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FIG. 2. (Left) The number of K3 values that violate the LGI bound. The red curve indicates the expected classical distribution,
while the indigo curve indicates the quantum expectation. The arrow indicates the observed number of violations. (Right)
The distribution of K4 versus the sum of the phases

P
a  a as reconstructed from Pµµ at various energies. The data (black

points) show a clear clustering above the LGI bound. Also shown are the expected distributions for the classical (red dots) and
quantum (blue dots) theoretical predictions. Note that K4 can attain multiple values for a given relative phase, because there
are many triplets of phase points that add up to a given relative phase. The shown points have high statistical correlations.
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FIG. 2: DUNE: Maximum of K3 plotted against CP violat-
ing phase � in the presence of matter e↵ects (⇢ = 2.8g/cm3).
Dotted and crossed curves correspond to the positive and neg-
ative signs of �31, respectively. Length L is equal to 1300 km
and the neutrino energy E is varied between 2 GeV to 10 GeV.
The corresponding range of Ẽ is 1 to 5 GeV. The top and the
bottom panels refer to neutrinos (positive mass density +A
and positive CP violating phase �) and anti-neutrinos (�A,
��), respectively.

T2K and NO⌫A

The current accelerator neutrino experiments, T2K
and NO⌫A, both have rather narrow energy bands. For
T2K, the baseline is 295 km and the energy range is
0.5� 2 GeV. For NO⌫A, the corresponding numbers are
810 km and 1� 4 GeV. These experiments were planned
before the mixing angle ✓13 was measured to be moder-
ately large. Their neutrino beams were designed to be
narrow band beams to suppress the backgrounds. Fig. 3
depicts the maximum of K3 for T2K and NO⌫A exper-
iments for the parameters (energy, baseline and matter
density) of the latest neutrino runs. The corresponding
plots for anti-neutrino run can be obtained from Fig. 3
by the maps NH $ IH and � $ 2⇡ � �, as in the case of
DUNE.

We see that the plots for positive and negative values
of �31 are well separated in the case of NO⌫A whereas
the separation is much less for the case of T2K. This is
a consequence of the matter e↵ect for T2K being much
less than that of NO⌫A. It is clear from the above dis-
cussions, that owing to the wide energy band, DUNE
experiment is suitable for studying K3 and its sensitivity
to the neutrino mass-hierarchy and CP symmetry vio-
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FIG. 3: T2K and NO⌫A: Maximum of the parameter K3

plotted vs CP violating phase � for T2K (top panel) and
NO⌫A (bottom panel). Dotted and crossed curves correspond
to the positive and negative signs of �31, respectively. Length
L is 295 km and 810 km for T2K and for NOvA, respectively.
The energy E is varied between 1 GeV to 2 GeV for T2K
with Ẽ between 0.1 GeV to 1 GeV, while for NO⌫A E is
taken between 1.5 GeV to 5 GeV with Ẽ between 0.1 GeV to
3 GeV.

lations. Further, the violation of the LGtI is significant
in ⌫µ ! ⌫e (⌫̄µ ! ⌫̄e) transitions for normal (inverted)
mass-hierarchy.

CONCLUSION

In this work we have evaluated K3, a quantity related
to assumptions about the macroscopic realism of a physi-
cal system, in the context of three-flavor neutrino oscilla-
tions. We found a closed expression for the K3 function
in terms of neutrino oscillation probabilities and, conse-
quently, a direct relation to the experiments.
From the quantum information theoretic perspective

we have found that for initial muon-neutrino states and
a broad energy band available the quantity K3 is vio-
lated in nearly all cases and independent of the CP vi-
olating parameter. However, there are strong di↵erences
if electron-neutrinos or electron-anti-neutrinos are con-
sidered in the final state and if we have the scenario of
normal or inverted hierarchy, Figs. 2 and 3. The violation
is more prominent for ⌫µ ! ⌫e (⌫̄µ ! ⌫̄e) transitions for
normal (inverted) mass-hierarchy. The huge di↵erence in
the behaviour of the function K3 is due to the matter ef-

Minos Dune
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neutrino  
oscillations
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E I3

• B0 ! J/ K⇤(892)0 [5] 0.756± 0.009 2.548± 0.015

• B0 ! �K⇤(892)0 [22] 0.707± 0.133⇤ 2.417± 0.368⇤

• B0 ! ⇢K⇤(892)0 [23] 0.450± 0.077⇤ 2.208± 0.151⇤

• Bs ! �� [24] 0.734± 0.037 2.525± 0.064

• Bs ! J/ � [25] 0.731± 0.032 2.462± 0.080

TABLE I. Entanglement and Bell operator I3 for some B-meson decays. An asterisk indicates that the correlations in the
uncertainties of the helicity amplitudes are not given in the corresponding reference and therefore only an upper bound on the
propagated uncertainty can be computed.

changes of basis in the measurement of the polariza-
tions. Correspondingly, the Bell operator undergoes
the change:

B ! (U ⌦ V )† · B · (U ⌦ V ) , (12)

where U and V are independent 3⇥ 3 unitary matri-
ces. In the following we make use of this freedom to
maximize the value of I3.

R
esults.— Our results can now be given in a
very concise form. The polarization amplitudes

in Eq. (1) determine the polarization density matrix
in Eq. (5) for the decay B

0
! J/ K

⇤(892)0. The
density matrix makes it possible to estimate the ob-
servables in which we are interested.

We determine the rotation matrices U and V in the
optimization procedure of Eq. (12) by means of the
central values in Eq. (1).

We propagate the uncertainties in the polarization
amplitudes in Eq. (1), taking into account also their
correlations. We find that the entropy of entangle-
ment among the polarizations of the final mesons for
the decay B

0
! J/ K

⇤(892)0 is given by

E = 0.756± 0.009 . (13)

The result in Eq. (13) represents a detection of the
presence of quantum entanglement with a significance
well above 5� (nominally 84�).

Propagating the uncertainties through the expecta-
tion value of the Bell operator, while keeping the two
matrices U and V fixed, we determine that I3 for the
decay B

0
! J/ K

⇤(892)0 has expectation value

I3 = 2.548± 0.015 , (14)

and therefore the CGLMP inequality I3 < 2 is vi-
olated with a significance well above 5� (nominally
36�).

Other decays of B mesons provide polarization am-
plitudes that can be used in similar fashion to test the
Bell inequality. We list in Table I the values for the
entanglement E and the Bell operator I3 for some of
the decays we have considered. Specifically, I3 < 2
is violated with a significance of more than 5� in the
decays Bs ! �� and Bs ! J/ �.

O
utlook.— We have shown that quantum en-
tanglement is present and the Bell inequality is

violated by the data on the polarization amplitudes
in the decay B

0
! J/ K

⇤(892)0, and other similar
decays. The presence of entanglement and the Bell
inequality violation have very large significances and
establish these property of quantum mechanics at high
energies in a collider setting and in a system in which

all Standard Model interactions are involved. It is the
first time that the violation of the inequality is shown
to take place in a system of two qutrits and between
two different particles.

We are aware that potential loopholes are present in
any test of the Bell inequality. These loopholes have
been closed in low-energy tests with photons [26, 27]
and in atomic physics [28].
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results provide the measurements of the two complex polarization amplitudes A0 and A?,
including the relative phases. The polarization amplitudes are complex mostly because
of the final-state interactions [66], and the remaining amplitude, |Ak|, can be derived by
the condition |A0|2 + |A?|2 + |Ak|2 = 1. In our work, we have set d0 = 0 because there
are only two physical phases entering in the polarizations amplitudes, namely, (d? � d0)
and (dk � d0). The correlations among the amplitude and phase uncertainties, given in the
supplementary material of Ref. [65], are reported in Table 2.

Table 1. Values of the complex polarization amplitudes and relative phases utilized in this work. The
central values and the corresponding statistical and systematic errors are taken from Ref. [65].

Parameter Result

|A0|2 0.384 ± 0.007 ± 0.003
|A?|2 0.310 ± 0.006 ± 0.003

dk [rad] 2.463 ± 0.029 ± 0.009
d? [rad] 2.769 ± 0.105± 0.011

Table 2. Correlation matrix for the measurements utilized in this work, originally presented in the
supplementary material of Ref. [65].

|A0|2 |A?|2 dk d?

|A0|2 1 �0.342 �0.007 0.064
|A?|2 1 0.140 0.088
dk 1 0.179
d? 1

The helicity amplitudes are mapped into the polarization amplitudes typically used in
experimental analysis [63,65,67–69] through the relations

w00
|M| = A0 ,

w++

|M| =
Ak + A?p

2
,

w��
|M| =

Ak � A?p
2

, (21)

which we utilize to reconstruct the density matrix in Equation (12). We then can employ
Equation (15) to quantify the amount of entanglement present in the spin correlations of
the f mesons produced in B0

s ! ff decays, finding [62]

E = 0.734 ± 0.037 . (22)

This result demonstrates that the presence of quantum entanglement in B0
s ! ff is estab-

lished with a significance exceeding the 5s threshold (nominally 19.8s). The computation
of the quoted error was performed by propagating the experimental uncertainties while
taking into account the correlations in Table 2.

It is interesting to see what happens to the entanglement when the strong phases,
sourced by final-state interactions, are neglected. In this case, the corresponding result of
Equation (22) for the entropy of entanglement at vanishing phases, (E0), is

E0 = 0.666 ± 0.0028 , (23)

and shows a decrease in entanglement. We therefore conclude that the effect of the strong
rescattering of the final state particles increases the entanglement of the dimeson system.
The result is interesting as it allows for the isolation of the effect of these strong processes
on quantum entanglement.

Symmetry 2024, 1, 0 8 of 13

results provide the measurements of the two complex polarization amplitudes A0 and A?,
including the relative phases. The polarization amplitudes are complex mostly because
of the final-state interactions [66], and the remaining amplitude, |Ak|, can be derived by
the condition |A0|2 + |A?|2 + |Ak|2 = 1. In our work, we have set d0 = 0 because there
are only two physical phases entering in the polarizations amplitudes, namely, (d? � d0)
and (dk � d0). The correlations among the amplitude and phase uncertainties, given in the
supplementary material of Ref. [65], are reported in Table 2.

Table 1. Values of the complex polarization amplitudes and relative phases utilized in this work. The
central values and the corresponding statistical and systematic errors are taken from Ref. [65].

Parameter Result

|A0|2 0.384 ± 0.007 ± 0.003
|A?|2 0.310 ± 0.006 ± 0.003

dk [rad] 2.463 ± 0.029 ± 0.009
d? [rad] 2.769 ± 0.105± 0.011

Table 2. Correlation matrix for the measurements utilized in this work, originally presented in the
supplementary material of Ref. [65].

|A0|2 |A?|2 dk d?

|A0|2 1 �0.342 �0.007 0.064
|A?|2 1 0.140 0.088
dk 1 0.179
d? 1

The helicity amplitudes are mapped into the polarization amplitudes typically used in
experimental analysis [63,65,67–69] through the relations

w00
|M| = A0 ,

w++

|M| =
Ak + A?p

2
,

w��
|M| =

Ak � A?p
2

, (21)

which we utilize to reconstruct the density matrix in Equation (12). We then can employ
Equation (15) to quantify the amount of entanglement present in the spin correlations of
the f mesons produced in B0

s ! ff decays, finding [62]

E = 0.734 ± 0.037 . (22)

This result demonstrates that the presence of quantum entanglement in B0
s ! ff is estab-

lished with a significance exceeding the 5s threshold (nominally 19.8s). The computation
of the quoted error was performed by propagating the experimental uncertainties while
taking into account the correlations in Table 2.

It is interesting to see what happens to the entanglement when the strong phases,
sourced by final-state interactions, are neglected. In this case, the corresponding result of
Equation (22) for the entropy of entanglement at vanishing phases, (E0), is

E0 = 0.666 ± 0.0028 , (23)

and shows a decrease in entanglement. We therefore conclude that the effect of the strong
rescattering of the final state particles increases the entanglement of the dimeson system.
The result is interesting as it allows for the isolation of the effect of these strong processes
on quantum entanglement.

E. Gabrielli and L. Marzola, arXiv:2406.17772 (2024)

5

To close the locality loophole—which exploits events
not separated by a space-like interval, as it is the case
of the J/ K

⇤ decays—one must consider decays in
which the produced particles are identical, as in the
Bs ! �� decay, and therefore their life-times are also
the same. The actual decays take place with an expo-
nential spread, with, in the �� case, more than 90%
of the events being separated by a space-like interval.

The presence and relevance of other possible loop-
holes is still an open question in the high-energy set-
ting and beyond the scope of the present Letter.

Acknowledgements.— We thank M. Dorigo for dis-
cussions on various aspects of B-meson physics. L.M.
is supported by the Estonian Research Council grant
PRG356.

[1] J. S. Bell, Physics Physique Fizika 1, 195-200 (1964)
and Speakable and Unspeakable in Quantum Mechan-

ics, (Cambridge University Press, Cambridge, 1987-
2004).

[2] A. Aspect, J. Dalibard and G. Roger, Phys. Rev. Lett.
49, 1804-1807 (1982).

[3] G. Weihs, T. Jennewein, C. Simon, H. Weinfurter and
A. Zeilinger, Phys. Rev. Lett. 81, 5039-5043 (1998)
[arXiv:quant-ph/9810080 [quant-ph]].

[4] R. Horodecki, P. Horodecki, M. Horodecki and
K. Horodecki, Rev. Mod. Phys. 81, 865-942 (2009)
[arXiv:quant-ph/0702225 [quant-ph]].

[5] R. Aaij et al. [LHCb], Phys. Rev. D 88, 052002 (2013)
[arXiv:1307.2782 [hep-ex]].

[6] C. P. Jessop et al. [CLEO], Phys. Rev. Lett. 79, 4533-
4537 (1997) [arXiv:hep-ex/9702013 [hep-ex]].

[7] T. Affolder et al. [CDF], Phys. Rev. Lett. 85, 4668-
4673 (2000) [arXiv:hep-ex/0007034 [hep-ex]].

[8] R. Itoh et al. [Belle], Phys. Rev. Lett. 95, 091601
(2005) [arXiv:hep-ex/0504030 [hep-ex]].

[9] B. Aubert et al. [BaBar], Phys. Rev. D 76, 031102
(2007) [arXiv:0704.0522 [hep-ex]].

[10] V. M. Abazov et al. [D0], Phys. Rev. Lett. 102,
032001 (2009) [arXiv:0810.0037 [hep-ex]].

[11] F. Benatti and R. Floreanini, Phys. Rev. D 57 (1998)

1332; [arXiv:hep-ph/9906272 [hep-ph]]; Eur. Phys. J.
C 13, 267-273 (2000) [arXiv:hep-ph/9912348 [hep-
ph]].

[12] A. Go [Belle], J. Mod. Opt. 51, 991 (2004)
[arXiv:quant-ph/0310192 [quant-ph]].

[13] R. L. Workman et al. [Particle Data Group], PTEP
2022, 083C01 (2022)

[14] A. S. Dighe, I. Dunietz, H. J. Lipkin and J. L. Ros-
ner, Phys. Lett. B 369, 144-150 (1996) [arXiv:hep-
ph/9511363 [hep-ph]].

[15] M. Beneke, G. Buchalla, M. Neubert and
C. T. Sachrajda, Phys. Rev. Lett. 83 (1999),
1914-1917 [arXiv:hep-ph/9905312 [hep-ph]].

[16] A. Yamamoto and H. Suganuma, Phys. Rev. D 79
(2009), 054504 [arXiv:0811.3845 [hep-lat]].

[17] M. Fabbrichesi, R. Floreanini, E. Gabrielli and
L. Marzola, [arXiv:2302.00683 [hep-ph]].

[18] M. Fabbrichesi, R. Floreanini, E. Gabrielli and
L. Marzola, [arXiv:2304.02403 [hep-ph]].

[19] D.Collins, N. Gisin, N. Linden, S. Massar and
S. Popescu, Phys. Rev. Lett. 88, 040404 (2002).

[20] D. Kaszlikowski, L.C. Kwek, J.L. Chen, M. Zukowski
and C.H. Oh, Phys. Rev. A 65, 032118 (2002).

[21] A. Acin, T. Durt, N. Gisin and J. I. Latorre, Phys.
Rev. A 65, 052325 (2002) [arXiv:quant-ph/0111143
[quant-ph]].

[22] K. F. Chen et al. [Belle], Phys. Rev. Lett. 94, 221804
(2005) [arXiv:hep-ex/0503013 [hep-ex]].

[23] R. Aaij et al. [LHCb], JHEP 05, 026 (2019)
[arXiv:1812.07008 [hep-ex]].

[24] R. Aaij et al. [LHCb], Phys. Rev. Lett. 131, no.17,
171802 (2023) [arXiv:2304.06198 [hep-ex]].

[25] G. Aad et al. [ATLAS], Eur. Phys. J. C 81, no.4, 342
(2021) [arXiv:2001.07115 [hep-ex]].

[26] M. Giustina, et al. Phys. Rev. Lett. 115, no.25,
250401 (2015) [arXiv:1511.03190 [quant-ph]];
L. K. Shalm et al., Phys. Rev. Lett. 115, 250402
(2015).

[27] B. Hensen, H. Bernien, A. E. Dreau, A. Reiserer,
N. Kalb, M. S. Blok, J. Ruitenberg, R. F. L. Ver-
meulen, R. N. Schouten and C. Abellan, et al. Nature
526, 682-686 (2015) [arXiv:1508.05949 [quant-ph]].

[28] W. Rosenfeld et al., Phys. Rev. Lett. 119 010402
(2017).

[29] J. F. Clauser, M. A. Horne, A. Shimony and
R. A. Holt, Phys. Rev. Lett. 23, 880-884 (1969).

[30] T. Vèrtesi, S. Pironio and N. Brunne, Phys. Rev. Lett.
104 060401 (2010).

[31] F. Dordei [LHCb], EPJ Web Conf. 164 (2017), 01016.

** K Chen et al, Eur. Phys. J. C 84 (2024) 580  

** RA Morales and A Szynkman, arXiv:2409.13033

<latexit sha1_base64="RWxPgx6Jzts3l8MYzH+6Wn1lTIk=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgQuqMSHVZ6kZcVbAP6IxDJs20oZlMSDJCKV258VfcuFDErd/gzr8x085CqwcCh3Pu5eacUDCqtON8WYWFxaXlleJqaW19Y3PL3t5pqSSVmDRxwhLZCZEijHLS1FQz0hGSoDhkpB0OLzO/fU+kogm/1SNB/Bj1OY0oRtpIgb1fD/CdJ2Lo6QRen3hCUegde3KQZGpgl52KMwX8S9yclEGORmB/er0EpzHhGjOkVNd1hPbHSGqKGZmUvFQRgfAQ9UnXUI5iovzxNMYEHhqlB6NEmsc1nKo/N8YoVmoUh2YyRnqg5r1M/M/rpjq68MeUi1QTjmeHopRBEznrBPaoJFizkSEIS2r+CvEASYS1aa5kSnDnI/8lrdOKW61Ub87KtXpeRxHsgQNwBFxwDmrgCjRAE2DwAJ7AC3i1Hq1n6816n40WrHxnF/yC9fENm1GX9w==</latexit>

B±
c ! J/ ⇢±

<latexit sha1_base64="y8L+BwiH4MRf6M4ZkcCbvNCPEVA=">AAACAXicbVBLSwMxGMzWV62vVS+Cl2ARRLHsilSPpV4ELxXsA7rbkk2zNTTJLklWKKVe/CtePCji1X/hzX9jut2Dtg4kDDPfRzITxIwq7TjfVm5hcWl5Jb9aWFvf2Nyyt3caKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaDq4nffCBS0Ujc6WFMfI76goYUI22krr1X7TjQ0xG86RxDjyedk/Q+hV276JScFHCeuBkpggy1rv3l9SKccCI0ZkiptuvE2h8hqSlmZFzwEkVihAeoT9qGCsSJ8kdpgjE8NEoPhpE0R2iYqr83RogrNeSBmeRI36tZbyL+57UTHV76IyriRBOBpw+FCYMm8aQO2KOSYM2GhiAsqfkrxPdIIqxNaQVTgjsbeZ40zkpuuVS+PS9WqlkdebAPDsARcMEFqIBrUAN1gMEjeAav4M16sl6sd+tjOpqzsp1d8AfW5w8IRpS4</latexit>

B0 ! K⇤µ+µ�



Pairs of  top quarks

ATLAS Collaboration, Nature 633 (2024) 542 

<latexit sha1_base64="180fp7jUAUqI+u3jms0jLgt+lDM="></latexit>

pp ! t+ t̄ ! `±`⌥ + jets + Emiss
T

<latexit sha1_base64="7PM86hNwC+PXYckpf/M6Zh2FJiw="></latexit>

1

�

d�

d cos�
=

1

2

⇣
1�D cos�

⌘

Y. Afik and J.R.M. de Nova, Eur. Phys. J. Plus 136 (2021) 907  

<latexit sha1_base64="I+K7uacr5kHh9JbfXyXAxw/xxpU="></latexit>

D = �0.547± 0.002 [stat]± 0.021 [syst]
CMS Collaboration, arXiv:2406.03976 (2024)

<latexit sha1_base64="1G3mWOLB4i8y22OBGYIdrgBuffo=">AAACA3icdZDLSsNAFIYn9VbrrepON4NFEKQhqb3EhVDUhcsK1hbaGCbTSTt0cmFmIpRQcOOruHGhiFtfwp1v4zStoKI/DPx85xzOnN+NGBXSMD60zNz8wuJSdjm3srq2vpHf3LoWYcwxaeKQhbztIkEYDUhTUslIO+IE+S4jLXd4Nqm3bgkXNAyu5Cgito/6AfUoRlIhJ79zflI09HLNukkODd0oVcZOUpyY2tjJFwy9YpjH1SOoSKrUWGbJguaMFMBMDSf/3u2FOPZJIDFDQnRMI5J2grikmJFxrhsLEiE8RH3SUTZAPhF2kt4whvuK9KAXcvUCCVP6fSJBvhAj31WdPpID8bs2gX/VOrH0LDuhQRRLEuDpIi9mUIZwEgjsUU6wZCNlEOZU/RXiAeIISxVbToXwdSn831yXdLOqVy7LhfrpLI4s2AV74ACYoAbq4AI0QBNgcAcewBN41u61R+1Fe522ZrTZzDb4Ie3tE+G8lIQ=</latexit>

D = �0.478+0.025
�0.027

3

CMS Collaboration, arXiv:2409.11067 (2024)

https://arxiv.org/abs/2406.03976


Physics Letters B 772 (2017) 16–20

Contents lists available at ScienceDirect

Physics Letters B

www.elsevier.com/locate/physletb

Hadronic structure functions in the e+e− → !̄! reaction

Göran Fäldt ∗, Andrzej Kupsc
Division of Nuclear Physics, Department of Physics and Astronomy, Uppsala University, Box 516, 75120 Uppsala, Sweden

a r t i c l e i n f o a b s t r a c t

Article history:
Received 28 February 2017
Received in revised form 16 April 2017
Accepted 4 June 2017
Available online 8 June 2017
Editor: J.-P. Blaizot

Keywords:
Hadron production in e−e+ interactions
Hadronic decays

Cross-section distributions are calculated for the reaction e+e− → J/ψ → !̄(→ p̄π+)!(→ pπ−), and 
related annihilation reactions mediated by vector mesons. The hyperon-decay distributions depend on a 
number of structure functions that are bilinear in the, possibly complex, psionic form factors Gψ

M and 
Gψ

E of the Lambda hyperon. The relative size and relative phase of these form factors can be uniquely 
determined from the unpolarized joint-decay distributions of the Lambda and anti-Lambda hyperons. 
Also the decay-asymmetry parameters of Lambda and anti-Lambda hyperons can be determined.

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

Two hadronic form factors, commonly called G M (s) and G E (s), 
are needed for the description of the annihilation process e−e+ →
!!̄, Fig. 1a, and by varying the c.m. energy 

√
s, their numerical 

values can in principle be determined for all s values above !!̄
threshold. For the general case of annihilation via an intermediate 
photon, the joint !(→ pπ−)!̄(→ p̄π+) decay distributions were 
calculated and analyzed in Ref. [1], using methods developed in 
[2,3]. Recently, a first attempt to calculate the hyperon form factors 
G M(s) and G E (s) in the time-like region was reported in Ref. [4].

Previously, the interesting special case of annihilation through 
an intermediate J/ψ or ψ(2S), Fig. 1b, has been investigated in 
several theoretical [5,6] and experimental papers [7–9]. This pro-
cess has also been used for determination of the anti-Lambda 
decay-asymmetry parameter and for CP symmetry tests in the 
hyperon system. A precise knowledge of the Lambda decay-
asymmetry parameter is needed for studies of spin polarization 
in $− , %− , and !+

c decays.
Presently, a collected data sample of 1.31 × 109 J/ψ events 

[10] by the BESIII detector [11] permits high-precision studies of 
spin correlations.

In the experimental work referred to above, the joint-hyperon-
decay distributions considered are not the most general ones pos-
sible, but seem to be curtailed. Incomplete distribution functions 
do not permit a reliable determination of the form factors and we 

* Corresponding author.
E-mail addresses: goran.faldt@physics.uu.se (G. Fäldt), 

andrzej.kupsc@physics.uu.se (A. Kupsc).

Fig. 1. Graph describing the reaction e+e− → !̄!; a) general case, and b) mediated 
by the J/ψ resonance.

therefore suggest to fit the experimental data to the general distri-
bution described in [1], and further elaborated below.

Since the photon and the J/ψ are both vector particles, their 
corresponding annihilation processes will be similar. In fact, by a 
simple substitution, the cross-section distributions in Ref. [1], valid 
in the photon case, are transformed into distributions valid in the 
J/ψ case, but expressed in the corresponding psionic form factors 
Gψ

M and Gψ
E .

http://dx.doi.org/10.1016/j.physletb.2017.06.011
0370-2693/© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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where D(J)
i,j is the Wigner D-matrix for the spin J of the decaying state and k runs over all the possible

helicity of the same state. The overall factor in Eq. (2.1) is set by the normalization requirement that
Tr ⇢ = 1. The density matrix in Eq. (2.1) is written in the center of mass reference frame where the
momenta of final state particles are equal and opposite in direction and, therefore, the total helicity
of the two-particle system is �1��2. The dependence on the angle � drops out in the products of the
Wigner matrices because

D(J)⇤
k,�1��2

(0,⇥, 0)D(J)
k,�0

1��0
2
(0,⇥, 0) = D(J)⇤

k,�1��2
(�,⇥, 0)D(J)

k,�0
1��0

2
(�,⇥, 0) . (2.2)

Depending on the symmetries of the decay process, the number of independent helicity amplitudes
can be reduced: it is zero for decays of scalar states into fermions, 2 for the same decays into spin 1
states and for the decay of a vector state into two fermions, four for the case of the decay into two
spin 3/2 fermions.

In general, the number of independent amplitudes is reduced by imposing helicity conservation,
that is

|�1 � �2|  J (2.3)

for the decay A ! 1 + 2, with J the spin of the particle A.
A further reduction in the number of independent helicity amplitudes comes from parity conser-

vation, which implies
wJ
�1,�2

= ⌘A ⌘1 ⌘2(�1)J�s1�s2 wJ
��1,��2

, (2.4)

in which ⌘i are the intrinsic parities.
For final states including identical particles, helicity amplitudes transform as

wJ
�1,�2

= (�1)J�2swJ
�2,�1

, (2.5)

with s = s1 = s2 under the interchange of the particles. If instead the final state is made of a pair of
particle and anti-particle:

wJ
�1,�2

= ⌘C (�1)J wJ
�2,�1

, (2.6)

in which ⌘C is the C parity of the decaying particle A.

2.1 Tools to study entanglement and test the violation of Bell inequality

The determination of the density matrix is the final aim of quantum tomography. In the present case
we find the polarization density matrix from the analysis of the experimental data as presented by the
experimental collaborations.

The density matrix makes it possible to compute the entanglement and test Bell inequalities for
the final state of the decays. The choice of the most appropriate tools depends on whether the final
state is described by qubits (two-level systems) or qutrits (three-level systems) or more general qudits
(d-level systems).

2.1.1 Qubits

Consider a bipartite system composed by a spin-1/2 pair, one controlled by an observer, Alice, and
the other by a second observer, Bob. The corresponding quantum state can be described by a 4 ⇥ 4
density matrix of the form:

⇢ =
1

4

h
12 ⌦ 12 +

3X

i=1

B+
i (�i ⌦ 12) +

3X

i=1

B�
j (12 ⌦ �j) +

3X

i,j=1

Cij(�i ⌦ �j)
i
, (2.7)

5

where �i are the Pauli matrices, 12 is the unit 2⇥ 2 matrix and the indices i and j running over 1, 2,
3, represent any three orthogonal spatial directions.

The real coe�cients B+
i and B�

j represent the polarization of the two spin-1/2 fermions, while the
real matrix Cij gives their spin correlations. The density matrix in (2.7) is normalized, Tr[⇢] = 1, while
extra constraints on B+

i , B
�
i and Cij need to be enforced to guarantee its positivity, as all eigenvalues

of a density matrix are necessarily non-negative.
The entanglement content of any bipartite system described with the density matrix ⇢, that is,

a measure of the amount of quantum correlations among the two composing sub-systems, can be
quantified with the concurrence C [⇢], taking values between zero (for separable, unentangled states)
and 1 (maximally entangled states). In the case of two spin-1/2 system, a two qubit system, the
concurrence can be analytically computed through the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.8)

where ⇢⇤ denotes a matrix with complex conjugated entries. Although non-Hermitian, the matrix R
possesses non-negative eigenvalues ri, i = 1, 2, 3, 4, their square roots and denoting r1 the largest, the
concurrence of the state ⇢ can be expressed as [32]

C [⇢] = max
�
0, r1 � r2 � r3 � r4

�
. (2.9)

In quantum mechanics a statistical language is adopted for the description of the the behavior
of physical phenomena. Interestingly, this compelling tool is amenable to experimental verification
against alternative, fully deterministic, local description of natural phenomena through Bell locality
tests.

In the case of a two spin-1/2 system, Alice and Bob are assumed to measure two spin-observable
each, (Â1, Â2), and (B̂1, B̂2), typically spin projections along four di↵erent unit vectors, ~n1, ~n3 for
Alice, and ~n2, ~n4 for Bob, so that Â1 = ~n1 · ~� and similarly for the remaining three observables. The
Bell test consists in determining the following combination of joint expectation values

I2 = hÂ1B̂1i+ hÂ1B̂2i+ hÂ2B̂1i � hÂ2B̂2i , (2.10)

that in any, local, deterministic model cannot exceed a value of 2. In quantum mechanics, I2 can be
conveniently expressed as an expectation of a Bell operator B2, I2 = Tr[⇢B2], where

B2 = ~n1 · ~� ⌦ (~n2 � ~n4) · ~� + ~n3 · ~� ⌦ (~n2 + ~n4) · ~� . (2.11)

If in an actual experiment one finds I2 > 2, one has to deduce that some sort of nonlocal resource had
been shared between the two parties, and this is precisely what is predicted by quantum mechanics.

In practice, given an experimentally collected correlation data, one thus needs to maximize I2
in (2.10) by choosing suitable four independent spatial directions. Fortunately, this optimization
process can be performed in full generality for a generic spin correlation matrix [33]. Indeed, consider
the matrix C and its transpose CT and form the symmetric, positive, 3⇥3 matrix M = CCT ; its three
eigenvalues m1, m2, m3 can be ordered in increasing order: m1 � m2 � m3. Then the two-spin state
⇢ in (2.7) violates the Bell inequality I2  2 if and only if the sum of the two greatest eigenvalues of
M is strictly larger than 1, that is (Horodecki condition)

m12 ⌘ m1 +m2 > 1 . (2.12)

6

where �i are the Pauli matrices, 12 is the unit 2⇥ 2 matrix and the indices i and j running over 1, 2,
3, represent any three orthogonal spatial directions.

The real coe�cients B+
i and B�

j represent the polarization of the two spin-1/2 fermions, while the
real matrix Cij gives their spin correlations. The density matrix in (2.7) is normalized, Tr[⇢] = 1, while
extra constraints on B+

i , B
�
i and Cij need to be enforced to guarantee its positivity, as all eigenvalues

of a density matrix are necessarily non-negative.
The entanglement content of any bipartite system described with the density matrix ⇢, that is,

a measure of the amount of quantum correlations among the two composing sub-systems, can be
quantified with the concurrence C [⇢], taking values between zero (for separable, unentangled states)
and 1 (maximally entangled states). In the case of two spin-1/2 system, a two qubit system, the
concurrence can be analytically computed through the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.8)

where ⇢⇤ denotes a matrix with complex conjugated entries. Although non-Hermitian, the matrix R
possesses non-negative eigenvalues ri, i = 1, 2, 3, 4, their square roots and denoting r1 the largest, the
concurrence of the state ⇢ can be expressed as [32]

C [⇢] = max
�
0, r1 � r2 � r3 � r4

�
. (2.9)

In quantum mechanics a statistical language is adopted for the description of the the behavior
of physical phenomena. Interestingly, this compelling tool is amenable to experimental verification
against alternative, fully deterministic, local description of natural phenomena through Bell locality
tests.

In the case of a two spin-1/2 system, Alice and Bob are assumed to measure two spin-observable
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2.1.2 Qutrits

The density operator representing the state of a bipartite system made of two qutrits is a 9⇥9 matrix
that can be written as

⇢ =
1

9
[13 ⌦ 13] +

8X

a=1

fa [T
a ⌦ 13] +

8X

a=1

ga [13 ⌦ T a] +
8X

a,b=1

hab
h
T a ⌦ T b

i
, (2.13)

where T a are the standard Gell-Mann matrices, while 13 is the unit 3⇥ 3 matrix.
Although an analytic expression for the concurrence of a generic two-qutrit state is lacking, a lower

bound on its value can be given in terms of the single spin polarizations coe�cients, fa and ga, and
the correlation matrix hab appearing in the decomposition (2.13):

C2 = 2max
h
� 2

9
� 12

X

a

f2
a + 6

X

a

g2a + 4
X

ab

h2ab ;

� 2

9
� 12

X

a

g2a + 6
X

a

f2
a + 4

X

ab

h2ab, 0
i
. (2.14)

As in the case of qubits, a Bell test for a system of two qutrits results in the determination of a
combination I3 of joint expectations values involving four spin observables, (Â1, Â2) for Alice, and
(B̂1, B̂2) for Bob. In quantum mechanics, it can be again expressed as an expectation value on the
state (2.14) of a suitable Bell operator B3:

I3 = Tr
⇥
⇢B3

⇤
. (2.15)

The explicit form of B3 depends on the choice of the four measured operators Â1, Â2, B̂1, B̂2. For the
case of the maximally correlated qutrit state, the problem of finding an optimal choice of measurements
has been solved [34], and the Bell operator takes a particular simple form [35]:

B3 =

0

BBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0

0 0 0 � 2p
3

0 0 0 0 0

0 0 0 0 � 2p
3

0 2 0 0

0 � 2p
3

0 0 0 0 0 0 0

0 0 � 2p
3

0 0 0 � 2p
3

0 0

0 0 0 0 0 0 0 � 2p
3

0

0 0 2 0 � 2p
3

0 0 0 0

0 0 0 0 0 � 2p
3

0 0 0

0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCCCCCCCCCCCCCA

. (2.16)

Within the choice of measurements leading to the Bell operator (2.16), there is still the freedom
of modifying the measured observables through local unitary transformations, which e↵ectively cor-
responds to local changes of basis, separately at Alice’s and Bob’s sites. Correspondingly, the Bell
operator undergoes the change:

B3 ! (U ⌦ V )† · B3 · (U ⌦ V ) , (2.17)

where U and V are independent 3⇥ 3 unitary matrices. One can use this additional freedom in order
to maximize the value of I3 for any given qutrit state ⇢.
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As in the case of qubits, a Bell test for a system of two qutrits results in the determination of a
combination I3 of joint expectations values involving four spin observables, (Â1, Â2) for Alice, and
(B̂1, B̂2) for Bob. In quantum mechanics, it can be again expressed as an expectation value on the
state (2.14) of a suitable Bell operator B3:

I3 = Tr
⇥
⇢B3

⇤
. (2.15)

The explicit form of B3 depends on the choice of the four measured operators Â1, Â2, B̂1, B̂2. For the
case of the maximally correlated qutrit state, the problem of finding an optimal choice of measurements
has been solved [34], and the Bell operator takes a particular simple form [35]:
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Within the choice of measurements leading to the Bell operator (2.16), there is still the freedom
of modifying the measured observables through local unitary transformations, which e↵ectively cor-
responds to local changes of basis, separately at Alice’s and Bob’s sites. Correspondingly, the Bell
operator undergoes the change:

B3 ! (U ⌦ V )† · B3 · (U ⌦ V ) , (2.17)

where U and V are independent 3⇥ 3 unitary matrices. One can use this additional freedom in order
to maximize the value of I3 for any given qutrit state ⇢.
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2.1.3 Additional observables

Given a density matrix ⇢ describing the state of a generic bipartite system, SA + SB, the reduced
density matrix describing the state of SA alone is given by ⇢A = TrB[⇢], where the trace is performed
on all SB degrees of freedom; similarly, ⇢B = TrA[⇢] is the reduced density matrix describing the state
of SB.

For pure states, ⇢ = | ih |, or equivalently ⇢2 = ⇢, the quantity

E [⇢] ⌘ �Tr[⇢A ln ⇢A] = �Tr[⇢B ln ⇢B] , (2.18)

giving the von Neumann entropy of the reduced density matrices and often called in the literature
entropy of entanglement, is a good entanglement quantifier. Indeed, a pure state ⇢ is entangled if
and only if its reduced density matrices have non-zero entropy. Assuming for the two systems SA and
SB have the same dimension d, one finds 0  E [⇢]  ln d; the first equality holds if and only if the
bipartite pure state is separable, while the upper bound is reached by a maximally entangled state

Given a generic density matrix ⇢ of the bipartite state SA + SB, deciding whether the state is
entangled or not, or quantifying its entanglement content is in general a hard problem [36, 37], and,
thus, it is often better to rely on quantities that give only su�cient conditions for the presence of
entanglement.

One such quantity involves the operation of partial transposition. Given a basis of orthonormal
vectors {|iji = |ii ⌦ |ji} for the system SA +SB, any density matrix can be represented by its matrix
elements hi1j1|⇢|i2j2i; then, the partially transpose matrix ⇢TB with respect to SB is represented by
matrix elements hi1j2|⇢|i2j1i; a similar expression holds for ⇢TA . Interestingly, if ⇢TB , or equivalently
⇢TA possesses negative eigenvalues, than the original density matrix ⇢ is entangled. In addition, the
absolute sum of the negative eigenvalues of ⇢TB , called negativity,

N (⇢) =
X

k

|�k|� �k
2

, (2.19)

�k being the eigenvalues of ⇢TB , can be used to quantify its entanglement content [38].

3 Charmonium spin 0 states

T he decays of the spin 0 states of the charmonium are the simplest to analyze because the
helicity density matrix only depends on one or, at most, two helicity amplitudes. Moreover, the

density matrix is independent of the scattering angle.

3.1 ⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄

The scalar and pseuodoscalar states of the charmonium can decay into a pair of strange ⇤ baryon and
anti-baryon

⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄ , (3.1)

with branching fraction (1.10± 0.28)⇥ 10�3 and (1.27± 0.09)⇥ 10�4, respectively.
The final states are constrained—by the conservation of the helicity—to be described by the state

| 0i / w 1
2 � 1

2
|12 ,

1
2i ⌦ |12 ,�

1
2i+ w� 1

2
1
2
|12 ,�

1
2i ⌦ |12 ,

1
2i (3.2)

in which wij are the helicity amplitudes and |J, mi the spin states. Parity fixes the relative sign
between the two amplitudes: it is �1 for the pseudo-scalar ⌘c and 1 for the scalar �0

c . Accordingly,
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2.1.2 Qutrits

The density operator representing the state of a bipartite system made of two qutrits is a 9⇥9 matrix
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Within the choice of measurements leading to the Bell operator (2.16), there is still the freedom
of modifying the measured observables through local unitary transformations, which e↵ectively cor-
responds to local changes of basis, separately at Alice’s and Bob’s sites. Correspondingly, the Bell
operator undergoes the change:

B3 ! (U ⌦ V )† · B3 · (U ⌦ V ) , (2.17)

where U and V are independent 3⇥ 3 unitary matrices. One can use this additional freedom in order
to maximize the value of I3 for any given qutrit state ⇢.
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Figure 1.1: The charmonium system. Figure from [27] [CC BY 4.0]

cm�2s�1. Electron and positron are collided at these energies, charmonium states are produced in
isolation or in combination with a photon, and their decay products recorded in the detector. The
BESIII detector [28] consists of a multilayered drift chamber (MDC), a plastic scintillator time-of-
flight system (TOF) and an electromagnetic calorimeter (EMC). The entire detector is enclosed in a
superconducting solenoid magnet providing a 1 T magnetic field.

Many charmonium states have been copiously produced in the last few years at BEPCII, thus
making it possible not only to measure their branching fractions into di↵erent final states, but also the
helicity amplitudes of each single decay. These are reconstructed by means of the angular distribution
of the decay products: protons, pions and kaons. The full quantum tomography of the bipartite final
states yield by the charmonium decays is then available for encoding into the polarization density
matrix.

2 Methods

S ince our goal is to utilize the experimental values of helicity amplitudes to directly find
entanglement and test the violation of the Bell inequality, we do not need to compute the polar-

ization density matrix from a Lagrangian of a specific model. The representations of the elements of the
SO(3) group are su�cient to parameterize the density matrix in terms of the helicity amplitudesw�1�2

provided by the experiments, yielding [29–31]
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Angular averages in Eq. (4.32) are calculated according to the 
prescription
〈
(n · l)n

〉
n = l. (4.38)

The folding of the production distributions, Eqs. (3.25)–(3.28), 
with the decay distributions, Eqs. (4.36, 4.37), yields

|Mred|2 = sD(s)R2
!

[
G00 + G05 + G50 + G55

]
, (4.39)

with the Gab functions defined as

G00 = R, (4.40)

G05 = α1S
[

1
sin θ

(p̂ × k̂) · l̂1

]
, (4.41)

G50 = α2S
[

1
sin θ

(p̂ × k̂) · l̂2

]
, (4.42)

G55 = α1α2

{
T1 l̂1 · p̂l̂2 · p̂ + T2 l̂1⊥ · l̂2⊥

+ T3 l̂1⊥ · k̂l̂2⊥ · k̂

+ T4

(
l̂1 · p̂l̂2⊥ · k̂ + l̂2 · p̂l̂1⊥ · k̂

)}
. (4.43)

Thus, we conclude the connection between joint-hadron produc-
tion and joint-hadron decay distributions simply to be,

Gab(l̂1; l̂2) = Hab(n1 → α1 l̂1;n2 → α2 l̂2). (4.44)

We repeat the notation; p and k are momenta of Lambda and 
electron in the global c.m. system; l1 and l2 are momenta of pro-
ton and anti-proton in Lambda and anti-Lambda rest systems; or-
thogonal means orthogonal to p; and structure functions R, S , and 
T are functions of θ , α, and $%. The angular functions multiply-
ing the structure functions form a set of seven mutually orthogonal 
functions, when integrated over the proton and anti-proton decay 
angles.

5. Cross section for e+e− → !(→ pπ−)!̄(→ p̄π+)

Our last task is to find the properly normalized cross-section 
distribution. We start from the general expression,

dσ = 1
2s

K |Mred|2 dLips(k1 + k2;q1, l1,q2, l2), (5.45)

with dLips the phase-space density for four final-state particles. 
The prefactor K contains on the mass shell delta functions for the 
two hyperons. This effectively separates the phase space into pro-
duction and decay parts. Repeating the manipulations of Ref. [2]
we get

dσ = 1
64π2

p
k

αgαψ

(s − m2
ψ )2 + m2

ψ)2(ψ)

)!)!̄

)2(M)
·

·

⎛

⎝D(s)
∑

a,b

Gab

⎞

⎠ d*!d*1d*2, (5.46)

with k and p the initial- and final-state momenta; *! the hyperon 
scattering angle in the global c.m. system; *1 and *2 decay angles 
measured in the rest systems of ! and !̄; )! and )!̄ channel 
widths; and )(M) and )(ψ) total widths.

Integration over the angles *1 makes the contributions from 
the functions G05 and G55 disappear [2], and correspondingly for 
the angles *2. Integration over both angular variables results in 
the cross-section distribution for the reaction e+e− → J/ψ → !!̄.

Suppose we integrate over the angles *2. Then, the predicted 
hyperon-decay distribution becomes proportional to the sum

G00 + G05 = R
(

1 + α1P! · l̂1

)
, (5.47)

P! = S
R

, (5.48)

with the polarization P! as in Eq. (3.29), and the polarization vec-
tor P! directed along the normal to the scattering plane

6. Differential distributions

We first define our coordinate system. The scattering plane with 
the vectors p and k make up the xz-plane, with the y-axis along 
the normal to the scattering plane. We choose a right-handed co-
ordinate system with basis vectors

ez = p̂, (6.49)

ey = 1
sin θ

(p̂ × k̂), (6.50)

ex = 1
sin θ

(p̂ × k̂) × p̂. (6.51)

Expressed in terms of them the initial-state momentum

k̂ = sin θ ex + cos θ ez. (6.52)

This coordinate system is used for fixing the directional angles 
of the decay proton in the Lambda rest system, and the decay anti-
proton in the anti-Lambda rest system. The spherical angles for the 
proton are θ1 and φ1, and the components of the unit vector in di-
rection of the decay-proton momentum are,

l̂1 = (cosφ1 sin θ1, sin φ1 sin θ1, cos θ1), (6.53)

so that

l̂1⊥ = (cosφ1 sin θ1, sin φ1 sin θ1,0). (6.54)

The momentum of the decay proton is by definition l1 = l! l̂1. This 
same coordinate system is used for defining the directional an-
gles of the decay anti-proton in the anti-Lambda rest system, with 
spherical angles θ2 and φ2.

Now, we have all ingredients needed for the calculation of the 
G functions of Eqs. (4.40)–(4.43), the functions that in the end de-
termine the cross-section distributions.

An event of the reaction e+e− → !(→ pπ−)!̄(→ p̄π+) is 
specified by the five dimensional vector ξ = (θ, *1, *2), and the 
differential-cross-section distribution as summarized by Eq. (4.39)
reads,

dσ ∝ W(ξ) dcos θ d*1d*2.

At the moment, we are not interested in the absolute normal-
ization of the differential distribution. The differential-distribution 
function W(ξ ) is obtained from Eqs. (4.40)–(4.43) and can be ex-
pressed as,

W(ξ) = F0(ξ) + αF5(ξ)

+ α1α2

(
F1(ξ) +

√
1 − α2 cos($%)F2(ξ) + αF6(ξ)

)

+
√

1 − α2 sin($%) (α1F3(ξ) + α2F4(ξ)) , (6.55)

using a set of seven angular functions Fk(ξ ) defined as:
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F0(ξ) = 1

F1(ξ) = sin2θ sin θ1 sin θ2 cosφ1 cosφ2 + cos2θ cos θ1 cos θ2

F2(ξ) = sin θ cos θ (sin θ1 cos θ2 cosφ1 + cos θ1 sin θ2 cosφ2)

F3(ξ) = sin θ cos θ sin θ1 sinφ1

F4(ξ) = sin θ cos θ sin θ2 sinφ2

F5(ξ) = cos2θ

F6(ξ) = cos θ1 cos θ2 − sin2θ sin θ1 sin θ2 sinφ1 sinφ2. (6.56)

The differential distribution of Eq. (6.55) involves two parame-
ters related to the e+e− → ##̄ process that can be determined by 
data: the ratio of form factors α, and the relative phase of form 
factors %&. In addition, the distribution function W(ξ) can be 
used to extract separately # and #̄ decay-asymmetry parameters: 
α1 and α2, and hence allowing a direct test of CP conservation in 
the hyperon decays.

The term proportional to sin(%&) in Eq. (6.55) originates with 
Eqs. (4.41) and (4.42), and can be rewritten as,

S(θ) (α1 sin θ1 sinφ1 + α2 sin θ2 sinφ2) ,

with the structure function S defined by Eq. (3.20). The relation 
between the structure functions and the polarization P#(θ) was 
discussed in Sect. 3, where it was shown that the polarization, 
P#(θ) of Eq. (3.29), and the polarization vector, ey , are the same 
for Lambda and anti-Lambda hyperons. This information tells us 
that # is polarized along the normal to the production plane, 
and that the polarization vanishes at θ = 0◦ , 90◦ and 180◦ . The 
maximum value of the polarization is for cos θ = ±1/(2 + α), and 
|P#(θ)| < 2

3 sin(%&).
It should be stressed that the simplified distributions used in 

previous analyses, such as Ref. [9], assume the hyperons to be un-
polarized and therefore terms containing P#(θ) are missing. In 
fact, such decay distributions, only permit the determination of 
two parameters: the ratio of form factors α, and the product of 
hyperon-asymmetry parameters α1α2.

In our opinion, the formulas presented in this letter should be 
employed for the exclusive analysis of the new BESIII data [10]. 
Due to huge and clean data samples: (440675 ± 670) J/ψ → ##̄
and (31119 ±187) ψ(3686) → ##̄, precision values for the decay-
hadronic-form factors could be extracted as well as precision val-
ues for # and #̄ decay-asymmetry parameters. The formulas pre-

sented could easily be generalized to neutron decays of the # and 
to production of other J = 1/2 hyperons with analogous decay 
modes.
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Appendix A

The coupling of the initial-state leptons to the J/ψ vector 
meson is determined by the decay J/ψ → e+e− . Assuming the 
decay to go via an intermediate photon, Fig. 1b, we can safely 
ignore any tensor coupling. The vector coupling of the J/ψ to 
leptons is therefore the same as for the photon, if replacing the 
electric charge eem by a coupling strength eψ . From the decay 
J/ψ → e+e− one derives

αψ = e2
ψ/4π = 3)( J/ψ → e+e−)/mψ . (A.57)

In a similar fashion we relate the strength eg of J/ψ cou-
pling to the hyperons to the decay J/ψ → ##̄. In analogy with 
Eq. (A.57) we get

αg = e2
g/4π = 3

(
(1 + 2M2/m2

ψ )
√

1 − 4M2/m2
ψ

)−1

× )( J/ψ → ##̄)/mψ . (A.58)

When the # mass M is replaced by the lepton mass ml = 0 we 
recover Eq. (A.57).
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Angular averages in Eq. (4.32) are calculated according to the 
prescription
〈
(n · l)n

〉
n = l. (4.38)

The folding of the production distributions, Eqs. (3.25)–(3.28), 
with the decay distributions, Eqs. (4.36, 4.37), yields

|Mred|2 = sD(s)R2
!

[
G00 + G05 + G50 + G55

]
, (4.39)

with the Gab functions defined as

G00 = R, (4.40)

G05 = α1S
[

1
sin θ

(p̂ × k̂) · l̂1

]
, (4.41)

G50 = α2S
[

1
sin θ

(p̂ × k̂) · l̂2

]
, (4.42)

G55 = α1α2

{
T1 l̂1 · p̂l̂2 · p̂ + T2 l̂1⊥ · l̂2⊥

+ T3 l̂1⊥ · k̂l̂2⊥ · k̂

+ T4

(
l̂1 · p̂l̂2⊥ · k̂ + l̂2 · p̂l̂1⊥ · k̂

)}
. (4.43)

Thus, we conclude the connection between joint-hadron produc-
tion and joint-hadron decay distributions simply to be,

Gab(l̂1; l̂2) = Hab(n1 → α1 l̂1;n2 → α2 l̂2). (4.44)

We repeat the notation; p and k are momenta of Lambda and 
electron in the global c.m. system; l1 and l2 are momenta of pro-
ton and anti-proton in Lambda and anti-Lambda rest systems; or-
thogonal means orthogonal to p; and structure functions R, S , and 
T are functions of θ , α, and $%. The angular functions multiply-
ing the structure functions form a set of seven mutually orthogonal 
functions, when integrated over the proton and anti-proton decay 
angles.

5. Cross section for e+e− → !(→ pπ−)!̄(→ p̄π+)

Our last task is to find the properly normalized cross-section 
distribution. We start from the general expression,

dσ = 1
2s

K |Mred|2 dLips(k1 + k2;q1, l1,q2, l2), (5.45)

with dLips the phase-space density for four final-state particles. 
The prefactor K contains on the mass shell delta functions for the 
two hyperons. This effectively separates the phase space into pro-
duction and decay parts. Repeating the manipulations of Ref. [2]
we get

dσ = 1
64π2

p
k

αgαψ

(s − m2
ψ )2 + m2

ψ)2(ψ)

)!)!̄

)2(M)
·

·

⎛

⎝D(s)
∑

a,b

Gab

⎞

⎠ d*!d*1d*2, (5.46)

with k and p the initial- and final-state momenta; *! the hyperon 
scattering angle in the global c.m. system; *1 and *2 decay angles 
measured in the rest systems of ! and !̄; )! and )!̄ channel 
widths; and )(M) and )(ψ) total widths.

Integration over the angles *1 makes the contributions from 
the functions G05 and G55 disappear [2], and correspondingly for 
the angles *2. Integration over both angular variables results in 
the cross-section distribution for the reaction e+e− → J/ψ → !!̄.

Suppose we integrate over the angles *2. Then, the predicted 
hyperon-decay distribution becomes proportional to the sum

G00 + G05 = R
(

1 + α1P! · l̂1

)
, (5.47)

P! = S
R

, (5.48)

with the polarization P! as in Eq. (3.29), and the polarization vec-
tor P! directed along the normal to the scattering plane

6. Differential distributions

We first define our coordinate system. The scattering plane with 
the vectors p and k make up the xz-plane, with the y-axis along 
the normal to the scattering plane. We choose a right-handed co-
ordinate system with basis vectors

ez = p̂, (6.49)

ey = 1
sin θ

(p̂ × k̂), (6.50)

ex = 1
sin θ

(p̂ × k̂) × p̂. (6.51)

Expressed in terms of them the initial-state momentum

k̂ = sin θ ex + cos θ ez. (6.52)

This coordinate system is used for fixing the directional angles 
of the decay proton in the Lambda rest system, and the decay anti-
proton in the anti-Lambda rest system. The spherical angles for the 
proton are θ1 and φ1, and the components of the unit vector in di-
rection of the decay-proton momentum are,

l̂1 = (cosφ1 sin θ1, sin φ1 sin θ1, cos θ1), (6.53)

so that

l̂1⊥ = (cosφ1 sin θ1, sin φ1 sin θ1,0). (6.54)

The momentum of the decay proton is by definition l1 = l! l̂1. This 
same coordinate system is used for defining the directional an-
gles of the decay anti-proton in the anti-Lambda rest system, with 
spherical angles θ2 and φ2.

Now, we have all ingredients needed for the calculation of the 
G functions of Eqs. (4.40)–(4.43), the functions that in the end de-
termine the cross-section distributions.

An event of the reaction e+e− → !(→ pπ−)!̄(→ p̄π+) is 
specified by the five dimensional vector ξ = (θ, *1, *2), and the 
differential-cross-section distribution as summarized by Eq. (4.39)
reads,

dσ ∝ W(ξ) dcos θ d*1d*2.

At the moment, we are not interested in the absolute normal-
ization of the differential distribution. The differential-distribution 
function W(ξ ) is obtained from Eqs. (4.40)–(4.43) and can be ex-
pressed as,

W(ξ) = F0(ξ) + αF5(ξ)

+ α1α2

(
F1(ξ) +

√
1 − α2 cos($%)F2(ξ) + αF6(ξ)

)

+
√

1 − α2 sin($%) (α1F3(ξ) + α2F4(ξ)) , (6.55)

using a set of seven angular functions Fk(ξ ) defined as:
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1. Introduction

Two hadronic form factors, commonly called G M (s) and G E (s), 
are needed for the description of the annihilation process e−e+ →
!!̄, Fig. 1a, and by varying the c.m. energy 

√
s, their numerical 

values can in principle be determined for all s values above !!̄
threshold. For the general case of annihilation via an intermediate 
photon, the joint !(→ pπ−)!̄(→ p̄π+) decay distributions were 
calculated and analyzed in Ref. [1], using methods developed in 
[2,3]. Recently, a first attempt to calculate the hyperon form factors 
G M(s) and G E (s) in the time-like region was reported in Ref. [4].

Previously, the interesting special case of annihilation through 
an intermediate J/ψ or ψ(2S), Fig. 1b, has been investigated in 
several theoretical [5,6] and experimental papers [7–9]. This pro-
cess has also been used for determination of the anti-Lambda 
decay-asymmetry parameter and for CP symmetry tests in the 
hyperon system. A precise knowledge of the Lambda decay-
asymmetry parameter is needed for studies of spin polarization 
in $− , %− , and !+

c decays.
Presently, a collected data sample of 1.31 × 109 J/ψ events 

[10] by the BESIII detector [11] permits high-precision studies of 
spin correlations.

In the experimental work referred to above, the joint-hyperon-
decay distributions considered are not the most general ones pos-
sible, but seem to be curtailed. Incomplete distribution functions 
do not permit a reliable determination of the form factors and we 

* Corresponding author.
E-mail addresses: goran.faldt@physics.uu.se (G. Fäldt), 

andrzej.kupsc@physics.uu.se (A. Kupsc).

Fig. 1. Graph describing the reaction e+e− → !̄!; a) general case, and b) mediated 
by the J/ψ resonance.

therefore suggest to fit the experimental data to the general distri-
bution described in [1], and further elaborated below.

Since the photon and the J/ψ are both vector particles, their 
corresponding annihilation processes will be similar. In fact, by a 
simple substitution, the cross-section distributions in Ref. [1], valid 
in the photon case, are transformed into distributions valid in the 
J/ψ case, but expressed in the corresponding psionic form factors 
Gψ

M and Gψ
E .

http://dx.doi.org/10.1016/j.physletb.2017.06.011
0370-2693/© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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Charmonium spin-0 states

2.1.3 Additional observables

Given a density matrix ⇢ describing the state of a generic bipartite system, SA + SB, the reduced
density matrix describing the state of SA alone is given by ⇢A = TrB[⇢], where the trace is performed
on all SB degrees of freedom; similarly, ⇢B = TrA[⇢] is the reduced density matrix describing the state
of SB.

For pure states, ⇢ = | ih |, or equivalently ⇢2 = ⇢, the quantity

E [⇢] ⌘ �Tr[⇢A ln ⇢A] = �Tr[⇢B ln ⇢B] , (2.18)

giving the von Neumann entropy of the reduced density matrices and often called in the literature
entropy of entanglement, is a good entanglement quantifier. Indeed, a pure state ⇢ is entangled if
and only if its reduced density matrices have non-zero entropy. Assuming for the two systems SA and
SB have the same dimension d, one finds 0  E [⇢]  ln d; the first equality holds if and only if the
bipartite pure state is separable, while the upper bound is reached by a maximally entangled state

Given a generic density matrix ⇢ of the bipartite state SA + SB, deciding whether the state is
entangled or not, or quantifying its entanglement content is in general a hard problem [36, 37], and,
thus, it is often better to rely on quantities that give only su�cient conditions for the presence of
entanglement.

One such quantity involves the operation of partial transposition. Given a basis of orthonormal
vectors {|iji = |ii ⌦ |ji} for the system SA +SB, any density matrix can be represented by its matrix
elements hi1j1|⇢|i2j2i; then, the partially transpose matrix ⇢TB with respect to SB is represented by
matrix elements hi1j2|⇢|i2j1i; a similar expression holds for ⇢TA . Interestingly, if ⇢TB , or equivalently
⇢TA possesses negative eigenvalues, than the original density matrix ⇢ is entangled. In addition, the
absolute sum of the negative eigenvalues of ⇢TB , called negativity,

N (⇢) =
X

k

|�k|� �k
2

, (2.19)

�k being the eigenvalues of ⇢TB , can be used to quantify its entanglement content [38].

3 Charmonium spin 0 states

T he decays of the spin 0 states of the charmonium are the simplest to analyze because the
helicity density matrix only depends on one or, at most, two helicity amplitudes. Moreover, the

density matrix is independent of the scattering angle.

3.1 ⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄

The scalar and pseuodoscalar states of the charmonium can decay into a pair of strange ⇤ baryon and
anti-baryon

⌘c ! ⇤+ ⇤̄ and �0
c ! ⇤+ ⇤̄ , (3.1)

with branching fraction (1.10± 0.28)⇥ 10�3 and (1.27± 0.09)⇥ 10�4, respectively.
The final states are constrained—by the conservation of the helicity—to be described by the state

| 0i / w 1
2 � 1

2
|12 ,

1
2i ⌦ |12 ,�

1
2i+ w� 1

2
1
2
|12 ,�

1
2i ⌦ |12 ,

1
2i (3.2)

in which wij are the helicity amplitudes and |J, mi the spin states. Parity fixes the relative sign
between the two amplitudes: it is �1 for the pseudo-scalar ⌘c and 1 for the scalar �0

c . Accordingly,
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the ⌘c falls into the singlet representation of the product 1
2 ⌦ 1

2 = 0 � 1 while the �0
c into the m = 0

component of the triplet. Charge parity conservation implies the same condition as parity and does
not add new relations among the helicity amplitudes.

The states in Eq. (3.2) enter into the helicity density matrix

⇢⇤⇤ = | 0ih 0| =
1

2

0

BB@

0 0 0 0
0 1 ±1 0
0 ±1 1 0
0 0 0 0

1

CCA , (3.3)

in which the only, still undefined, overall size of the amplitudes has canceled out in the normalization,
which is Tr ⇢ = 1.

The system is completely constrained, thus becoming identified with the idealized two-qubit system
in textbooks. This property was already observed for the decay of the Higgs boson H ! ⌧�⌧+ in [39].
Neither the ⇤ baryon nor the anti-baryon are polarized.

The concurrence can be computed and it is maximal:

C = 1 . (3.4)

From the density matrix in Eq. (3.3), using the Pauli matrices, we can write the correlation matrix

Cij = Tr ⇢⇤⇤ �i ⌦ �j =

0

@
1 0 0
0 1 0
0 0 �1

1

A , (3.5)

which is the same for both decay processes. Accordingly, the Horodecki condition is found to be

m12 = 2 , (3.6)

namely, maximal violation of the Bell inequality.
For these decays, we do not even need the experimental values of the helicity amplitudes to claim

maximum entanglement and Bell inequality violation. Uncertainties from the data analysis are however
necessary to assess the significance of the result. We understand that they are forthcoming.

This process provides a direct test for the conservation of quantum correlations. If the experiments
find a di↵erence between the helicity amplitudes w 1

2 � 1
2
and w� 1

2
1
2
, or that they vanish, it will mean

that some of the original coherence has been lost during the flight of the ⇤ baryons—some of which
travel inside the beam pipe wall and the first layers of the detector before decaying. This is an
important test, as explained in the Introduction.

3.2 �0
c ! �+ �

The scalar state of the charmonium can decay into a pair of � mesons

�0
c ! �+ � , (3.7)

with branching fraction of (8.48± 0.26± 0.27)⇥ 10�4 [23].
The �0 are produced in

e+e� !  (3686) ! ��0 . (3.8)
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The final state of the two � mesons can be written as

| i = w�1�1 |� 1, �1i+ w0 0 |0 0i+ w1 1 |1, 1i , (3.9)

with
|w�1�1 |2 + |w0 0 |2 + |w1 1 |2 = 1 , (3.10)

and w1 1 = �w�1�1 because of the conservation of parity. The same condition is found by the identity
of the final particles. There is therefore only one independent amplitude and the density matrix
depends on one complex number.

The final states are spin 1 and their polarizations are described by quatrits. The resulting 9 ⇥ 9
helicity density matrix ⇢�� = | ih | is written as

⇢�� /

0

BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 |w�1�1 |2 0 w�1�1w

⇤
0 0

0 w�1�1w
⇤
1 1

0 0
0 0 0 0 0 0 0 0 0
0 0 w0 0w

⇤
�1,�1

0 |w0 0 |2 0 w0 0w
⇤
1 1

0 0
0 0 0 0 0 0 0 0 0
0 0 w1 1w

⇤
�1�1

0 w1 1w
⇤
0 0

0 |w1 1 |2 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCA

, (3.11)

The analysis of the data in [23] only gives the absolute value of the ratio of the moduli of the helicity
amplitudes: ����

w1,1

w0 0

���� = 0.299± 0.003 , (3.12)

and no value for the phase. Accordingly, we can only carry out the analysis in the case of zero phase.
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and these values can be inserted in the density matrix in Eq. (3.11).
The entanglement can be found from the entropy of entanglement because the final state in Eq. (3.9)

is pure. We find
E [⇢] = 0.531± 0.0021 (3.14)

This number is di↵erent from zero with a significance of 255�.
We find that, after optimization, the expectation value of the Bell operator is

Tr ⇢�� B = 2.2961± 0.0165 (3.15)

This decay provides a clean test of the violation of Bell inequality in a system of two qutrits. Its
significance is 17.9�.
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The final states are spin 1 and their polarizations are described by qutrits. The resulting 9 ⇥ 9
density matrix ⇢�� = | ih | is written as
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The analysis of the data in [23] selects 2701 ± 84 out of the �K+K�K+K� final states events. The
maximum likelihood fit yields the absolute value of the ratio of the moduli of the helicity amplitudes:

����
w1,1

w0 0

���� = 0.299± 0.003|stat ± 0.019|syst . (3.14)

No value for the relative phase is provided. Accordingly, we can only carry out the analysis in the
case of zero phase. As pointed out in the Introduction, this phase comes from the final state strong
interactions if we assume that the form factors have no significant absorptive part.

The entanglement can be determined from the entropy of entanglement given in Eq. (2.18) because
the final state in Eq. (3.11) is pure. We find, after propagating the errors,

E [⇢] = 0.531± 0.040 . (3.15)

This number di↵ers from zero with a significance of 13.3�.
After optimization, the expectation value of the Bell operator is

Tr ⇢�� B = 2.296± 0.034 . (3.16)

This decay provides a clean test of the violation of Bell inequality in a system of two qutrits. Its
significance is 8.8�.

4 Charmonium spin 1 states

T he decay of spin 1 particles brings in a dependence of the polarization density matrix on
the scattering angle. The amount of entanglement and possible violations of the Bell inequality

therefore depend on the value of this angle.
Data on many di↵erent processes are available and we review all of them. Such a comprehensive

presentation is necessarily repetitive. We apologize. The final results are summarized in Table 4.1.

4.1 J/ ! ⇤+ ⇤̄ and  (3686) ! ⇤+ ⇤̄

The helicity states of the final system in

J/ ! ⇤+ ⇤̄ (4.1)
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fall in the triplet representation of the product 1
2 ⌦

1
2 = 1� 0. It is constrained by the conservation of

the angular momentum to be described by the three states
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in which the state in the first line of Eq. (4.4) corresponds to the J/ being transversally polarized
with positive helicity (Jz = +1), the second line to the opposite helicity (Jz = �1) and the third line
to the 0 helicity (Jz = 0), that is, the J/ being longitudinally polarized. The states in Eq. (??) are
written along the z-axis and must be rotated to the direction of the final state momentum.

In the process
e+e� ! � ! cc̄ ! J/ ! ⇤⇤̄ , (4.5)

the J/ is produced polarized. The correlation matrix of the two baryons depends on the scattering
angle ⇥ because the polarization of the J/ does.

The elements of the spin density matrix can be written as
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where D(1)
i,j is the Wigner matrix for the spin 1 representation of SO(3) and the sum is only over the

polarization ±1 because the spin 1 state is produced from unpolarized electrons and positrons with
the electron and positron taken to be massless and, therefore, with only the helicities ±1.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
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in which f⇥ ⌘ (3� cos 2⇥)/4, s⇥ ⌘ sin⇥ and c⇥ ⌘ cos⇥.
The helicity amplitudes can be parametrized as
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The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.9)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The polarization in Eq. (4.9) agrees with [15,40].
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The decay J/ ! ⇤⇤̄ has branching fraction 1.8⇥ 10�3 [27]. From [15] we can obtain the values
of the two parameters

↵ = 0.4748± 0.0022|stat ± 0.0031|syst and �� = 0.7521± 0.0042|stat ± 0.0066|syst . (4.10)

No correlation in the uncertainties are given.
The correlation matrix can be computed from the density matrix and it is given by

C =
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@
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p
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�
p
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1

A . (4.11)

Again, it agrees with [40].

Figure 4.1: Concurrence (left) and Horodecki condition m12 (right) for J/ ! ⇤⇤. Both quantities are the largest for

⇥ = ⇡/2.

As shown in Fig. 4.1, the concurrence and m12 depend on the scattering angle. The largest values
are found at ⇥ = ⇡/2, for which

C = 0.475± 0.0039 and m12 = 1.225± 0.004 (4.12)

The entanglement is not maximal even for ⇥ = ⇡/2 because the final state is not a pure state and
instead contains a mixture of the states discussed in Eq. (4.4).

The significance of the violation of the Bell inequality is nominally 56.2�. This is a lower bound
that could be improved once the correlation in the uncertainties are included.

The same analysis can be done for the case of the  (3686). The decay  (3686) ! ⇤⇤̄ has branching
fraction 3.81⇥ 10�4 [27]. From [41] we find

↵ = 0.690± 0.07|stat ± 0.02|syst and �� = 0.401+0.154
�0.140|stat ± 0.028|syst , (4.13)

and no correlations between the uncertainties are given.
As shown in Fig. 4.2, the concurrence and m12 are, as before, the largest at ⇥ = ⇡/2, for which

C = 0.690± 0.072 and m12 = 1.476± 0.098 (4.14)
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in which the state in the first line of Eq. (4.2) corresponds to the J/ being transversally polarized
with positive helicity (Jz = +1), the second line to the opposite helicity (Jz = �1) and the third line
to the 0 helicity (Jz = 0), that is, the J/ being longitudinally polarized. The states in Eq. (4.2) are
written along the z-axis and must be rotated to the direction of the final state momenta.

In the process
e+e� ! � ! cc̄ ! J/ ! ⇤⇤̄ , (4.3)

the J/ is produced polarized. The correlation matrix of the two baryons depends on the scattering
angle ⇥ because the polarization of the J/ does.

The elements of the density matrix can be written as
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where D(1)
i,j is the Wigner matrix for the spin 1 representation of SO(3) and the sum is only over the

±1 polarizations because the spin 1 state is produced from unpolarized electrons and positrons with
the electron and positron taken to be massless and, therefore, with only the ±1 helicities.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
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in which f⇥ ⌘ (3� cos 2⇥)/4, s⇥ ⌘ sin⇥ and c⇥ ⌘ cos⇥.
The helicity amplitudes can be parametrized as

w 1
2

1
2
= w� 1

2 � 1
2
=

p
1� ↵p
2

and w 1
2 � 1

2
= w� 1

2
1
2
=

p
1 + ↵ exp[�i��] . (4.6)

The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.7)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The expression for the polarization in Eq. (4.7) agrees with [15,41].
Ten billion J/ events have been collected at the BESIII detector. The decay J/ ! ⇤⇤̄ has

branching fraction (1.89 ± 0.08) ⇥ 10�3 [28]. The decay into ⇤⇤̄ pairs is reconstructed from their
dominant hadron decays: ⇤ ! p⇡� and ⇤̄ ! p̄⇡�. The maximum likelihood fit yields the values of
the two parameters defining the helicity amplitudes [15]:

↵ = 0.4748± 0.0022|stat ± 0.0031|syst and �� = 0.7521± 0.0042|stat ± 0.0066|syst . (4.8)
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Charmonium spin-2 states

Horodecki condition

Entanglement

The values of the four amplitudes are given in the parametrization

w 1
2

1
2

w 1
2 � 1

2

= h1e
i�1 ,

w 3
2

1
2

w 1
2 � 1

2

= h3e
i�3 , and

w 3
2

3
2

w 1
2 � 1

2

= h4e
i�4 (4.43)

with two possible sets of solutions [22]:

h1 = 0.30± 0.11|stat ± 0.04|syst �1 = 0.69± 0.041|stat ± 0.13|syst (4.44)

h3 = 0.26± 0.05|stat ± 0.02|syst �3 = 2.60± 0.16|stat ± 0.08|syst (4.45)

h4 = 0.51± 0.03|stat ± 0.01|syst �4 = 0.34± 0.80|stat ± 0.31|syst (4.46)

and

h1 = 0.31± 0.10|stat ± 0.04|syst �1 = 2.38± 0.37|stat ± 0.13|syst (4.47)

h3 = 0.27± 0.05|stat ± 0.01|syst �3 = 2.57± 0.16|stat ± 0.04|syst (4.48)

h4 = 0.51± 0.03|stat ± 0.01|syst �4 = 1.37± 0.68|stat ± 0.16|syst (4.49)

We find a negativity (at ⇥ = ⇡/2)

N (⇢) = 0.71± 0.04 (sol I) and N (⇢) = 1.34± 0.03 (sol II) , (4.50)

and therefore a substantial amount of entanglement. Although Bell inequalities involving particle of
any spin have been discussed in the literature, a reliable estimator to test Bell inequality between spin
3/2 fermions is not yet available.

5 Charmonium spin 2 state

5.1 �2
c ! ��

The �2
c are produced in

e+e� !  (3686) ! ��2
c , (5.1)

The elements of the density matrix can be written as

⇢�1�2,�0
1�

0
2
/ w�1�2w

⇤
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1�

0
2

X

k=±1±2

D(2)⇤
k,�1��2

(0,⇥, 0)D(2)
k,�0

1��0
2
(0,⇥, 0) (5.2)

where D(2)
i,j is the Wigner matrix for the spin 2 representation of SO(3) and the sum is only over the

polarization ±1 and ±2 because the spin 2 state is produced from unpolarized electrons and positrons
with the electron and positron taken to be massless and, therefore, with only the helicities ±1 and
±2.

The analysis of the data in [23] selects 4247±93 out of the �K+K�K+K� final state events. The
maximum likelihood fit yields the absolute value of the ratio of the moduli of the helicity amplitudes:

����
w1 1

w0 0

���� = = 0.808± 0.051|stat ± 0.009|syst (5.3)
����
w1�1

w0 0

���� = = 1.450± 0.097|stat ± 0.104|syst (5.4)
����
w0 1

w0 0

���� = = 1.265± 0.054|stat ± 0.079|syst . (5.5)
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Only the moduli of the amplitudes are given. The other amplitudes are related to these as follows

w�1�1 = w1 1 , w�1 1 = w1�1 , and w0�1 = w1 0 = w�1 0 = w0 1 . (5.6)

We find no indication of entanglement, namely

N (⇢) = 0 , and C2 = 0 . (5.7)

The expectation value of the Bell operator is given, around ⇥ = ⇡/2, by

TrB⇢�� = 1.202± 0.032 (5.8)

and the Bell inequality is not violated.
The � are not polarized:

Tr ⇢�� Si ⌦ 1 = (0, 0, 0) . (5.9)

6 Quantum correlation and decoherence

T he energy available to the ⇤ baryons in, for instance, the decay ⌘c ! ⇤⇤̄makes these particles
travel at about 0.66 c and decay, in average, around 7 centimeters away from the primary vertex.

The beam pipe at BESIII has an inner (outer) diameter of 6.3 (11.4) cm [29] while at the LHCb it
goes from 6.5 (near the interaction region) to 26.2 cm with a conical design [43]. It therefore seems
very possible that the ⇤ baryons do hit the wall of the beam pipe and even go inside the first layers of
the detector, which is the multilayer drift chamber (MDC) at BESIII and the vertex detector (VELO)
at LHCb.

Figure 6.1: Decay ⌘c ! ⇤⇤̄: Fraction (out of 1000) of ⇤ baryons decaying at di↵erent lengths from the primary vertex.

The vertical dashed line indicates where the inner surface of the beam pipe is located (3.15 cm away from the primary

vertex).

Taking into account the exponential dispersion of the decay times, about 58% of the ⇤ baryons
coming out approximately at 90 degrees decay inside the wall of the beam pipe or in the detector (see
Fig. 6.1). Given a spherically symmetric cross section, 2/3 of all the scattered particles decay either
inside the wall of the beam pipe or in the MDC or the VELO. Even though the beam pipe walls are
made of material that interacts the least possible with the particles, still they must be a↵ected and,
in particular, once inside the detector, the spatial part of the density matrix is completely incoherent
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B ⇤b ! J/ + ⇤

T he helicity states of the final system in

⇤b ! J/ + ⇤ (B.1)

fall in the 1
2 representation of the product 1⌦ 1

2 = 3
2 �

1
2 . It is constrained by the conservation of the

angular momentum to be described by the two states

| "i / w0� 1
2
|1, 0i ⌦ |12 ,

1
2i+ w1 1

2
|1, 1i ⌦ |12 ,�

1
2i (B.2)

| #i / w0 1
2
|1, 0i ⌦ |12 ,�

1
2i+ w�1� 1

2
|1,�1i ⌦ |12 ,

1
2i , (B.3)

in which the state in Eq. (B.2) corresponds to the ⇤b with positive helicity and that in Eq. (B.3) to
the opposite helicity.

The two states in Eqs. (B.2)–(B.3) enter, depending on the polarization Pb of the initial ⇤b, in the
mixture

⇢⇤ J/ / p" | "ih "|+ p# | #ih #| , (B.4)

in which p" =
1
2 + Pb and p# =

1
2 � Pb.

There is no parity conservation and therefore 4 independent non-vanishing helicity amplitudes:
w

0± 1
2
and w

±1± 1
2
. The density matrix is
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CCCCCCCA

, (B.5)

with no angular dependence. The helicity amplitude w
1 1

2
is expected to be small because of the mostly

chiral coupling.
Data from one of the experimental collaborations [24] have been taken for the chain decay ⇤b !

J/ (! µ+µ�)⇤(p⇡0) with a luminosity of 4.6 fb�1 at center-of-mass energy of 7 TeV and recorded
by the ATLAS detector at the LHC. They extract from a likelihood fit the helicity amplitudes:

|w
0 1

2
| = 0.17+0.12

�0.17|stat ± 0.09|syst , |w
0� 1

2
| = 0.59+0.06

�0.07|stat ± 0.03|syst

|w
1 1

2
| = 0.08+0.13

�0.08|stat ± 0.06|syst |w
�1� 1

2
| = 0.79+0.04

�0.05|stat ± 0.02|syst . (B.6)

Data for the same amplitudes are available from CMS [25] and LHCb [26].
We find a positive but small value:

N (⇢) = 0.05± 0.06 , (B.7)

which corresponds to essentially no entanglement within one standard deviation. This means that the
final state is a mixture of the two states in Eqs. (B.2)–(B.3) with equal weight—which is what we
would expect if the ⇤b is produced unpolarized.

28

Other processes
in which Aµ stands for the electromagnetic four vector and q2 = s is the center-of-mass energy. The
other common parameterization, the one we used in Section 4.6, is in terms of the form factors

GM = F1 + F2 and GE = F1 +
q2

2m2
⇤

F2 , (A.3)

which is obtained from Eq. (4.30) by means of the Gordon decomposition.
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Figure A.1: Concurrence (left) and Horodecki’s condition m12 (right) for e+e� ! ⇤⇤.

To make contact with the experiments, we rewrite the two form factors GM and GE in terms of
the two coe�cients ↵ and ��, introduced in Section 4.

The analysis of the data taken at
p
s = 2.396 GeV gives [47]

↵ = 0.12± 0.14|stat and �� = 0.65± 0.21|stat , (A.4)

in which the two statistical uncertainties are correlated with coe�cient 0.17.
As discussed in Section 6, the data collected are for events with energies just above the threshold

for the production of the ⇤ baryons and therefore the baryons move slowly, decaying within about
2.4 cm from the production point. These decays take place within the beam pipe and before any
interaction with the detector is possible.

The analysis of entanglement and Bell inequality violation is completely analogous to that in Sec. 4;
at ⇥ = ⇡/2, we find

C [⇢] = 0.12± 0.11 and m12 = 1.01± 0.04 . (A.5)

The Bell inequality is not violated.
The analysis of the data taken at

p
s = 3.710 GeV gives [42]

↵ = 0.52+0.38
�0.39|stat ± 0.02|syst and �� = 0.0+1.13

�0.99|stat ± 0.03|syst , (A.6)

Now the data collected are for events in which the decay takes place about 10 cm from the
production point, that is, after the ⇤ baryons have crossed most of the MDC detector, let alone the
beam pipe.

At ⇥ = ⇡/2, we find

C [⇢] = 0.52± 0.30 and m12 = 1.27± 0.61 . (A.7)

The Bell inequality is not violated.
A similar analysis can be done on e+e� ! ⌃+⌃̄� data [51].
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B ⇤b ! J/ + ⇤

T he helicity states of the final system in

⇤b ! J/ + ⇤ (B.1)

fall in the 1
2 representation of the product 1⌦ 1

2 = 3
2 �

1
2 . It is constrained by the conservation of the

angular momentum to be described by the two states
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in which the state in Eq. (B.2) corresponds to the ⇤b with positive helicity and that in Eq. (B.3) to
the opposite helicity.

The two states in Eqs. (B.2)–(B.3) enter, depending on the polarization Pb of the initial ⇤b, in the
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with no angular dependence. The helicity amplitude w
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is expected to be small because of the mostly

chiral coupling.
Data from one of the experimental collaborations [24] have been taken for the chain decay ⇤b !

J/ (! µ+µ�)⇤(p⇡0) with a luminosity of 4.6 fb�1 at center-of-mass energy of 7 TeV and recorded
by the ATLAS detector at the LHC. They extract from a likelihood fit the helicity amplitudes:
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Data for the same amplitudes are available from CMS [25] and LHCb [26].
We find a positive but small value:

N (⇢) = 0.05± 0.06 , (B.7)

which corresponds to essentially no entanglement within one standard deviation. This means that the
final state is a mixture of the two states in Eqs. (B.2)–(B.3) with equal weight—which is what we
would expect if the ⇤b is produced unpolarized.
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Figure 4.6: Left side: Entanglement as a function of the form factor parameters ↵ and ��. The concurrence is

computed at ⇥ = ⇡/3. Right side: The concurrence as a function of the parameter ↵ at ⇥ = ⇡/2 is C [⇢] = |↵|. There is

no dependence on the other parameter ��.

decay m12 significance

J/ ! ⇤⇤̄ 1.225 ± 0.004 56.3

 (3686) ! ⇤⇤̄ 1.476 ± 0.100 4.8

J/ ! ⌅�⌅̄+ 1.343 ± 0.018 19.1

J/ ! ⌅0⌅̄0 1.264 ± 0.017 15.6

 (3686) ! ⌅�⌅̄+ 1.480 ± 0.095 5.1

 (3686) ! ⌅0⌅̄0 1.442 ± 0.161 2.7

J/ ! ⌃�⌃̄+ 1.258 ± 0.007 36.9

 (3686) ! ⌃�⌃̄+ 1.465 ± 0.043 10.8

J/ ! ⌃0⌃̄0 1.171 ± 0.007 24.4

 (3686) ! ⌃0⌃̄0 1.663 ± 0.065 10.2

Table 4.1: Summary of Bell inequality violation in spin 1 charmonium decays into baryons.

in which GM = F1 + F2 and GE = F1 + s/2m2
⇤F2 and s = q2 is the square of the energy. The field

AJ/ 
µ represents the J/ charmonium state. In Eq. (4.30), �0 = 1 and �µ⌫ = i/2{�µ, �⌫}.
The two form factors GM and GE have been written in terms of the two coe�cients ↵ and �� as

GM

GE
=

����
GM

GE

���� e
i�� and ↵ =

s|GM |2 � 4m2
⇤|GE |2

s|GM |2 + 4m2
⇤|GE |2

. (4.31)

The left-hand side of Fig. 4.6 shows the variation of the entanglement as we vary these two
parameters. It is the largest when ↵ = �1, that is when GM = 0. This value corresponds to
F1 = �F2, which gives the coupling of an elementary scalar to the photon and is parity conserving.
The other limit of interest is F2 = 0, for which GE = GM and corresponds at threshold to ↵ = 1.
This is the minimal coupling of an elementary fermion to the photon.

Setting the scattering angle to ⇥ = ⇡/2, the concurrence ceases to depend on the phase ��—as it
can be seen by inspection of Eq. (4.5)—and becomes identical to the absolute value of the coe�cient

19

Figure 4.6: Left side: Entanglement as a function of the form factor parameters ↵ and ��. The concurrence is

computed at ⇥ = ⇡/3. Right side: The concurrence as a function of the parameter ↵ at ⇥ = ⇡/2 is C [⇢] = |↵|. There is

no dependence on the other parameter ��.

decay m12 significance

J/ ! ⇤⇤̄ 1.225 ± 0.004 56.3

 (3686) ! ⇤⇤̄ 1.476 ± 0.100 4.8

J/ ! ⌅�⌅̄+ 1.343 ± 0.018 19.1

J/ ! ⌅0⌅̄0 1.264 ± 0.017 15.6

 (3686) ! ⌅�⌅̄+ 1.480 ± 0.095 5.1

 (3686) ! ⌅0⌅̄0 1.442 ± 0.161 2.7

J/ ! ⌃�⌃̄+ 1.258 ± 0.007 36.9

 (3686) ! ⌃�⌃̄+ 1.465 ± 0.043 10.8

J/ ! ⌃0⌃̄0 1.171 ± 0.007 24.4

 (3686) ! ⌃0⌃̄0 1.663 ± 0.065 10.2

Table 4.1: Summary of Bell inequality violation in spin 1 charmonium decays into baryons.

in which GM = F1 + F2 and GE = F1 + s/2m2
⇤F2 and s = q2 is the square of the energy. The field

AJ/ 
µ represents the J/ charmonium state. In Eq. (4.30), �0 = 1 and �µ⌫ = i/2{�µ, �⌫}.
The two form factors GM and GE have been written in terms of the two coe�cients ↵ and �� as

GM

GE
=

����
GM

GE

���� e
i�� and ↵ =

s|GM |2 � 4m2
⇤|GE |2

s|GM |2 + 4m2
⇤|GE |2

. (4.31)

The left-hand side of Fig. 4.6 shows the variation of the entanglement as we vary these two
parameters. It is the largest when ↵ = �1, that is when GM = 0. This value corresponds to
F1 = �F2, which gives the coupling of an elementary scalar to the photon and is parity conserving.
The other limit of interest is F2 = 0, for which GE = GM and corresponds at threshold to ↵ = 1.
This is the minimal coupling of an elementary fermion to the photon.

Setting the scattering angle to ⇥ = ⇡/2, the concurrence ceases to depend on the phase ��—as it
can be seen by inspection of Eq. (4.5)—and becomes identical to the absolute value of the coe�cient

19

Figure 4.5: In the first row: Concurrence (left) and Horodecki condition m12 (right) for J/ ! ⌃
0
⌃̄

0
. In the bottom

row: Concurrence (left) and Horodecki condition m12 (right) for  (3686) ! ⌃
0
⌃̄

0
. All quantities are the largest for

⇥ = ⇡/2. All quantities are the largest for ⇥ = ⇡/2.

The significance of the violation of the Bell inequality is 24.4�.
The next decay,  (3686) ! ⌃0⌃̄0, has branching fraction (2.35 ± 0.09) ⇥ 10�4 [28]. The chain

decays ⌃0 ! ⇤�, ⇤ ! p⇡� and ⌃̄+ ! ⇤̄�, ⇤̄ ! p̄⇡+ out of a sample of 2.7 ⇥ 109 (3686) have
been reconstructed. A maximum likelihood fit over the kinematic variables yields the values of the
parameters defining the helicity amplitudes [17]:

↵ = 0.814± 0.028|stat ± 0.028|syst and �� = 0.512± 0.085|stat ± 0.034|syst . (4.28)

We find
C [⇢] = 0.814± 0.040 and m12 = 1.663± 0.065 , (4.29)

at ⇥ = ⇡/2. The significance of the violation of the Bell inequality is therefore 10.2�.

4.6 Entanglement as a function of the form factors

We have seen that the amount of entanglement in the final state spin correlations depends on the kind
of baryons and on the charmonium state these come from.

We can study how in general the entanglement varies as we vary the form factors GM and GE in
the coupling of the baryons to the spin 1 resonance. For instance, the coupling of the ⇤ baryons to
the J/ is given as

ū⇤


F1�

µ +
1

2m⇤
�µ⌫q⌫F2

�
u⇤A

J/ 
µ (4.30)
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Cross-section distributions are calculated for the reaction e+e− → J/ψ → !̄(→ p̄π+)!(→ pπ−), and 
related annihilation reactions mediated by vector mesons. The hyperon-decay distributions depend on a 
number of structure functions that are bilinear in the, possibly complex, psionic form factors Gψ

M and 
Gψ

E of the Lambda hyperon. The relative size and relative phase of these form factors can be uniquely 
determined from the unpolarized joint-decay distributions of the Lambda and anti-Lambda hyperons. 
Also the decay-asymmetry parameters of Lambda and anti-Lambda hyperons can be determined.
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1. Introduction

Two hadronic form factors, commonly called G M (s) and G E (s), 
are needed for the description of the annihilation process e−e+ →
!!̄, Fig. 1a, and by varying the c.m. energy 

√
s, their numerical 

values can in principle be determined for all s values above !!̄
threshold. For the general case of annihilation via an intermediate 
photon, the joint !(→ pπ−)!̄(→ p̄π+) decay distributions were 
calculated and analyzed in Ref. [1], using methods developed in 
[2,3]. Recently, a first attempt to calculate the hyperon form factors 
G M(s) and G E (s) in the time-like region was reported in Ref. [4].

Previously, the interesting special case of annihilation through 
an intermediate J/ψ or ψ(2S), Fig. 1b, has been investigated in 
several theoretical [5,6] and experimental papers [7–9]. This pro-
cess has also been used for determination of the anti-Lambda 
decay-asymmetry parameter and for CP symmetry tests in the 
hyperon system. A precise knowledge of the Lambda decay-
asymmetry parameter is needed for studies of spin polarization 
in $− , %− , and !+

c decays.
Presently, a collected data sample of 1.31 × 109 J/ψ events 

[10] by the BESIII detector [11] permits high-precision studies of 
spin correlations.

In the experimental work referred to above, the joint-hyperon-
decay distributions considered are not the most general ones pos-
sible, but seem to be curtailed. Incomplete distribution functions 
do not permit a reliable determination of the form factors and we 

* Corresponding author.
E-mail addresses: goran.faldt@physics.uu.se (G. Fäldt), 

andrzej.kupsc@physics.uu.se (A. Kupsc).

Fig. 1. Graph describing the reaction e+e− → !̄!; a) general case, and b) mediated 
by the J/ψ resonance.

therefore suggest to fit the experimental data to the general distri-
bution described in [1], and further elaborated below.

Since the photon and the J/ψ are both vector particles, their 
corresponding annihilation processes will be similar. In fact, by a 
simple substitution, the cross-section distributions in Ref. [1], valid 
in the photon case, are transformed into distributions valid in the 
J/ψ case, but expressed in the corresponding psionic form factors 
Gψ

M and Gψ
E .

http://dx.doi.org/10.1016/j.physletb.2017.06.011
0370-2693/© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.



• some amplitudes (e.g. scalar states into hyperons) 
• better data (e.g. for spin 2 or direct hyperon production) 
• phases of most amplitudes 
• uncertainty correlations 

 

what is still missing



The other amplitudes are related to these, namely

w�1�1 = w1 1 , w�1 1 = w1�1 , and w0�1 = w1 0 = w�1 0 = w0 1 . (5.6)

We find no indication of entanglement, namely N (⇢) = 0 and C2 = 0. The expectation value of the
Bell operator is given, around ⇥ = 0, by

TrB⇢�� = 1.4 (5.7)

and the Bell inequality is not violated.
The � are not polarized:

Tr ⇢��1 ⌦ Si = (0, 0, 0) . (5.8)

6 Quantum correlation and decoherence

T he energy available to the ⇤ baryons in, for instance, the decay ⌘c ! ⇤⇤̄makes these particles
travel at about 0.66 c and decay, in average, around 7 centimeters from the primary vertex. The

beam pipe at BESIII has a inner (outer) diameter of 6.3 (11.4) cm [28] while at the LHCb it goes
from 6.5 (near the interaction region) to 26.2 cm with a conical design [42]. It therefore seems very
possible that the ⇤ baryons do hit the wall of the beam pipe and even go inside the first layers of the
detector, which is the multilayer drift chamber (MDC) at BESIII and the vertex detector (VELO) at
LHCb.

Figure 6.1: Decay ⌘c ! ⇤⇤̄: Fraction (out of 1000) of ⇤ baryons decaying at di↵erent lengths from the primary vertex.

The Vertical dashed line stands for the inner surface of the beam pipe (3.15 cm from the primary vertex).

Taking into account the exponential dispersion of the decay times, about 58% of the ⇤ baryons
coming out approximately at 45 degrees decay inside the beam pipe and or in the detector. Given a
spherically symmetric cross section, 2/3 of all scattered particles decay either inside the wall of the
beam pipe or in the MDC or the VELO. Even though the beam pipe walls are made of material that
interacts the least possible with the particles, still they must be a↵ected and, in particular, once inside
the detector, the space part of the density matrix is completely incoherent (because a spherical wave
becomes a localized track in the detector). This picture is confirmed by the study of the cross section
⇤p ! ⇤p in which the interaction between the hyperons and the beam-pipe wall is utilized [43,44].
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⇤

in the second case, where a faint trace of the baryon can be seen across the detector as a proof that
superposition is no longer present. This is only a clue because the uncertainty in these values is large
and the value ↵ = 0 cannot be excluded.
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Figure 6.2: Coe�cients ↵ and �� for the production of ⇤⇤̄ at di↵erent values energies
p
s. The first point is just

about threshold, the others around the  (3686) mass.

Figure 6.3: Decay lengths for the ⇤ baryons for the di↵erent values of
p
s. The first track is just inside the beam pipe

(with an inner wall at 3.15 cm, marked by the dashed horizontal line), the last goes through the beam pipe and into the

MDC (which stands between a radius of 5.9 and 81 cm).

A clear cut discussion for the data from the decays of J/ and  (3686) is not possible because of
their di↵erent form factors—on which the final entanglement depends. For these decays, it would be
useful to have the helicity amplitudes computed on separate sets of baryons, namely those for which
the decay takes place inside the beam pipe and those for which it takes place in the detector.

7 Loopholes at colliders

T he experimental violation of the Bell inequality at low energies has been challenged by
invoking the presence of loopholes that bypass its e↵ect. Though the same loopholes might be

brought to bear to tests at high energies, their e↵ectiveness and significance is di↵erent in the new
settings and must be revisited.
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in the second case, where a faint trace of the baryon can be seen across the detector as a proof that
superposition is no longer present. This is only a clue because the uncertainty in these values is large
and the value ↵ = 0 cannot be excluded.

Figure 6.2: Coe�cients ↵ and �� for the production of ⇤⇤̄ at di↵erent values energies
p
s. The first point is just

about threshold, the others around the  (3686) mass.
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Figure 6.3: Decay lengths for the ⇤ baryons for the di↵erent values of
p
s. The first track is just inside the beam pipe

(with an inner wall at 3.15 cm, marked by the dashed horizontal line), the last goes through the beam pipe and into the

MDC (which stands between a radius of 5.9 and 81 cm).

A clear cut discussion for the data from the decays of J/ and  (3686) is not possible because of
their di↵erent form factors—on which the final entanglement depends. For these decays, it would be
useful to have the helicity amplitudes computed on separate sets of baryons, namely those for which
the decay takes place inside the beam pipe and those for which it takes place in the detector.

7 Loopholes at colliders

T he experimental violation of the Bell inequality at low energies has been challenged by
invoking the presence of loopholes that bypass its e↵ect. Though the same loopholes might be

brought to bear to tests at high energies, their e↵ectiveness and significance is di↵erent in the new
settings and must be revisited.
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