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Experimental Picture
Spectrum: charmonium  sector                          Spectrum: bottomonium  sector
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How do the threshold states mix with the quarkonium ones and modify 
its spectrum? 



The BOEFT approach from a lattice perspective
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A Pictorial Representation

The cylindrical group D∞hreps:  Λ𝜎  (LDF) η

Quarkonium Meson-Antimeson threshold

Static quarks correlation matrix

Wilson Loops
S-wave S-wave threshold

S-wave P-wave threshold

For two systems to interact they need to 
be in the same D∞h  reps.



The BOEFT approach from a lattice perspective
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A parametrization for the static  Hamiltonian
from Phys.Lett.B 854 (2024) Adiabatic levels of the static system

from Phys.Lett.B 854 (2024)

Our mixing potential beyond the fit region



BOEFT Lagrangian and spectra alignment
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Fixing the spectrum and the thresholds 

The Lagrangian (leading order)

Spin independent lagrangian: quarkonium and threshold states are spin averaged

All the physical values are spin averaged

Natural value of the mass: mb = mB

Mass relations
Compatible with the value of Phys. Rev. D 98

l.d.f. 
dynamics   

heavy quark 
momentum

binding 
energy



BOEFT Lagrangian and spectra alignment
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Experimental values taken from 
R.L. Workman et al. (Particle Data 
Group) 

  Charmonium spectrum
mc = mD

   Bottomonium spectrum
mb = mB

Threshold values

https://pdg.lbl.gov/2023/html/authors_2023.html
https://pdg.lbl.gov/2023/html/authors_2023.html


Threshold corrections: coupled system approach
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Bound state (below threshold) e. o. m.

Selection rules

Wavefunctions



Threshold corrections: coupled system approach
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Charmonium Bottomonium

● threshold corrections of few MeVs 
● bigger corrections for states nearer 

to the threshold

Threshold corrections:



Threshold corrections: coupled system approach 
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A 2p charmonium state just below the DD threshold via mixing coupling fine-tuning?

Mass

Radius

Composition



Threshold corrections: self-energy approach
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Quarkonium bound states

Exact charmonium propagator

Diagrams resummation

Poles shift and decay rates

similar methods in 
Phys.Rev.D 106 (2022) 

Meson-Antimeson states

Form factor and selection rules



Threshold corrections: self-energy approach
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Threshold corrections: Decay rates: 

Experimental data

Experimental values taken from R.L. Workman et al. 
(Particle Data Group) 

S-wave D-wave quarkonium mixing not considered in our 
calculations

This state is below the BB spin avg. threshold

https://pdg.lbl.gov/2023/html/authors_2023.html
https://pdg.lbl.gov/2023/html/authors_2023.html


Threshold corrections: self-energy approach
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Some illustrative plots

Weak dependence from the energy of the 
state far from threshold

Strong dependence by the energy of 
the state even far from threshold

Order of magnitude of the decay rates within the uncertainties 
is compatible with the experimental data



Comparison among the methods
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● the different methods agree in 
the weak-coupling limit

● in the strong-coupling limit a fully 
non-perturbative treatment 
(coupled system) is needed

DD threshold DsDs threshold



Conclusions
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● LQCD inputs needed for the BOEFT approach
● Different approaches to study the problem: coupled system & 

self-energy
● Possibility to fine-tune the mixing coupling to get just below 

threshold states for coupled system
● States close to the threshold receive bigger threshold corrections 

w.r.t. further ones
● Same predictions from the different methods (coupled system, 

self-energy) in the weak-coupling limit 
● Decay rates key observable to test the model


