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Slowly rolling scalar field : 
Inflaton field  �(t)
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A variant Inflationary scenario:
Warm Inflation



Cold Inflation vs Warm Inflation

<latexit sha1_base64="o7vlJ8HzBvxIIY91fYSTDoPVtNU=">AAACCXicbVDLSgMxFM3UV62vUZdugq0gKGWm4mMjFN10WcE+oDMMmUymDc1khiQjlNKtG3/FjQtF3PoH7vwbM+0IWj0Qcjjn3pvc4yeMSmVZn0ZhYXFpeaW4Wlpb39jcMrd32jJOBSYtHLNYdH0kCaOctBRVjHQTQVDkM9Lxh9eZ37kjQtKY36pRQtwI9TkNKUZKS54JK04QxMpJBvTopOF80/axl92XVsUzy1bVmgL+JXZOyiBH0zM/9BScRoQrzJCUPdtKlDtGQlHMyKTkpJIkCA9Rn/Q05Sgi0h1PN5nAA60EMIyFPlzBqfqzY4wiKUeRrysjpAZy3svE/7xeqsILd0x5kirC8eyhMGVQxTCLBQZUEKzYSBOEBdV/hXiABMJKh1fSIdjzK/8l7VrVPque3tTK9as8jiLYA/vgENjgHNRBAzRBC2BwDx7BM3gxHown49V4m5UWjLxnF/yC8f4FX/yY2w==</latexit>

�̈+ 3H�̇+ V,� = 0
<latexit sha1_base64="skFFGBLbQL+Mr9v8/XIvmQp8Bt8=">AAACIXicbVBNS8MwGE7n15xfVY9eipswcY52ou4iDL3sOGFfsJaSZtkWlqYlSYUx9le8+Fe8eFBkN/HPmG4d6OYLIQ/PB8n7eCElQprml5ZaW9/Y3EpvZ3Z29/YP9MOjpggijnADBTTgbQ8KTAnDDUkkxe2QY+h7FLe84UOst54wFyRgdTkKsePDPiM9gqBUlKuXc3a3G0g7HJCLq6q9gM2CG993l3YjFIQGLF8vxMT5wpFz9axZNGdjrAIrAVmQTM3VpyqLIh8ziSgUomOZoXTGkEuCKJ5k7EjgEKIh7OOOggz6WDjj2YYT40wxXaMXcHWYNGbs78QY+kKMfE85fSgHYlmLyf+0TiR7ZWdMWBhJzND8oV5EDRkYcV1Gl3CMJB0pABEn6q8GGkAOkVSlZlQJ1vLKq6BZKlo3xevHUrZyn9SRBifgFOSBBW5BBVRBDTQAAs/gFbyDD+1Fe9M+tencmtKSzDH4M9r3D99/orw=</latexit>

�̈+ 3H�̇+ V,� = �⌥(T,�)�̇
<latexit sha1_base64="HOjTvXQr3XsPN9SSsnpu6pr+Tcg=">AAACGXicbZDLSsNAFIYn9VbrLerSTbAVKkpJireNUHTTZZXeoKlhMp00QyczYWYilNLXcOOruHGhiEtd+TZO0y7U+sPAx3/O4cz5/ZgSqWz7y8gsLC4tr2RXc2vrG5tb5vZOU/JEINxAnHLR9qHElDDcUERR3I4FhpFPccsfXE/qrXssJOGsroYx7kawz0hAEFTa8ky74Pa4ckXIvdujk+oULt1GLAnlrFg/duOQHKY9Gu7KBc/M2yU7lTUPzgzyYKaaZ37oaZREmClEoZQdx45VdwSFIojicc5NJI4hGsA+7mhkMMKyO0ovG1sH2ulZARf6MWWl7s+JEYykHEa+7oygCuXf2sT8r9ZJVHDRHREWJwozNF0UJNRS3JrEZPWIwEjRoQaIBNF/tVAIBURKh5nTITh/T56HZrnknJVOb8r5ytUsjizYA/ugCBxwDiqgCmqgARB4AE/gBbwaj8az8Wa8T1szxmxmF/yS8fkN036fkg==</latexit>

⇢̇R + 4H⇢R = ⌥(T,�)�̇2

Diagram: Berera, Moss, Ramos 2009



• Warm Inflation does not require a subsequent “reheating” phase, physics 
of which is still unknown. WI smoothly ends in a radiation dominated phase 

• WI has a more enhanced scalar power spectrum than CI. Thus yields a 
smaller tensor-to-scalar ratio. The potentials that are ruled out in CI for 
generating large tensor-to-scalar ratios can be accommodated in WI. 

Why Warm Inflation?
58 Planck Collaboration: Constraints on inflation

Table 17. Minimum-�2 g⇤ values for quadrupolar modulation, determined from the Commander, NILC, SEVEM, and SMICA

foreground-cleaned maps. Also given are p-values, defined as the fraction of simulations with larger |g⇤| than the data. These results
demonstrate that the data are consistent with cosmic variance in statistically isotropic skies.

Commander NILC SEVEM SMICA

q g⇤ p-value [%] g⇤ p-value [%] g⇤ p-value [%] g⇤ p-value [%]

�2 . . . �7.39 ⇥ 10�5 79.2 �7.66 ⇥ 10�5 79.8 �7.43 ⇥ 10�5 80.6 �7.52 ⇥ 10�5 80.2
�1 . . . 5.99 ⇥ 10�3 97.3 6.65 ⇥ 10�3 95.8 6.27 ⇥ 10�3 97.2 6.22 ⇥ 10�3 96.9

0 . . . �2.79 ⇥ 10�2 12.5 �2.38 ⇥ 10�2 26.9 �2.56 ⇥ 10�2 20.7 �2.56 ⇥ 10�2 20.0
1 . . . �2.15 ⇥ 10�2 8.2 �1.79 ⇥ 10�2 23.7 �1.93 ⇥ 10�2 17.8 �1.93 ⇥ 10�2 16.7
2 . . . �1.28 ⇥ 10�2 9.7 �1.07 ⇥ 10�2 23.7 �1.13 ⇥ 10�2 20.4 �1.15 ⇥ 10�2 18.1

Fig. 55. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
its cross-correlation with BICEP2/Keck Array and/or BAO data compared with the theoretical predictions of selected inflationary
models. Note that the marginalized joint 68 % and 95 % CL regions have been obtained by assuming dns/d ln k = 0.

TT+lowP+BKP. With the same data combination, concave po-
tentials are preferred over convex potentials with ln B = 3.8,
which improves on the ln B = 2 result obtained from the Planck
data alone.

Combining with the BKP likelihood strengthens the con-
straints on the selected inflationary models studied in Sect. 6.
Using the same methodology as in Sect. 6 and adding the BKP
likelihood gives a Bayes factor preferring R2 over chaotic in-
flation with monomial quadratic potential and natural inflation
by odds of 403:1 and 270:1, respectively, under the assumption
of a dust equation of state during the entropy generation stage.
The combination with the BKP likelihood further penalizes the
double-well model compared to R2 inflation. However, adding
BKP reduces the Bayes factor of the hilltop models compared
to R2, because these models can predict a value of the tensor-to-
scalar ratio that better fits the statistically insignificant peak at
r ⇡ 0.05. See Table 18 for the ��2 and the Bayes factors of in-
flationary models with the same two cases of post-inflationary

evolution studied in Sect. 6. Note, however, that the ��2 are
computed with respect to the best fit of baseline + tensors, unlike
in Table 7.

13.2. Implications of BKP on scalar power spectrum

The presence of tensors would, at least to some degree, require
an enhanced suppression of the scalar power spectrum on large
scales to account for the low-` deficit in the CTT

` spectrum. We
therefore repeat the analysis of an exponential cutoff studied in
Sect. 4.4 with tensor perturbations included and the standard ten-
sor tilt (i.e., nt = �r/8). Allowing tensors does not significantly
degrade the ��2 improvement found in Sect. 4.4 for Planck
TT+lowP with a best fit at r ⇡ 0. When the BKP likelihood is
combined, we obtain ��2 = �4 with respect to the base ⇤CDM
model with a best fit at r ⇡ 0.04. However, since this model
contains 3 additional parameters, it is not preferred over base
⇤CDM.

the slow-roll regime as a single equation for the dissipative
ratio Q:

dQ

dNe
= C∗

Q6/5(1 +Q)6/5

1 + 7Q
, (13)

where C∗ ! 5ε∗Q
−1/5
∗ for Q∗ " 1. This shows explicitly

that Q grows during inflation, justifying our assumption
that the system may evolve from the weak to the strong
dissipation regime. Inflation ends in this case when |η| =
1+Q, which yields Qe ! (2/3(1−ns))5/2Q

1/2
∗ for a thermal

spectrum and hence Qe ! 1 for Q∗ ! 10−6. As discussed
earlier, the relative abundance of radiation will then also
grow towards the end of inflation, with ρR/V (φ) ∝ Q7/5

in this case, until it smoothly takes over after slow-roll has
ended. Integrating Eq. (13) from horizon-crossing to the
end of the slow-roll regime, we obtain:

Ne ! ε−1
∗

(

1 + bQ1/5
∗

)

, (14)

where b ! 2.81. This yields the required 50 − 60 e-folds
of inflation with ns ! 0.96 − 0.97 for Q∗ ! 0.001 − 0.01.
For comparison, in the standard cold inflation regime, one
finds ns = 1 − 3/Ne, giving ns = 0.94 − 0.95 for Ne =
50− 60. This clearly shows that even for weak dissipation
at horizon-crossing one may obtain substantially different
observational results.

For both limits of nearly-thermal and negligible infla-
ton occupation numbers, one can use the observed ampli-
tude of curvature perturbations, ∆2

R ! 2.2× 10−9 [2] and
the form of the dissipation coefficient in Eq. (4) to relate
the different quantities at horizon-crossing, with e.g. Q∗ !
2×10−8g∗(H∗/T∗)3 in the nearly-thermalized regime. This
allows one to express both ns and r in terms of the dissi-
pative ratio or temperature at horizon-crossing for a given
number of e-folds of inflation and relativistic degrees of
freedom, which is illustrated in Figure 1.

As one can see, observational predictions for the quar-
tic model depend on the distribution of inflaton fluctua-
tions, n∗. For n∗,κ∗ " 1, the spectrum has the same
form as in cold inflation, but from Eq. (14) one obtains
Ne = 50−60 for smaller field values than in cold inflation,
yielding a larger tensor fraction and a more red-tilted spec-
trum. When κ∗ ! 1, however, the spectrum becomes more
blue-tilted and r is suppressed, although for weak dissipa-
tion it remains too large.

On the other hand, for nearly-thermal inflaton occupa-
tion numbers tensor modes are more strongly suppressed
and one obtains a remarkable agreement with the Planck
results for T∗ ! H∗. Note that for T∗ " H∗ the concept of
thermal equilibrium is ill-defined, since the average parti-
cle modes have super-horizon wavelengths, so in Figure 1
we represent this regime with dashed curves to neverthe-
less illustrate the transition from a cold to a warm spec-
trum. Also, we take the MSSM value g∗ = 228.75 only as
a reference, with fewer light species further lowering the
tensor-to-scalar ratio, since T∗/H∗ is larger.

This agreement is particularly significant, since the
quartic potential is the simplest renormalizable model of
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Figure 1: Trajectories in the (ns, r) plane for V (φ) = λφ4 as a func-
tion of the dissipative ratio, Q∗ < 0.01, 50-60 e-folds before the end
of inflation, compared with the Planck results [2], for g∗ = 228.75
relativistic degrees of freedom. The dark green (light blue) curves
correspond to nearly-thermal (negligible) inflaton occupation num-
bers n∗, with dashed branches for T∗ " H∗. Note that corresponding
curves converge in the cold inflation limit, T∗, Q∗ → 0.

chaotic inflation, involving no other scales other than the
inflaton field value. As originally argued by Linde [20],
in large-field models inflation is naturally triggered from a
chaotic field distribution following the pre-planckian era,
in domains where V (φ) ∼ M4

P quickly dominates over gra-
dient and kinetic energy densities. On the other hand,
when inflation only occurs for a V (φ) " M4

P plateau, the
post-planckian universe must be unnaturally smooth, re-
quiring a fine-tuning of initial conditions that the infla-
tionary paradigm is supposed to solve [22].

While other modifications such as a non-minimal cou-
pling to gravity may also bring the quartic model into
agreement with observations [23], the renormalizable na-
ture of the interactions leading to dissipation is an at-
tractive feature of warm inflation, with only a few con-
trollable parameters. Note, in particular, that interac-
tions with other bosonic and/or fermionic fields are al-
ways required since the vacuum energy of the inflaton
field must be transferred into light degrees of freedom
at the end of inflation to ‘reheat’ the universe. In this
sense, warm inflation scenarios do not introduce any non-
standard modifications to the basic inflationary models
but simply correspond to parametric regimes where the
universe is kept warm throughout inflation, T ! H . For
the dissipation coefficient in Eq. (4), one obtains in par-
ticular T∗/H∗ ∼ (Cφ/g∗)N−2

e ! 1, which may be achieved
for NX ' NY ! 1 and g, h " 1, while keeping radiative
corrections under control, αg,h " 1. We may express the
number of heavy species as:

NX !
8× 105

αh

(

0.04

1− ns

)4
( r

0.01

)2
(

Q∗

10−3

)

, (15)

where we have assumed a thermal distribution of infla-
ton perturbations. This large multiplicity of X species is
typical of the form of the dissipation coefficient in Eq. (4)
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• Strong dissipative             WI models prefer small-field inflation models 
whereas CI is often realised in large-field models. Present data  prefers 
small-field models.  

• WI significantly alleviates the eta-problem and the gravitino problem in the 
context of Supergravity.   

• WI is favoured over CI if one considers the Swampland Conjectures 
arising in String Theory. 

Why Warm Inflation?
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Today’s Topic: “How inflation ends?”
a.k.a. Graceful Exit



Graceful Exit?
• Inflation is a phase when the Universe has expanded exponentially 

(accelerated) for a very brief amount of time. 

• Feeding in the FRW metric into the Einstein Field equations with the matter 
as perfect fluid p=ωρ, we get two Friedmann equations which tell us about the 
expansion history of the universe:

• Thus ω=-1 fluid can easily drive inflation, like a Cosmological Constant Λ

• Τhe problem is with CC inflation will never end and hence no Graceful Exit
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The inflaton & its slow-roll
• A simple scalar field’s energy density and pressure:

• Potential energy dominated scalar filed, a.k.a. the inflaton field, can 
drive inflation

• The potential needs to be very flat, so that the kinetic term is 
negligible             slow-roll of the inflaton on its flat potential 

• Slow-roll parameter 
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• The potential needs to be very flat, so that the kinetic term is 
negligible             slow-roll of the inflaton on its flat potential 

• Slow-roll parameter 
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Slow-roll & Graceful Exit

• Slow-roll EoM of inflaton:

• It turns out ε<< 1 implies 

• Thus inflation ends when ε ~ 1
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• It turns out ε<< 1 implies 
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Graceful Exit in Warm Inflation
• The slow-roll EoM of the inflaton field in Warm Inflation

• Thus inflation happens when                 and ends when 

• Graceful exit depends on the evolution of both ε and Q

• Assuming a simple form of the dissipative coefficient 

<latexit sha1_base64="OkPfhYXORpNTtbz+TRpEj1/iaeE="></latexit>

3H(1 +Q) ⇡ �V,� || Q ⌘ ⌥

3H
<latexit sha1_base64="++eL0RkbcSbsJuF0Ulvx34EgUmg=">AAACJHicbVDLSgMxFM3UV62vqks3wSIIQpnpogpuim5ctmAf0Cklk962oUlmTDJCGfoxbvwVNy584MKN32LaDqitBwKHc87l5p4g4kwb1/10Miura+sb2c3c1vbO7l5+/6Chw1hRqNOQh6oVEA2cSagbZji0IgVEBByaweh66jfvQWkWylszjqAjyECyPqPEWKmbv/QDGDCZwJ0kSpHxJOdDpBm3XsPXTGDvrObLUMYiAGU92fuJdvMFt+jOgJeJl5ICSlHt5t/8XkhjAdJQTrRue25kOglRhlEOdnWsISJ0RAbQtlQSAbqTzI6c4BOr9HA/VPZJg2fq74mECK3HIrBJQcxQL3pT8T+vHZv+RSdhMooNSDpf1I85NiGeNoZ7TAE1fGwJoYrZv2I6JIpQY3vN2RK8xZOXSaNU9MrFcq1UqFyldWTRETpGp8hD56iCblAV1RFFD+gJvaBX59F5dt6dj3k046Qzh+gPnK9vjMml/w==</latexit>

✏V ⇠ 1 +Q

<latexit sha1_base64="3ny4NFZlHK5uslhEajn1ASD7pkE=">AAACK3icbVDLSgMxFM34rPU16tLNYBFclZkuqstSNy4r9AWdtmTS2zY0k8QkI5Sh/+PGX3GhCx+49T9MH6C2HggczrmH3Hsiyag2vv/urK1vbG5tZ3ayu3v7B4fu0XFdi0QRqBHBhGpGWAOjHGqGGgZNqQDHEYNGNLqe+o17UJoKXjVjCe0YDzjtU4KNlbpuOYxgQHkKdxwrhceTbFiTmjLBQ6mENMKrdmQoh7RDQi54EkegsiHw3k+i6+b8vD+Dt0qCBcmhBSpd9znsCZLEwA1hWOtW4EvTTrEylDCwGyQaJCYjPICWpRzHoNvp7NaJd26VntcXyj5uvJn6O5HiWOtxHNnJGJuhXvam4n9eKzH9q3ZKuUwMcDL/qJ8wz1YwLc7rUQXEsLElmChqd/XIECtMjK03a0sIlk9eJfVCPijmi7eFXKm8qCODTtEZukABukQldIMqqIYIekBP6BW9OY/Oi/PhfM5H15xF5gT9gfP1DXupqa4=</latexit>

⌥ / T p�c

<latexit sha1_base64="dl0Ago2z8U7E4FLL2CARbfB9tro=">AAACI3icbVDLSgMxFM3UV62vUZdugkUQhDLTRRVXRTcuW7AP6Awlk7ltQzOZMckIZei/uPFX3LhQihsX/ovpA9TWA4HDOedyc0+QcKa043xaubX1jc2t/HZhZ3dv/8A+PGqqOJUUGjTmsWwHRAFnAhqaaQ7tRAKJAg6tYHg79VuPIBWLxb0eJeBHpC9Yj1GijdS1r70A+kxk8CCIlGQ0LniQKMaN1/Q4x+5F3ROxSKMApLFE+JPs2kWn5MyAV4m7IEW0QK1rT7wwpmkEQlNOlOq4TqL9jEjNKAezOVWQEDokfegYKkgEys9mN47xmVFC3IuleULjmfp7IiORUqMoMMmI6IFa9qbif14n1b0rP2MiSTUIOl/USznWMZ4WhkMmgWo+MoRQycxfMR0QSag2tRZMCe7yyaukWS65lVKlXi5WbxZ15NEJOkXnyEWXqIruUA01EEVP6AW9oXfr2Xq1JtbHPJqzFjPH6A+sr2+jlaWE</latexit>

✏V ⌧ 1 +Q

<latexit sha1_base64="6fO/tRZNMIhniypFhyTo2Th4KhY="></latexit>

d ln ✏V
dN

=
4✏V � 2⌘V

1 +Q
,

d lnQ

dN
=

(2p+ 4)✏V � 2p⌘V � 4cV

4� p+ (4 + p)Q



How many ways Warm Inflation can 
Gracefully exit?

i.e. meeting the condition ε=1+Q



When ε grows



When ε grows



When ε grows



When ε grows



When ε grows

If Q increases faster than ε then there would be no graceful exit!!



When ε remains constant



When ε remains constant



When ε remains constant

Graceful Exit in Power-law inflation possible in WI !!



When ε remains constant

Graceful Exit in Power-law inflation possible in WI !!
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When ε decreases



When ε decreases



These Graceful Exit conditions put constraint 
on the combination of the inflaton potential
and the form of the dissipative coefficient
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FIG. 2. The parameter space for graceful exit in the case of the monomial class of inflaton potentials. The shaded areas indicate
where Q grows or decreases and WI has a graceful exit. Empty (white) space indicates where there is no graceful exit.

explicit full form of the dissipation coe�cient as derived
from the microscopic physics, Eq. (2.7), also for the quar-
tic potential (panel c). We see from the results shown in
Fig. 1(a) that ✏V evolves faster than Q, thus ending in-
flation eventually. In Fig. 1(b), we show the evolution in
the case of a quartic potential, n = 4, where we see an
opposite behavior, ✏V evolves slower than Q, thus never
ending inflation. The behavior shown in Fig. 1 panels
(a) and (b) is exactly what we have anticipated from the
analysis done above. However, when considering the cor-
rect full form of the dissipation coe�cient Eq. (2.7) in
the case of the quartic potential, panel (c), inflation does
end. This is because in the corresponding dynamics, as
shown e.g. in Ref. [2], the temperature decreases with
the evolution. Thus, eventually the condition m0 ⌧ ↵T

required to give a ⌥ / 1/T in Eq. (2.7) is no longer
valid and the explicit form (2.7) will cause Q to decrease
faster as the system evolves, which eventually helps end
inflation.

Let us now consider the more general case described
in Eq. (3.4). For a monomial potential this condition
reduces to

8� 2p+ [(p� 2)n+ 8 + 4c]Q > 0. (3.10)

As we are dealing with the range �4 < p < 4, the above
condition is easily satisfied when

(p� 2)n > �8� 4c. (3.11)

We see from Eq. (3.3) that Q increases when

(p� 2)n > 2p� 4c. (3.12)

For the range �4 < p < 4, the condition in Eq. (3.11)
would also encompass Eq. (3.12). However, if Q re-
mains constant or decreases with e-foldings, in which
case inflation ends even more easily, one would require
n  (2p � 4c)/(p � 2). In Fig. 2(a) we give the general

prediction from the above inequalities, in the space of
parameters p, c and n, required for graceful exit in WI in
the context of the class of monomial potentials Eq. (3.1).
The regions for which Q grows or decreases during WI
and there is graceful exit have been identified. An empty
(white) region indicates the parameter space where there
is no graceful exit. The results shown in Figs. 2(b) and
2(c) exemplify the e↵ect of having an inflaton field depen-
dence in the dissipation coe�cient. It tends to improve
the available range of parameters allowing graceful exit
in WI, but at the same time it decreases the area avail-
able (i.e., models) for which the dissipation ratio Q grows
and increases the one leading to a decreasing Q, which
makes inflation ending more easily according to the gen-
eral discussion given above.
One also notes from the above results that the type of

graceful exit we discuss in the context of WI is mostly
associated with the fact that Q can grow faster than ✏V

as already pointed out before. In this case, even if during
inflation we might have the dynamics initially for Q ⌧ 1,
i.e., start in the weak dissipative regime, it will certainly
evolve towards the strong regime. As shown in Fig. 2, the
regions for which WI does not end are essentially those
for which Q is growing. The CI dynamics would only
be recovered in the opposite regime, when Q decreases
during the evolution and evolves to very small values at
the end of inflation. In this case, the condition required
for graceful exit would be similar to those in CI.

As already emphasized in the Introduction, even
though there is radiation production due to the dissi-
pation, this does not mean that radiation will overtake
the inflaton energy density and end inflation. This is il-
lustrate by using again the example shown in Fig. 1 for
the cases in panels (a) and (b). In Fig. 3 we show the
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Does Warm Inflation always gracefully exits
to a radiation dominated Universe?



• The EoMs of Warm Inflation

• When a constant radiation bath is maintained 

• In models where Q decreases, radiation energy density falls below 
kinetic energy density 

• Warm Inflation can gracefully exit in a kination period in those models!

• Such kination period can have potential Gravitational Wave signatures!
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Background Analysis of Warm inflation is not a 
mundane task!

It reveals the nature of the Warm Inflation model




