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introduction theory (preliminary) results

Dark matter
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https://hubblesite.org
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introduction theory (preliminary) results

Local distribution of DM
Baxter et al., 2105.00599

nDM ≃
1 GeV
mDM

× 0.3 cm−3

ρ(v) = N exp[−(v + v⊕)
2

v20
] θ(vesc − ∣v + v⊕∣)

vesc = 544 km/s
v⊕ = 250.5 km/s
v0 = 238 km/s

v⊕
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How to detect particle dark matter?
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Direct detection experiments

LUX-ZEPLIN, PandaX-4T, XENONnT, SuperCDMS, ...

WIMP paradigm: GeV+ range of masses
▸ no success so far ⇒ sub-GeV DM?

nuclear vs. electronic recoil of non-relativistic DM

∆ESM ≤
4µ

(1 + µ)2 E
in
DM ← maximized for µ ≡mSM/mDM = 1

⇒ mSM should be as close to mDM as possible

⇒ electrons preferable for light DM

what material to use?
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introduction theory (preliminary) results

Effective non-relativistic theory for spin-1/2 DM
Catena et al., 2105.02233

v⊥ ≡ p+ p′

2mχ
− k + k′

2me

q · v⊥ en. cons.−−−−−→ 0

χ χ

e− e−

p, s p′, s′

k, r k′, r′

q

gχ

ge

χ χ

e− e−

p, s p′, s′

k, r k′, r′

q

non-relativistic limit
Lorentz (Galilean) invariance

} ⇒ M = ∑i ciOi
14 simple operators
in the leading order

example: scalar coupling

M ≃ −i gχ ge

q2 +M2 4mχme
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

c1

δss
′

δrr
′

´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
O1other examples:

Orr
′ss′

4 = σ
rr′

2
⋅ σ
ss′

2
, Orr

′ss′

15 = [(σ
rr′

2
× q
me
) ⋅ v⊥](σ

ss′

2
⋅ q
me
)
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introduction theory (preliminary) results

Linear response theory
Catena & Spaldin, 2402.06817

another decomposition:

M =∑
i

ciOi

=∑
a

F ss
′

a (q,vχ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
DM model

× Jrr
′

a (v⊥e)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
electronic part

, vχ ≡
p

mχ
, v⊥e ≡

k + k′

2me

electronic operators:

Jrr
′

n0 ≡ δ
rr′ , Jrr

′

nA
≡ v⊥e ⋅ σrr

′

,

Jrr
′

j5
≡ σrr

′

, Jrr
′

jM
≡ v⊥e δrr

′

, Jrr
′

jE
≡ −iv⊥e ×σrr

′

example: scalar coupling

M ≃
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

c1

F 0³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
−i gχ ge

q2 +M2 4mχme δ
ss′

´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶
O1

J0«
δrr

′
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introduction theory (preliminary) results

Int. rate for bounded electrons & generalized susceptibilities
Catena et al., 1912.08204

electronic states ≠ momentum eigenstates

M =∑
a

DM model
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
F ss

′

a (q,vχ) ×

electronic part
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
Jrr

′

a (v⊥e)
×××××Ö
∣ integral overe− wave fun. ∣

2

∣M̃ik→ i′k′ ∣2 ≃∑
ab

Fab(q,vχ)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
DM model

×

material response
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
[ ∣fik→ i′k′(q)∣2J ab(q)

+ fik→ i′k′(q)f∗ik→ i′k′(q) ⋅J ab(q) + c.c.

+ f ik→ i′k′(q)∗ ⋅ Ĵ ab(q) ⋅ f ik→ i′k′(q) ]
where

fik→ i′k′(q) ≡ ∫
d3l

(2π)3 ψik(l)ψ
∗
i′k′(l + q) f ik→ i′k′(q) ≡ ∫

d3l

(2π)3 ψik(l)ψ
∗
i′k′(l + q)

l

me

Fab(q,v) ≡
1
2
∑
χ sp.

F ∗a(q,v)F b(q,v) , J ab(q) ≡
1
2
∑
e− sp.

J0∗a (q)J0b(q) ,

J ab(q) ≡
1
2
∑
e− sp.
J1∗a (q)J0b(q) , Ĵ ab(q) ≡

1
2
∑
e− sp.
J1∗a (q)J1b(q)
no dot product here!

χ χp, s p′, s′

e−i,k e−i′,k′
q

crystal
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introduction theory (preliminary) results

Crystal response functions
Catena et al., 2105.02233

interaction rate per dark particle

Γ(vχ) ∼ ∫
d3q

(2π)3

sum over electronic states
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

∑
ii′
∫

d3k

(2π)3
d3k′

(2π)3 ∣M̃ik→ i
′k′ ∣2 δ(cons.)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
total interaction rate

Γ = −i
16m2em2χ

∫
d3q

(2π)3 d
3v ρ(vχ)

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
∑
ab

Fab(q,vχ) ciab(q, ωv,q)W i(ω, q)

where

W i(ω, q) = (4π)2 ω Vcell ∑
ii′
∫

d3k

(2π)3
d3k′

(2π)3 δ(cons.) ×

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∣fik→ i′k′ ∣2

R( q
me
⋅ f∗ik→ i′k′fik→ i′k′)

∣f ik→ i′k′ ∣2

∣ q
me
⋅ f ik→ i′k′ ∣2
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introduction theory (preliminary) results

Parametrization of the crystal response functions

Mermin parametrization of the dielectric function
Mermin, DOI:10.1103/PhysRevB.1.2362
Vos & Grande, DOI:10.1016/j.cpc.2025.109657 ← nice review and num. implementation

εM(ω, q ; ωp, γ) ≡ 1 +
(1 + i γ

ω
) εL(ω + iγ, q ; ωp)

1 + i γ
ω

εL(ω+iγ,q ;ωp)
εL(0 ;ωp)

where εL(ω, q ; ωp) =
3
2
m2e
k2F

ω2p

q2
(1 + g(z + u) + g(z − u)

4z
)

g(x) = (1 − x2) ln x + 1
x − 1 , u = me

kF

ω

q
, z = 1

2
q

kF
, kF = (

3π
4α

me ω
2
p)
1/3

dielectric function ε vs. W1

W1(ω, q) =
ω Vc
π2

U(q)−1 I [ ε(ω, q) − 1
1 +G(q)(ε(ω, q) − 1)] , U(q) = 4πα

q2
, 0 < G(q) < 1

2

hence, we heuristically approximate:

W i(ω, q) ≈ ai (
q

me
)
ki ω Vc

π2
U(q)−1 I εM(ω, q ; ωpi, γi) − 1

1 +G(q)(εM(ω, q ; ωpi, γi) − 1)
for some parameters ai, ki, ωpi, γi
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introduction theory (preliminary) results

Shape of the fitting function

W i(ω, q) ≈ ai (
q

me
)
ki ω Vc

π2
U(q)−1 I εM(ω, q ; ωpi, γi) − 1

1 +G(q)(εM(ω, q ; ωpi, γi) − 1)
for some ai, ki, ωpi, γi
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introduction theory (preliminary) results

Procedure

1. Fit the Mermin-inspired parametrization of the material’s W i’s
numerical data from codes darkELF (Knapen et al.) and DarkART (Emken)

2. Check the quality of the fit by calculating the interaction rate

3. Find values of ωpi, γi maximizing the interaction rate

4. Compare the maximizing values to the fits

effective models of DM-e− interactions:

▸ anapole: Lint =
g

2Λ2
χ̄γµγ5χ ∂

νFµν

▸ electric dipole: Lint =
g

Λ
i χ̄σµνγ5χFµν

▸ magnetic dipole: Lint =
g

Λ
χ̄σµνχFµν

materials: Si, Ge
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Results: fitted parameters

W i(ω, q) ≈ ai (
q

me
)
ki ω Vc

π2
U(q)−1 I [ εM(ω, q ; ωpi, γi) − 1

1 +G(q)(εM(ω, q ; ωpi, γi) − 1)
]

material: Ge
i k a ωp γ
1 0 1 16 24.2
2 1 3.0 × 10−3 15.7 3.2
3 −1 2.9 × 10−7 70.8 139.4
4 1 1.5 × 10−7 78.3 150.

material: Si
i k a ωp γ
1 0 1 16.6 15.4
2 1 2.7 × 10−3 17.2 3.4
3 −1 3.8 × 10−7 28.3 46.9
4 1 8.3 × 10−8 40.3 57.6
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introduction theory (preliminary) results

Results: fit quality
anapole model
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Results: fit quality
electric dipole model
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Results: fit quality
magnetic dipole model
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introduction theory (preliminary) results

Results: optimal parameters
example: Si, mDM = 2 MeV, anapole DM model, W1)
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Results: optimal parameters
anapole model, W1
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Results: optimal parameters
anapole model, W2
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Results: optimal parameters
anapole model, W3
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Results: optimal parameters
electric dipole model, W1
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Results: optimal parameters
magnetic dipole model, W1
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Results: optimal parameters
magnetic dipole model, W3
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Results: optimal parameters
magnetic dipole model, W4
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introduction theory (preliminary) results

Summary

effective approach to non-relativistic DM-e− interactions

thank you!

▸ small set of operators in the leading order

linear response theory

[interaction rate] = ∫ [DM model] × [material response of the detector]

material response → crystal response functions W i(ω, q)
W i’s approximated using Mermin parametrization
preliminary results:
▸ 1-osc. approximation of W i’s works quite well
▸ important role of parameter γ
▸ fitted ωp often close to optimal for 1MeV ≲mDM ≲ 10MeV

WORK IN PROGRESS...
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