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“hadron spectroscopy explores the 
possible bound combinations of quarks 

and gluons 
allowed by the interactions of QCD”

Spectroscopy in lattice QCD

How do quark and gluons combine inside unstable hadrons?
We need a combination of lattice QCD and experiment to answer that 
question 

Understand their nature (observations are not enough!)

Confirm existence (tetraquarks, pentaquarks, glueballs)

Guide experimental searches ( , )π1 η1

Hybrids

Tetraquarks

Intermediate particle
<latexit sha1_base64="6FFzWYN9CGjQjjinHafhgDepBVA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ76di4A2qNbfuLkD+Eq8gNSjQGlQ/+8OEZTFXyCQ1pue5KQY51SiY5LNKPzM8pWxCR7xnqaIxN0G+OHZGzqwyJFGibSkkC/XnRE5jY6ZxaDtjimOz6s3F/7xehtF1kAuVZsgVWy6KMkkwIfPPyVBozlBOLaFMC3srYWOqKUObT8WG4K2+/Je0L+peo964v6w1b4o4ynACp3AOHlxBE+6gBT4wEPAEL/DqKOfZeXPel60lp5g5hl9wPr4BejmOfA==</latexit>⇡1
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Lightest resonance in QCD

Very challenging 
experimental extraction

Correlated with chiral symmetry-breaking phenomena (Adler zero)

Extremely broad  extremely short-lived→

Not well-understood  new observables ??→

Light Scalars: the σ <latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}<latexit sha1_base64="WVpm9/F/RzjgzLA0SfLqQxWEt0k=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgIYRdkeglEPSitwjmAdklzE56kyGzD2ZmhRDyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXX4iuNK2/W3l1tY3Nrfy24Wd3b39g+LhUUvFqWTYZLGIZcenCgWPsKm5FthJJNLQF9j2R7czv/2EUvE4etTjBL2QDiIecEa1kdz7ml12yy4KUbN7xZJdsecgq8TJSAkyNHrFL7cfszTESDNBleo6dqK9CZWaM4HTgpsqTCgb0QF2DY1oiMqbzG+ekjOj9EkQS1ORJnP198SEhkqNQ990hlQP1bI3E//zuqkOrr0Jj5JUY8QWi4JUEB2TWQCkzyUyLcaGUCa5uZWwIZWUaRNTwYTgLL+8SloXFadaqT5cluo3WRx5OIFTOAcHrqAOd9CAJjBI4Ble4c1KrRfr3fpYtOasbOYY/sD6/AESKJBt</latexit>

I = 0, ` = 0
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Spectroscopy in lattice QCD

Extracting resonances from 2-body data 101

Assume we have scattering data for well-defined angular momentum
Assume the resonance is narrow and isolated

<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>

|tI` (s)|

<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>

tI` (s) =
1

⇢(s)

p
s�

m2
BW � s� i

p
s�

<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} <latexit sha1_base64="clE4L2beKwXsMLIm9nk8Y4Gii2U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdkepFKHrRWwW3LbRLyabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQ79VtPVGkmxaMZJzSI8UCwiBFsrOTfX7tnXq9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugqyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJpnle9WrX2cFGp3+RxFOEIjuEUPLiEOtxBA3wgwOAZXuHNEc6L8+58zFsLTj5zCH/gfP4AatiNyg==</latexit>

I = 0, 1
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Spectroscopy in lattice QCD

Extracting resonances from 2-body data 101

Assume the resonance is narrow and isolated

Pole at sp ∼ (mBW − iΓ/2)

More general form for the amplitude

Elastic case

<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>

|tI` (s)|

<latexit sha1_base64="crIBX0OiEwfM9ODWrVPuAVhEhTQ=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoQY8RzAOSJfROZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7AkM5k7RhmeW0nWgKIuK0FY1upn7riWrDlHyw44SGAgaSxYyAdVKzewtCQK9U9iv+DHiZBDkpoxz1Xumr21ckFVRawsGYTuAnNsxAW0Y4nRS7qaEJkBEMaMdRCYKaMJtdO8GnTunjWGlX0uKZ+nsiA2HMWESuU4AdmkVvKv7ndVIbX4UZk0lqqSTzRXHKsVV4+jruM02J5WNHgGjmbsVkCBqIdQEVXQjB4svLpHleCaqV6v1FuXadx1FAx+gEnaEAXaIaukN11EAEPaJn9IrePOW9eO/ex7x1xctnjtAfeJ8/WX2PAA==</latexit>

�

<latexit sha1_base64="DuTRvqmekr8QFtDWPoGZ5TUZ0mY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHEi8cI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZNaop/V29N+qexX/DnQKglyUoYcjX7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUlqFaq91flWj2PowCncAYXEMA11OAOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AIeMjx4=</latexit>mBW

<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>

Re
p
s

<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
s Resonance pole

<latexit sha1_base64="wQKskbK5k/ybtC91l5bzbzFuHWg=">AAAB+HicdVDLSgMxFM34rPXRqks3wSJUkCFT+3JX6kKXFewD2mHIpGkbmswMSUaoQ7/EjQtF3Pop7vwb04egogcuHM65l3vv8SPOlEbow1pZXVvf2Extpbd3dvcy2f2DlgpjSWiThDyUHR8ryllAm5ppTjuRpFj4nLb98eXMb99RqVgY3OpJRF2BhwEbMIK1kbxsJi+8pN6envWusBD41MvmkI2cizIqQWQXzlG14hhSLJRKJQQdG82RA0s0vOx7rx+SWNBAE46V6joo0m6CpWaE02m6FysaYTLGQ9o1NMCCKjeZHz6FJ0bpw0EoTQUaztXvEwkWSk2EbzoF1iP125uJf3ndWA+qbsKCKNY0IItFg5hDHcJZCrDPJCWaTwzBRDJzKyQjLDHRJqu0CeHrU/g/aRVsp2yXb4q5Wn0ZRwocgWOQBw6ogBq4Bg3QBATE4AE8gWfr3nq0XqzXReuKtZw5BD9gvX0C6jCSpA==</latexit>

(mBW ,�)

<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>

tI` (s) =
1

⇢(s)

p
s�

m2
BW � s� i

p
s�

Assume we have scattering data for well-defined angular momentum

<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} <latexit sha1_base64="clE4L2beKwXsMLIm9nk8Y4Gii2U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdkepFKHrRWwW3LbRLyabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQ79VtPVGkmxaMZJzSI8UCwiBFsrOTfX7tnXq9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugqyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJpnle9WrX2cFGp3+RxFOEIjuEUPLiEOtxBA3wgwOAZXuHNEc6L8+58zFsLTj5zCH/gfP4AatiNyg==</latexit>

I = 0, 1

<latexit sha1_base64="KHOvxK8jAbWsE3IFqL0CTc009xY="></latexit>

tI` (s) =
K(s)

1� i⇢(s)K(s)
=

1

⇢(s)
ei�

I
` (s) sin �I` (s)
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Spectroscopy in lattice QCD

Extracting resonances from 2-body data 101

Assume the resonance is narrow and isolated

Pole at sp ∼ (mBW − iΓ/2)

<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>

|tI` (s)|

<latexit sha1_base64="crIBX0OiEwfM9ODWrVPuAVhEhTQ=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoQY8RzAOSJfROZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7AkM5k7RhmeW0nWgKIuK0FY1upn7riWrDlHyw44SGAgaSxYyAdVKzewtCQK9U9iv+DHiZBDkpoxz1Xumr21ckFVRawsGYTuAnNsxAW0Y4nRS7qaEJkBEMaMdRCYKaMJtdO8GnTunjWGlX0uKZ+nsiA2HMWESuU4AdmkVvKv7ndVIbX4UZk0lqqSTzRXHKsVV4+jruM02J5WNHgGjmbsVkCBqIdQEVXQjB4svLpHleCaqV6v1FuXadx1FAx+gEnaEAXaIaukN11EAEPaJn9IrePOW9eO/ex7x1xctnjtAfeJ8/WX2PAA==</latexit>

�

<latexit sha1_base64="DuTRvqmekr8QFtDWPoGZ5TUZ0mY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHEi8cI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZNaop/V29N+qexX/DnQKglyUoYcjX7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUlqFaq91flWj2PowCncAYXEMA11OAOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AIeMjx4=</latexit>mBW

<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>

Re
p
s

<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
s

More general form for the amplitude

In lattice QCD, our basic equation is the Lagrangian

Our basic observables are correlation functions

Resonance pole

Quark masses are a parameter for us   is a “choice”→ mπ

<latexit sha1_base64="wQKskbK5k/ybtC91l5bzbzFuHWg=">AAAB+HicdVDLSgMxFM34rPXRqks3wSJUkCFT+3JX6kKXFewD2mHIpGkbmswMSUaoQ7/EjQtF3Pop7vwb04egogcuHM65l3vv8SPOlEbow1pZXVvf2Extpbd3dvcy2f2DlgpjSWiThDyUHR8ryllAm5ppTjuRpFj4nLb98eXMb99RqVgY3OpJRF2BhwEbMIK1kbxsJi+8pN6envWusBD41MvmkI2cizIqQWQXzlG14hhSLJRKJQQdG82RA0s0vOx7rx+SWNBAE46V6joo0m6CpWaE02m6FysaYTLGQ9o1NMCCKjeZHz6FJ0bpw0EoTQUaztXvEwkWSk2EbzoF1iP125uJf3ndWA+qbsKCKNY0IItFg5hDHcJZCrDPJCWaTwzBRDJzKyQjLDHRJqu0CeHrU/g/aRVsp2yXb4q5Wn0ZRwocgWOQBw6ogBq4Bg3QBATE4AE8gWfr3nq0XqzXReuKtZw5BD9gvX0C6jCSpA==</latexit>

(mBW ,�)

<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>

tI` (s) =
1

⇢(s)

p
s�

m2
BW � s� i

p
s�

Assume we have scattering data for well-defined angular momentum

<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s

<latexit sha1_base64="3DqQWpyBH2gwDbLzWZC1lG6HaCw="></latexit>

hOf (t)O
†
i (0)i =

1

ZT

Z
D[�]e�SE [�]

Of [�]O
†
i [�]

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} <latexit sha1_base64="clE4L2beKwXsMLIm9nk8Y4Gii2U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdkepFKHrRWwW3LbRLyabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQ79VtPVGkmxaMZJzSI8UCwiBFsrOTfX7tnXq9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugqyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJpnle9WrX2cFGp3+RxFOEIjuEUPLiEOtxBA3wgwOAZXuHNEc6L8+58zFsLTj5zCH/gfP4AatiNyg==</latexit>

I = 0, 1

Elastic case

<latexit sha1_base64="KHOvxK8jAbWsE3IFqL0CTc009xY="></latexit>

tI` (s) =
K(s)

1� i⇢(s)K(s)
=

1

⇢(s)
ei�

I
` (s) sin �I` (s)



7

Spectroscopy in lattice QCD

Extracting resonances from 2-body data 101

Assume the resonance is narrow and isolated

Pole at sp ∼ (mBW − iΓ/2)

<latexit sha1_base64="aVFvH+7RLnlfG0emYMPGcz3mXCY=">AAAB9HicbVDLTgJBEOz1ifhCPXqZSEzwQnaNQY9EL3rDRB4JrGR2mIUJsw9nekkI8B1ePGiMVz/Gm3/jAHtQsJJOKlXd6e7yYik02va3tbK6tr6xmdnKbu/s7u3nDg5rOkoU41UWyUg1PKq5FCGvokDJG7HiNPAkr3v9m6lfH3ClRRQ+4DDmbkC7ofAFo2gkd4yPd+0Wl7Kgz8btXN4u2jOQZeKkJA8pKu3cV6sTsSTgITJJtW46dozuiCoUTPJJtpVoHlPWp13eNDSkAdfuaHb0hJwapUP8SJkKkczU3xMjGmg9DDzTGVDs6UVvKv7nNRP0r9yRCOMEecjmi/xEEozINAHSEYozlENDKFPC3EpYjyrK0OSUNSE4iy8vk9p50SkVS/cX+fJ1GkcGjuEECuDAJZThFipQBQZP8Ayv8GYNrBfr3fqYt65Y6cwR/IH1+QNXmJHW</latexit>

|tI` (s)|

<latexit sha1_base64="crIBX0OiEwfM9ODWrVPuAVhEhTQ=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV2R6DHoQY8RzAOSJfROZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7AkM5k7RhmeW0nWgKIuK0FY1upn7riWrDlHyw44SGAgaSxYyAdVKzewtCQK9U9iv+DHiZBDkpoxz1Xumr21ckFVRawsGYTuAnNsxAW0Y4nRS7qaEJkBEMaMdRCYKaMJtdO8GnTunjWGlX0uKZ+nsiA2HMWESuU4AdmkVvKv7ndVIbX4UZk0lqqSTzRXHKsVV4+jruM02J5WNHgGjmbsVkCBqIdQEVXQjB4svLpHleCaqV6v1FuXadx1FAx+gEnaEAXaIaukN11EAEPaJn9IrePOW9eO/ex7x1xctnjtAfeJ8/WX2PAA==</latexit>

�

<latexit sha1_base64="DuTRvqmekr8QFtDWPoGZ5TUZ0mY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHEi8cI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzvz2E9WGKflgJwkNBR5KFjOCrZNaop/V29N+qexX/DnQKglyUoYcjX7pqzdQJBVUWsKxMd3AT2yYYW0Z4XRa7KWGJpiM8ZB2HZVYUBNm82un6NwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwozJJLVUksWiOOXIKjR7HQ2YpsTyiSOYaOZuRWSENSbWBVR0IQTLL6+S1mUlqFaq91flWj2PowCncAYXEMA11OAOGtAEAo/wDK/w5invxXv3Phata14+cwJ/4H3+AIeMjx4=</latexit>mBW

<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>

Re
p
s

<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
s

More general form for the amplitude

In lattice QCD, our basic equation is the Lagrangian

How do we go from here to there??

Our basic observables are correlation functions

Resonance pole

Quark masses are a parameter for us   is a “choice”→ mπ

<latexit sha1_base64="wQKskbK5k/ybtC91l5bzbzFuHWg=">AAAB+HicdVDLSgMxFM34rPXRqks3wSJUkCFT+3JX6kKXFewD2mHIpGkbmswMSUaoQ7/EjQtF3Pop7vwb04egogcuHM65l3vv8SPOlEbow1pZXVvf2Extpbd3dvcy2f2DlgpjSWiThDyUHR8ryllAm5ppTjuRpFj4nLb98eXMb99RqVgY3OpJRF2BhwEbMIK1kbxsJi+8pN6envWusBD41MvmkI2cizIqQWQXzlG14hhSLJRKJQQdG82RA0s0vOx7rx+SWNBAE46V6joo0m6CpWaE02m6FysaYTLGQ9o1NMCCKjeZHz6FJ0bpw0EoTQUaztXvEwkWSk2EbzoF1iP125uJf3ndWA+qbsKCKNY0IItFg5hDHcJZCrDPJCWaTwzBRDJzKyQjLDHRJqu0CeHrU/g/aRVsp2yXb4q5Wn0ZRwocgWOQBw6ogBq4Bg3QBATE4AE8gWfr3nq0XqzXReuKtZw5BD9gvX0C6jCSpA==</latexit>

(mBW ,�)

<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>

tI` (s) =
1

⇢(s)

p
s�

m2
BW � s� i

p
s�

Assume we have scattering data for well-defined angular momentum

<latexit sha1_base64="VicuKd3i15pE/dI56Qg8DFrvN5c=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VbC20oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6HVDDpVC8iQIlbyea0yiQ/DEY3c78xyeujYjVA04S7kd0oEQoGEUrtbtmrDEz01654lbdOcgq8XJSgRyNXvmr249ZGnGFTFJjOp6boJ9RjYJJPi11U8MTykZ0wDuWKhpx42fze6fkzCp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGF77mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRlWwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAIDCc/wCm/O2Hlx3p2PRWvByWeO4Q+czx+qZ5Bm</latexit>p
s

<latexit sha1_base64="3DqQWpyBH2gwDbLzWZC1lG6HaCw="></latexit>

hOf (t)O
†
i (0)i =

1

ZT

Z
D[�]e�SE [�]

Of [�]O
†
i [�]

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} <latexit sha1_base64="clE4L2beKwXsMLIm9nk8Y4Gii2U=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdkepFKHrRWwW3LbRLyabZNjSbLElWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzS1TBWhPpFcqnaINeVMUN8ww2k7URTHIaetcHQ79VtPVGkmxaMZJzSI8UCwiBFsrOTfX7tnXq9ccavuDGiZeDmpQI5Gr/zV7UuSxlQYwrHWHc9NTJBhZRjhdFLqppommIzwgHYsFTimOshmx07QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugqyJhIUkMFmS+KUo6MRNPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJpnle9WrX2cFGp3+RxFOEIjuEUPLiEOtxBA3wgwOAZXuHNEc6L8+58zFsLTj5zCH/gfP4AatiNyg==</latexit>

I = 0, 1

Elastic case

<latexit sha1_base64="KHOvxK8jAbWsE3IFqL0CTc009xY="></latexit>

tI` (s) =
K(s)

1� i⇢(s)K(s)
=

1

⇢(s)
ei�

I
` (s) sin �I` (s)
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We start by formulating our theory in a discretized box

Imagine our quark living on the sites

<latexit sha1_base64="arba4UZMFCh5uxa53/9AtKQ8jRc=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyItC6LblxWsA9oh5JJM21oJjMkd4Qy9CPcuFDErd/jzr8xbWehrQcCh3PuJfecIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKHYF9jAkOyhW36i5A1omXkwrkaA7KX/1hzNKIK2SSGtPz3AT9jGoUTPJZqZ8anlA2oSPes1TRiBs/W5w7IxdWGZIw1vYpJAv190ZGI2OmUWAnI4pjs+rNxf+8XorhjZ8JlaTIFVt+FKaSzCPa7GQoNGcop5ZQpoW9lbAx1ZShbahkS/BWI6+T9lXVq1VrD9eVxm1eRxHO4BwuwYM6NOAemtACBhN4hld4cxLnxXl3PpajBSffOYU/cD5/ACzwj3s=</latexit>

it ! tWe perform a time rotation
<latexit sha1_base64="09LQJPJ9OTyeqN3FnYgM+z99mDA=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFEVxWah/YDiWT3mlDM5khyQil9C/cuFDErX/jzr8xbWeh1QOBwzn3kntOkAiujet+ObmV1bX1jfxmYWt7Z3evuH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeua3HlFpHst7M07Qj+hA8pAzaqz0wEm9a2JS7930iiW37M5B/hIvIyXIUOsVP7v9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mr94Sk6s0idhrOyThszVnxsTGmk9jgI7GVEz1MveTPzP66QmvPQnXCapQckWH4WpIDbkLD7pc4XMiLEllClubyVsSBVlxpZUsCV4y5H/kuZZ2auUK3fnpepVVkcejuAYTsGDC6jCLdSgAQwkPMELvDraeXbenPfFaM7Jdg7hF5yPb2bckBs=</latexit>

iS ! SE

< 10 <
Probability-like function

<latexit sha1_base64="T/qNSNiKs3gC7noKHXlwithhvrQ="></latexit>

hOi = lim
N!1

1

N

NX

n=1

O [Un]

dP (U) =
e�S[U ]D[U ]R
D[U ]e�S[U ]

Numerical, Montecarlo sampling of our gluon fields

Our observables come with a central value and error associated to the number of samples (“measurements”)

N is the number of samples

Spectroscopy in lattice QCD

<latexit sha1_base64="M7RJGOaoRyE7M8Tg2o9UzSWHWg0=">AAACFnicbVDLSsNAFJ3UV62vapduhhbBjSVxUd0IRUVcVrAPSEKYTCbt0MmDmYm0hH6FC/0VN10o4lbcuXHnfzhpu9DWAwOHc+5lzj1uzKiQuv6p5ZaWV1bX8uuFjc2t7Z3i7l5LRAnHpIkjFvGOiwRhNCRNSSUjnZgTFLiMtN3+Rea37wgXNApv5TAmdoC6IfUpRlJJTvHIoqGEVoBkDyOWXo6gacU9ap9ZMY88ZwAnvgcz0Rk4xYpe1SeAi8SYkUr96qE0Ln9/NZzih+VFOAlIKDFDQpiGHks7RVxSzMioYCWCxAj3UZeYioYoIMJOJ2eN4IFSPOhHXD0VYqL+3khRIMQwcNVkll/Me5n4n2cm0j+1UxrGiSQhnn7kJwzKCGYdQY9ygiUbKoIwpyorxD3EEZaqyYIqwZg/eZG0jqtGrVq7UW2cgynyYB+UwSEwwAmog2vQAE2AwT14As/gRXvUxtqr9jYdzWmznRL4A+39B/DDovk=</latexit>Z
D[�] =

Y

x

Z
d�x

<latexit sha1_base64="EGH2sd7T9LaSWZKM/LOaanyyOxw="></latexit>Z
D[�]e�iS[�] =

Y

x

Z
d�xe

�SE [�x]

<latexit sha1_base64="VkGTkySsANV4vNNj+xXSq/enyRw=">AAACDXicbVC7TsMwFHV40/IIMLJYUKSyVAlDYaxgYQMkWpCaUjnuTWrVcSLbqVRF/QEWfoUFJBBiYWBn40Ngxk078DrS1T06517Z9/gJZ0o7zrs1NT0zOze/sFgoLi2vrNpr6w0Vp5JCncY8lpc+UcCZgLpmmsNlIoFEPocLv3c08i/6IBWLxbkeJNCKSChYwCjRRmrbJY8TEXLAJ+2grHdNY1deh4QhyLKz68ncbNvbTsXJgf8Sd0K2a6WP+5d+8fO0bb95nZimEQhNOVGq6TqJbmVEakY5DAteqiAhtEdCaBoqSASqleXXDPGOUTo4iKUpoXGuft/ISKTUIPLNZER0V/32RuJ/XjPVwUErYyJJNQg6fihIOdYxHkWDO0wC1XxgCKGSmb9i2iWSUG0CLJgQ3N8n/yWNvYpbrVTPTBqHaIwFtIm2UBm5aB/V0DE6RXVE0TW6RQ/o0bqx7qwn63k8OmVNdjbQD1ivX0E4ntw=</latexit>

hOf (t)O
†
i (0)i
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Quantum mechanical time evolution

<latexit sha1_base64="WKeQ9Qh/sVwMVYRlWmkxB7Vp+q8="></latexit>X

n

e
�Ent h0 |Of(0)| ni hn|O†

i (0)|0i
<latexit sha1_base64="8NwSDqrHX5H2Co5IsF01LOrZ1tQ=">AAACEnicbVDLSsNAFJ34rPUVdelmsAjtpiQi1WXRjbtWsA9oaphMb9Khk0mYmQil9Bvc+CtuXCji1pU7/8bpY6GtBy4czrmXe+8JUs6Udpxva2V1bX1jM7eV397Z3du3Dw6bKskkhQZNeCLbAVHAmYCGZppDO5VA4oBDKxhcT/zWA0jFEnGnhyl0YxIJFjJKtJF8u+RxIiIOuOaHRV3CtXuvR6IIpM+KTsmTM9NTLPbtglN2psDLxJ2TApqj7ttfXi+hWQxCU06U6rhOqrsjIjWjHMZ5L1OQEjogEXQMFSQG1R1NXxrjU6P0cJhIU0Ljqfp7YkRipYZxYDpjovtq0ZuI/3mdTIeX3RETaaZB0NmiMONYJ3iSD+4xCVTzoSGESmZuxbRPJKHapJg3IbiLLy+T5lnZrZQrt+eF6tU8jhw6RieoiFx0garoBtVRA1H0iJ7RK3qznqwX6936mLWuWPOZI/QH1ucPKgGcjg==</latexit>

hOf (t)O
†
i (0)i ⇠<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡

<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡

We determine the strength of the reaction from the difference between non-interacting and interacting energies

Extract En

<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡
<latexit sha1_base64="uB8KSR4ClqBbpbRpnqzCgAZgekw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6Ma8MqjW37s5BVolXkBoUaA6qX/1hxBKJyjJBjel5bmz9lGrLmcBZpZ8YjCmb0BH2MqqoROOn81tn5CxThiSMdFbKkrn6eyKl0pipDLJOSe3YLHu5+J/XS2x446dcxYlFxRaLwkQQG5H8cTLkGpkV04xQpnl2K2FjqimzWTx5CN7yy6ukfVH3ruqXD5e1xm0RRxlO4BTOwYNraMA9NKEFDMbwDK/w5kjnxXl3PhatJaeYOYY/cD5/AIfwjeo=</latexit>⇡

Attraction reduces energies, repulsion increases it

Time is imaginary

Short-distance dynamics Full scattering amplitude
<latexit sha1_base64="aCxdpftjX7kCEsUl9VF86wJ6cyo=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7RyCPChswODUyYnV1nZk3Ihr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp4Q47+lGZVE+6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns4sn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZvk96XCEzYmwJZYrbWwkbUkWZsSEVbAje4svLpHFW9irlyu15qXqVxZGHIziGU/DgAqpwAzWoAwMJz/AKb452Xpx352PemnOymUP4A+fzBw/RkTE=</latexit>

Re
p
s

<latexit sha1_base64="Pjerx2zuu8tWLaWQmoCNaYTtfgg=">AAAB83icbVBNSwMxEM36WetX1aOXYBG8WHaLVI9FL3qrYD+gu5Rsmm1Dk+yazApl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwkRwA6777aysrq1vbBa2its7u3v7pYPDlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upn67SemDY/VA4wTFkgyUDzilICV/PPqnfTNo4bMTHqlsltxZ8DLxMtJGeVo9Epffj+mqWQKqCDGdD03gSAjGjgVbFL0U8MSQkdkwLqWKiKZCbLZzRN8apU+jmJtSwGeqb8nMiKNGcvQdkoCQ7PoTcX/vG4K0VWQcZWkwBSdL4pSgSHG0wBwn2tGQYwtIVRzeyumQ6IJBRtT0YbgLb68TFrViler1O4vyvXrPI4COkYn6Ax56BLV0S1qoCaiKEHP6BW9Oanz4rw7H/PWFSefOUJ/4Hz+AOwJkaM=</latexit> �
2I

m
p
s

Lüscher, Nucl. Phys. B 354 (1991) 

General

Known kinematic function

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡
<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡
<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>⇡

<latexit sha1_base64="3uvfApHHk3zb4uwxeNgIsjZ/IrQ="></latexit>

det
⇥
F�1 (En, L) +K(sn)

⇤
= 0

Spectroscopy in lattice QCD

<latexit sha1_base64="VW6pQRxUlyAjF80J4k3DzfWqXcs=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZD9GLGBTBYwJmgWQIPZ2apE3PQnePEEKewIsHRbzqw3j3Ir6NneWgiT80fPx/FV1VfiK40o7zbWWWlldW17Lr9sbm1vZObnevpuJUMqyyWMSy4VOFgkdY1VwLbCQSaegLrPv9q3Fev0epeBzd6kGCXki7EQ84o9pYlet2Lu8UnInIIrgzyF982OfJ+5ddbuc+W52YpSFGmgmqVNN1Eu0NqdScCRzZrVRhQlmfdrFpMKIhKm84GXREjozTIUEszYs0mbi/O4Y0VGoQ+qYypLqn5rOx+V/WTHVw5g15lKQaIzb9KEgF0TEZb006XCLTYmCAMsnNrIT1qKRMm9vY5gju/MqLUDspuMVCseLkS5cwVRYO4BCOwYVTKMENlKEKDBAe4AmerTvr0XqxXqelGWvWsw9/ZL39APwGkBE=</latexit>

E
Energy levels are ALWAYS quantized on a box, what we determine from 
lattice QCD is the values of these energies

<latexit sha1_base64="YcYt5EVzQ6bXzvVw+SZWiZI0Zag=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhzCdnC0ItOLMPSieJngXmCtJc3SLSxtSpIKo+wzePGrePGgiFdP3vw2Zl0PuvmHwC//53lInr8fMyqVZX0bC4tLyyurhbXi+sbm1ra5s9uSPBGYNDFnXHR8JAmjEWkqqhjpxIKg0Gek7Q8vJ/X2AxGS8uhOjWLihqgf0YBipLTlmRV1f+05hLGyrJw7gUA4vdE4Tu0jCh0x4PoCM8czS1bVygTnwc6hBHI1PPPL6XGchCRSmCEpu7YVKzdFQlHMyLjoJJLECA9Rn3Q1Rigk0k2zlcbwUDs9GHChT6Rg5v6eSFEo5Sj0dWeI1EDO1ibmf7VuooIzN6VRnCgS4elDQcKg4nCSD+xRQbBiIw0IC6r/CvEA6VyUTrGoQ7BnV56H1nHVrlVrtyel+kUeRwHsgwNQBjY4BXVwBRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/yR8fkDGcqb2g==</latexit>

tI` (s) =
K(s)

1� i⇢(s)K(s)



<latexit sha1_base64="c0ECK5Yi4Vf1MFFCZ6SUh++0uyA=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VOfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AREWSNQ==</latexit>

(⇡⇡)I=1
<latexit sha1_base64="xZQUWU6uD0FEshMy6N2/Xjtt/yc=">AAACBHicbVA9SwNBEN2L3/Hr1NJmMQgWEu78tgva2AgKJgZyR9jbTOKS3btjd04MRwob/4qNhSK2/gg7/42bmEKNbxh4vDfD7rwolcKg5306hYnJqemZ2bni/MLi0rK7slozSaY5VHkiE12PmAEpYqiiQAn1VANTkYTrqHs68K9vQRuRxFfYSyFUrBOLtuAMrdR011UzSEVghKI7u8fBti2EO8zPodZvuiWv7A1Bx4k/IiUywkXT/QhaCc8UxMglM6bheymGOdMouIR+McgMpIx3WQcalsZMgQnz4RF9ummVFm0n2naMdKj+3MiZMqanIjupGN6Yv95A/M9rZNg+CnMRpxlCzL8fameSYkIHidCW0MBR9ixhXAv7V8pvmGYcbW5FG4L/9+RxUtsp+wfl/cu9UuVkFMcsWScbZIv45JBUyBm5IFXCyT15JM/kxXlwnpxX5+17tOCMdtbILzjvX2/al1g=</latexit>

m⇡ ⇠ 239 MeV
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Every energy corresponds to one “data” point

Elastic analysis

<latexit sha1_base64="3uvfApHHk3zb4uwxeNgIsjZ/IrQ="></latexit>

det
⇥
F�1 (En, L) +K(sn)

⇤
= 0



11

This amplitude can be easily fitted

We can fit other parameterizations

<latexit sha1_base64="c0ECK5Yi4Vf1MFFCZ6SUh++0uyA=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VOfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AREWSNQ==</latexit>

(⇡⇡)I=1
<latexit sha1_base64="xZQUWU6uD0FEshMy6N2/Xjtt/yc=">AAACBHicbVA9SwNBEN2L3/Hr1NJmMQgWEu78tgva2AgKJgZyR9jbTOKS3btjd04MRwob/4qNhSK2/gg7/42bmEKNbxh4vDfD7rwolcKg5306hYnJqemZ2bni/MLi0rK7slozSaY5VHkiE12PmAEpYqiiQAn1VANTkYTrqHs68K9vQRuRxFfYSyFUrBOLtuAMrdR011UzSEVghKI7u8fBti2EO8zPodZvuiWv7A1Bx4k/IiUywkXT/QhaCc8UxMglM6bheymGOdMouIR+McgMpIx3WQcalsZMgQnz4RF9ummVFm0n2naMdKj+3MiZMqanIjupGN6Yv95A/M9rZNg+CnMRpxlCzL8fameSYkIHidCW0MBR9ixhXAv7V8pvmGYcbW5FG4L/9+RxUtsp+wfl/cu9UuVkFMcsWScbZIv45JBUyBm5IFXCyT15JM/kxXlwnpxX5+17tOCMdtbILzjvX2/al1g=</latexit>

m⇡ ⇠ 239 MeV

Phys.Rev.D 92 (2015)
Elastic analysis

-0.04

-0.03

-0.02
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-0.016

-0.015

-0.014

-0.013

-0.012

0.128 0.129 0.130 0.131 0.132 0.133

<latexit sha1_base64="Iy+j08mfqFRW+YWPOzpKaU2wukg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiFy9CBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6Hbmt564NiJRjzhOeRDTgRKRYBSt5NMekvteueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKmhdVr1atPVxW6jd5HEU4gVM4Bw+uoA530AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/Q2GOWA==</latexit>

atM

<latexit sha1_base64="x+4DOS40YAUF+owlRIHJnqq8Ov0=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSQi1WPRgx4r2A9IQ5lsN+3S3STsToRS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0OwTDpYh5AwVK3k41BxVK3gqHt1O/9cS1EUn8iKOUBwr6sYgEA7SSfw5dpJ07UAq6pbJbcWegy8TLSZnkqHdLX51ewjLFY2QSjPE9N8VgDBoFk3xS7GSGp8CG0Oe+pTEoboLx7OQJPbVKj0aJthUjnam/J8agjBmp0HYqwIFZ9Kbif56fYXQdjEWcZshjNl8UZZJiQqf/057QnKEcWQJMC3srZQPQwNCmVLQheIsvL5PmRcWrVqoPl+XaTR5HgRyTE3JGPHJFauSe1EmDMJKQZ/JK3hx0Xpx352PeuuLkM0fkD5zPH2X3kLM=</latexit>�at�

<latexit sha1_base64="podCFBHQI44GSFv27LpHKJ1Xn5Q="></latexit>

tI` (s) =
1

⇢(s)

p
s�

m2
BW � s� i

p
s�

Pole at sp ∼ (mBW − iΓ/2)

sp

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} Great accuracy and precision!!

<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

} <latexit sha1_base64="laTBShxcuFGNGaLLReqQkZWIoWE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgIYRdkeglEPSitwjmAdklzE56kyGzD2ZmhRDyG148KOLVn/Hm3zhJ9qCJBQ1FVTfdXX4iuNK2/W3l1tY3Nrfy24Wd3b39g+LhUUvFqWTYZLGIZcenCgWPsKm5FthJJNLQF9j2R7czv/2EUvE4etTjBL2QDiIecEa1kdz7mlN2yy4KUXN6xZJdsecgq8TJSAkyNHrFL7cfszTESDNBleo6dqK9CZWaM4HTgpsqTCgb0QF2DY1oiMqbzG+ekjOj9EkQS1ORJnP198SEhkqNQ990hlQP1bI3E//zuqkOrr0Jj5JUY8QWi4JUEB2TWQCkzyUyLcaGUCa5uZWwIZWUaRNTwYTgLL+8SloXFadaqT5cluo3WRx5OIFTOAcHrqAOd9CAJjBI4Ble4c1KrRfr3fpYtOasbOYY/sD6/AEVOZBv</latexit>

I = 1, ` = 1
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Light Scalars: the σ
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Data is precise !!

 pole positions

<latexit sha1_base64="or7cFHkfr4cYzMvQFMhvSo3DkaU=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjUFIQEKPuB2DXjxGNAsk49DT6SRNeha6a4Q45Eu8eFDEq5/izb+xk8xBEx8UPN6roqqeH0uhgZBva2l5ZXVtPbeR39za3inYu3sNHSWK8TqLZKRaPtVcipDXQYDkrVhxGviSN/3h9cRvPnKlRRTewyjmbkD7oegJRsFInl2AB+KRki7jznHpjpQ9u0gqZAq8SJyMFFGGmmd/dboRSwIeApNU67ZDYnBTqkAwycf5TqJ5TNmQ9nnb0JAGXLvp9PAxPjJKF/ciZSoEPFV/T6Q00HoU+KYzoDDQ895E/M9rJ9C7dFMRxgnwkM0W9RKJIcKTFHBXKM5AjgyhTAlzK2YDqigDk1XehODMv7xIGicV57xydntarF5lceTQATpEJeSgC1RFN6iG6oihBD2jV/RmPVkv1rv1MWtdsrKZffQH1ucPl7SRHA==</latexit>

t00(s) (S0)
<latexit sha1_base64="YMJWUcgKt4y9ffnx3IpDWP8m6Ws=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VMfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AQsCSNA==</latexit>
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<latexit sha1_base64="Uf4bOZ1xnnntYb1a6Npg30nnqcY="></latexit>

tI` (s) =
1

⇢(s)
ei�

I
` (s) sin �I` (s)
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Data is precise !!

 pole positions

VERY large model (systematic) spread!!

<latexit sha1_base64="or7cFHkfr4cYzMvQFMhvSo3DkaU=">AAAB+HicbVDJSgNBEO1xjXHJqEcvjUFIQEKPuB2DXjxGNAsk49DT6SRNeha6a4Q45Eu8eFDEq5/izb+xk8xBEx8UPN6roqqeH0uhgZBva2l5ZXVtPbeR39za3inYu3sNHSWK8TqLZKRaPtVcipDXQYDkrVhxGviSN/3h9cRvPnKlRRTewyjmbkD7oegJRsFInl2AB+KRki7jznHpjpQ9u0gqZAq8SJyMFFGGmmd/dboRSwIeApNU67ZDYnBTqkAwycf5TqJ5TNmQ9nnb0JAGXLvp9PAxPjJKF/ciZSoEPFV/T6Q00HoU+KYzoDDQ895E/M9rJ9C7dFMRxgnwkM0W9RKJIcKTFHBXKM5AjgyhTAlzK2YDqigDk1XehODMv7xIGicV57xydntarF5lceTQATpEJeSgC1RFN6iG6oihBD2jV/RmPVkv1rv1MWtdsrKZffQH1ucPl7SRHA==</latexit>

t00(s) (S0)
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<latexit sha1_base64="YMJWUcgKt4y9ffnx3IpDWP8m6Ws=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VMfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AQsCSNA==</latexit>
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<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

Light Scalars: the σ

We can repeat this for varying pion mass

<latexit sha1_base64="Uf4bOZ1xnnntYb1a6Npg30nnqcY="></latexit>

tI` (s) =
1

⇢(s)
ei�

I
` (s) sin �I` (s)
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Total error becomes really large when the state is a resonance

Light Scalars: the σ
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Phys.Rev.D 108 (2023)

<latexit sha1_base64="7G3aBJl7SAh/1NEPKwAxLO35+Ag=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4Gmba2roRim5cVrCt2A4lk2ba0CQTkowwDP0LNy4UcevfuPNvTB+CFj1w4XDOvdx7TygZ1cbzPp3cyura+kZ+s7C1vbO7V9w/aOs4UZi0cMxidRciTRgVpGWoYeROKoJ4yEgnHF9N/c4DUZrG4takkgQcDQWNKEbGSve835P0Qo5S3S+WPPesXq5Uy3CZVKDvejOUwALNfvGjN4hxwokwmCGtu74nTZAhZShmZFLoJZpIhMdoSLqWCsSJDrLZxRN4YpUBjGJlSxg4U39OZIhrnfLQdnJkRnrZm4p/ed3EROdBRoVMDBF4vihKGDQxnL4PB1QRbFhqCcKK2lshHiGFsLEhFWwI35/C/0m77Po1t3ZTLTUuF3HkwRE4BqfAB3XQANegCVoAAwEewTN4cbTz5Lw6b/PWnLOYOQS/4Lx/AQqokTE=</latexit>

m⇡ = phys

Compare to the most precise, dispersive analyses from experimental data

Color poles come from ordinary amplitude analyses from lattice QCD



15

Probability is conserved Unitarity→

Basic principles that scattering amplitudes must preserve (more general than QCD)!

Causality  Analyticity→

Most analyses only apply the first one, but we 
ultimately need all three

ThS-matrix

Particle-antiparticle relation  Crossing symmetry→

Amplitudes can be described by the K-matrix formalism

All  amplitudes  are part of a global amplitude I = 0, 1, 2 TI T

We can write dispersion relations for this amplitude T

<latexit sha1_base64="YcYt5EVzQ6bXzvVw+SZWiZI0Zag=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhzCdnC0ItOLMPSieJngXmCtJc3SLSxtSpIKo+wzePGrePGgiFdP3vw2Zl0PuvmHwC//53lInr8fMyqVZX0bC4tLyyurhbXi+sbm1ra5s9uSPBGYNDFnXHR8JAmjEWkqqhjpxIKg0Gek7Q8vJ/X2AxGS8uhOjWLihqgf0YBipLTlmRV1f+05hLGyrJw7gUA4vdE4Tu0jCh0x4PoCM8czS1bVygTnwc6hBHI1PPPL6XGchCRSmCEpu7YVKzdFQlHMyLjoJJLECA9Rn3Q1Rigk0k2zlcbwUDs9GHChT6Rg5v6eSFEo5Sj0dWeI1EDO1ibmf7VuooIzN6VRnCgS4elDQcKg4nCSD+xRQbBiIw0IC6r/CvEA6VyUTrGoQ7BnV56H1nHVrlVrtyel+kUeRwHsgwNQBjY4BXVwBRqgCTB4BM/gFbwZT8aL8W58TFsXjHxmD/yR8fkDGcqb2g==</latexit>

tI` (s) =
K(s)

1� i⇢(s)K(s)
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Our isospin-defined amplitude is defined through its partial-wave expansion

Crossing
Particles and anti-particles are related

s-channel
t-channel
u-channel

Example, for , we can relate all amplitudes through a single functionππ

<latexit sha1_base64="Vrn69EhO2fNq6pp+5l54KGP9mT8=">AAACGHicbZDLSsNAFIYn9VbjrerSzWARKmJNar1shKIblxXsBZoYJtNpO3SSDDMToYQ+hhtfxY0LRdx259s4bSNo6w8DP985hzPn9zmjUlnWl5FZWFxaXsmummvrG5tbue2duoxigUkNRywSTR9JwmhIaooqRppcEBT4jDT8/s243ngkQtIovFcDTtwAdUPaoRgpjbzcibwqcM8+4l7p8KEEHcdUE3DMvdMUxD+grIGXy1tFayI4b+zU5EGqqpcbOe0IxwEJFWZIypZtceUmSCiKGRmaTiwJR7iPuqSlbYgCIt1kctgQHmjShp1I6BcqOKG/JxIUSDkIfN0ZINWTs7Ux/K/WilXn0k1oyGNFQjxd1IkZVBEcpwTbVBCs2EAbhAXVf4W4hwTCSmdp6hDs2ZPnTb1UtM+LZ3flfOU6jSML9sA+KAAbXIAKuAVVUAMYPIEX8AbejWfj1fgwPqetGSOd2QV/ZIy+AUTUm5A=</latexit>

s = (p1 + p2)
2

t = (p1 � p3)
2

u = (p1 � p4)
2

<latexit sha1_base64="MR0dpUOMB6sEC/dfP27GLsozET0="></latexit>

T I(s, t, u) = 32⇡
X

`

(2`+ 1)tI` (s)P` (cos ✓s)

<latexit sha1_base64="NSGBJLs4DEkJ6r2714qWClvDSTQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyUpUt0IRTe6q2Af0IQwmU7boZOZMDMRS8ivuHGhiFt/xJ1/47TNQlsPXDiccy/33hPGjCrtON9WYW19Y3OruF3a2d3bP7APyx0lEolJGwsmZC9EijDKSVtTzUgvlgRFISPdcHIz87uPRCoq+IOexsSP0IjTIcVIGymwy1UvptDUWZDeXdUzT4vArjg1Zw64StycVECOVmB/eQOBk4hwjRlSqu86sfZTJDXFjGQlL1EkRniCRqRvKEcRUX46vz2Dp0YZwKGQpriGc/X3RIoipaZRaDojpMdq2ZuJ/3n9RA8v/ZTyONGE48WiYcKgFnAWBBxQSbBmU0MQltTcCvEYSYS1iatkQnCXX14lnXrNbdQa9+eV5nUeRxEcgxNQBS64AE1wC1qgDTB4As/gFbxZmfVivVsfi9aClc8cgT+wPn8AqLGTkw==</latexit>

(⇡⇡)I=2 !

<latexit sha1_base64="jwj7WSrQiGxifsDqnzwnsk3pVlw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi1Y1QdKO7CvYBTQiT6aQdOpkJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPWHCqNKO822trK6tb2yWtsrbO7t7+/ZBpaNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm+mfveRSEUFf9CThPgxGnIaUYy0kQK7UvMSCk2dBtndlZt7WgR21ak7M8Bl4hakCgq0AvvLGwicxoRrzJBSfddJtJ8hqSlmJC97qSIJwmM0JH1DOYqJ8rPZ7Tk8McoARkKa4hrO1N8TGYqVmsSh6YyRHqlFbyr+5/VTHV36GeVJqgnH80VRyqAWcBoEHFBJsGYTQxCW1NwK8QhJhLWJq2xCcBdfXiads7rbqDfuz6vN6yKOEjgCx6AGXHABmuAWtEAbYPAEnsEreLNy68V6tz7mrStWMXMI/sD6/AGnKZOS</latexit>

(⇡⇡)I=1 !

<latexit sha1_base64="KdYTgCURv6gjGq/VJCodEhiHie0=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi1Y1QdKO7CvYBTQiT6aQdOpkJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPWHCqNKO822trK6tb2yWtsrbO7t7+/ZBpaNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm+mfveRSEUFf9CThPgxGnIaUYy0kQK7UvMSCk2dBtndlZN7WgR21ak7M8Bl4hakCgq0AvvLGwicxoRrzJBSfddJtJ8hqSlmJC97qSIJwmM0JH1DOYqJ8rPZ7Tk8McoARkKa4hrO1N8TGYqVmsSh6YyRHqlFbyr+5/VTHV36GeVJqgnH80VRyqAWcBoEHFBJsGYTQxCW1NwK8QhJhLWJq2xCcBdfXiads7rbqDfuz6vN6yKOEjgCx6AGXHABmuAWtEAbYPAEnsEreLNy68V6tz7mrStWMXMI/sD6/AGloZOR</latexit>

(⇡⇡)I=0 !

<latexit sha1_base64="WfXJcvCnaRzn+wqweCICKJqpfrY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gADEo2j</latexit>p1

<latexit sha1_base64="v1v3RfjFmDc5DcTmKAaXMEqzA/8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6SPrVfqnsVtw5yCrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxatVaveX5fpNHkcBTuEMLsCDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAElo2k</latexit>p2

<latexit sha1_base64="cWRvAQgjDYZxgdvzvrZiaW0lBqg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdI/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1atXZ3Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGGo2l</latexit>p3

<latexit sha1_base64="VgfOJYydcI34KPrJFNxtL0KKgoA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPQv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMHno2m</latexit>p4

<latexit sha1_base64="WfXJcvCnaRzn+wqweCICKJqpfrY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gADEo2j</latexit>p1

<latexit sha1_base64="v1v3RfjFmDc5DcTmKAaXMEqzA/8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6SPrVfqnsVtw5yCrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxatVaveX5fpNHkcBTuEMLsCDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAElo2k</latexit>p2

<latexit sha1_base64="cWRvAQgjDYZxgdvzvrZiaW0lBqg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdI/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1atXZ3Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGGo2l</latexit>p3

<latexit sha1_base64="VgfOJYydcI34KPrJFNxtL0KKgoA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPQv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMHno2m</latexit>p4

<latexit sha1_base64="WfXJcvCnaRzn+wqweCICKJqpfrY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gADEo2j</latexit>p1

<latexit sha1_base64="v1v3RfjFmDc5DcTmKAaXMEqzA/8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6SPrVfqnsVtw5yCrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzUKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxatVaveX5fpNHkcBTuEMLsCDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAElo2k</latexit>p2

<latexit sha1_base64="cWRvAQgjDYZxgdvzvrZiaW0lBqg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdI/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb1atXZ3Ualf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGGo2l</latexit>p3

<latexit sha1_base64="VgfOJYydcI34KPrJFNxtL0KKgoA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPQv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMHno2m</latexit>p4

The three different isospins are related through the same 
function, evaluated over different kinematical ranges

We obtain the partial waves  from lattice QCDtI
ℓ(s)

We can obtain  from fitting all different isospins, or vice-versaT
<latexit sha1_base64="gu2PQ523s+cYDdyGdL0PdUnDwhA=">AAACHHicbVDLSsNAFJ3UV62vqEs3wSK0UEvSSnVTKLrRXYW+oK1lMp20QyeTMDMRSsiHuPFX3LhQxI0Lwb9xmkbQ1gMD555zL3fusX1KhDTNLy21srq2vpHezGxt7+zu6fsHLeEFHOEm8qjHOzYUmBKGm5JIijs+x9C1KW7bk6uZ377HXBCPNeTUx30XjhhxCIJSSQO93MiJgiwE+WrP4RCFVhSWo1zjLrypmlFincZl6afMD/SsWTRjGMvESkgWJKgP9I/e0EOBi5lEFArRtUxf9kPIJUEUR5leILAP0QSOcFdRBl0s+mF8XGScKGVoOB5Xj0kjVn9PhNAVYuraqtOFciwWvZn4n9cNpHPRDwnzA4kZmi9yAmpIz5glZQwJx0jSqSIQcaL+aqAxVCFJlWdGhWAtnrxMWqWiVSlWbs+ytcskjjQ4AscgByxwDmrgGtRBEyDwAJ7AC3jVHrVn7U17n7emtGTmEPyB9vkNEque4A==</latexit>

T (s, t, u) =
1

3
(T I=0(s, t, u)� T I=2(s, t, u))

<latexit sha1_base64="RoRDyLu2WR/JPPjIReMvAmpGrgs="></latexit>

T (u, t, s) =
1

2

�
T I=2(s, t, u)� T I=1(s, t, u)

�

<latexit sha1_base64="yoyNf5JtS0w0UIsUbtzttWrGuLo="></latexit>

T (t, s, u) =
1

2

�
T I=1(s, t, u) + T I=2(s, t, u)

�
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We relate all amplitudes through a single 
function

<latexit sha1_base64="NSGBJLs4DEkJ6r2714qWClvDSTQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyUpUt0IRTe6q2Af0IQwmU7boZOZMDMRS8ivuHGhiFt/xJ1/47TNQlsPXDiccy/33hPGjCrtON9WYW19Y3OruF3a2d3bP7APyx0lEolJGwsmZC9EijDKSVtTzUgvlgRFISPdcHIz87uPRCoq+IOexsSP0IjTIcVIGymwy1UvptDUWZDeXdUzT4vArjg1Zw64StycVECOVmB/eQOBk4hwjRlSqu86sfZTJDXFjGQlL1EkRniCRqRvKEcRUX46vz2Dp0YZwKGQpriGc/X3RIoipaZRaDojpMdq2ZuJ/3n9RA8v/ZTyONGE48WiYcKgFnAWBBxQSbBmU0MQltTcCvEYSYS1iatkQnCXX14lnXrNbdQa9+eV5nUeRxEcgxNQBS64AE1wC1qgDTB4As/gFbxZmfVivVsfi9aClc8cgT+wPn8AqLGTkw==</latexit>

(⇡⇡)I=2 !

<latexit sha1_base64="jwj7WSrQiGxifsDqnzwnsk3pVlw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi1Y1QdKO7CvYBTQiT6aQdOpkJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPWHCqNKO822trK6tb2yWtsrbO7t7+/ZBpaNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm+mfveRSEUFf9CThPgxGnIaUYy0kQK7UvMSCk2dBtndlZt7WgR21ak7M8Bl4hakCgq0AvvLGwicxoRrzJBSfddJtJ8hqSlmJC97qSIJwmM0JH1DOYqJ8rPZ7Tk8McoARkKa4hrO1N8TGYqVmsSh6YyRHqlFbyr+5/VTHV36GeVJqgnH80VRyqAWcBoEHFBJsGYTQxCW1NwK8QhJhLWJq2xCcBdfXiads7rbqDfuz6vN6yKOEjgCx6AGXHABmuAWtEAbYPAEnsEreLNy68V6tz7mrStWMXMI/sD6/AGnKZOS</latexit>

(⇡⇡)I=1 !

<latexit sha1_base64="KdYTgCURv6gjGq/VJCodEhiHie0=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi1Y1QdKO7CvYBTQiT6aQdOpkJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPWHCqNKO822trK6tb2yWtsrbO7t7+/ZBpaNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm+mfveRSEUFf9CThPgxGnIaUYy0kQK7UvMSCk2dBtndlZN7WgR21ak7M8Bl4hakCgq0AvvLGwicxoRrzJBSfddJtJ8hqSlmJC97qSIJwmM0JH1DOYqJ8rPZ7Tk8McoARkKa4hrO1N8TGYqVmsSh6YyRHqlFbyr+5/VTHV36GeVJqgnH80VRyqAWcBoEHFBJsGYTQxCW1NwK8QhJhLWJq2xCcBdfXiads7rbqDfuz6vN6yKOEjgCx6AGXHABmuAWtEAbYPAEnsEreLNy68V6tz7mrStWMXMI/sD6/AGloZOR</latexit>

(⇡⇡)I=0 !

Crossing
Lattice QCD gives us information on well-defined isospin partial waves 

We combine partial waves to create amplitudes
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<latexit sha1_base64="YMJWUcgKt4y9ffnx3IpDWP8m6Ws=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VMfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AQsCSNA==</latexit>

(⇡⇡)I=0
<latexit sha1_base64="c0ECK5Yi4Vf1MFFCZ6SUh++0uyA=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VOfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AREWSNQ==</latexit>

(⇡⇡)I=1
<latexit sha1_base64="Mly6SYtmfmmAyuCnxYoDAFNf/XE=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSItWLUPSitwr2A9oQNtttu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy+IOVPacb6t3Nr6xuZWfruws7u3X7QPDlsqSiShTRLxSHYCrChngjY105x2YklxGHDaDsY3M7/9SKVikXjQk5h6IR4KNmAEayP5drHcixkydeand1fVqW+XnIozB1olbkZKkKHh21+9fkSSkApNOFaq6zqx9lIsNSOcTgu9RNEYkzEe0q6hAodUeen88Ck6NUofDSJpSmg0V39PpDhUahIGpjPEeqSWvZn4n9dN9ODSS5mIE00FWSwaJBzpCM1SQH0mKdF8YggmkplbERlhiYk2WRVMCO7yy6ukVa24tUrt/rxUv87iyMMxnEAZXLiAOtxCA5pAIIFneIU368l6sd6tj0VrzspmjuAPrM8fRcqSNg==</latexit>

(⇡⇡)I=2

<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢
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We relate all amplitudes through a single 
function

Crossing

We combine partial waves to create amplitudes

m⇡ ⇠ 283 MeV
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<latexit sha1_base64="YMJWUcgKt4y9ffnx3IpDWP8m6Ws=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VMfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AQsCSNA==</latexit>

(⇡⇡)I=0
<latexit sha1_base64="c0ECK5Yi4Vf1MFFCZ6SUh++0uyA=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiUr0IRS96q2A/oA1hs920SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Ud59taWV1b39gsbBW3d3b3Svb+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvlyq9hCFTp352d+VOfLvsVJ0Z0DJxc1KGHA3f/ur1Y5JGVGjCsVJd10m0l2GpGeF0UuyliiaYjPCAdg0VOKLKy2aHT9CJUfoojKUpodFM/T2R4UipcRSYzgjroVr0puJ/XjfV4aWXMZGkmgoyXxSmHOkYTVNAfSYp0XxsCCaSmVsRGWKJiTZZFU0I7uLLy6R1VnVr1dr9ebl+ncdRgCM4hgq4cAF1uIUGNIFACs/wCm/Wk/VivVsf89YVK585hD+wPn8AREWSNQ==</latexit>

(⇡⇡)I=1
<latexit sha1_base64="Mly6SYtmfmmAyuCnxYoDAFNf/XE=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSItWLUPSitwr2A9oQNtttu3SzCbsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wMy+IOVPacb6t3Nr6xuZWfruws7u3X7QPDlsqSiShTRLxSHYCrChngjY105x2YklxGHDaDsY3M7/9SKVikXjQk5h6IR4KNmAEayP5drHcixkydeand1fVqW+XnIozB1olbkZKkKHh21+9fkSSkApNOFaq6zqx9lIsNSOcTgu9RNEYkzEe0q6hAodUeen88Ck6NUofDSJpSmg0V39PpDhUahIGpjPEeqSWvZn4n9dN9ODSS5mIE00FWSwaJBzpCM1SQH0mKdF8YggmkplbERlhiYk2WRVMCO7yy6ukVa24tUrt/rxUv87iyMMxnEAZXLiAOtxCA5pAIIFneIU368l6sd6tj0VrzspmjuAPrM8fRcqSNg==</latexit>

(⇡⇡)I=2

<latexit sha1_base64="k11aXVxtue3ceF+8Q+UD3RSospI=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZrND5rHMzAoh5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFKWfG+v63V1pZXVvfKG9WtrZ3dveq+wePRmWa0BZRXOlOhA3lTNKWZZbTTqopFhGn7Wh0m/vtJ6oNU/LBjlMaCjyULGYE21zq6UT1qzW/7s+AlklQkBoUaParX72BIpmg0hKOjekGfmrDCdaWEU6nlV5maIrJCA9p11GJBTXhZHbrFJ04ZYBipV1Ji2bq74kJFsaMReQ6BbaJWfRy8T+vm9n4OpwwmWaWSjJfFGccWYXyx9GAaUosHzuCiWbuVkQSrDGxLp6KCyFYfHmZPJ7Vg8v6xf15rXFTxFGGIziGUwjgChpwB01oAYEEnuEV3jzhvXjv3se8teQVM4fwB97nDyLsjlE=</latexit>⇢

Lattice QCD gives us information on well-defined isospin partial waves 

<latexit sha1_base64="NSGBJLs4DEkJ6r2714qWClvDSTQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyUpUt0IRTe6q2Af0IQwmU7boZOZMDMRS8ivuHGhiFt/xJ1/47TNQlsPXDiccy/33hPGjCrtON9WYW19Y3OruF3a2d3bP7APyx0lEolJGwsmZC9EijDKSVtTzUgvlgRFISPdcHIz87uPRCoq+IOexsSP0IjTIcVIGymwy1UvptDUWZDeXdUzT4vArjg1Zw64StycVECOVmB/eQOBk4hwjRlSqu86sfZTJDXFjGQlL1EkRniCRqRvKEcRUX46vz2Dp0YZwKGQpriGc/X3RIoipaZRaDojpMdq2ZuJ/3n9RA8v/ZTyONGE48WiYcKgFnAWBBxQSbBmU0MQltTcCvEYSYS1iatkQnCXX14lnXrNbdQa9+eV5nUeRxEcgxNQBS64AE1wC1qgDTB4As/gFbxZmfVivVsfi9aClc8cgT+wPn8AqLGTkw==</latexit>

(⇡⇡)I=2 !

<latexit sha1_base64="jwj7WSrQiGxifsDqnzwnsk3pVlw=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi1Y1QdKO7CvYBTQiT6aQdOpkJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPWHCqNKO822trK6tb2yWtsrbO7t7+/ZBpaNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm+mfveRSEUFf9CThPgxGnIaUYy0kQK7UvMSCk2dBtndlZt7WgR21ak7M8Bl4hakCgq0AvvLGwicxoRrzJBSfddJtJ8hqSlmJC97qSIJwmM0JH1DOYqJ8rPZ7Tk8McoARkKa4hrO1N8TGYqVmsSh6YyRHqlFbyr+5/VTHV36GeVJqgnH80VRyqAWcBoEHFBJsGYTQxCW1NwK8QhJhLWJq2xCcBdfXiads7rbqDfuz6vN6yKOEjgCx6AGXHABmuAWtEAbYPAEnsEreLNy68V6tz7mrStWMXMI/sD6/AGnKZOS</latexit>

(⇡⇡)I=1 !

<latexit sha1_base64="KdYTgCURv6gjGq/VJCodEhiHie0=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiQi1Y1QdKO7CvYBTQiT6aQdOpkJMxOxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPWHCqNKO822trK6tb2yWtsrbO7t7+/ZBpaNEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm+mfveRSEUFf9CThPgxGnIaUYy0kQK7UvMSCk2dBtndlZN7WgR21ak7M8Bl4hakCgq0AvvLGwicxoRrzJBSfddJtJ8hqSlmJC97qSIJwmM0JH1DOYqJ8rPZ7Tk8McoARkKa4hrO1N8TGYqVmsSh6YyRHqlFbyr+5/VTHV36GeVJqgnH80VRyqAWcBoEHFBJsGYTQxCW1NwK8QhJhLWJq2xCcBdfXiads7rbqDfuz6vN6yKOEjgCx6AGXHABmuAWtEAbYPAEnsEreLNy68V6tz7mrStWMXMI/sD6/AGloZOR</latexit>

(⇡⇡)I=0 !
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Use Cauchy’s theorem over contour C, circular parts go to zero

Project the integral into partial waves to get your dispersion 
relations (ex. Roy eqs.):

<latexit sha1_base64="rJ3okQUzcetfZeFI2/c5q0i9Jeg="></latexit>

tI` (s) ! t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0KII0

``0 (s0, s) Im tI
0

`0 (s
0)

Roy Phys.Lett.B 36 (1971)

<latexit sha1_base64="SGEQaEwff6+jAiF89Dxp5WDfjsA=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIIcyI2zHoxWOEbJAMoafTkzTpWeyuEcKQn/DiQRGv/o43/8ZOMgdNfFDweK+KqnpeLIVG2/62VlbX1jc2c1v57Z3dvf3CwWFTR4livMEiGam2RzWXIuQNFCh5O1acBp7kLW90N/VbT1xpEYV1HMfcDeggFL5gFI3Urpd0GcvJWa9QtCv2DGSZOBkpQoZar/DV7UcsCXiITFKtO44do5tShYJJPsl3E81jykZ0wDuGhjTg2k1n907IqVH6xI+UqRDJTP09kdJA63Hgmc6A4lAvelPxP6+ToH/jpiKME+Qhmy/yE0kwItPnSV8ozlCODaFMCXMrYUOqKEMTUd6E4Cy+vEya5xXnqnL5cFGs3mZx5OAYTqAEDlxDFe6hBg1gIOEZXuHNerRerHfrY966YmUzR/AH1ucPzXOPLQ==</latexit>

T (s, t, u)

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

<latexit sha1_base64="CR2CM2lmDcSFOIySYKuuEgp6Ljg=">AAACDHicbVDLSsNAFJ34rPVVdekmWIQKtSQi1WXRjcsKVoUmlMnkph2cTMLMjbSEfoAbf8WNC0Xc+gHu/Bunj4VaDwwczjmXO/cEqeAaHefLmptfWFxaLqwUV9fWNzZLW9vXOskUgxZLRKJuA6pBcAkt5CjgNlVA40DATXB3PvJv7kFpnsgrHKTgx7QrecQZRSN1SmV96CH0MU8FlTD0ql61MhEi3ofQCHhgUk7NGcOeJe6UlMkUzU7p0wsTlsUgkQmqddt1UvRzqpAzAcOil2lIKbujXWgbKmkM2s/HxwztfaOEdpQo8yTaY/XnRE5jrQdxYJIxxZ7+643E/7x2htGpn3OZZgiSTRZFmbAxsUfN2CFXwFAMDKFMcfNXm/WoogxNf0VTgvv35FlyfVRz67X65XG5cTato0B2yR6pEJeckAa5IE3SIow8kCfyQl6tR+vZerPeJ9E5azqzQ37B+vgGrG6bYw==</latexit>

s� plane (fixed t)

How is this useful??  “hooks” are given by 
(Schwarz reflection principle) 

→

<latexit sha1_base64="h+mDGEl4bgG5qcDxnsoEPik8zRM="></latexit>

T (s, t, u) =
1

2⇡i

Z

C

T (s0, t, u0(s0, t))

s0 � s
ds0

Analyticity: Dispersion relations

+ maybe subtractions

Our amplitude has two branch-cuts (phase space square root)

We compare now this dispersive equation (output) with the initial fit to data for the amplitude  (input)tI
ℓ(s)

<latexit sha1_base64="hiSDMOAMXY7CbcZ5EcHZqhdJn8E="></latexit>

T (s+ i✏, t, u� i✏)� T (s� i✏, t, u+ i✏) = 2i ImT (s, t, u) �! data

Initial fit to data Final dispersive output
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<latexit sha1_base64="Y+O5XMV6zGd5Xf1RUMKVmTNDNJ8=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE81V2R6rHoxWMF+wHdtWTTbBuaZNdkVilL/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXJoIbcN1vZ2l5ZXVtvbBR3Nza3tkt7e03TZxqyho0FrFuh8QwwRVrAAfB2olmRIaCtcLh9cRvPTJteKzuYJSwQJK+4hGnBKx075sHDZkZn8qun/BuqexW3CnwIvFyUkY56t3Sl9+LaSqZAiqIMR3PTSDIiAZOBRsX/dSwhNAh6bOOpYpIZoJsevUYH1ulh6NY21KAp+rviYxIY0YytJ2SwMDMexPxP6+TQnQZZFwlKTBFZ4uiVGCI8SQC3OOaURAjSwjV3N6K6YBoQsEGVbQhePMvL5LmWcWrVqq35+XaVR5HAR2iI3SCPHSBaugG1VEDUaTRM3pFb86T8+K8Ox+z1iUnnzlAf+B8/gDzd5LS</latexit>p
s/m⇡

Lat step: model selection

Within the many models ( ) fitted to lattice data, only a few will be compatible with the dispersive output tI
ℓ(s) t̃I

ℓ(s)

<latexit sha1_base64="rJ3okQUzcetfZeFI2/c5q0i9Jeg="></latexit>

tI` (s) ! t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0KII0

``0 (s0, s) Im tI
0

`0 (s
0)

Compare the real parts given by the fitted amplitude and the dispersion relation

Select those amplitudes that deviate only “within uncertainties”

<latexit sha1_base64="0ZMNzQ+6R/YWWuvvHO1eBp8UyaQ=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahXkoiUj0WvXisYD+gScNmu2mXbjZhd6KU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbmBYngGmz72yqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJW3YBoJrhkLeAgWDdRjESBYJ1gfDvzO49MaR7LB5gkzIvIUPKQUwJG6rsZ9G3frupzd+o7frli1+w58CpxclJBOZp++csdxDSNmAQqiNY9x07Ay4gCTgWbltxUs4TQMRmynqGSREx72fzqKT4zygCHsTIlAc/V3xMZibSeRIHpjAiM9LI3E//zeimE117GZZICk3SxKEwFhhjPIsADrhgFMTGEUMXNrZiOiCIUTFAlE4Kz/PIqaV/UnHqtfn9ZadzkcRTRCTpFVeSgK9RAd6iJWogihZ7RK3qznqwX6936WLQWrHzmGP2B9fkDJcaRpg==</latexit>

{t00(s)}1

Use the dispersion relation, using the selected amplitudes as input, to 
calculate observables
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<latexit sha1_base64="Y+O5XMV6zGd5Xf1RUMKVmTNDNJ8=">AAAB9XicbVBNSwMxEM36WetX1aOXYBE81V2R6rHoxWMF+wHdtWTTbBuaZNdkVilL/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXJoIbcN1vZ2l5ZXVtvbBR3Nza3tkt7e03TZxqyho0FrFuh8QwwRVrAAfB2olmRIaCtcLh9cRvPTJteKzuYJSwQJK+4hGnBKx075sHDZkZn8qun/BuqexW3CnwIvFyUkY56t3Sl9+LaSqZAiqIMR3PTSDIiAZOBRsX/dSwhNAh6bOOpYpIZoJsevUYH1ulh6NY21KAp+rviYxIY0YytJ2SwMDMexPxP6+TQnQZZFwlKTBFZ4uiVGCI8SQC3OOaURAjSwjV3N6K6YBoQsEGVbQhePMvL5LmWcWrVqq35+XaVR5HAR2iI3SCPHSBaugG1VEDUaTRM3pFb86T8+K8Ox+z1iUnnzlAf+B8/gDzd5LS</latexit>p
s/m⇡

Within the many models ( ) fitted to lattice data, only a few will be compatible with the dispersive output tI
ℓ(s) t̃I

ℓ(s)

<latexit sha1_base64="rJ3okQUzcetfZeFI2/c5q0i9Jeg="></latexit>

tI` (s) ! t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0KII0

``0 (s0, s) Im tI
0

`0 (s
0)
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Lat step: model selection

Compare the real parts given by the fitted amplitude and the dispersion relation

Select those amplitudes that deviate only “within uncertainties”

Use the dispersion relation, using the selected amplitudes as input, to 
calculate observables

<latexit sha1_base64="plKqxNZX8Qwmj/kGvFlThbIcvkY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilJkeqy6MZlBfuAJobJdNIOnTyYuRFKKG78FTcuFHHrV7jzb5y2WWjrgQuHc+7l3nv8RHAFlvVtFFZW19Y3ipulre2d3T1z/6Ct4lRS1qKxiGXXJ4oJHrEWcBCsm0hGQl+wjj+6nvqdByYVj6M7GCfMDckg4gGnBLTkmUeOYAE4GXjWvVVRZ47kgyE4E6/mmWWras2Al4mdkzLK0fTML6cf0zRkEVBBlOrZVgJuRiRwKtik5KSKJYSOyID1NI1IyJSbzV6Y4FOt9HEQS10R4Jn6eyIjoVLj0NedIYGhWvSm4n9eL4Xg0s14lKTAIjpfFKQCQ4yneeA+l4yCGGtCqOT6VkyHRBIKOrWSDsFefHmZtGtVu16t356XG1d5HEV0jE5QBdnoAjXQDWqiFqLoET2jV/RmPBkvxrvxMW8tGPnMIfoD4/MHWv+Wxw==</latexit>�
t00(s)

 
2
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Once these dispersive constrains are imposed, the systematic error is drastically reduced

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Dispersive analysis
Ordinary analysis

Outside the physical region

Compare the systematic spread of ordinary parameterizations with the dispersive extractions
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Once these dispersive constrains are imposed, the systematic error is drastically reduced

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Dispersive analysis
Ordinary analysis

Outside the physical region

Compare the systematic spread of ordinary parameterizations with the dispersive extractions
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Dispersive

Another dispersive approach

Various recent, dispersive determinations 

<latexit sha1_base64="4KybSYDchOD9b2FpK2XQ5r8nI2Y=">AAACBnicdVDLSgNBEJz1GeMr6lGEwSB4kLCbqNGb6MWLoGASIRvC7KSjQ2Z2l5leMSw5efFXvHhQxKvf4M2/cfIQfBY0FFXddHcFsRQGXffdGRufmJyazsxkZ+fmFxZzS8tVEyWaQ4VHMtIXATMgRQgVFCjhItbAVCChFnSO+n7tGrQRUXiO3Rgail2Goi04Qys1c2uq6cfCN0JRr7Rf2ClTf8tHuMH0BKq9Zi7vWq1Y2i7S38QruAPkyQinzdyb34p4oiBELpkxdc+NsZEyjYJL6GX9xEDMeIddQt3SkCkwjXTwRo9uWKVF25G2FSIdqF8nUqaM6arAdiqGV+an1xf/8uoJtvcaqQjjBCHkw0XtRFKMaD8T2hIaOMquJYxrYW+l/IppxtEml7UhfH5K/yfVYsHbLeyebecPDkdxZMgqWSebxCNlckCOySmpEE5uyT15JE/OnfPgPDsvw9YxZzSzQr7Bef0AdMuX4w==</latexit>

m⇡ ⇠ 139.57MeV

Outside the physical region

Rodas et al. Phys.Rev.D 108 (2023)

Cao et al. Phys.Rev.D 108 (2023)
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s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

Adler Zeroes

If  then mπ ≃ 0 T(s, t, u) → 0
s ∼ 0

These zeroes appear on the S-waves and are considered directly linked to ChPT

In lattice QCD our pion mass is not zero, but the community still uses ChPT in 
most analyses

ChPT predicts Adler zeroes for all pseudo-scalar scattering amplitudes at LO

Adler, Phys.Rev. 137 (1965)

<latexit sha1_base64="H0AkBfLSsU+bPxYZCmV+z1I2aOY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFcSJ0pUt0Uqm50V8E+oB2HTJq2oUlmSDLCMNRfceNCEbd+iDv/xrSdhbYeuHA4517uvSeIGFXacb6tpeWV1bX13EZ+c2t7Z9fe22+qMJaYNHDIQtkOkCKMCtLQVDPSjiRBPGCkFYyuJ37rkUhFQ3Gvk4h4HA0E7VOMtJF8u6D89PLktuqMq9zvRvShfFr27aJTcqaAi8TNSBFkqPv2V7cX4pgToTFDSnVcJ9JeiqSmmJFxvhsrEiE8QgPSMVQgTpSXTo8fwyOj9GA/lKaEhlP190SKuFIJD0wnR3qo5r2J+J/XiXX/wkupiGJNBJ4t6scM6hBOkoA9KgnWLDEEYUnNrRAPkURYm7zyJgR3/uVF0iyX3EqpcndWrF1lceTAATgEx8AF56AGbkAdNAAGCXgGr+DNerJerHfrY9a6ZGUzBfAH1ucPwhiTkA==</latexit>

sA,I=0 = m2
⇡/2

<latexit sha1_base64="1mndsDGS7peaYGTV2/x4GxT2UEM=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwISUJUt0Uqm50V8E+oI1hMp20Q2cmYWYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvSeIKZHKtr+Nwsrq2vpGcbO0tb2zu2ful9sySgTCLRTRSHQDKDElHLcUURR3Y4EhCyjuBOPrqd95xEKSiN+rSYw9BoechARBpSXfLEs/vTy9rbtZ3WV+PyYPrm9W7Ko9g7VMnJxUQI6mb371BxFKGOYKUShlz7Fj5aVQKIIozkr9ROIYojEc4p6mHDIsvXR2e2Yda2VghZHQxZU1U39PpJBJOWGB7mRQjeSiNxX/83qJCi+8lPA4UZij+aIwoZaKrGkQ1oAIjBSdaAKRIPpWC42ggEjpuEo6BGfx5WXSdqtOrVq7O6s0rvI4iuAQHIET4IBz0AA3oAlaAIEn8AxewZuRGS/Gu/Exby0Y+cwB+APj8wdRtpNZ</latexit>

sA,I=2 = 2m2
⇡

Adler zeroes (amplitude zeroes) are a fundamental result of chiral symmetry

It is customarily accepted that these zeroes are still there even after the 
breaking of the symmetry

No robust analysis of these zeroes has been performed for varying pion masses
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Adler zero

Adler zero

Very “stable” for I = 2 ππ

Even “bad” DRs produce Adler zeroes for I=2, close to the LO prediction

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV
<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV
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<latexit sha1_base64="1mndsDGS7peaYGTV2/x4GxT2UEM=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwISUJUt0Uqm50V8E+oI1hMp20Q2cmYWYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvSeIKZHKtr+Nwsrq2vpGcbO0tb2zu2ful9sySgTCLRTRSHQDKDElHLcUURR3Y4EhCyjuBOPrqd95xEKSiN+rSYw9BoechARBpSXfLEs/vTy9rbtZ3WV+PyYPrm9W7Ko9g7VMnJxUQI6mb371BxFKGOYKUShlz7Fj5aVQKIIozkr9ROIYojEc4p6mHDIsvXR2e2Yda2VghZHQxZU1U39PpJBJOWGB7mRQjeSiNxX/83qJCi+8lPA4UZij+aIwoZaKrGkQ1oAIjBSdaAKRIPpWC42ggEjpuEo6BGfx5WXSdqtOrVq7O6s0rvI4iuAQHIET4IBz0AA3oAlaAIEn8AxewZuRGS/Gu/Exby0Y+cwB+APj8wdRtpNZ</latexit>

sA,I=2 = 2m2
⇡

Adler Zeroes
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NO Adler zero

No good DR produces an  Adler zero for the heavier massI = 0 ππ

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

All good DRs produce an  Adler zero for the lighter massI = 0 ππ

Re t00

-1
0
1
2
3
4
5

0.5 1 1.5 2 2.5

-1
0
1
2
3
4
5

0.5 1 1.5 2 2.5

Adler zero

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV
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Other compatible findings

Phys.Rev.D 109 (2024)
Phys.Rev.D 108 (2023)

Adler Zeroes
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Summary and outlook 

First-principles extraction of a broad resonance directly from QCD

(Much) Better constraints over scattering lengths

The lighter the , the more relevant this approach isπ

Future

Extract the  ??f0(980)

Study new observables ??
<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="DELtbWNarnRNLOxIHNyKKQwD8ms=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQzcRvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBS/Y3X</latexit>⇡

<latexit sha1_base64="XM1ZXlFPGevujRCU6MTBriwKUhk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6CHtur1xxq+4MZJl4OalAjnqv/NXtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbqhJxYpU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AHx8Y2X</latexit>

f0

Study low-energy observables in more detail (Adler zeroes move away from real axis, for large )mπ
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Spare slides
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We can fix most

-waveI = 1 P

-waveI = 2 D

For  partial wavesℓmax
<latexit sha1_base64="LqMfjbswpfkHlftnOGTqBNy4/l0=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhLEa6xggaUqEn1ITYgc12mt2k5kO4gqygew8CssDCDEygew8Te4bQZoOZKlo3POle89Qcyo0rb9bRUWFpeWV4qrpbX1jc2t8vZOS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1geDn22/dEKhqJWz2KicdRX9CQYqSN5Jcrdf8auoQxP+XoIYN1P42RRFxlrqIcOvbdCTQpu2pPAOeJk5MKyNHwy19uL8IJJ0JjhpTqOnasvRRJTTEjWclNFIkRHqI+6RoqECfKSyfHZPDAKD0YRtI8oeFE/T2RmuXUiAcmyZEeqFlvLP7ndRMdnnspFXGiicDTj8KEQR3BcTOwRyXBmo0MQVhSsyvEA9MF1qa/kinBmT15nrSOqs5p9fjmuFK7yOsogj2wDw6BA85ADVyBBmgCDB7BM3gFb9aT9WK9Wx/TaMHKZ3bBH1ifP0uCmoA=</latexit>

NI`maxNparams ⇠ 105

<latexit sha1_base64="lGd+P8uD+sGPQthpDDmUBWUEExY="></latexit>

t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0 KII0

``0 (s
0, s) Im tI

0

`0 (s
0)

Permutations
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Cauchy theorem over contour C

Determines the analytic structure of the amplitudes

Project the integral to get your dispersion relations (ex. Roy eqs.):

<latexit sha1_base64="SGEQaEwff6+jAiF89Dxp5WDfjsA=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIIcyI2zHoxWOEbJAMoafTkzTpWeyuEcKQn/DiQRGv/o43/8ZOMgdNfFDweK+KqnpeLIVG2/62VlbX1jc2c1v57Z3dvf3CwWFTR4livMEiGam2RzWXIuQNFCh5O1acBp7kLW90N/VbT1xpEYV1HMfcDeggFL5gFI3Urpd0GcvJWa9QtCv2DGSZOBkpQoZar/DV7UcsCXiITFKtO44do5tShYJJPsl3E81jykZ0wDuGhjTg2k1n907IqVH6xI+UqRDJTP09kdJA63Hgmc6A4lAvelPxP6+ToH/jpiKME+Qhmy/yE0kwItPnSV8ozlCODaFMCXMrYUOqKEMTUd6E4Cy+vEya5xXnqnL5cFGs3mZx5OAYTqAEDlxDFe6hBg1gIOEZXuHNerRerHfrY966YmUzR/AH1ucPzXOPLQ==</latexit>

T (s, t, u) has a unitarity cut for 
<latexit sha1_base64="3dVO6+8Xz9yZctTK6prlvKnBPJk=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHxRHYJPo5ELx4xkUfCrmR26IUJM7PrzCwJIXyHFw8a49WP8ebfOMAeFKykk0pVd7q7woQzbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRaFBYx6rdkg0cCahYZjh0E4UEBFyaIXD25nfGoHSLJYPZpxAIEhfsohRYqwUaL8PVSy6fsIeK91iyS27c+BV4mWkhDLUu8UvvxfTVIA0lBOtO56bmGBClGGUw7TgpxoSQoekDx1LJRGgg8n86Ck+s0oPR7GyJQ2eq78nJkRoPRah7RTEDPSyNxP/8zqpia6DCZNJakDSxaIo5djEeJYA7jEF1PCxJYQqZm/FdEAUocbmVLAheMsvr5Jmpexdli/uq6XaTRZHHp2gU3SOPHSFaugO1VEDUfSEntErenNGzovz7nwsWnNONnOM/sD5/AHdCZGG</latexit>

s � 4m2
⇡

<latexit sha1_base64="rJ3okQUzcetfZeFI2/c5q0i9Jeg="></latexit>

tI` (s) ! t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0KII0

``0 (s0, s) Im tI
0

`0 (s
0)

Roy Phys.Lett.B 36 (1971)

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

<latexit sha1_base64="CR2CM2lmDcSFOIySYKuuEgp6Ljg=">AAACDHicbVDLSsNAFJ34rPVVdekmWIQKtSQi1WXRjcsKVoUmlMnkph2cTMLMjbSEfoAbf8WNC0Xc+gHu/Bunj4VaDwwczjmXO/cEqeAaHefLmptfWFxaLqwUV9fWNzZLW9vXOskUgxZLRKJuA6pBcAkt5CjgNlVA40DATXB3PvJv7kFpnsgrHKTgx7QrecQZRSN1SmV96CH0MU8FlTD0ql61MhEi3ofQCHhgUk7NGcOeJe6UlMkUzU7p0wsTlsUgkQmqddt1UvRzqpAzAcOil2lIKbujXWgbKmkM2s/HxwztfaOEdpQo8yTaY/XnRE5jrQdxYJIxxZ7+643E/7x2htGpn3OZZgiSTRZFmbAxsUfN2CFXwFAMDKFMcfNXm/WoogxNf0VTgvv35FlyfVRz67X65XG5cTato0B2yR6pEJeckAa5IE3SIow8kCfyQl6tR+vZerPeJ9E5azqzQ37B+vgGrG6bYw==</latexit>

s� plane (fixed t)

How is this useful??  “hooks” are given by →
<latexit sha1_base64="HGB3dXlHim8AbiEz+1OJiUtOZ78=">AAACBXicbVBNS8NAEN3Ur1q/oh71ECxChVISkeqx6EVvFfoFTSib7bZdusmG3YlQQi9e/CtePCji1f/gzX/jps1BWx8MPN6bYWaeH3GmwLa/jdzK6tr6Rn6zsLW9s7tn7h+0lIgloU0iuJAdHyvKWUibwIDTTiQpDnxO2/74JvXbD1QqJsIGTCLqBXgYsgEjGLTUM49dEVGJQcgQBzS5C6aNkipDOT5zQfTMol2xZ7CWiZORIspQ75lfbl+QOKAhEI6V6jp2BF6CJTDC6bTgxopGmIzxkHY1TVcqL5l9MbVOtdK3BkLqCsGaqb8nEhwoNQl83RlgGKlFLxX/87oxDK68hIVRDDQk80WDmFsgrDQSq88kJcAnmmAimb7VIiMsMQEdXEGH4Cy+vExa5xWnWqneXxRr11kceXSETlAJOegS1dAtqqMmIugRPaNX9GY8GS/Gu/Exb80Z2cwh+gPj8wddbZh9</latexit>

ImT (s, t, u) ! direct+crossing data

<latexit sha1_base64="h+mDGEl4bgG5qcDxnsoEPik8zRM="></latexit>

T (s, t, u) =
1

2⇡i

Z

C

T (s0, t, u0(s0, t))

s0 � s
ds0

Crossing
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Outside the physical region
Both sides are good now, we can now apply Cauchy’s theorem+crossing

Now, what happens here??

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="h+mDGEl4bgG5qcDxnsoEPik8zRM="></latexit>

T (s, t, u) =
1

2⇡i

Z

C

T (s0, t, u0(s0, t))

s0 � s
ds0

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�

<latexit sha1_base64="ewDXALEmqnRDMxlpjdYfO2t7Sq8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDy2rtvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPn02PLA==</latexit>�
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Tests: good vs bad

Fit combination 1

Fit combination 2

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Dispersive output

We select those models that respect the DRs
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Scattering plane

S0
S2

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400

ROYBlack
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Both sides are good now, we can now apply Cauchy’s theorem+crossing

Now, what happens here??

s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="h+mDGEl4bgG5qcDxnsoEPik8zRM="></latexit>

T (s, t, u) =
1

2⇡i

Z

C

T (s0, t, u0(s0, t))

s0 � s
ds0

Outside the physical region
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s−plane

• Avoid spurious singularities

𝑚𝑚−
2 − 𝑡𝑡 𝑚𝑚+

2

R→∞

C
Adler Zeroes

If  then mπ ≃ 0 T(s, t, u) → 0
s ∼ 0

These zeroes appear on the S-waves and are considered directly linked to ChPT

In lattice QCD our , but we still use ChPT in most analysesmπ ≁ 0

What can our DRs say about that?

ChPT predicts Adler zeroes for all pseudo-scalar scattering amplitudes at LO

Adler, Phys.Rev. 137 (1965)

<latexit sha1_base64="H0AkBfLSsU+bPxYZCmV+z1I2aOY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFcSJ0pUt0Uqm50V8E+oB2HTJq2oUlmSDLCMNRfceNCEbd+iDv/xrSdhbYeuHA4517uvSeIGFXacb6tpeWV1bX13EZ+c2t7Z9fe22+qMJaYNHDIQtkOkCKMCtLQVDPSjiRBPGCkFYyuJ37rkUhFQ3Gvk4h4HA0E7VOMtJF8u6D89PLktuqMq9zvRvShfFr27aJTcqaAi8TNSBFkqPv2V7cX4pgToTFDSnVcJ9JeiqSmmJFxvhsrEiE8QgPSMVQgTpSXTo8fwyOj9GA/lKaEhlP190SKuFIJD0wnR3qo5r2J+J/XiXX/wkupiGJNBJ4t6scM6hBOkoA9KgnWLDEEYUnNrRAPkURYm7zyJgR3/uVF0iyX3EqpcndWrF1lceTAATgEx8AF56AGbkAdNAAGCXgGr+DNerJerHfrY9a6ZGUzBfAH1ucPwhiTkA==</latexit>

sA,I=0 = m2
⇡/2

<latexit sha1_base64="1mndsDGS7peaYGTV2/x4GxT2UEM=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwISUJUt0Uqm50V8E+oI1hMp20Q2cmYWYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvSeIKZHKtr+Nwsrq2vpGcbO0tb2zu2ful9sySgTCLRTRSHQDKDElHLcUURR3Y4EhCyjuBOPrqd95xEKSiN+rSYw9BoechARBpSXfLEs/vTy9rbtZ3WV+PyYPrm9W7Ko9g7VMnJxUQI6mb371BxFKGOYKUShlz7Fj5aVQKIIozkr9ROIYojEc4p6mHDIsvXR2e2Yda2VghZHQxZU1U39PpJBJOWGB7mRQjeSiNxX/83qJCi+8lPA4UZij+aIwoZaKrGkQ1oAIjBSdaAKRIPpWC42ggEjpuEo6BGfx5WXSdqtOrVq7O6s0rvI4iuAQHIET4IBz0AA3oAlaAIEn8AxewZuRGS/Gu/Exby0Y+cwB+APj8wdRtpNZ</latexit>

sA,I=2 = 2m2
⇡
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Adler zero

Adler zero

Very “stable” for I = 2 ππ

Even “bad” DRs produce Adler zeroes for I=2, close to the LO prediction

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV
<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

Re t20 p
s/m⇡

-0.8

-0.4

0

0.4

0.8

0.5 1 1.5 2 2.5

p
s/m⇡

-0.8

-0.4

0

0.4

0.8

0.5 1 1.5 2 2.5

Re t20 p
s/m⇡

-0.6

-0.4

-0.2

0

0.2

0.5 1 1.5 2 2.5 3 3.5

p
s/m⇡

-0.6

-0.4

-0.2

0

0.2

0.5 1 1.5 2 2.5 3 3.5

<latexit sha1_base64="1mndsDGS7peaYGTV2/x4GxT2UEM=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwISUJUt0Uqm50V8E+oI1hMp20Q2cmYWYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvSeIKZHKtr+Nwsrq2vpGcbO0tb2zu2ful9sySgTCLRTRSHQDKDElHLcUURR3Y4EhCyjuBOPrqd95xEKSiN+rSYw9BoechARBpSXfLEs/vTy9rbtZ3WV+PyYPrm9W7Ko9g7VMnJxUQI6mb371BxFKGOYKUShlz7Fj5aVQKIIozkr9ROIYojEc4p6mHDIsvXR2e2Yda2VghZHQxZU1U39PpJBJOWGB7mRQjeSiNxX/83qJCi+8lPA4UZij+aIwoZaKrGkQ1oAIjBSdaAKRIPpWC42ggEjpuEo6BGfx5WXSdqtOrVq7O6s0rvI4iuAQHIET4IBz0AA3oAlaAIEn8AxewZuRGS/Gu/Exby0Y+cwB+APj8wdRtpNZ</latexit>

sA,I=2 = 2m2
⇡

Adler Zeroes
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All good DRs produce an  Adler zero for the lighter massI = 0 ππ

Adler zero

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Re t00

-0.5

0

0.5

1

1.5

2

0.5 1 1.5 2 2.5 3 3.5

-0.5

0

0.5

1

1.5

2

0.5 1 1.5 2 2.5 3 3.5

Adler Zeroes
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NO Adler zero

No good DR produces an  Adler zero for the heavier massI = 0 ππ

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

All good DRs produce an  Adler zero for the lighter massI = 0 ππ

Re t00

-1
0
1
2
3
4
5

0.5 1 1.5 2 2.5

-1
0
1
2
3
4
5

0.5 1 1.5 2 2.5

Adler zero

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Re t00

-0.5

0

0.5

1

1.5

2

0.5 1 1.5 2 2.5 3 3.5

-0.5

0

0.5

1
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2

0.5 1 1.5 2 2.5 3 3.5

2402.19243
Recent “confirmation”

Adler Zeroes
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Couplings
Models: Large systematic dependence

DRs: No systematics

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="iFNORobMwKJkotzx3d/pPZTjlv8="></latexit>

m⇡ ⇠ 239MeV

2304.03762
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DR → Out and data compatibleMake Lattice QCD data description

DR → OutFit → In compatibleMake Unitarity

<latexit sha1_base64="tAloM/PTOo3IbWT0MwsPxL7Bw6s="></latexit>

⇥
d2
⇤I
`
⌘

NsmplX

i=1

 
Re t̃I` (si)� Re tI` (si)

�
⇥
Re t̃I` (si)� Re tI` (si)

⇤
!2
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<latexit sha1_base64="E13uLtcEmcQuiJBEsH+m+B6wI4k=">AAAB7XicbVDLSgNBEOyNrxhfqx69DAbBi2FXfF2EoBePEcwDkiXMTmaTMbMzy8ysEJb8gxcPinj1f7z5N06SPWhiQUNR1U13V5hwpo3nfTuFpeWV1bXiemljc2t7x93da2iZKkLrRHKpWiHWlDNB64YZTluJojgOOW2Gw9uJ33yiSjMpHswooUGM+4JFjGBjpQbpsusTv+uWvYo3BVokfk7KkKPWdb86PUnSmApDONa67XuJCTKsDCOcjkudVNMEkyHu07alAsdUB9n02jE6skoPRVLZEgZN1d8TGY61HsWh7YyxGeh5byL+57VTE10FGRNJaqggs0VRypGRaPI66jFFieEjSzBRzN6KyAArTIwNqGRD8OdfXiSN04p/UTm/PytXb/I4inAAh3AMPlxCFe6gBnUg8AjP8ApvjnRenHfnY9ZacPKZffgD5/MHobOOhg==</latexit>

ci = �1
<latexit sha1_base64="fqfpu77NXP9WWjrn47E4V2Ng0K4="></latexit>

�2
i =

 
�fi

df̃ I
` (si)

dEi
�Ei

!✓
1 �ci

�ci 1

◆ 
�f̃i

df̃I
` (si)
dEi

�Ei

!

DR → Out and data compatibleMake Lattice QCD data description
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV
Visually, they describe the data and fit, but they are not perfect

Ok but not great

<latexit sha1_base64="tAloM/PTOo3IbWT0MwsPxL7Bw6s="></latexit>

⇥
d2
⇤I
`
⌘

NsmplX

i=1

 
Re t̃I` (si)� Re tI` (si)

�
⇥
Re t̃I` (si)� Re tI` (si)

⇤
!2

<latexit sha1_base64="s/de0CkCeya0LPC+JIphhEhOA4g="></latexit>

⇥
�̃2

⇤I
`
⌘

NlatX

i,j=1

✓
fi � Re t̃I` (si)

�i

◆
corr (fi, fj)

✓
fj � Re t̃I` (sj)

�j

◆
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

Visually, they describe the data and fit, but they are not perfect
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<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

GKPY: Minimally subtracted  one less subtraction than ROY→

For our analysis, Regge contribution too large for d2

GKPY vs ROY
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However, pole extraction is more accurate in most cases, particularly for the 
coupling

GKPY produces less than half the uncertainty 
in most cases
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Scattering plane

S0
S2

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400

ROYBlack
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S0
S2

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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S0
S2

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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-0.287(8)
-0.232(4)
-0.220(7)

-0.190(10)
-0.160(11)
-0.156(11)
-0.154(13)
-0.151(13)
-0.146(11)
-0.145(13)
-0.130(6)
-0.125(6)
-0.115(6)

2.
4(
5)

2.
4(
5)

2.
6(
6)

2.
9(
6)

3.
0(
8)

3.
1(
8)

3.
1(
8)

3.
4(
8)

3.
4(
8)

3.
4(
8)

3.
4(
8)

3.
5(
8)

3.
5(
8)

3.
5(
9)

3.
9(
11
)

4.
1(
11
)

4.
1(
10
)

4.
2(
11
)

4.
2(
12
)

4.
2(
11
)

4.
2(
11
)

4.
2(
12
)

4.
2(
12
)

4.
3(
12
)

4.
3(
12
)

4.
3(
12
)

4.
7(
11
)

4.
9(
12
)

5.
4(
14
)

5.
6(
14
)

0

10

20

30

40

51

S0
S2

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400
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Scattering plane
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S0
S2

<latexit sha1_base64="c1YMo5in+eDtRUhRP+LnMDl7bJU=">AAACA3icbVA9SwNBEN3zM8avUzttFoNgIeEufpaijY0QwcRA7gh7m4ku2b07dufEcARs/Cs2ForY+ifs/DduYgo1Phh4vDfDzLwolcKg5306E5NT0zOzhbni/MLi0rK7slo3SaY51HgiE92ImAEpYqihQAmNVANTkYSrqHs68K9uQRuRxJfYSyFU7DoWHcEZWqnlrqtWkIrACEUrR7vBDg0Q7jA/h3q/5Za8sjcEHSf+iJTICNWW+xG0E54piJFLZkzT91IMc6ZRcAn9YpAZSBnvsmtoWhozBSbMhz/06ZZV2rSTaFsx0qH6cyJnypieimynYnhj/noD8T+vmWHnKMxFnGYIMf9e1MkkxYQOAqFtoYGj7FnCuBb2VspvmGYcbWxFG4L/9+VxUq+U/YPy/sVe6fhkFEeBbJBNsk18ckiOyRmpkhrh5J48kmfy4jw4T86r8/bdOuGMZtbILzjvX6ISluU=</latexit>

m⇡ ⇠ 283MeV

<latexit sha1_base64="hDyuvuqvfB1j5dQ+a39uAl8HIsM=">AAACJHicbVDLSgMxFM34rPVVdekmWARXdUZ8gZuiG1eiYFuhU0smvW1DM5khuaOWYT7Gjb/ixoUPXLjxW0xrBV8HAodzzuXmniCWwqDrvjlj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+iJgBqRQUEGBEi5iDSwMJNSC3tHAr12BNiJS59iPoRGyjhJtwRlaqVk48CVTHQnURyFbkPq8K7LLLbpJT5qpj3CDqWSYZdTXw9yXGF9nWbNQdEvuEPQv8UakSEY4bRae/VbEkxAUcsmMqXtujI2UaRRcQpb3EwMx4z3WgbqlioVgGunwyIyuW6VF25G2TyEdqt8nUhYa0w8DmwwZds1vbyD+59UTbO83UqHiBEHxz0XtRFKM6KAx2hIaOMq+JYxrYf9KeZdpxtH2mrcleL9P/kuqWyVvt7Rztl0sH47qyJFVskY2iEf2SJkck1NSIZzcknvySJ6cO+fBeXFeP6NjzmhmhfyA8/4BxqSmMg==</latexit>

h�̃2/Nlatipw
<latexit sha1_base64="8PS1+nw8VmeebJnW9+SNXcpGHvg=">AAACGnicbVDJSgNBEO2Je9yiHr00BsFTnAlux6AXT6JgopCJoadTSZr09AzdNWoY5ju8+CtePCjiTbz4N3YWwe1BweO9KqrqBbEUBl33w8lNTE5Nz8zO5ecXFpeWCyurNRMlmkOVRzLSlwEzIIWCKgqUcBlrYGEg4SLoHQ38i2vQRkTqHPsxNELWUaItOEMrNQueL5nqSKCtqzLdpifN1Ee4xdSEscwy6uuh+6XGN1nWLBTdkjsE/Uu8MSmSMU6bhTe/FfEkBIVcMmPqnhtjI2UaBZeQ5f3EQMx4j3WgbqliIZhGOnwto5tWadF2pG0ppEP1+0TKQmP6YWA7Q4Zd89sbiP959QTbB41UqDhBUHy0qJ1IihEd5ERbQgNH2beEcS3srZR3mWYcbZp5G4L3++W/pFYueXul3bOdYuVwHMcsWScbZIt4ZJ9UyDE5JVXCyR15IE/k2bl3Hp0X53XUmnPGM2vkB5z3T0PHobc=</latexit>

hd2/Nsmplipw
<latexit sha1_base64="ZZ6ZRojcGJ9pvTXD5NR2bOPf5F8=">AAACJHicbVDJSgNBFOxxN25Rj14ag+BB4kxwAz0EvXiSCEYDmRh6el6Sxp7F7jdiGOZjvPgrXjy44MGL32JnOcSloKGoqsfrV14shUbb/rTGxicmp6ZnZnNz8wuLS/nllUsdJYpDlUcyUjWPaZAihCoKlFCLFbDAk3Dl3Zz0/Ks7UFpE4QV2Y2gErB2KluAMjdTMH/rXpe2zZuoi3GOqg1hm2ZGz5d4mzHdRSB9Sl3dENpqSDE 2Ilpr5gl20+6B/iTMkBTJEpZl/c/2IJwGEyCXTuu7YMTZSplBwCVnOTTTEjN+wNtQNDVkAupH2j8zohlF82oqUeSHSvjo6kbJA627gmWTAsKN/ez3xP6+eYOugkYowThBCPljUSiTFiPYao75QwFF2DWFcCfNXyjtMMY6m15wpwfl98l9yWSo6e8Xd851C+XhYxwxZI+tkkzhkn5TJKamQKuHkgTyRF/JqPVrP1rv1MYiOWcOZVfID1tc3wnClgg==</latexit>

d2/Nsmpl < 1, �̃2/Nlat < 2

<latexit sha1_base64="Bdf2tXaG9Y88H6IBiESTnaX+1vY=">AAACGnicbZDLSgMxFIYzXmu9VV26CRbBjSXjfVl0oxtRsCp0ypBJTzU0mRmSM2IZ5jnc+CpuXCjiTtz4Nqa1C28/BD7+cw45549SJS0y9uGNjI6NT0yWpsrTM7Nz85WFxXObZEZAQyQqMZcRt6BkDA2UqOAyNcB1pOAi6h706xc3YKxM4jPspdDS/CqWHSk4Oius+MfhEQ1AqTAPNL+lBT12hHCLNE+54drSoqCBlZpuMra+xVhYqbIaG4j+BX8IVTLUSVh5C9qJyDTEKBS3tumzFFs5NyiFgqIcZBZSLrr8CpoOY67BtvLBaQVddU6bdhLjXox04H6fyN2Gtqcj16k5Xtvftb75X62ZYWevlcs4zRBi8fVRJ1MUE9rPibalAYGq54ALI92uVFy7QAS6NMsuBP/3yX/hfKPm79S2T7eq9f1hHCWyTFbIGvHJLqmTQ3JCGkSQO/JAnsizd+89ei/e61friDecWSI/5L1/AoKWn0I=</latexit>

NI`maxNparams ⇠ 300� 400

OlssonBlack

Scattering plane
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DR → Out

Fit → In

The good

Smeared over a large energy region

Complex s

Real s

An  on the real axis  in the 
complex plane

ϵ → ϵ′ 
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<latexit sha1_base64="lGd+P8uD+sGPQthpDDmUBWUEExY="></latexit>

t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0 KII0

``0 (s
0, s) Im tI

0

`0 (s
0)
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The bad
Not happening

Partial waves

<latexit sha1_base64="f2Ry9JatvROhqTRqiuYwd8g2yqo="></latexit>Z 1

4m2
⇡

=

Z smax

4m2
⇡

+

Z 1

smax

=

Z sfit

4m2
⇡

+

Z smax

sfit

+

Z 1

smax

Extrapolated

Regge

Regge must be extrapolated from phys. mπ

Regge is wrong below atmπ ∼ 0.22 − 0.25

<latexit sha1_base64="lGd+P8uD+sGPQthpDDmUBWUEExY="></latexit>

t̃I` (s) = ⌧ I` (s) +
X

I0,`0

Z 1

4m2
⇡

ds0 KII0

``0 (s
0, s) Im tI

0

`0 (s
0)
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The Regge Regge must be extrapolated from phys. mπ

gluon exchanges  constant over ℙ → → mq

resonances, not constant  ρ, f2 → → λ ∼ Γ/M

1 2 3 4 5 6 8 10
√ s  (GeV)

0

10

20

30

40

50

mb

Biswas et al. 1967
Robertson et al. 1973
Hanlon et al. 1976
ACGL 2001
Garcia-Martin et al. 2011 CFD
PDG 2011
Halzen et al. 2011
net result of this work
partial waves
Regge

σ
π
−
π
+

Our FRegge =
FRegge1 + FRegge2

2

Big uncertainty ΔFRegge = 0.3 FRegge

1102.2183 

1111.7160 
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Regge must be extrapolated from phys. mπ

Our FRegge =
FRegge1 + FRegge2

2

Big uncertainty ΔFRegge = 0.3 FRegge

<latexit sha1_base64="Yhpd8NOk0Z7Ng2LyI83xDkmXIaM=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEnqe1d040aoYB/QhDCZTtuhM5MwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HtPGDOqtON8W3PzC4tLy4WV4ura+samvbXdUFEiManjiEWyFSJFGBWkrqlmpBVLgnjISDMcXGd+84FIRSNxr4cx8TnqCdqlGGkjBfYeD7yYQk9RDivHl94R9DjSfcnTW9IYBXbJKTtjwFni5qQEctQC+8vrRDjhRGjMkFJt14m1nyKpKWZkVPQSRWKEB6hH2oYKxIny0/EbI3hglA7sRtKU0HCs/p5IEVdqyEPTmd2opr1M/M9rJ7p74adUxIkmAk8WdRMGdQSzTGCHSoI1GxqCsKTmVoj7SCKsTXJFE4I7/fIsaVTK7ln59O6kVL3K4yiAXbAPDoELzkEV3IAaqAMMHsEzeAVv1pP1Yr1bH5PWOSuf2QF/YH3+AIQbl+g=</latexit>

m⇡ ⇠ 239MeV

�Is=0 (mb)
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Pions on the lattice

<latexit sha1_base64="b3JFTXsUz7VRauFJn3N5HvYmCd0="></latexit>D
0
���
�
 ̄�5 

�
x,t

�
 ̄�5 

�
0,0

��� 0
E
= � tr

⇣⇥
D�1[U ]

⇤
00,xt

�5
⇥
D�1[U ]

⇤
xt,00

�5
⌘

Connected diagrams

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

Disconnected diagrams

Actual lattices ( )323 × 256

Around 10 GB per flavor

Around 80 PB per flavor

We use clever techniques to “solve” this

<latexit sha1_base64="zKurVX+haRGN/J9qumXJwEg3PwA=">AAACEnicbZDJSgNBEIZ74hbjFvXopTEIChpmxO0Y1IPHCGaByTj0dHqSJj0L3TWSMMwzePFVvHhQxKsnb76NneWgiT80fPxVRXX9Xiy4AtP8NnJz8wuLS/nlwsrq2vpGcXOrrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIbXuxrWGw9MKh6FdzCImROQTsh9Tgloyy0etATzwb6+T4+szK45Lck7XXDctO9yDC4/xH3X1+BnbrFkls2R8CxYEyihiapu8avVjmgSsBCoIErZlhmDkxIJnAqWFVqJYjGhPdJhtsaQBEw56eikDO9pp439SOoXAh65vydSEig1CDzdGRDoquna0PyvZifgXzgpD+MEWEjHi/xEYIjwMB/c5pJREAMNhEqu/4ppl0hCQadY0CFY0yfPQv24bJ2VT29PSpXLSRx5tIN20T6y0DmqoBtURTVE0SN6Rq/ozXgyXox342PcmjMmM9voj4zPH4KvnWI=</latexit>⇥
D�1[U ]

⇤
xiti,xf tf

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

Size
<latexit sha1_base64="3jGBx/TgEs5qfvjBhhL5Bl2U7ho=">AAACF3icbZA7SwNBEMf3fMb4OrW0WQyC1XGn8VEGbSwsIuQFyRn2NnvJkr0Hu3NCOPItbPwqNhaK2Grnt3GTXFATB5b98Z8ZZubvxYIrsO0vY2FxaXllNbeWX9/Y3No2d3ZrKkokZVUaiUg2PKKY4CGrAgfBGrFkJPAEq3v9q1G+fs+k4lFYgUHM3IB0Q+5zSkBLbdMq4hbwgCl8MoUfJftv7qZUaZsF27LHgefByaCAsii3zc9WJ6JJwEKggijVdOwY3JRI4FSwYb6VKBYT2idd1tQYEj3GTcd3DfGhVjrYj6R+IeCx+rsjJYFSg8DTlQGBnprNjcT/cs0E/As35WGcAAvpZJCfCAwRHpmEO1wyCmKggVDJ9a6Y9ogkFLSVeW2CM3vyPNSOLefMOr0tFkqXmR05tI8O0BFy0DkqoWtURlVE0QN6Qi/o1Xg0no03431SumBkPXvoTxgf3/aInfY=</latexit>

4⇥ 3⇥ 4⇥ 3⇥ L3 ⇥ T

<latexit sha1_base64="NDrie6GMsObyNuiQyf82luAVf6Q=">AAACCXicbVC7SgNBFL3rM8bXqqXNYBBiE3ZjfJRBGwuLCHlBsgmzk9lkyOyDmVkhLGlt/BUbC0Vs/QM7/8ZJsoImHhjmcM693HuPG3EmlWV9GUvLK6tr65mN7ObW9s6uubdfl2EsCK2RkIei6WJJOQtoTTHFaTMSFPsupw13eD3xG/dUSBYGVTWKqOPjfsA8RrDSUtdE+RJqK+ZTiU7T/7bzw6onnWLXzFkFawq0SOyU5CBFpWt+tnshiX0aKMKxlC3bipSTYKEY4XScbceSRpgMcZ+2NA2wnuQk00vG6FgrPeSFQr9Aoan6uyPBvpQj39WVPlYDOe9NxP+8Vqy8SydhQRQrGpDZIC/mSIVoEgvqMUGJ4iNNMBFM74rIAAtMlA4vq0Ow509eJPViwT4vnN2VcuWrNI4MHMIR5MGGCyjDDVSgBgQe4Ale4NV4NJ6NN+N9VrpkpD0H8AfGxzehbpho</latexit>

(4⇥ 3⇥ L3 ⇥ T )2
Size
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Pions on the lattice <latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

<latexit sha1_base64="hRAYcPUClPWvLkicJHbnUy8OlVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJ7yT88bxbKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcV77JSva+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/AG74jnM=</latexit>

⇡+
<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u

<latexit sha1_base64="u5VpqmKHJ0Qv5rZSi1TQaAgWZxg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3btZjfsboQS+h+8eFDEq//Hm//GbZqDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbud+94kqzaR4MNOE+jEeCRYxgo2VOoMAKxQOqzW37uZAq8QrSA0KtIbVr0EoSRpTYQjHWvc9NzF+hpVhhNNZZZBqmmAywSPat1TgmGo/y6+doTOrhCiSypYwKFd/T2Q41noaB7Yzxmasl725+J/XT0107WdMJKmhgiwWRSlHRqL56yhkihLDp5Zgopi9FZExVpgYG1DFhuAtv7xKOhd177LeuG/UmjdFHGU4gVM4Bw+uoAl30II2EHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AxlajtQ=</latexit>

d̄

Easiest pion construction in terms of quarks

<latexit sha1_base64="4HRLVFe+aecZmc+gQNBFhKZFGIc=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoMoCOFOjNoIQRvLCOYDcjHMbTbJkt29Y3dPCEl+go1/xcZCEVtLO/+Nm+QKTXww8Hhvhpl5QcSZNq777aQWFpeWV9KrmbX1jc2t7PZORYexIrRMQh6qWgCaciZp2TDDaS1SFETAaTXoXY/96gNVmoXyzvQj2hDQkazNCBgrNbOHQz9i98e+Atnh9HLoB6BwC/sdEAKaBRwnTjObc/PuBHieeAnJoQSlZvbLb4UkFlQawkHruudGpjEAZRjhdJTxY00jID3o0LqlEgTVjcHkoRE+sEoLt0NlSxo8UX9PDEBo3ReB7RRgunrWG4v/efXYtC8aAyaj2FBJpovaMccmxON0cIspSgzvWwJEMXsrJl1QQIzNMGND8GZfnieVk7x3li/cnuaKV0kcabSH9tER8tA5KqIbVEJlRNAjekav6M15cl6cd+dj2ppykpld9AfO5w8CSpyV</latexit>

|⇡+i = |d̄�5ui
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Pions on the lattice

<latexit sha1_base64="b3JFTXsUz7VRauFJn3N5HvYmCd0="></latexit>D
0
���
�
 ̄�5 

�
x,t

�
 ̄�5 

�
0,0

��� 0
E
= � tr

⇣⇥
D�1[U ]

⇤
00,xt

�5
⇥
D�1[U ]

⇤
xt,00

�5
⌘

<latexit sha1_base64="hRAYcPUClPWvLkicJHbnUy8OlVc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48VTFtoY9lsp+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJ7yT88bxbKrsVdwayTLyclCFHvVv66vRilkYoDRNU67bnJibIqDKcCZwUO6nGhLIRHWDbUkkj1EE2O3ZCTq3SI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/RhuAtvrxMGhcV77JSva+Wazd5HAU4hhM4Aw+uoAZ3UAcfGHB4hld4c6Tz4rw7H/PWFSefOYI/cD5/AG74jnM=</latexit>

⇡+
<latexit sha1_base64="Dj96JhijXyqQ1LF4s6VoJbVKYLw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP5JuNAg==</latexit>u

<latexit sha1_base64="u5VpqmKHJ0Qv5rZSi1TQaAgWZxg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3btZjfsboQS+h+8eFDEq//Hm//GbZqDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbud+94kqzaR4MNOE+jEeCRYxgo2VOoMAKxQOqzW37uZAq8QrSA0KtIbVr0EoSRpTYQjHWvc9NzF+hpVhhNNZZZBqmmAywSPat1TgmGo/y6+doTOrhCiSypYwKFd/T2Q41noaB7Yzxmasl725+J/XT0107WdMJKmhgiwWRSlHRqL56yhkihLDp5Zgopi9FZExVpgYG1DFhuAtv7xKOhd177LeuG/UmjdFHGU4gVM4Bw+uoAl30II2EHiEZ3iFN0c6L86787FoLTnFzDH8gfP5AxlajtQ=</latexit>

d̄

Easiest pion construction in terms of quarks

<latexit sha1_base64="4HRLVFe+aecZmc+gQNBFhKZFGIc=">AAACEHicbVA9SwNBEN2LXzF+RS1tFoMoCOFOjNoIQRvLCOYDcjHMbTbJkt29Y3dPCEl+go1/xcZCEVtLO/+Nm+QKTXww8Hhvhpl5QcSZNq777aQWFpeWV9KrmbX1jc2t7PZORYexIrRMQh6qWgCaciZp2TDDaS1SFETAaTXoXY/96gNVmoXyzvQj2hDQkazNCBgrNbOHQz9i98e+Atnh9HLoB6BwC/sdEAKaBRwnTjObc/PuBHieeAnJoQSlZvbLb4UkFlQawkHruudGpjEAZRjhdJTxY00jID3o0LqlEgTVjcHkoRE+sEoLt0NlSxo8UX9PDEBo3ReB7RRgunrWG4v/efXYtC8aAyaj2FBJpovaMccmxON0cIspSgzvWwJEMXsrJl1QQIzNMGND8GZfnieVk7x3li/cnuaKV0kcabSH9tER8tA5KqIbVEJlRNAjekav6M15cl6cd+dj2ppykpld9AfO5w8CSpyV</latexit>

|⇡+i = |d̄�5ui

What is the evolution?   contractions→

Point to all propagators

<latexit sha1_base64="nLvB+hsef10gSUgiUaOSigpE4vk=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4ccjUTm13RV24rGAf0I4lk2ba2ExmSDJCGfoPblwo4tb/ceffmD4EFT1w4XDOvdx7jx9zpjRCH1ZmaXlldS27ntvY3Nreye/uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy6mfuueSsUicaPHMfVCPBAsYARrIzUvb9MTZ9LLF5CNyuVT14HIdl3kFkuGVKsVF1WgY6MZCmCBei//3u1HJAmp0IRjpToOirWXYqkZ4XSS6yaKxpiM8IB2DBU4pMpLZ9dO4JFR+jCIpCmh4Uz9PpHiUKlx6JvOEOuh+u1Nxb+8TqKDipcyESeaCjJfFCQc6ghOX4d9JinRfGwIJpKZWyEZYomJNgHlTAhfn8L/SbNoO2XbvS4VaueLOLLgAByCY+CAM1ADV6AOGoCAO/AAnsCzFVmP1ov1Om/NWIuZffAD1tsnYbSPCQ==</latexit>

D�1

<latexit sha1_base64="CrUusP9yaDWEG0bS+ZiFTTXKYN4=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwY0hq2ia7oi5cVrCt0MYymU7asZNMmJkIJfQf3LhQxK3/486/cfoQVPTAhcM593LvPUHCqFSW9WHklpZXVtfy64WNza3tneLuXkvyVGDSxJxxcRMgSRiNSVNRxchNIgiKAkbaweh86rfviZCUx9dqnBA/QoOYhhQjpaXWxW12Yk96xZJl1hzH9TxomdWq69muJuVTx3Mr0DatGUpggUav+N7tc5xGJFaYISk7tpUoP0NCUczIpNBNJUkQHqEB6Wgao4hIP5tdO4FHWunDkAtdsYIz9ftEhiIpx1GgOyOkhvK3NxX/8jqpCl0/o3GSKhLj+aIwZVBxOH0d9qkgWLGxJggLqm+FeIgEwkoHVNAhfH0K/yetsmlXzcqVU6qfLeLIgwNwCI6BDWqgDi5BAzQBBnfgATyBZ4Mbj8aL8TpvzRmLmX3wA8bbJ4x0jyY=</latexit>

D�1

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t
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Pions on the lattice

Lets study the temporal evolution of a pair of particles

<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t
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Pions on the lattice

<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

Lets study the temporal evolution of a pair of particles

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

<latexit sha1_base64="GA2aGFdwceFG0/AjEBsy4UxhYO0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBC8GHZFoseglxwjmAcmMcxOepMhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPd8pkBKRTUUaCEVqyBhb6Epj+6nfrNJ9BGROoexzF0QzZQIhCcoZUe4DE9F7RKcdIrFN2SOwNdJl5GiiRDrVf46vQjnoSgkEtmTNtzY+ymTKPgEib5TmIgZnzEBtC2VLEQTDedXTyhp1bp0yDSthTSmfp7ImWhMePQt50hw6FZ9Kbif147weC6mwoVJwiKzxcFiaQY0en7tC80cJRjSxjXwt5K+ZBpxtGGlLcheIsvL5PGRckrl8p3l8XKTRZHjhyTE3JGPHJFKqRKaqROOFHkmbySN8c4L8678zFvXXGymSPyB87nD5BGkDY=</latexit>

e�iHt
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Pions on the lattice

<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

<latexit sha1_base64="VikyEHsYIVtg+K4Hpog+vseSrvg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR3FhmxNdGKIrgsoJ9QDsOmTRtQzOZIbkjlLELf8WNC0Xc+hvu/BvTdhbaeuCSwzn3cm9OEAuuwXG+rdzc/MLiUn65sLK6tr5hb27VdJQoyqo0EpFqBEQzwSWrAgfBGrFiJAwEqwf9q5Fff2BK80jewSBmXki6knc4JWAk3965aOkk9CWmpth9enhtXhj6dtEpOWPgWeJmpIgyVHz7q9WOaBIyCVQQrZuuE4OXEgWcCjYstBLNYkL7pMuahkoSMu2l4/uHeN8obdyJlCkJeKz+nkhJqPUgDExnSKCnp72R+J/XTKBz7qVcxgkwSSeLOonAEOFRGLjNFaMgBoYQqri5FdMeUYSCiaxgQnCnvzxLakcl97R0cntcLF9mceTRLtpDB8hFZ6iMblAFVRFFj+gZvaI368l6sd6tj0lrzspmttEfWJ8/u0eVSg==</latexit>

=
X

n

cne
�Ent

Euclidean time

Lets study the temporal evolution of a pair of particles

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

<latexit sha1_base64="GA2aGFdwceFG0/AjEBsy4UxhYO0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBC8GHZFoseglxwjmAcmMcxOepMhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPd8pkBKRTUUaCEVqyBhb6Epj+6nfrNJ9BGROoexzF0QzZQIhCcoZUe4DE9F7RKcdIrFN2SOwNdJl5GiiRDrVf46vQjnoSgkEtmTNtzY+ymTKPgEib5TmIgZnzEBtC2VLEQTDedXTyhp1bp0yDSthTSmfp7ImWhMePQt50hw6FZ9Kbif147weC6mwoVJwiKzxcFiaQY0en7tC80cJRjSxjXwt5K+ZBpxtGGlLcheIsvL5PGRckrl8p3l8XKTRZHjhyTE3JGPHJFKqRKaqROOFHkmbySN8c4L8678zFvXXGymSPyB87nD5BGkDY=</latexit>

e�iHt
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Pions on the lattice

<latexit sha1_base64="tlZtjFE5CJMZj9TgfeFfFZ5DJ6o="></latexit>

C (t) ⌘
⌦
0
��O (t)O†(0)

�� 0
↵

<latexit sha1_base64="VikyEHsYIVtg+K4Hpog+vseSrvg=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR3FhmxNdGKIrgsoJ9QDsOmTRtQzOZIbkjlLELf8WNC0Xc+hvu/BvTdhbaeuCSwzn3cm9OEAuuwXG+rdzc/MLiUn65sLK6tr5hb27VdJQoyqo0EpFqBEQzwSWrAgfBGrFiJAwEqwf9q5Fff2BK80jewSBmXki6knc4JWAk3965aOkk9CWmpth9enhtXhj6dtEpOWPgWeJmpIgyVHz7q9WOaBIyCVQQrZuuE4OXEgWcCjYstBLNYkL7pMuahkoSMu2l4/uHeN8obdyJlCkJeKz+nkhJqPUgDExnSKCnp72R+J/XTKBz7qVcxgkwSSeLOonAEOFRGLjNFaMgBoYQqri5FdMeUYSCiaxgQnCnvzxLakcl97R0cntcLF9mceTRLtpDB8hFZ6iMblAFVRFFj+gZvaI368l6sd6tj0lrzspmttEfWJ8/u0eVSg==</latexit>

=
X

n

cne
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<latexit sha1_base64="8gmtqRIobkGv/eXCar4Q+ep/i8A="></latexit>

=
X

n

⌦
0
��O (t) |nihn|O†(0)

�� 0
↵Basis

Euclidean time

We determine these energies from fitting the 
temporal evolution of the system
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<latexit sha1_base64="mYQm7IbfWkFJdmhECk1BXzTRxGU=">AAACIHicbVDJSgNBEO1xjXGLevTSGIQEIcyIGi9CMBePEYwKmSH0dGqSxp6F7hoxDPMpXvwVLx4U0Zt+jZ3l4Pagisd7VXTX8xMpNNr2hzUzOze/sFhYKi6vrK6tlzY2L3WcKg5tHstYXftMgxQRtFGghOtEAQt9CVf+TXPkX92C0iKOLnCYgBeyfiQCwRkaqVuqh93MRbjDDIIgz+kJlXGfuhIC7FA3UIxnzQpW81Hfc6o5dZXoD9Drlsp2zR6D/iXOlJTJFK1u6d3txTwNIUIumdYdx07Qy5hCwSXkRTfVkDB+w/rQMTRiIWgvGx+Y012j9GgQK1MR0rH6fSNjodbD0DeTIcOB/u2NxP+8TorBsZeJKEkRIj55KEglxZiO0qI9oYCjHBrCuBLmr5QPmEkFTaZFE4Lz++S/5HK/5hzVDs8Pyo3TaRwFsk12SIU4pE4a5Iy0SJtwck8eyTN5sR6sJ+vVepuMzljTnS3yA9bnF5QaopU=</latexit>

me↵ = log


C(t)

C(t+ 1)

�
Ground state

Lets study the temporal evolution of a pair of particles

<latexit sha1_base64="hqVrKYwgHWEdZGkbzzAGbjhuTRE=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCevAYwSyYDKGn05M06ekZumuEMOQvvHhQxKt/482/sbMcNPFBweO9KqrqBYkUBl3328ktLa+sruXXCxubW9s7xd29uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcDP2G09cGxGrBxwm3I9oT4lQMIpWemzfcomU4BV2iiW37E5AFok3IyWYodopfrW7MUsjrpBJakzLcxP0M6pRMMlHhXZqeELZgPZ4y1JFI278bHLxiBxZpUvCWNtSSCbq74mMRsYMo8B2RhT7Zt4bi/95rRTDSz8TKkmRKzZdFKaSYEzG75Ou0JyhHFpCmRb2VsL6VFOGNqSCDcGbf3mR1E/K3nn57P60VLmexZGHAziEY/DgAipwB1WoAQMFz/AKb45xXpx352PamnNmM/vwB87nD+7fkHM=</latexit>

�t = t

Single exponential

Multiple exponentials
<latexit sha1_base64="GA2aGFdwceFG0/AjEBsy4UxhYO0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBC8GHZFoseglxwjmAcmMcxOepMhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXeXH0th0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPd8pkBKRTUUaCEVqyBhb6Epj+6nfrNJ9BGROoexzF0QzZQIhCcoZUe4DE9F7RKcdIrFN2SOwNdJl5GiiRDrVf46vQjnoSgkEtmTNtzY+ymTKPgEib5TmIgZnzEBtC2VLEQTDedXTyhp1bp0yDSthTSmfp7ImWhMePQt50hw6FZ9Kbif147weC6mwoVJwiKzxcFiaQY0en7tC80cJRjSxjXwt5K+ZBpxtGGlLcheIsvL5PGRckrl8p3l8XKTRZHjhyTE3JGPHJFKqRKaqROOFHkmbySN8c4L8678zFvXXGymSPyB87nD5BGkDY=</latexit>

e�iHt


