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Introduction to Parton Distribution Functions (PDFs)
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Obtaining PDF sets – General procedure.

Start parton evolution at low scale Q2
0 ∼ 1GeV2. 6 independent PDF

combinations, or 7 if we assume s = s̄.

May also consider independent (nonperturbative) to contributions heavy
quarks c, b.

Evolve partons upwards using LO, NLO or NNLO DGLAP equations.

dfi(x,Q
2,αs(Q

2))
d lnQ2 =

∑
j Pij(x, αs(Q

2))⊗ fj(x,Q2, αs(Q
2))

Fit data above ∼ 2GeV2. Need very many types for full determination.
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Range of Data Sets used
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Most groups use a parton parameterization and Hessian approach.

NNPDF fit to data replicas obtaining PDF replicas q(net)(k)
i .
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Importance of perturbative
precision.

NLO is very far
from sufficient. Large
change in some
cross sections at
NNLO.

Also, a very poor
fit at NLO to some
data sets.
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This procedure is generally successful and is part of a large-scale,
ongoing project. Results in partons of the general form shown.
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Various choices of PDF – MSHT, CT, NNPDF, ABM(P), HERA/ATLAS,
CJ et al etc.. All cross-sections in hadron collisions rely on our
understanding of these partons.
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Major PDF Analyses – slide from J. Gao

Many updates over the last few years.

Changes in methodology , not just more data included.
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Importance of PDFs.

Beyond their fundamental interest in understanding QCD and the
structure of the proton PDFs vitally important in particle physics.

Input to cross-sections.

Also major uncertainty in extracting seemingly unrelated fundamental
parameters, e.g. MW , sin

2 θW . Fundamentally correlated with the
strong coupling in many determinations.
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Impact of Recent Data.
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Recently many new types of data, but just a couple of examples.

Dijets and inclusive jets pull slightly differently. The latter are a better fit
and are more stable under corrections.

Top and jet data tend to pull the high-x gluon differently.
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New Data Sets.

Some high precision or new
types of data recently presented
(and soon to appear) will
have an important impact.
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Implications for Charm PDF.

Suggestions from structure
function data and LHC collider
data that fitted charm required.

Not overwhelming, and “fitted”
and “intrinsic” difficult to
disentangle.

Even some suggestion of
intrinsic valence charm.
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aN3LO PDFs and Theory Uncertainties

Leading source of uncertainties is from from Missing Higher Orders
in perturbation theory. Numerous sources of this for e.g structure
functions, i.e. splitting functions

P (x, αs) = αsP
(0)(x) + α2

sP
(1)(x) + α3

sP
(2)(x) + α4

sP
(3)(x) + . . . ,

but also heavy flavour transition matrix elements and cross-sections
(coefficient functions)

F2(x,Q2) =
∑

α∈{H,q,g}

(
C

VF, nf+1
q,α ⊗Aαi(Q2/m2

h)⊗ fnfi (Q2)

+C
VF, nf+1

H,α ⊗Aαi(Q2/m2
h)⊗ fnfi (Q2)

)
,

Current knowledge is up to NNLO, with full higher orders unknown.

Already lots of progress in calculating features at N3LO [2-13]. Since
PDFs appeared also [14-18]
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N3LO - What do we know?

Zero-mass structure function N3LO coefficient functions are known [2],
and flavour transition matrix elements for partons recently finalised
[17,18].

For splitting functions some information from leading terms in the small
x and large x regime [3-12], e.g.

P (3)
qg (x)→ C3

A

3π4

(
82

81
+ 2ζ3

)
1

2

ln2 1/x

x
+ ρqg

ln 1/x

x
,

Some numerical constraints (Low-integer Mellin moments) [3-12], and
intuition from lower orders and expectations from perturbation theory.

Splitting Functions at aN3LO – Nm Mellin moments and small-x
constraints can be used to define

F (x) =

Nm∑
i=1

Aifi(x) + fe(x).

Choose a set of relevant functions and solve for Ai.
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Very little about many cross-sections (K-factors). e.g. parametrize the
N3LO K-factor as a superposition of both NNLO and NLO K-factors.

K(y) = 1 +
αs
π
D(y) +

(αs
π

)2

E(y) +
(αs
π

)3

F (y) +O(α4
s).

KN3LO/LO = KNNLO/LO

(
1 + α3

sâ1
N 2

π
D + α3

sâ2
N
π2
E

)
.

Calculations of N3LO Drell Yan production now exist [19-21], but not in
practical terms so far.
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Global Fit Quality at aN3LO

The overall χ2 follows the general trend one may expect from
perturbation theory.

LO NLO NNLO aN3LO
χ2
Npts

2.57 1.33 1.17 1.14

Including aN3LO has reduced tensions between small and large-x.

The gluon is enhanced at small-x due to the large logarithms present at
higher orders. Light quarks enhanced slightly at high x.
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NNPDF study recently completed [16]. Similar in numerous respects.
More up-to-date inputs.
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PDFs - main change in g
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Consequences for Higgs Cross Sections.

Changes in N3LO cross section relative to use of NNLO PDFs obvious.
Smaller for NNPDF than MSHT.
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Recent improvements in knowledge of splitting functions.

Now 5 moments available for Pgg. Allows improved constraint provided
by [17] (Moch et al.)

Now 10 moments for PPSqq and Pqg, and very recently Pgq. Allows much
improved constraint in [17,18] (Falconi, et al.).
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Range of allowed total splitting splitting functions.

We are close to the level at N3LO that we were when NNLO PDFs were
becoming standard ∼ 2008.
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Effect of MSHT fits with improved [14-16] splitting functions.

Note - only central value.

χ2 still over 100 lower than NNLO, very largely at small x - would
improve further once uncertainty accounted for.

aN3LO gluon changes a little compared to published MSHT PDFs,
raising 1.5% near x = 0.01.

Main features of aN3LO comparison to NNLO remain the extremely
similar.
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Best fit value of αS(M2
Z) at aN3LO possible 2404.02964

Previously [21] we found at NNLO that αS(M2
Z) = 0.1174± 0.0013.

Repeat analysis at NNLO with new baseline (ATLAS 8 TeV inclusive jet
data) and also at aN3LO.

αS(M2
Z) = 0.1171± 0.0014 NNLO

αS(M2
Z) = 0.1170± 0.0016 aN3LO

Determine uncertainty by dynamical tolerance procedure, same as for
eigenvector uncertainties. Uncertainty corresponds to ∆χ2 = 13 NNLO,
∆χ2 = 16 N3LO.
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PDFs up to aN3LO with QED corrections 2312.07665

At the level of accuracy we are now approaching it is important to
account for electroweak corrections. For a consistent treatment we
need PDFs which incorporate QED into the evolution, i.e. the inclusion
of the photon PDF γ(x,Q2) [22-24].

Put on truly quantitative footing in LUXqed photon PDF [25]. Relates
photon to structure functions, and uncertainty of at most a few percent.
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This results in a
largely consistent
set of photon PDFs
between groups.

Differences similar
to differences in
quark PDFs, couple
of percent uncertainties.

Direct impact due
to input photon PDF
in some cases, e.g.
Z +H.

Generally small impact
(reduction) due to
other PDF modifications.
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New Physics and PDFs.

Look for indirect
signs of new physics
in standard high
energy data.

Parametrize in SMEFT

LSMEFT = LSM +∑
i

CiO
(6)
i

Λ2 + · · · .

Need to account for interplay of BSM Physics with PDFs.

Example, CT study 2211.01094, joint fit to SMEFT + PDF parameters.
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Similar study by NNPDF. Also consider HL-LHC pseudodata, and if it
can be absorbed in PDF fit 2307.10370.

For some models, depending on new physics scale, it can.

Can reduce effects by looking a cross section ratios.

Much better to constrain PDFs from both high and lower energy
constraints, e.g. HL-LHC and EIC. Highlights need for global fits.
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Current PDFs at NNLO

An illustration of a current comparison of PDFs.

Uncertainties and agreement has improved with time.

However, still disagreement in some central values, and quite markedly
in some uncertainties.
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Future Experiment Impacts – HL-LHC - study in 1810.03639.
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Drell–Yan production

γ
Direct photon production

Types of data sets used in the study. Chosen to maximise impact on
currently less well-known PDFs, regions.
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Impact in more or less optimistic (regarding systematic uncertainties)
scenarios.

Note, “tolerance” in ∆χ2 = 9 has been used to be roughly consistent
with global fit procedure.

Smallest effect at low x where HERA constraints remain dominant.
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Impact on related quantities of parton luminosity functions.

Smallest effects at smaller MX, i.e. small x PDFs.
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This translates into similar reductions on uncertainties for cross section
predictions.
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Future Experiment Impacts – LHC -FPF - J. Rojo, DIS2024

The LHC also acts
as a source of high
energy neutrinos from
decays of produced
mesons.

Detected at e.g. FASERν,
SND.

Mid-range energy (102 −
103GeV muon neutrinos from
pion and kaon decay provide
improved information of flavour
separation in PDFs.
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Charm meson production probed by neutrino production.

Charm mesons dominant source of neutrino flux, or more specifically
interactions at SND.

Charm produced in LHC
collisions at pseudo-rapidity
∼ 7− 9.

Corresponds to x1 ∼ 0.04 −
0.8 and x2 ∼ 10−7−5×10−5.

On the edge of LHCb lower
limit.

Provides info. on small-x
physics and high-x intrinsic
charm.
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EIC constraints on PDFs.

Kinematic range compared
with other experiments
providing constraints.

Much better precision
than previous experiments
at high x.

Not too low (≤ 15GeV2)
W 2 – less higher twist
contamination (compare
with JLAB).
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Dominated by systematic rather than statistical uncertainties. Latter
projected to be much better than previous DIS experiments.
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Impact of EIC proton structure function data.
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Consider this within a global
fit (e.g. MSHT - impact
clearly larger in DIS-only fit.
2309.11269.

Main impact on high-x quarks,
but some also on gluon
distribution.

Has a noticeable effect on
Higgs cross-section via gluon-
gluon fusion at the LHC.

Extra improvements possible
from deuteron data, especially
with neutron tagging.
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Big impact on Nuclear PDFS
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Test the nuclear corrections
in much more detail, e.g.
2309.11269.

Significant reduction in gluon
uncertainty at small x.
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Projection for possible EIC heavy flavour data.
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Tensions between inclusive structure function data and heavy flavour.

Latter prefers steeper gluon – (EPJC 78 (2018) 6, 473).

The EIC will get into this range where tension is seen.
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High-x Strange Quark.

p

W

e
νe

jet

There is also the possibility
of looking at the less
well know strange quark
via charm quark jets.

Requires dealing with
fragmentation (but so
do some current methods
at some level).

Similar type of data
from neutrino scattering
on iron targets from
CCFR/NuTeV already
used.

Plot from https://arxiv.org/abs/2006.12520.
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Polarized PDFs.

Very significant expansion of coverage to small x, as well as higher Q2

at high x. (∂g1(x,Q2)/∂ lnQ2) ∼ −∆g(x,Q2). Significant impact on
PDFs and spin sum rule.
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αS(M2
Z) determinations from structure functions.

High-x, not too low Q2,W 2 data very clean probe of αS(M2
Z) via non-

singlet structure function evolution.

EIC data can improve constraints dramatically 2307.01183.

Need also to consider theoretical/methodological uncertainties.
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Future Experiment Impacts – LHeC.
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1906.10127.
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Very considerable impact on PDFs seen, particularly at small x (contrast
with HL-LHC).

Impact of taking “tolerance” ∆χ2 = 9 for consistency with global PDF fit
compared to ∆χ2 = 1 - not a naive factor of 3 increase in uncertainty.
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Impact of just LHeC pseudodata, just HL-LHC or both.

Clearly different regions where one or the other dominates.

Excellent improvement in a very wide range of places when both can be
applied.
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Note PDF parameterization must allow the same level of precision as
that achieved by the constraint in order for results to be reliable.

Potentially the constraint can be limited by the parameterization not the
data, more so as the data precision improves.

Using exactly same procedure the improvement at high x for simple
version of HERAPDF with 14 parameters is much greater than for 100
eigenvector PDF4LHC.

Much more similar at very small x.
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Non-collider experiments.

PDFs matter for neutrino experiments, not only at ultra high-energy.

See e.g. 2409.01258. Cross
sections depend on different
combinations of structure functions
due to different lepton masses.

Particularly for ντ .
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Correlations between cross
sections then depends on
PDFs.

Uncertainty of σντ/σνµ at e.g.
IceCube-DeepCore, KM3NET
or DUNE, shown.
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Challenges - Improving/understanding Methodology.

Tensions

Clearly tensions on pulls of PDFs from different data sets.

Sometimes different types of data, e.g. LHC jets and top data seems to
prefer different high-x gluons - could be for variety of reasons.

Sometimes from identical types of data, e.g. Seaquest and Nusea Drell-
Yan asymmetry - less scope for reasons.
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Look at effect when generating purposefully inconsistent sets of data
2407.07944.

Inconsistent data does not lead to an increase in PDF uncertainty using
conventional treatments.

Clear inconsistencies in pulls from different data types, but global fit χ2

is not “that bad”.
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Issues of Parameterization limitations – Closure Test.
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Relies of having enough parameters (and a suitably well-chosen form
of parameterization) to be successful for a given number of PDFs over
a given range in x and at a certain level of precision.

Limitations from less flexible parametrizations can lead to inaccuracies
in PDFs consistent with ≥ ∆χ2 = 10 over a range of PDFs.

Note – CT justify part of their (larger “tolerance”) by comparing variation
between parameter choices in their PDF fits.

IPPP – Sept 2024 52



Methodology uncertainties - compare extremely like-to-like fits.

Clearly differences of order the uncertainties. Not always clear why.
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PDF changes due to treatment of (correlated) systematics

Issues related to correlations between data sets and due to correlations
within data sets.

Systematics related to variations in Monte Carlo generators likely to not
fully represent correlations or absolute size of the uncertainty.

IPPP – Sept 2024 54



Potential issues due to lack of
complete knowledge of what
the error is.

Need to consider the “error on
the error”.
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Taking Account of Lepton Sector at EIC - example of complicated
systematic.
Take properly into account
photon radiation from both
the lepton and the quarks
2408.08377.

Strictly, need to account for
lepton distributions functions
and fragmentation.
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Summary.

PDFs fully (in practice) established at NNLO, and are approaching
uncertainties of 1% in many regions - flavour decomposition not at this
level in general.

Both improving theory, e.g. (reasonably) complete N3LO and future
experiments can drive us to sub percent accuracy over most PDF
flavours and kinematic regions. But ....

– Require very wide range of experiments to achieve this, particularly if
some constraints on PDFs are in the very high energy limit.

– We are at the point where all methodological uncertainties in PDF
determination need to be understood and quantified better.

– This interacts with experiment - uncertainties need to be presented in
a comprehensive and genuinely realistic manner.

– Vital to understand variation in not only PDF central values but
uncertainties in order to both understand QCD with precision and to
utilize PDFs in other studies - e.g. CMS inflating PDF uncertainties by
varying amounts for MW determination.
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Back-Up Slides
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Parts unknown at N3LO estimated using existing covariance
matrix/scale variation approach.

Gives uncertainty on splitting functions, similar approach for other
quantities.
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Comparison with MSHT and NNPDF versions
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Future Experiment Impacts – HL-LHC - study in 1810.03639

Details of data
sets used in the
study.

Chosen to maximise
impact on currently
less well-known
PDFs, regions.
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Determine uncertainty by dynamical tolerance procedure, same as for
eigenvector uncertainties.

Examine fit quality with varying αS(M2
Z) for each data set, and find most

limiting set in each direction.

Find very similar constraints regarding datasets at each order, though
slightly wider bounds at aN3LO on data types with current N3LO K-
factors freedom. Better measure of true theoretical uncertainty.

Uncertainty corresponds to ∆χ2 = 13 NNLO, ∆χ2 = 16 N3LO.
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Deuteron structure Functions.

Possibility of tagging a final state neutron in deuteron scattering.

As t − m2
N → 0 corresponds to scattering of neutron, i.e. “on-shell

extrapolation”.

Eliminates uncertainty in deuteron correction to sum of free p, n
distributions.

Can possibly start testing isospin symmetry.
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Semi-Inclusive DIS

Also an impact, particularly on strange from kaon production, though
tied to uncertainty on fragmentation functions Phys. Rev. D
990094004.
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Leads directly to the below improvements in PDFs Borsa et al.,
Phys. Rev. D.102 (2020) 094018.

Slight caveat, need care that parameterization flexibility consistent with
precision of data and pseudodata – PDFs have 5 parameters here,
probably sufficient.
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Related to this is the possible impact on the knowledge of the sum rule.
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A direct example of how PDF replicas are selected and focussed by the
potential new data.

Distinct bunching, but also variation of weight within reduced set of
PDFs.
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Uncertainties on PDFs
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Uncertainties from same data
using various approaches.

Gluon distribution.
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Anti-down distribution.
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Use 26 parameters,
but use various
different choices
and investigate
PDF changes.

Require consistency
with χ2 tolerance
chosen.
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Extension of parameterisation.

General parameterisation used A(1 − x)ηxδ(1 +
∑n
i=1 aiTi(1 − 2x

1
2)),

where Ti(1− 2x
1
2)) are Chebyshev polynomials.
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0.001 0.005 0.010 0.050 0.100 0.500 1.000
x
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Illustration of precision possible with increasing n, sea-like (left) and
valence-like (right) (where pseudo-data for x > 0.01). Using n = 6
would lead to much better than 1% precision.

For most PDFs n = 4 default for MMHT2014 – 36 parameters.

Now extend to n = 6 – total of 51 parton parameters.

When determining uncertainties go from 25 eigenvector pairs to 32.
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Uncertainties on PDF - Methodology.

Comparison between uncertainty on NNPDF4.0 and NNPDF3.1 and
comparison between bases for PDF input for NNPDF4.0 when using
exactly the same data.
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