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Outline

— We discuss entanglement and the violation of the CGLMP inequality
in a system of two vector bosons produced in the decay of a spin-0
particle.

— We assume the most general CPT conserving, Lorentz-invariant
coupling of the spin-0 particle with the daughter bosons.

— We show that the two-boson state is entangled and violates the
CGLMP inequality for all values of the (anomalous) coupling
constants and that in this case the state is entangled iff it can
violate the CGLMP inequality.

— As an exemplary process of this kind we use the decay H → ZZ with
anomalous coupling.
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The decay X → V1V2

We consider here the decay

X → V1V2

X – pseudoscalar/scalar particle, V1,V2 – vector bosons.

In general, V bosons can be off-shell.

We treat off-shell particles like on-shell ones with reduced invariant
masses.

M = mX – mass of decaying particle X .

(k,m1), (p,m2) – the four-momenta and invariant masses of the
daughter bosons.

The amplitude corresponding to the most general Lorentz-invariant, CPT
conserving coupling of X with two vector bosons can be written as

Aλσ(k, p) ∝
[
v1ηµν + v2(k + p)µ(k + p)ν

+ v3εαβµν(k + p)α(k − p)β
]
eµλ (k)eνσ(p), (1)

ηµν = diag(1,−1,−1,−1) — Minkowski metric tensor,
λ, σ — spin projections of the final states,
v1, v2, v3 — real coupling constants,
εαβµν — a completely antisymmetric Levi-Civita tensor.
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The decay X → V1V2

Amplitude eµλ (q) for the four-momentum q = (q0,q) with q02 − q2 = m2

reads

e(q) = [eµσ (q)] =

(
qT

m

I + q⊗qT

m(m+q0)

)
V T ,

with

V =
1√
2

−1 i 0

0 0
√

2
1 i 0

 .

These amplitudes fulfill standard transversality condition

eµσ (q)qµ = 0.
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The decay X → V1V2

As an example of the considered decay we take the process

H → ZZ .

In this exemplary case in the amplitude

Aλσ(k, p) ∝
[
v1ηµν + v2(k + p)µ(k + p)ν

+ v3εαβµν(k + p)α(k − p)β
]
eµλ (k)eνσ(p)

the Standard Model interaction corresponds to v1 = 1, v2 = v3 = 0.

v3 ̸= 0 implies the possibility of CP violation and a pseudoscalar
component of H.

To consider the most general case we will assume that v1 ̸= 0 and admit
nonzero v2 and v3.

Experimental data regarding Higgs decay admit nonzero v2 and v3 but
give strong bounds on their values.
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The VV state

The most general pure VV state arising in the X decay (v1 ̸= 0) can be
parametrized with the help of two parameters, c , c̃ , as

|ψVV (k, p)⟩ =
[
ηµν + c

(kp) (kµpν + pµkν)

+ c̃
(kp)εαβµν(k + p)α(k − p)β

]
eµλ (k)eνσ(p)|(k , λ); (p, σ)⟩,

where
c = (kp) v2

v1
, c̃ = (kp) v3

v1
,

|(k, λ); (p, σ)⟩ — the two-boson state, one boson with the
four-momentum k and spin projection along z axis λ, second one with
the four-momentum p and spin projection σ.

For the decay H → ZZ from [CMS Collaboration, Phys. Rev. D 99,
112003 (2019)] we obtain the following experimental bounds:

|c | < 0.23, |c̃ | < 0.5.

We do not restrict ranges of c and c̃ to the above intervals.
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The VV state

For k ̸= p states |(k, λ); (p, σ)⟩ are orthonormal:

⟨(k, λ); (p, σ)|(k, λ′); (p, σ′)⟩ = δλλ′δσσ′ . (*)

The state |ψVV (k, p)⟩ is not normalized, with the help of (*) we find

⟨ψVV (k, p)|ψVV (k, p)⟩ = 2 +
[
(1 + c) (kp)

m1m2
− c m1m2

(kp)

]2

+ 8c̃2
[
1 −

(
m1m2

(kp)

)2]
.
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The VV state in the center of mass frame

Further on we will use center of mass (CM) frame.

The X four-momentum is equal to: (M, 0)
V1V2 four-momenta are equal to:
kµ = (ω1, k), ω2

1 − k2 = m2
1 and pµ = (ω2,−k), ω2

2 − k2 = m2
2.

In the CM frame we have

M = ω1 + ω2,

k2 =
1

4M2
λ(M2,m2

1,m
2
2),

kp =
1

2

[
M2 −m2

1 −m2
2

]
,

ω1 =
1

2M

[
M2 + (m2

1 −m2
2)
]
,

ω2 =
1

2M

[
M2 − (m2

1 −m2
2)
]
,

where
λ(x , y , z) = x2 + y2 + z2 − 2xy − 2xz − 2yz .
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The VV state in the center of mass frame

In the CM frame normalization of the state |ψVV (k , p)⟩ depends only on
masses M, m1, m2 and the parameters c , c̃ :

⟨ψVV (k , p)|ψVV (k, p)⟩|CM = 2(1 + κ̃2) + κ2,

where
κ = β + c(β − 1/β), κ̃ = 2c̃

√
1 − 1/β2

and

β = (kp)
m1m2

∣∣∣
CM

=
M2 − (m2

1 + m2
2)

2m1m2
.
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The VV state in the center of mass frame

The ranges of possible values of κ, κ̃:

κ ∈ (−∞, 1] for c ∈ (−∞,−1),

κ ∈ [0, 1] for c = −1,

κ ∈ [2
√

−c(1 + c),∞) for c ∈ (−1,− 1
2 ),

κ ∈ [1,∞] for c ∈ [− 1
2 ,∞),

and

κ̃ ∈ (2c̃ , 0] for c̃ ∈ (−∞, 0),

κ̃ ∈ [0, 2c̃] for c̃ ∈ [0,∞).
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The VV state in the center of mass frame

Next, without loss of generality we can assume that bosons move along
z-axis, i.e. we can take k = (0, 0, |k|).

We simplify the notation of basis two-boson states in this case

|λ, σ⟩ ≡ |(ω1, 0, 0, |k|); (ω2, 0, 0,−|k|)⟩.

In this notation the normalized state of two bosons reads

|ψnorm
VV (m1,m2, c , c̃)⟩ =

1√
2(1 + κ̃2) + κ2

[
(1 − i κ̃)|+,−⟩

− κ|0, 0⟩ + (1 + i κ̃)|−,+⟩
]
.
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The VV state in the center of mass frame

Bosons arising in a single decay X → V1V2 have definite masses m1 and
m2; thus two-boson state is pure and has the following form

ρ(m1,m2, c , c̃) = |ψnorm
VV (m1,m2, c , c̃)⟩⟨ψnorm

VV (m1,m2, c , c̃)|.

When one determines two-boson state from experimental data then
averaging over various kinematical configurations is necessary and the
state becomes mixed

ρVV (c , c̃) =

∫
dm1 dm2 Pc,c̃(m1,m2)ρ(m1,m2, c , c̃),

where Pc,c̃(m1,m2) is a normalized probability distribution.
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The VV state in the center of mass frame

The explicit form of this probability distribution can be determined in the
case when the daughter VV bosons subsequently decay into massless
fermions

X → V1V2 → f +
1 f −1 f +

2 f −2 .

Following [T. Zagoskin, A. Korchin, J. Exp. Theor. Phys. 122, 663
(2016); A. Bernal, P. Caban, J. Rembieliński, Eur. Phys. J. C 83, 1050
(2023)] we find

Pc,c̃(m1,m2) = N
λ

1
2 (M2,m2

1,m
2
2)m3

1m
3
2

D(m1)D(m2)

[
2(1 + κ̃2) + κ2

]
,

with
D(m) =

(
m2 −m2

V

)2
+ (mV ΓV )2,

where mV , ΓV denotes the mass and decay width of the on-shell V boson
and the normalization factor N can be determined numerically for given
values c and c̃ .
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(2023)] we find

Pc,c̃(m1,m2) = N
λ

1
2 (M2,m2

1,m
2
2)m3

1m
3
2

D(m1)D(m2)

[
2(1 + κ̃2) + κ2

]
,

with
D(m) =

(
m2 −m2

V

)2
+ (mV ΓV )2,

where mV , ΓV denotes the mass and decay width of the on-shell V boson
and the normalization factor N can be determined numerically for given
values c and c̃ .



The VV state in the center of mass frame

The explicit form of this probability distribution can be determined in the
case when the daughter VV bosons subsequently decay into massless
fermions

X → V1V2 → f +
1 f −1 f +

2 f −2 .

Following [T. Zagoskin, A. Korchin, J. Exp. Theor. Phys. 122, 663
(2016); A. Bernal, P. Caban, J. Rembieliński, Eur. Phys. J. C 83, 1050
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The VV state in the center of mass frame

The state averaged over kinematical configurations has the following
structure

ρVV (c , c̃) =
1

b + 2e



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 e 0 f 0 h 0 0
0 0 0 0 0 0 0 0 0

0 0 f∗ 0 b 0 f 0 0
0 0 0 0 0 0 0 0 0

0 0 h∗ 0 f∗ 0 e 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


,

where star denotes complex conjugation.
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The VV state in the center of mass frame

Non-zero matrix elements are equal to

b = −2c(1 + c)B(0) + (1 + c)2B(2) + c2B(−2),

e = (1 + 4c̃2)B(0) − 4c̃2B(−2),

f = −(c + 1)B(1) + cB(−1)

+ 2i c̃
[
(1 + c)B̃(0) − cB̃(−2)

]
,

h = (1 − 4c̃2)B(0) + 4c̃2B(−2) − 4i c̃B̃(−1),

where

B(n) =

∫
S

dm1dm2
λ1/2(M2,m2

1,m
2
2)m3

1m
3
2

D(m1)D(m2)
βn,

B̃(n) =

∫
S

dm1dm2
λ1/2(M2,m2

1,m
2
2)m3

1m
3
2

D(m1)D(m2)
βn(β2 − 1)1/2,

for n = −2,−1, 0, 1, 2, and
S = {(m1,m2) : m1 ≥ 0,m2 ≥ 0,m1 + m2 ≤ M}.
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The VV state in the center of mass frame

For the decay
H → ZZ

we can determine the explicit form of the density matrix entries.

Inserting the measured values for the Higgs mass, Z mass and Z decay
width, i.e.,:

M = mH = 125.25 GeV, mZ = 91.19 GeV, ΓZ = 2.50 GeV

we receive

bZ = 9431.55 + 12883.6c + 4983.07c2,

eZ = 2989.76 + 5834.84c̃2,

fZ = −4819.07 − 2752.19c + 7052.85i c̃ + 4477.64icc̃ ,

hZ = 2989.76 − 8031.86i c̃ − 5834.84c̃2.
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Entanglement

A general structure (the number and positions of non-zero entries) of the
density matrix ρVV (c , c̃) implies that in this case the Peres–Horodecki
criterion is not only sufficient but also necessary for the state to be
entangled.

And this implies that the state ρVV (c , c̃) is entangled iff at least one
off-diagonal matrix entry is non-zero.

To quantify entanglement of the state ρVV (c , c̃) we use the logarithmic
negativity which is a computable entanglement measure and is defined as

EN(ρAB) = log3(||ρTB ||1),

where TB denotes partial transposition with respect to the subsystem B
and ||A||1 = Tr(

√
A†A) is the trace norm of a matrix A. ||A||1 is equal to

the sum of all the singular values of A; when A is Hermitian then it is
equal to the sum of absolute values of all eigenvalues of A. EN(ρ) > 0
implies that the state ρ is entangled.
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Figure: The logarithmic negativity of the state ρZZ (c, c̃) as a function of c, c̃.
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Entanglement

Numerically obtained maximal value of the logarithmic negativity is equal
to

Emax
N = 0.99638.

This value is attained for c = −0.73719, c̃ = 0.00005.

Moreover, EN > 0 for all values of c , c̃ and in the limit c → ∞ the
logarithmic negativity tends to zero.
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The violation of the CGLMP inequality

The optimal Bell inequality for a two-qudit system is the
Collins–Gisin–Linden–Massar–Popescu (CGLMP) inequality.

For two qubits (d = 2) the CGLMP inequality reduces to the well known
Clauser–Horn–Shimony–Holt (CHSH) inequality.

Here we are interested in the CGLMP inequality for a two-qutrit system
(for spin-1 particle there are three possible outcomes of a spin projection
measurements).
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The violation of the CGLMP inequality

For two qutrits the CGLMP inequality has the following form

I3 ≤ 2,

where

I3 =
[
P(A1 = B1) + P(B1 = A2 + 1) + P(A2 = B2) + P(B2 = A1)

]
−
[
P(A1 = B1 −1) +P(B1 = A2) +P(A2 = B2 −1) +P(B2 = A1 −1)

]
and A1, A2 (B1, B2) are possible measurements that can be performed by
Alice (Bob).

Each of these measurements can have three outcomes: 0,1,2.

P(Ai = Bj + k) — the probability that the outcomes Ai and Bj differ by

k modulo 3, i.e., P(Ai = Bj + k) =
∑l=2

l=0 P(Ai = l ,Bj = l + k mod 3).

As usual, we assume that Alice can perform measurements on one of the
bosons, Bob on the second one, i.e., we take Alice (Bob) observables as
A⊗ I (I ⊗ B).
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The violation of the CGLMP inequality

The CGLMP inequality can be written as

Tr
(
ρOBell

)
≤ 2,

where OBell is a certain operator depending on the observables A1, A2,
B1, and B2.

Each Hermitian 3 × 3 matrix A can be represented with the help of the
3 × 3 unitary matrix UA, columns of UA are normalized eigenvectors of A
in a given basis.
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OBell(UA1 ,UA2 ,UB1 ,UB2 ) = −[UA1 ⊗ UB1 ]P1[I ⊗ S3]P†
1 [UA1 ⊗ UB1 ]†

+[UA1⊗UB2 ]P0[I⊗S3]P†
0 [UA1⊗UB2 ]†+[UA2⊗UB1 ]P1[I⊗S3]P†

1 [UA2⊗UB1 ]†

− [UA2 ⊗ UB2 ]P1[I ⊗ S3]P†
1 [UA2 ⊗ UB2 ]†,

S3 — the standard spin z component matrix, S3 = diag(1, 0,−1),
P0, P1 — 32 × 32 block-diagonal permutation matrices:

Pn =

C n O O
O C n+1 O
O O C n+2

 , n = 0, 1,

O — the 3 × 3 null matrix, C — the 3 × 3 cyclic permutation matrix

C =

0 0 1
1 0 0
0 1 0

 .
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The violation of the CGLMP inequality

To answer whether and how much a given quantum state ρ violates the
CGLMP inequality we have to find optimal observables A1, A2, B1, B2 —
such observables for which the value of I3 is maximal in the state ρ.

In general, there does not exist a procedure of finding such optimal
observables.

Each UV can be taken as an element of SU(3) group which has 8
parameters.

Therefore, to perform the full optimization of OBell for a given state one
should optimize over the 32 dimensional parameter space which is
computationally challenging.

Thus, usually, one applies a certain optimization procedure in order to
find optimal observables.
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The violation of the CGLMP inequality

In our papers we used two such procedures.

We will present here one of them to show explicitly that CGLMP
inequality is violated for all c , c̃ for all states ρVV (c , c̃) for which at least
one off-diagonal element is non-zero.

We define unitary matrices

UV (t, θ) =

 cos t
2 0 e iθ sin t

2
0 1 0

−e−iθ sin t
2 0 cos t

2


and

OA =

0 0 1
0 −1 0
1 0 0

 .

Now, we calculate the mean value of the operator

(OA ⊗ I )OBell(UV (0, 0),UV (π
2 , 0),UV (t, θ),UV (−t, θ))(OA ⊗ I )

in the state ρVV (c , c̃).
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The result can be written as

I3 = 2 + 3
2

[
a(cos t − 1) − 2|r | cos(α + θ) sin t

]
, (2)

where

a =
2e

b + 2e
, r =

h

b + 2e
= |r |e iα.

The maximal value of (2) is attained for

sin(α + θ) = 0, cos(α + θ) = ±1,

cos t = a√
a2+4|r |2

,

sin t = ∓ 2|r |√
a2+4|r |2

,

and is equal to

(I3)max = 2 + 3
2

[√
a2 + 4|r |2 − a

]
.

Thus, we see that (I3)max > 2 for h ̸= 0.
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The violation of the CGLMP inequality

Using very similar method one can show that when the state has the
following structure

ρ =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 a11 0 a12 0 a13 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗12 0 a22 0 a23 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗13 0 a∗23 0 a33 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


,

then the CGLMP inequality is violated iff at least one off-diagonal
element is non-zero.

Therefore, a state of such a form violates the CGLMP inequality iff it is
entangled.

It is a non-trivial observation since for an arbitrary 3 × 3 quantum state ρ
such a statement is true only if ρ is pure.



The violation of the CGLMP inequality
Using very similar method one can show that when the state has the
following structure

ρ =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 a11 0 a12 0 a13 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗12 0 a22 0 a23 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗13 0 a∗23 0 a33 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


,

then the CGLMP inequality is violated iff at least one off-diagonal
element is non-zero.

Therefore, a state of such a form violates the CGLMP inequality iff it is
entangled.

It is a non-trivial observation since for an arbitrary 3 × 3 quantum state ρ
such a statement is true only if ρ is pure.



The violation of the CGLMP inequality
Using very similar method one can show that when the state has the
following structure

ρ =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 a11 0 a12 0 a13 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗12 0 a22 0 a23 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗13 0 a∗23 0 a33 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


,

then the CGLMP inequality is violated iff at least one off-diagonal
element is non-zero.

Therefore, a state of such a form violates the CGLMP inequality iff it is
entangled.

It is a non-trivial observation since for an arbitrary 3 × 3 quantum state ρ
such a statement is true only if ρ is pure.



The violation of the CGLMP inequality
Using very similar method one can show that when the state has the
following structure

ρ =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 a11 0 a12 0 a13 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗12 0 a22 0 a23 0 0

0 0 0 0 0 0 0 0 0

0 0 a∗13 0 a∗23 0 a33 0 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


,

then the CGLMP inequality is violated iff at least one off-diagonal
element is non-zero.

Therefore, a state of such a form violates the CGLMP inequality iff it is
entangled.

It is a non-trivial observation since for an arbitrary 3 × 3 quantum state ρ
such a statement is true only if ρ is pure.



The violation of the CGLMP inequality

-4 -2 0 2 4

-4

-2

0

2

4

c

c


2.1

2.2

2.3

2.4

2.5

2.6

ℐ3

Figure: The maximal value of I3 in the state ρZZ (c, c̃) as a function of c, c̃.
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The violation of the CGLMP inequality

The state with the highest entanglement does not correspond to the
state with the highest violation of the CGLMP inequality.

This observation is consistent with the general property of CGLMP
inequality [A. Aćın, T. Durt, N. Gisin, J.I. Latorre, Phys. Rev. A 65,
052325 (2002)].
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The violation of the CGLMP inequality – noise resistance

Experimentally, the state ρZZ (c , c̃) is reconstructed in collider
experiments.

In such a case the presence of errors and background in the process
H → ZZ → f +

1 f −1 f +
2 f −2 modifies the state (15).

To estimate how this modification influences the violation of the CGLMP
inequality we consider the resistance of this violation with respect to the
white noise.

The noise resistance we define as a minimal value of λ, λmin, for which
the state

λρZZ (c , c̃) + (1 − λ) 1
9 I9, λ ∈ (0, 1]

violates the CGLMP inequality. Inserting the state (31) into the CGLMP
inequality (23) we obtain

λmin =
2

max{Tr(ρZZ (c , c̃)OBell)}
. (3)
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The violation of the CGLMP inequality – noise resistance

From the plot we can see that for values c , c̃ close to 0 we can tolerate
up to almost a 20% of noise and still attain a violation of the CGLMP
inequality and hence an entangled state.

Values of c , c̃ close to 0 are expected for the decay H → ZZ due to
experimental bounds on anomalous couplings for the HZZ vertex.
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Conclusions & discussion

▶ We have discussed the CGLMP inequality violation and
entanglement in a system of two bosons produced in the decay of a
spin-0 particle.

▶ We have assumed the most general CPT conserving,
Lorentz-invariant coupling of the decaying particle with the daughter
bosons.

▶ The amplitude of such a coupling depends on three parameters
v1, v2, v3.
▶ In the exemplary process H → ZZ the Standard Model interaction

corresponds to v1 = 1, v2 = v3 = 0.
▶ v3 ̸= 0 implies the possibility of CP violation and a pseudoscalar

component of H.
Thus, we assumed that v1 ̸= 0.

▶ In such a case, the state of produced bosons, beyond four-momenta
and spins, can be characterized by two parameters c , c̃ which, up to
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▶ In the center-of-mass frame, we have determined the most general
pure state of a V V boson pair for a particular event X → V V .

▶ We have determined the V V density matrix ρVV (c , c̃) obtained by
averaging over kinematical configurations with an appropriate
probability distribution.

▶ We have shown that the state ρVV (c , c̃) violates the CGLMP
inequality if anf only if it is entangled.

▶ This state is entangled and violates the CGLMP inequality if at least
one of off-diagonal elements of the density matrix is non-zero.

▶ For the decay H → ZZ we have shown that:
▶ the matrix ρZZ (c, c̃) is entangled and violates the CGLMP inequality

for all values of c and c̃.
▶ for values c, c̃ close to 0 we can tolerate up to almost a 20% of

noise and still attain a violation of the CGLMP inequality and an
entangled state.
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▶ In the papers
▶ S.A. Abel, M. Dittmar, H.K. Dreiner, “Testing locality at colliders

via Bell’s inequality?”, Phys. Lett. B 280, 304 (1992),
▶ S. Li, W. Shen, J.M. Yang, “Can Bell inequalities be tested via

scattering cross-section at colliders?” arXiv.2401.01162 (2024)

it is suggested that the present experimental techniques of
determining spin correlations allow for construction of LHVM
duplicating experimental statistics.

▶ Consequently, due to this loophole it is impossible to conclusively
test quantum nonlocality in colliders with the present technology.

▶ The authors of the above papers do not exclude the possibility that
such a test could be performed with future detectors.

▶ Moreover, even tests with current technology can be useful—they at
least can serve as tests of internal consistency of quantum
mechanics under completely new conditions.
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▶ Moreover, we have proven that in a pair of vector bosons one can
indirectly test the Bell-type inequality violation by checking that the
pair is entangled. And this seems to be a much easier experimental
task.

▶ This relation between entanglement and the violation of the CGLMP
inequality is solely based on the texture of the matrix (which is a
consequence of the symmetries involved in the decay) and not on
the experimental way of getting the density matrix itself.
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