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Entropy is one of the oldest concepts in physics:

• Coarse-grained entropy –
The underlying dynamics is deterministic, but our ignorance of 
microstates necessitates the use of probability.

à It tends to increase under unitary (time) evolution.

• Fine-grained entropy –
Quantum mechanics is inherently probabilistic and there’s intrinsic 
randomness even if the wavefunction is completely known. 
à It remains constant under unitary evolution.

von Neuman entropy:



There is no unique definition of entropy. Two commonly adopted ones are

• Renyi entropy:

• Tsallis entropy: 

von Neuman entropy can be obtained in the limit n à 1 in both cases.

Linear entropy is the n=2 case of Tsallis entropy
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E2(⇢) = 1� Tr ⇢2



We are interested in 2-to-2 scattering of distinguishable particles in the S-
matrix formalism:  

A B à A B

We compute the quantum correlation between particle-A and particle-B 
and construct the bipartite system as 
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HA/B = Hkinematic ⌦Hflavor

Kinematic = momentum and mass
Flavor = everything non-kinematic (could be spin!)



For now, we assume 

• A pure initial state

• No entanglement between the incoming momenta

• No entanglement between momentum and flavor quantum numbers

• Allow possible entanglement among flavors



For now, we assume 

• A pure initial state

• No entanglement between the incoming momenta

• No entanglement between momentum and flavor quantum numbers

• Allow possible entanglement among flavors

In QFT textbooks it is customary to employ momentum eigenstates for the
incoming particles.
(This is also how we prepare perform a high energy experiment!)

But then
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For now, we assume 

• A pure initial state

• No entanglement between the incoming momenta

• No entanglement between momentum and flavor quantum numbers

• Allow possible entanglement among flavors

In QFT textbooks it is customary to employ momentum eigenstates for the
incoming particles.
(This is also how we prepare perform a high energy experiment!)

But then

One possibility is to introduce finite-volume regularization:
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⇢ = |pihp| Tr ⇢ = hp|pi / �3(0)
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We will instead introducing wave packets, which is really how we do the 
experiment!

The initial density matrix is now properly normalized:



The out-state is in general a superposition of all outcome of the scattering:

We would like to focus on elastic scattering AB à AB and will insert a 
projection operator to select the AB final state:
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|outi = S|ini = |outcome1i+ |outcome2i+ · · ·



The out-state is in general a superposition of all outcome of the scattering:

We would like to focus on elastic scattering AB à AB and will insert a 
projection operator to select the AB final state:

Applying the Luder’s rule, the properly normalized final state density 
matrix is 
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|outi = S|ini = |outcome1i+ |outcome2i+ · · ·

The probability for AB to scatter inelastically into anything but AB.



We choose the following wave packet that is approximately uniform in the 
transverse plane in the position space:

L2 characterizes the 
transverse size of 
the wave packet in 
position space!



We choose the following wave packet that is approximately uniform in the 
transverse plane in the position space:

In position space the plane wave limit is

Notice that in the position space the wave packet is a ”square pancake” 
like object, as we expect the longitudinal direction to be “Lorentz 
contracted.”
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L2 characterizes the 
transverse size of 
the wave packet in 
position space!



More specifically, the properly normalized wave packet is:

One can show that, in the limit

We find it convenient to set                                 so that there is a single 
small parameter to expand. 
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Now we have carefully set up a wave packet formalism to compute the 
cross section and entanglement entropy in the plane wave limit (i.e.
momentum eigenstates).
We are going to compute everything to the leading order in
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Now we have carefully set up a wave packet formalism to compute the 
cross section and entanglement entropy in the plane wave limit (i.e.
momentum eigenstates).
We are going to compute everything to the leading order in

Recall the final state density matrix

Let’s insert a complete basis

We get
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IL and Zhewei Yin: 2405.085056



After expanding around the plane wave limit,



After expanding around the plane wave limit,

There’s an intuitive understanding of this result. Let’s go back to Chapter 4 
in Peskin and Schroeder:

We are scattering only two particles head on, so 
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Similarly one can show



Similarly one can show

Now let’s consider an initial that is unentangled in both momentum and 
flavors,



Similarly one can show

Now let’s consider an initial that is unentangled in both momentum and 
flavors,

And compute the subsystem linear entropy using the reduced density 
matrix,
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Similarly one can show

Now let’s consider an initial that is unentangled in both momentum and 
flavors,

And compute the subsystem linear entropy using the reduced density 
matrix,
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Similarly one can show

Now let’s consider an initial that is unentangled in both momentum and 
flavors,

And compute the subsystem linear entropy using the reduced density 
matrix,

Optical theorem:
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Next we consider the case of a mixed initial state, but unentangled:

If the subsystem density matrix satisfies

which is the case of unpolarized scattering, the subsystem entanglement 
entropy is 



Next we consider the case of a mixed initial state, but unentangled:

If the subsystem density matrix satisfies

which is the case of unpolarized scattering, the subsystem entanglement 
entropy is 

The number of flavor d.o.f.
occupied in the beam

Unpolarized elastic 
cross section



In the end there’s a surprisingly simple statement:

The entanglement entropy in the wave packet formalism is

for both the n-Tsallis
and Renyi entropies
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In the end there’s a surprisingly simple statement:

The entanglement entropy in the wave packet formalism is

In plain English, 

The entanglement entropy is the cross section in unit of the 
transverse size of the wave packet.

for both the n-Tsallis
and Renyi entropies

IL and Zhewei Yin: to appear



Duality in the cross section:

• It is an effective area characterizing the strength of interaction when 
two particles collide:

• Quantum-mechanically, it is a probability measure of a specific process 
taking place.
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Duality in the cross section:

• It is an effective area characterizing the strength of interaction when 
two particles collide:

• Quantum-mechanically, it is a probability measure of a specific process 
taking place.
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Area laws for entropy have been a subject of fascination:

• Bekenstein-Hawking entropy

• Massless free field theory:
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• Quantum many-body systems:

All examples involve macroscopic (black hole) or many-body systems and 
there is a clearly defined boundary to construct an area.

arXiv: 0808.3773



In our case, it is a simple 2-to-2 
scattering without a priori a 
clearly defined boundary:



In our case, it is a simple 2-to-2 
scattering without a priori a 
clearly defined boundary:

With the benefit of hindsight, 
perhaps we can view the cross 
section as the space-like boundary 
between future and past light-cones.

How general is this viewpoint?



So far we considered the subsystem entropy between particle-A and 
particle-B:

There are other possibilities of constructing a bipartite system:
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So far we considered the subsystem entropy between particle-A and 
particle-B:

There are other possibilities of constructing a bipartite system:

•

<latexit sha1_base64="YfHuYf58cxvemrdioEWnHIkQHYA=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSPUurDLCvYBTQiT6aQdOsmEmUmhhHySGz9FNwqKuPUrnLYBtfXCwOHcc+fce/yYUaks69UoLC2vrK4V10sbm1vbO+buXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2P7yZ9NsjIiTl0b0ax8QNUT+iAcVIacozb1MHIwbrmZden9QyeAV/CEeEcKj/DbUWZ9DhioZEzgkChkZcZJ5ZtirWtOAisHNQBnk1PPPJ6XGchCRSmCEpu7YVKzdFQnsxkpWcRJIY4SHqk66GEdLWbjo9OINHmunBgAv9IgWn7O+JFIVSjkNfK/XyAznfm5D/9bqJCi7dlEZxokiEZ0ZBwqDicJIe7FFBsGJjDRAWVO8K8QAJhJXOuKRDsOdPXgSt04p9XrHvzsrVWh5HERyAQ3AMbHABqqAOGqAJMHgAz+ANvBuPxovxYXzOpAUjn9kHf8r4+gbh0qmR</latexit>

HA/B = Hkinematic ⌦Hflavor

<latexit sha1_base64="UEprOkcyletOI8/XOEdI4q1nHBo=">AAACL3icbVDLSgMxFM3UV62vUZdugkVwVWZE1I1QK0iXFewDOkPJpJk2NJkMSaZQhvkjN/5KNyKKuPUvTNsBtXohcHLuua8TxIwq7TgvVmFldW19o7hZ2tre2d2z9w9aSiQSkyYWTMhOgBRhNCJNTTUjnVgSxANG2sHodpZvj4lUVEQPehITn6NBREOKkTZUz75LPYwYrGe99KaWwWv4/fckhyPTlhspzqAnNOVELQlChsZCZj277FScecC/wM1BGeTR6NlTry9wwkmkMUNKdV0n1n6KpJnFSFbyEkVihEdoQLoGRsiM9tP5vRk8MUwfhkKaF2k4Z39WpIgrNeGBUZrlh2o5NyP/y3UTHV75KY3iRJMILwaFCYNawJl5sE8lwZpNDEBYUrMrxEMkEdbG4pIxwV0++S9onVXci4p7f16u1nI7iuAIHINT4IJLUAV10ABNgMEjmIJX8GY9Wc/Wu/WxkBasvOYQ/Arr8wtmLalY</latexit>

HAB = Hkinematic ⌦Hflavor
<latexit sha1_base64="I53d0YUys7uswfCSLSwIMa8pqLU=">AAACNXicbVDLSgMxFM3UV62vUZdugkVwVWZE1I1Q66YLFxXsAzrDkEnTNjSZGZKMUIb8lBv/w5UuXCji1l8wbWdRWw8EDufcm3vvCRNGpXKcN6uwsrq2vlHcLG1t7+zu2fsHLRmnApMmjlksOiGShNGINBVVjHQSQRAPGWmHo9uJ334kQtI4elDjhPgcDSLapxgpIwX2Hcw8jBis6yDzBIcj8w83HtbXc04yM2+0hl6sKCdy2axpHdhlp+JMAZeJm5MyyNEI7BevF+OUk0hhhqTsuk6i/AwJswAjuuSlkiQIj9CAdA2NkJnsZ9OrNTwxSg/2Y2FepOBUne/IEJdyzENTaS4aykVvIv7ndVPVv/IzGiWpIhGeDeqnDKoYTiKEPSoIVmxsCMKCml0hHiKBsDJBl0wI7uLJy6R1VnEvKu79eblay+MogiNwDE6BCy5BFdRBAzQBBk/gFXyAT+vZere+rO9ZacHKew7BH1g/v5OHq/M=</latexit>

Hkinematic = HpA ⌦HpB

<latexit sha1_base64="7fruTcJnQF4t6hTgOYr31GGIjGE=">AAACSHicfVBLS8NAGNzEV62vqEcvi0XwVBIR9SLUeumxgn1AE8Jmu2mXbrJhd1MoIT/Pi0dv/gYvHhTx5rbNobbiwMIwMx/ftxMkjEpl26+Guba+sblV2i7v7O7tH1iHR23JU4FJC3PGRTdAkjAak5aiipFuIgiKAkY6weh+6nfGREjK40c1SYgXoUFMQ4qR0pJv+TBzMWKwkfuZKyIYMjTmIr9dkBf1eeguz6HLFY2I/DdXz3PfqthVewa4SpyCVECBpm+9uH2O04jECjMkZc+xE+VlSCiKGcnLbipJgvAIDUhP0xjpI7xsVkQOz7TShyEX+sUKztTFiQxFUk6iQCcjpIZy2ZuKf3m9VIU3XkbjJFUkxvNFYcqg4nDaKuxTQbBiE00QFlTfCvEQCYSV7r6sS3CWv7xK2hdV56rqPFxWavWijhI4AafgHDjgGtRAAzRBC2DwBN7AB/g0no1348v4nkdNo5g5Br9gmj9r7bNh</latexit>

Hflavor = HflavorA ⌦HflavorB

<latexit sha1_base64="zs5ZhKjTW7NmKsyqp2QYO2wBhWQ="></latexit>

E f
n =

n

n� 1

�el,fc

L2

Elastic cross section where at least
one of the particles changes “flavor”

IL and Zhewei Yin: to appear



So far we considered the subsystem entropy between particle-A and 
particle-B:

There are other possibilities of constructing a bipartite system:

•

•

<latexit sha1_base64="YfHuYf58cxvemrdioEWnHIkQHYA=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VwVRMRdSPUurDLCvYBTQiT6aQdOsmEmUmhhHySGz9FNwqKuPUrnLYBtfXCwOHcc+fce/yYUaks69UoLC2vrK4V10sbm1vbO+buXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2P7yZ9NsjIiTl0b0ax8QNUT+iAcVIacozb1MHIwbrmZden9QyeAV/CEeEcKj/DbUWZ9DhioZEzgkChkZcZJ5ZtirWtOAisHNQBnk1PPPJ6XGchCRSmCEpu7YVKzdFQnsxkpWcRJIY4SHqk66GEdLWbjo9OINHmunBgAv9IgWn7O+JFIVSjkNfK/XyAznfm5D/9bqJCi7dlEZxokiEZ0ZBwqDicJIe7FFBsGJjDRAWVO8K8QAJhJXOuKRDsOdPXgSt04p9XrHvzsrVWh5HERyAQ3AMbHABqqAOGqAJMHgAz+ANvBuPxovxYXzOpAUjn9kHf8r4+gbh0qmR</latexit>

HA/B = Hkinematic ⌦Hflavor

<latexit sha1_base64="UEprOkcyletOI8/XOEdI4q1nHBo=">AAACL3icbVDLSgMxFM3UV62vUZdugkVwVWZE1I1QK0iXFewDOkPJpJk2NJkMSaZQhvkjN/5KNyKKuPUvTNsBtXohcHLuua8TxIwq7TgvVmFldW19o7hZ2tre2d2z9w9aSiQSkyYWTMhOgBRhNCJNTTUjnVgSxANG2sHodpZvj4lUVEQPehITn6NBREOKkTZUz75LPYwYrGe99KaWwWv4/fckhyPTlhspzqAnNOVELQlChsZCZj277FScecC/wM1BGeTR6NlTry9wwkmkMUNKdV0n1n6KpJnFSFbyEkVihEdoQLoGRsiM9tP5vRk8MUwfhkKaF2k4Z39WpIgrNeGBUZrlh2o5NyP/y3UTHV75KY3iRJMILwaFCYNawJl5sE8lwZpNDEBYUrMrxEMkEdbG4pIxwV0++S9onVXci4p7f16u1nI7iuAIHINT4IJLUAV10ABNgMEjmIJX8GY9Wc/Wu/WxkBasvOYQ/Arr8wtmLalY</latexit>

HAB = Hkinematic ⌦Hflavor
<latexit sha1_base64="I53d0YUys7uswfCSLSwIMa8pqLU=">AAACNXicbVDLSgMxFM3UV62vUZdugkVwVWZE1I1Q66YLFxXsAzrDkEnTNjSZGZKMUIb8lBv/w5UuXCji1l8wbWdRWw8EDufcm3vvCRNGpXKcN6uwsrq2vlHcLG1t7+zu2fsHLRmnApMmjlksOiGShNGINBVVjHQSQRAPGWmHo9uJ334kQtI4elDjhPgcDSLapxgpIwX2Hcw8jBis6yDzBIcj8w83HtbXc04yM2+0hl6sKCdy2axpHdhlp+JMAZeJm5MyyNEI7BevF+OUk0hhhqTsuk6i/AwJswAjuuSlkiQIj9CAdA2NkJnsZ9OrNTwxSg/2Y2FepOBUne/IEJdyzENTaS4aykVvIv7ndVPVv/IzGiWpIhGeDeqnDKoYTiKEPSoIVmxsCMKCml0hHiKBsDJBl0wI7uLJy6R1VnEvKu79eblay+MogiNwDE6BCy5BFdRBAzQBBk/gFXyAT+vZere+rO9ZacHKew7BH1g/v5OHq/M=</latexit>

Hkinematic = HpA ⌦HpB

<latexit sha1_base64="7fruTcJnQF4t6hTgOYr31GGIjGE=">AAACSHicfVBLS8NAGNzEV62vqEcvi0XwVBIR9SLUeumxgn1AE8Jmu2mXbrJhd1MoIT/Pi0dv/gYvHhTx5rbNobbiwMIwMx/ftxMkjEpl26+Guba+sblV2i7v7O7tH1iHR23JU4FJC3PGRTdAkjAak5aiipFuIgiKAkY6weh+6nfGREjK40c1SYgXoUFMQ4qR0pJv+TBzMWKwkfuZKyIYMjTmIr9dkBf1eeguz6HLFY2I/DdXz3PfqthVewa4SpyCVECBpm+9uH2O04jECjMkZc+xE+VlSCiKGcnLbipJgvAIDUhP0xjpI7xsVkQOz7TShyEX+sUKztTFiQxFUk6iQCcjpIZy2ZuKf3m9VIU3XkbjJFUkxvNFYcqg4nDaKuxTQbBiE00QFlTfCvEQCYSV7r6sS3CWv7xK2hdV56rqPFxWavWijhI4AafgHDjgGtRAAzRBC2DwBN7AB/g0no1348v4nkdNo5g5Br9gmj9r7bNh</latexit>

Hflavor = HflavorA ⌦HflavorB

<latexit sha1_base64="zs5ZhKjTW7NmKsyqp2QYO2wBhWQ="></latexit>

E f
n =

n

n� 1

�el,fc

L2

Elastic cross section where at least
one of the particles changes “flavor”

<latexit sha1_base64="NzVhi8IIUhJZ9iZGIuKwzWxTNdA="></latexit>

HAB = HflavorA ⌦HflavorA

<latexit sha1_base64="erF1737Qn/hgZUhaLNQsVmEMEXs="></latexit>

HflavorA = HpA ⌦HpB ⌦HflavorB

<latexit sha1_base64="q30Xne8WJWweXFo1zHQsSWET7fU="></latexit>

E f
n =

n

n� 1

�el,fc(A)

L2
Elastic cross section where 
particle-A changes “flavor”

IL and Zhewei Yin: to appear



There are intriguing consequences of relating ”entropy” to “cross 
section”:

• Total and elastic cross sections are known to increase with respect to 
energy:

This is a counter-intuitive result, and controversial at the 
time, as the partonic rate usually decreases with 1/s.



The growth has since been verified experimentally,

Particle Data Group 2024



The growth has since been verified experimentally,

• Froissiart and Martin showed there’s a universal bound on the total cross 
section:

Particle Data Group 2024

<latexit sha1_base64="yXx1Gjz/CvteH0lj0cAMq4QbTuI=">AAACBnicbVDLSgMxFM34rPU16lKEYBFclZki6rLoxmUF+4DOOGTSzDQ0jyHJCGXoyo2/4saFIm79Bnf+jeljoa0HLhzOuZfknDhjVBvP+3aWlldW19ZLG+XNre2dXXdvv6VlrjBpYsmk6sRIE0YFaRpqGOlkiiAeM9KOB9djv/1AlKZS3JlhRkKOUkETipGxUuQeBZqmHEVFoDg00oxgwIgdmd7XoI7cilf1JoCLxJ+RCpihEblfQU/inBNhMENad30vM2GBlKGYkVE5yDXJEB6glHQtFYgTHRaTGCN4YpUeTKSyIwycqL8vCsS1HvLYbnJk+nreG4v/ed3cJJdhQUWWGyLw9KEkZzYvHHcCe1QRbNjQEoQVtX+FuI8UwsY2V7Yl+PORF0mrVvXPq/7tWaV+NaujBA7BMTgFPrgAdXADGqAJMHgEz+AVvDlPzovz7nxMV5ec2c0B+APn8wd2DZh3</latexit>

�tot  log2 s



Concluding Remarks/Questions:

• In 2-to-2 scattering,

• Entanglement entropy grows with energy in high energy scattering.

• The growth is bounded logarithmically by the Foissart bound.

• Can we interpret other examples of area laws as ``probability’’ or ‘’cross 
sections”? 

• Can we measure the size of the wave packet experimentally?

Entanglement Entropy is Cross Section!

Does this suggest some sort of thermodynamics law in particle scattering?


