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A. Bernal & J. Falceto

(Work infprogress, about to appear)
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For pure states the mathematical criteria for

Entanglement and (Bell) Nonlocality are rather trivial

W EeEHX =X, Q Hp

( Trp;#1
S’ |w)entangled & p,=Trz p mixed & { Sn=-Trp,lnp, #0
\ e oo

s |w)entangled < |y) nonlocal (always violates a CHSH inequality)

Gisin 91
Popescu, Rohrlich 92
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For general (mixed) states, the question remains

largely unresolved

Entanglement

Peres-Horodecki criterion ( p’2 contains negative eigenvalues)

Very useful condition, but only necessary for #rQ H 5, > Q # 4

Nonlocality

No general rule beyond low dimension, #, ® #, Horodeckis 95

(see however J Moreno's talkon #, ® # ;)



Still, in some relevant physical scenarios, one can find
more general rules.
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Still, in some relevant physical scenarios, one can find
Conservation of J, =0 implies

more general rules.
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Still, in some relevant physical scenarios, one can find

more general rules. W,z

E.g. H— WW, ZZ -

Conservation of J, =0 implies W, Z
(00 00 0 000 0) (00000000\
00 0 0 0O 0O0O0O 0 0 0 0 0of[b]o 000
0 0[a 0 [0] 0[c]O O 0 O0fa 0 000 0O
000 0O O0O0TU 0O 0 00 0 00O0O0OI[flo

p=|0 0[] o [d olflo o |:>pT2_OOOOOOOO
00 00 0 0O 00 ol o 0o 00000
0 0[7 0[] o0f[go0o0 0 0 0 0 0 0[g]0 O
00 00 0 000 0 0o 0 01 o0oo0o0o00
\0 0000 O0O0GO0O) \[&@ 0000000 0)

Peres-Horodecki criterion
Figenvalues of p2: a,d, g, = |b|, x|c|, = |f]| =D o
sufficient and necessary

Aguilar-Saavedra, Bernal, JAC and Moreno 2022



¢ Can we generalize this result to more general systems?

Y¢ What about Bell inequalities?
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Consider a generic bipartite system, #Z , @ # g
for which there exists an additive observable

which has a definite value, J

o

o H— WW,ZZ J=J,
e Meson decays
o  Spinchains (J = Magnetization)

® Atom-cavity systems (J = Energy)

This setup remains along unitary evolution it such
global quantities are conserved
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J=J,+Jg, J well defined

Use bases of eigenstates of J,, J5

H,— {|m)},  eigenvalues M (possibly degenerate)

Zy— {|p)}, Eigenvalues P (possibly degenerate)
#p® Xy —> {Imp)}, Eigenvalues J = M + P (possibly deg.)
Density matrix elements

P(mp)(ng) maybe #Oonlyif M+P=N+Q=J
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Entanglement ’

¢ The partial-transposed matrix

T, _

p(mq) (np) B 'D(mp) (nq) tigerwalues

”// of 11, T

is block-diagonal: one block for each pair (M, P)

¢ Two different kinds of blocks, depending on the corresponding
diagonal elements,

mq) (mq)

T2
(mq)(mq)

{M+Q=J—> Pira) ) ™Y B # O
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M+Q=J] — p<mq) (mq) # 0 (possibly)

Row:

T

p(mq) () P(mp)(ng) MY be #0onlyit M+ P=N+Q0=J

= N=M,P=0



Entanglement :

T, .
M+Q=J] — p<mq) (mq) # 0 (possibly)

Row:
T, _

p(mq><np> = P(mp)(ng) ™Y be #0onlyift M+ P=N+Q=J

— N=M,P=0

Denoting (m gq), the pairs with eigenvalues M, Q

('O(mq) (maq), 'O(mQ) (maq), ’O(mQ) (maq), \
P(mq) (mq), p(mq) (mq), p(mq) (mq),
p(mq>3<mq>1 p(mq>3<mq>2 p(mq) (mq),

\ z ; :::)

Principal submatrix of dimension

(deg M - deg Q) X (deg M - deg Q)




Entanglement :

T, .
M+Q=J] — p<mq) (mq) # 0 (possibly)

Row:
T, _

p(mq><np> = P(mp)(ng) ™Y be #0onlyift M+ P=N+Q=J

Denoting (m q), the pairs with eigenvalues M, Q
/’O(mQ) (mQ)l p(mq) (mq)2 ’O(mq) (mQ)3 .. \

P(mq) (mq), p(mq) (mq), p(mq) (mq),
p(mq>3<mq>1 p(mq>3<mq>2 p(mq) (mq),

\ z ; .
If M, QO non-degenerate —> just one (diagonal) entry

Principal submatrix of dimension

(deg M - deg Q) X (deg M - deg Q)
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M+Q#) — p(%’tQ)(mQ) =0



Entanglement i

T
—_— 2 m— O
Row: .
p<,721q)(np) = P(mp)(ng) MY be #O0onlyift M+P=N+Q=J

= N=J-Q, P=J-M



Entanglement

M+Q#) — p(ZQ)(WI) =0

Row:
T2

p<mq)(np) = P(mp)(ng) MY be #O0onlyift M+P=N+Q=J

= N=J-Q, P=J-M

Denoting (m q)ﬁ the pairs with M, Q and (n p)y the pairs with N, P

To Ts 1> 15
[ Plangyma, Pamanma)y | Plnadyw)  Plmads (o), \
T2 T2 T2 T2
deg M - deg O Pima)y(ma),  Pma)y(ma), | Pma)y () Plma),(np),
T T T T
Py, ma), Plnp)Gmay | Pl o), Pln), (ni),
2 2 2 2
deg N-deg P Pp)y(ma),  Pw)y(ma), 0 | Plap)y(np)y  Plnp),(np), )




Entanglement

(

\

T2 T2 T2 T2
ngmqh(mq)l P%mq>1<mq>2 Pimaq), (np), P(mq),(np),
Pimq)y(mq), P(maq),(maq), Pima)y(np),  P(ma),(np),
T T: T : T:
ngip)l(mq)l pgﬁpn(mqb P(np), (np), Pgip)l(npb
2 2 2 2
Pnp)y(ma),  P(np),(ma), Pnp)y(np);,  P(np),(np),
Ts Ts
0 0 Pima),(np), - Plma), (np),
2 2
0 0 Pimq)y(np),  P(ma)y(np),
T5 T5 . .
’O(np)l(mq)l ’O(np)l(mq)g 0 0
0 0

Ts Ts
Pnp)y(ma), P(np)y(ma),




Entanglement

(

G

\

T2 T2 T2 T2
ngmqnmq)l P(mq), (mq), P(mag),(np),  P(maq), (np),
Pmg)y(ma),  P(ma)y(ma), Pmqg)y(np),  Pma)y(np),
T T: T : T:
ngip)l(mq)l pgﬁpn(mqb P(np), (np), Pgip)l(npb
2 2 2 2
Pnp)y(ma),  P(np),(ma), Pnp)y(np),  Plnp),(np),
Ts Ts
0 0 Pima),(np), - Plma), (np),
2 2
0 0 Pimq)y(np),  P(ma)y(np),
T5 T5 . .
’O(np)l(mq)l ’O(np)l(mq)g 0 0
T2 T2 O 0
Pnp)y(ma),  Pnp),(ma),
any of these entries #0 =  entangled state
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Entanglement

= ph +0  (with M+Q #J)

Any element P(mp) (nq) 'O(mq) (np)

——> entangled state  (by Peres-Horodecki)

“crossed off-diagonal entry”



Entanglement

A

Jz

Higgs-boson decays H— WW, ZZ J
Ha = Span{|1>A g |O>A ) |_1>A} , Hp= Span{‘DB g ‘O>B y |_1>B}

non-degenerate eigenvalues —  All non-diagonal entries of are
crossed off-diagonal



Entanglement

Higgs-boson decays H— WW, ZZ J=1J,
Ha = Span{|1>A g |O>A ) |_1>A} , Hp= Span{‘DB g ‘O>B y |_1>B}

non_degenerate eigenvalues : A” non‘d|agona| eﬂtrles Of are

crossed off-diagonal
(0 0 0 0 0 0 0 0 0\
0 0 0 0 0 0 0 0 0
0 0 pa,—nya-1 0 rPa,—noo O pa-1)-1,1) 0 0
0 0 0 0 0 0 0 0 0
p=10 0 pooa-1 0 proowoo 0 rPoo-11 0 0
0 0 0 0 0 0 0 0 0
0 0 pinya,-1 0 P10 O p11y-1,1) 0 0
0 0 0 0 0 0 0 0 0
\0 0 0 0 0 0 0 0 0



Entanglement

Higgs-boson decays H— WW, ZZ J=1J,
Ha = Span{|1>A g |O>A ) |_1>A} , Hp= Span{‘DB g ‘O>B y |_1>B}

non_degenerate eigenvalues : A” non‘d|agona| eﬂtrles Of are

crossed off-diagonal
(0 0 0 0 0 0 0 0)
0 0 0 0 0 0 0 0
0 0 pu -1 0’0-0 0
0 0 0 0 0 0 0 0
p=10 00 ,0(00)(00) 0’0 0].
0 0 0 0 0 0 0
0 0-0-0 p(ll)(ll) 0 0
0 0 ] 0 0 0 0
\0 0 0 0 0 0 0

If any of themvawe #0 < the stute iy entangled
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Entanglement

General case

When all the crossed off-diagonal entries are zero, the state can only be entangled

if there are degenerate eigenvalues M, Q withM+ Q =J

Recall

( Plma), (ma), p(mq) (ma), p(mq) (ma)s

\

p(mq) (mq),
p(mq>3<mq>1

p(mq) (mq),
P(mq) (mq),

P(mq) (mq),
P(mq) (mq)4

Principal submatrix of dimension

(deg M - deg Q) X (deg M - deg Q)



Entanglement

General case

When all the crossed off-diagonal entries are zero, the state can only be entangled

if there are degenerate eigenvalues M, Q withM+ Q =J

Recall

( Plma), (ma), p(mq) (ma), p(mq) (may, )
p(mq) (mq), p(mq) (mq), P(mq) (mq)s
p(mQ)g(mQ)1 ’O(mq) (mq)y ’O(mq) (mq),

© If only one of the eigenvalues M, Q is degenerate, the state is separable

Principal submatrix of dimension

(deg M - deg Q) X (deg M - deg Q)

o If (degM,degQ) = (2,2),(2,3),(3,2) the Peres-Horodecki criterion is
sufficient and necessary
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SUMMARY
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0) \"od
@) MO+PO=NO+Q0=]

Crossed off-diagonal term
O My# Ny, Py# Q,
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Definition:

For bipartite system with an additive observable J = fA + fB

which has a definite value, J

we say that P (mopy) ( # 0 is an anchor entry if

0 ”040)
@) MO+PO=NO+Q0=]
o My# Ny, Py# Q,

o (MO,PO) or (NO,QO) non-degenerate

Crossed off-diagonal term



Bell nonlocality

Definition:

For bipartite system with an additive observable J = fA + fB

which has a definite value, J

we say that P (mopy) ( # 0 is an anchor entry if

0 ”040)
@) M0+PO=N0+QO=J
o My# Ny, Py# Q,

o (MO,PO) or (NO,QO) non-degenerate

Crossed off-diagonal term

Result:

If the density matrix contains an anchor entry, the state
violates a CHSH inequality



Bell nonlocality

Recall:

For (binary) observables, A, A, (Alice’s) and B,, B, (Bob’s)

CHSH: Feysy = E(A((By + By)) + E(Ay(By — By)) <2



Bell nonlocality

Recall:

For (binary) observables, A, A, (Alice’s) and B,, B, (Bob’s)

CHSH: Feysy = E(A((By + By)) + E(Ay(By — By)) <2

b+ mfolnos -5}

Fepsn (p) = Tf{ﬂ [Al ® (B + By)
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Suppose that P (mops) (nods) # 0 is the anchor entry, with N, Q, non-degenerate
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Sketch of the demonstration:

Suppose that P (mops) (nods) # 0 is the anchor entry, with N, Q, non-degenerate

© Re-order Alice’s and Bob's bases:

Tai {Imlnghls)slsg)}

SiFMo,Ng

%B : { |p0>’ |Q()>, |t1>’ LI |tdB—2>} s

L #Po-90



Bell nonlocality

Sketch of the demonstration:

Suppose that P (mops) (nods) # 0 is the anchor entry, with N, Q, non-degenerate

© Re-order Alice’s and Bob's bases:

Tai {Imlnghls)slsg)}

Si?émo,no

%B : { |p0>’ |Q()>, |t1>’ LI |tdB—2>} s

L #Po-90
© Detfine A, A,, B}, B, observables as
A [@F 0 PN T
TN 14,0 7700 14,0 (Inspired in Popescu & )
Rohrlich construction, 92

A

{ a; = (0,0,1), [ by = (sin @ sin ¢, sin @ cos p, cos 0)

as = (1,0,0) by = (—sin @ sin ¢, — sin 6 cos ¢, cos 0)



Bell nonlocality

Alice



Bell nonlocality

After some algebra...

II;:C;X {FCHSH (P)} =2 |1+ \/4 |'0(mopo) (n040) |2 T <@Z>% a <@Z>P >2 = P (mopy) (modo) 7 0.



Bell nonlocality

([ o \
O O O
(0 (Dd32> dp dp dp
O, 0
(DdB B (0 (DdB—2> (DdB (DdB
0. = o 0
O O g O
dp dp ( 0 (DdB2> dp
O, 0
L e . (& ou)
a
Oy, = dg X dp null matrix
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Bell nonlocality

Application to Higgs decays:

H — tt, WW, ZZ Additive observable J, =0
All J4, J sectors are non-degenerate

% All non-diagonal elements in p are crossed off-
diagonal and anchor entries

% The presence of one off-diagonal entry in p is sufficient to
certify entanglement and the existence of Bell non-locality



Bell nonlocality

H — 77
(0 O 0 0 0O 0O 0 O 0\
00 0 0 0 0 0 0 0
O 0 a;iz 0 a2 0 a;3 0 O
00 0 0 0 0 0 0 0
P = 0 0 CL’{Q 0 a2 0 ass 0 O
00 0 0 0 0 0 0 0
0 0 ajs 0 a33 0 a3z 0 O
00 0 0 0 0 0 0 0
\ 0o 0 0 0 0 0 00
with

1 1

a1z = ag3 = 502,1,2,—1, ai] = asz = a13 = 502,2,2,—2-

1

p=g (L ®1s+ ALy T @ 1s + ALy 3@ Ti + Cronzam, Tif, © Th7

(basis of irreducible tensor operators)



Bell nonlocality

H — 77
(0 O 0 0 0O 0O 0 O 0\
00 0 0 0 0 0 00
0 0 ai 000 0
00 0 0 0 0 0 00
p=10 00 a2 oo 0
00 0 0 0 0 0 00
0 000 asz 0 0
00 0 0 0 0 0 00
\ 00 0 0 0 0 0 00
with
1 1
a1z = ag3 = §02,1,2,—1, ai] = asz = a13 = 502,2,2,—2-
p:% 130 13+ ALy Tir @ 13+ Al 3@ Tip + Cryasy ons, Tyt © T

(basis of irreducible tensor operators)



Bell nonlocality

H — 77

2
F(p)i2 = F(p)2z =2+ 2(1 — a13) (\/1+ (12_a1;13> - 1) :

F(p)i3 =2+ 4ai3 (\/5— 1) :




Bell nonlocality

H — 77

2&12

2
F(p)i2 = F(p)2z =2+ 2(1 — a13) \/1+(1_a13> -1,

F(p)i3 =2+ 4ai3 (\/5— 1).

min my,
0 10 GeV 20 GeV 30 GeV
N 450 418 312 129
a2 | —0.334+0.10 —0.3240.11 —0.35+0.13 —0.35+0.20
a3 | 0204012 021+0.13 0.25+0.14  0.27+0.21
F(p)io 2.47 2.46 2.55 2.57
>2(3.20) >2(290) >2(270) >2(1.70)
F(p)is 2.33 2.35 2.41 2.45
>2 (1.70)  >2(1.60) >2(1.80) >2(1.30)

Table 5.1: Values of the crossed off-diagonal terms a2 and a3 signaling quantum entanglement,

as obtained from 1000 pseudoexperiments with L = 300 fb™! in ref. [15].

(From Aguilar-Saavedra, Bernal, JAC and Moreno 2022)
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H — 77

2&12

2
F(p)i2 = F(p)2z =2+ 2(1 — a13) \/1+(1_a13> -1,

F(p)i3 =2+ 4ai3 (\/5— 1) :

min my,
0 10 GeV 20 GeV 30 GeV
N 450 418 312 129
a2 | —0.334+0.10 —0.3240.11 —0.35+0.13 —0.35+0.20
a3 | 0204012 021+0.13 0.25+0.14  0.27+0.21
F(p)io 2.47 2.46 2.55 2.57
>2(3.20) >2(290) >2(270) >2(1.70)
F(p)is 2.33 2.35 2.41 2.45
>2 (1.70)  >2(1.60) >2(1.80) >2(1.30)

Table 5.1: Values of the crossed off-diagonal terms a2 and a3 signaling quantum entanglement,

as obtained from 1000 pseudoexperiments with L = 300 fb™! in ref. [15].

(From Aguilar-Saavedra, Bernal, JAC and Moreno 2022)




Bell nonlocality

H — 7/
min my,
0 10 GeV 20 GeV 30 GeV
N 4500 4180 3120 1290
a12 —0.324+0.03 —-0.334+0.03 —-0.35+0.04 —0.35+0.06
a13 0.20 £ 0.04 0.21 +0.04 0.25 4+ 0.05 0.28 £0.07
F(p)io 2.44 2.49 2.54 2.56
>2(950) >2(10.00) >2(875) >2(5.50)
F(p)s 2.33 2.35 2.41 2.46
> 2 (5.00) > 2 (5.30) > 2 (5.30) > 2 (4.20)

Table 5.2: The same as table 5.1, but for a luminosity L = 3 ab™ .

(From Aguilar-Saavedra, Bernal, JAC and Moreno 2022)




Bell nonlocality

H — 77

Note:

© The CHSH violation found is not the maximal Bell-violation

©  Other (CGLMP) ineqgualities, which are also violated, have been
recently found in A. Bernal, P. Caban and J. Rembielinski, 2024
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Y% The Peres-Hor. criterion for entanglement is sufficent and neccesary
if for any pair Jy,Jg satistying Jy +Jg=J
1. (deg J4, deg Jg) =(1,d) or (d, 1)
2. (deg J,, deg Jy) = (2,2),(2,3),(3,2)

,

s’¢  The presence of a non-vanishing crossed off-diagonal entry in p is a

P (mp) (nq) #0 with M+Q #J

sufficient condition for entanglement (necessary in the case 1.)
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SUMMARY

For bipartite system with an additive observable J=J, 4+ J,

which has a definite value, J

¢  If the density matrix contains an anchor entry, the state
violates a CHSH inequality j

P (mp) (nq) #0 with M+ Q # Jand (M, P) or (N, Q) non-degenerate

j’\( This holds for H — 7, WW, ZZ, where the presence of any non-

vanishing off-diagonal entry of p is a sufficient and necessary condition
for entanglement and nonlocality
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Observables B, , B,:

F(p) =2[(0p), + sinfsin p(Oy,), + sind cos p(Oy), + cos 0(O;),] . (4.16)

Note that the three last terms are simply the dot product 31-(6>p with ((5),, = ((O2) s (Oy) p, (O2) ).
The maximum of this expression is obtained when the 6, angles are in such a way that the

unitary vector by is aligned with <(’5> p, and it is equal to the modulus of this vector. Hence

masc{F(p)}=2 | (Oo)y + (O3 + (0,3 + (03] (4.17)

Op=(0,P14,2)®@ (020 1g,-2), O,=(0,PLlg,—2)® (0@ 0O4,-2),
Oy = (0, @ ]ldA—Q) ® (0 @ ®dB_2) , Oy = (02 @ ]ldA—Q) ® (Uy © ®dB—2) :



Bell nonlocality

H — 77

At L =300 fb~! both, entanglement and nonlocality, certified at ~ 30

At L =3 ab~! both, entanglement and nonlocality, certified at ~ 10c



