · · · PT
1n

PT
21 PT

22
...

. . .
PT
n1 PT

nn

1

CCCA

<latexit sha1_base64="I/pfRBSkasyDRtUTsYAU/wdT4pI="></latexit>

⇢ =

0

BBB@

P11 P12 · · · P1n

P21 P22
...

. . .
Pn1 Pnn

1

CCCA

Peres, quant-ph/9604005
Horodecki, quant-ph/9703004

      are m x m matrices,
<latexit sha1_base64="qW1d0aISDfqSPasMEZdyYxFeAzo=">AAAB53icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9SVIXHjEhNBEpiQnqaAhp5HumtMyIRv0JVRd/6PP+Df2OAsFLyr03VvJ3UrSJQ05LpfTmFldW19o7hZ2tre2d0r7x80TZxqgQ0Rq1i3Am5QyQgbJElhK9HIw0DhQzC+mfkPj6iNjKN7miToh3wQyb4UnOyoWe9mcjTtlitu1Z2LLYOXQwVy1bvlz04vFmmIEQnFjWl7bkJ+xjVJoXBa6qQGEy7GfIBtixEP0fjZfNspO+nHmtEQ2fz9O5vx0JhJGNhMyGloFr3Z8D+vnVL/ys9klKSEkbAR6/VTxShms9KsJzUKUhMLXGhpt2RiyDUXZE9TsvW9xbLL0DyrehdV7+68UrvOD1GEIziGU/DgEmpwC3VogIARPMMbvDvSeXJenNefaMHJ/xzCHzkf35lYjMc=</latexit>

Pij

<latexit sha1_base64="PPHJ4V0TrPGNT7v/p7Pt41GH62Y=">AAAB/nicbVBLS8NAGPzis9ZX1GMvi0Wol5KIqBel4MVjBfuANobNdtOu3TzY3QglBPTP6EnUmz/CP+C/cRtz0NY5zXwzCzvjxZxJZVlfxsLi0vLKammtvL6xubVt7uy2ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX079zj0VkkXhjZrE1AnwMGQ+I1jpk2tWak03ZXfZ4W065hk6R3Euc+WaVatu5UDzxC5IFQo0XfOzP4hIEtBQEY6l7NlWrJwUC8UIp1m5n0gaYzLGQ9rTNMQBlU6al8jQgR8JpEYU5fp3NsWBlJPA05kAq5Gc9abH/7xeovwzJ2VhnCgaEh3Rnp9wpCI03QINmKBE8YkmmAimf4nICAtMlF6srOvbs2XnSfuobp/U7evjauOiGKIEFdiHGthwCg24gia0gMAjPMMbvBsPxpPxYrz+RBeM4s0e/IHx8Q0nhZWM</latexit>

(Pij)
kl = pklij



Post-decay entanglement

It is quite complicated to prove that a composite system is in a separable 
state [extensive work on PPT entangled states]

However, we are interested in showing that the system is entangled. 

For this, one can use the counter-reciprocal of Peres-Horodecki necessary 
condition

Associated to it, there is a measure of entanglement that can be used for 
general systems

32

ρΤ2 non-positive ⇒ ρΤ2 not valid ⇒ system entangled

<latexit sha1_base64="WMIN3YandCHnblF7py7Nyvte+uE=">AAACDHicbVA7T8MwGHTKq5RXgJHFokJqB6qk4rWAKrEwoSL1JTUhclynseo8ZDtIVchfgD8DEwI2Jv4A/wandICWm+67O0u+c2NGhTSML62wsLi0vFJcLa2tb2xu6ds7HRElHJM2jljEey4ShNGQtCWVjPRiTlDgMtJ1R5e5370jXNAobMlxTOwADUPqUYykkhy9el2xuB9V4Tm0PI5wCq17mCu3acupZ/l1aMIsrWeOXjZqxgRwnphTUgZTNB390xpEOAlIKDFDQvRNI5Z2irikmJGsZCWCxAiP0JD0FQ1RQISdTipl8MCLOJQ+gZP7dzZFgRDjwFWZAElfzHq5+J/XT6R3Zqc0jBNJQqwiyvMSBmUE82XggHKCJRsrgjCn6pcQ+0htItV+JVXfnC07Tzr1mnlSO745KjcupkMUwR7YBxVgglPQAFegCdoAg0fwDN7Au/agPWkv2utPtKBN3+yCP9A+vgF7OplJ</latexit>

N(⇢) =
k⇢T2k � 1

2
equals the sum of negative 

eigenvalues of ρT2



now this is the 
end


