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Simple Question:

Does there exist a formalism for electrodynamics and its non-linear
generalizations, which is analogouns +o the Palatini formalism of

@everal Relativity and i+s extensions and modifications?

Answer for Maxwell is easy and simple: Yes

Answer for NLED: Yes, but vot as simple



Maxwell Lagrangian and Field Equations — First Order

1 1
ﬁfvfa:c—Paf - +ZPHVP‘U’V N EPPV (a'u'AV o aVA-u’) o J“Atuf )

Notice change of notation: Fu, — Puv. Fuw kept for: F = dA.
Dynamical variables (for performing variation): A, and Puy.
e Variation with respect to A, = inhomogeneous FEgs: V,P* = J¥

e variation with respect to Py, = Py (As) or Puw(F,s) relations:

Py = Fupy = 0,Av—-0vA, = V,*"PW =0, *PH =elPIP,y/2\/—g
I'he field equations are the same, but the homogeneous ones

result from the variational principle.



Non-Linear Electrodynamics

second order formalism: —%FH Fp, — f(X,Z2) .

L2 = f(X,5) —JFrAy , X=FuF" K Z=Fu,*F"

—AV, (fxF™ + fs*FM) = J¥ | fx =0f/dX , fz = 8f/0= .

Energy-momentum: Ty = 4 fx FuaF,* + (5 f= — f(X,Z))guw

Two NLED Examples

e Born-Infeld (1934): fi(X, =) = b2 (1 — \/1 4 %Q'X - 1615 52)

e Euler-Heisenberg (1936): fyp(X,5) = —%XJF#;;(X?-FZE?)JF...
(+B. Kockel, 1935) ‘



Why NLED?

* Answer 2: QED radiative corrections; Euler-Kockel-Heisenberg (1935-
6)

* Answer 1: less singularities; Born-Infeld (1934)

* Answer 3: regular black holes; Ayon-Beato & Garcia (2000)...



Some simple NLED solutions — Second order formalism

Generalized Euler-Heisenberg Lagrangian

feup(X,2) = ——X + 5 Lxm 4 Zzan

n 2n

Field Equations:

Vi |(1—29X" 1) Fr —2pEn—trpiv| = gV

Electric Field of a Point Charge: Fy, + (—2)™y an 1 —

‘?\J‘Q

No explicit expression for F;,.(r) for all n, but analytic treatment still possible.

Notice: “healthy” solutions for: (—=1)"y >0 .



Electric Field and Energy density Profiles

Fields are singular at the origin, but field energy is finite.

near r = 0: Fy,(r) ~ 1/r2/(2n=1) - asymptotically: F,(r) ~ 1/r2

yI=1. Q=1 vl=1, Q=1

i n = 1(linear theory), 2, 3, 4, 8.
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Energy and T, for spherically-symmetric electric field:

1 (2n — 1)(~2)"y
Tf — TT‘ — —F F 1 EC O
L T > Lr + o
1 5 (_2}”»}; 5 SEC O
Tg - TE - Tt T - Fy,"

Total Energy — integrate over £y, = £

_ T

dE

and explicitly:
_ 1 on—7
gym@3/?2 T (7o) T (a8
3 (21|~ 1/4(n—1) n — 3 .
( | IHD 2 (E decreases with n)

E(|v],n,Q)
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Electrostatic BHs in the GEH Lagrangian

1 X
— —_R-_ 4+ Lxn,

[ =
2K 4 2n

ds® = .~‘1,(’.r‘)f:11't2 — d’rz/f(’r) — r2d? .

T/ =T" = h(r) = f(r) = a single Einstein Eq.+ flat space Maxwell:

1d 1 - (2n—=1)2"~| o,
T—Qa’r(l — f) — K (EFtr + on Ftr
2M(r dM krl (1 2n — 1)2"
fy=1-2M0 M e (e (2n D2 pan)
dr 2 2 2n

Coulomb-Maxwell: Fy, + (—2)”7Ft%”_1 = ?% :
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Analytic solution in terms of £ instead of r:

dM _ rkr2(€) 1o, (2n — 1)2"9| .o, dr
2 T ) dE

E o 2 2n dE
Solution in terms of hypergeometric function (Mg integr. const.):

2 5n -I- (6?1 — 1)2“"'}"52(”_ 1}81’;‘2

M(E) = kQ3/ +
12n (1 + in,.},lgﬁ(n— 1))3f2

_|_

2 F(l 2n—3 6n-7 1

I ~? : y -I‘ M
3(2n — 3)\/2”|1.r| E”_% 24(n—1) 4(n—-1) Qn|,-},|52(n—1)) 0

Total Mass M(E — 0) is sum of Mg + field energy (calculated in

flat space above): M(|v|,n,Q) = Mg+ E(|v|,n,Q).
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Metric component f(r) in parametric form:

[ )1}'2

FE)=1— Q_f‘ﬁ (8 + 2n|y[€2n 1) T Ap(E)

Qlj’?

r(€) = 2n—1
(€4 2"|yle>"

)"

n=2, y=1, GM=2

Notice 2 branches:

e S-like (1 horizon) for small
( ) @ f(r) with fixed mass and several values of the charge:

e RN-like (2 horizons) for larger Q@ up to a maximal charge. 2 Q = 0.25, 2.4, 3.2, 3.5 .4, 5. 12



Poor man’s way to NLED in first order formalism
Recall 1st order Maxwell Lagrangian; Rewritten with Fj,, — Py,
keeping Fuv = 0uAv — OvAy:

1 1
’Cﬂ-f(m—Pa.l(A)U P.UV) = ZP“VP,UV = §Pppru = JFA'U, .

Generalize only the NL term asin 2nd order: PHYP,, — —h(P" Py, Py *PHY):

1 i 1 1
1 — —
L3ien = = Zh (P! Puy, Puy " PI) =S P By J# Ay = =2 h(Z, ) =5 = J* Ay

Z=PH,VP#U, YZ.P#VF#L/, szuy*P'uu

Maxwell limit: for weak fields: h(Z,Q2) ~ —Z.
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FEqs by independent variations of A, and P, (respectively):
V,P¥W =J¥ , h,Ppw+hy P+ F,, =0,

or more similar to Maxwell's, in terms of P, only:
VuP¥ =J¥ |, Vulh,*PF — hoP*¥]1 =0 .

Expressing FEQgs in term of Fy, - invert P-F relation

ho*FM — h,FHv
2 2
h’Z + hQ

P = Vu (fx F' + f=*FHY) = J”

*. 1st order FEqgs are equivalent to 2nd order (up to invertibility).
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Plebanski’'s way to first order NLED (~1970):
“Legendre transformation”

e Start with the 2nd order NLED Lagrangian 5(2)(Au:an)

e Define covariant “conjugate momenta” by IT* = a,L(?) /oF,,
e Define a “Legendrian” H = [I"F,,, — £(?)

e Express the “velocities” Fj, in terms of the “momenta” IIH”
e Field equations become Hamiltonian-like:

OH OH
- T — _ —
g 0 2Ok DA,

g
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Last step: define 1st order Lagrangian from which the “Hamilton

Eqs’ are derived:
LAy, Fu, 1P7) = IIM Fy — H(Ay, TM).

Relationship: [I*Y = —PH /2 | H = h(Z,Q2)/4+ JIA,.
Notice: Equivalence is not automatic. (Example: Ayon-Beato &

Garcia, 1998)

16



Simple Example: Polynomial Electrodynamics in 15t Order
28

h=—7+2 77— a0+ 2ar 04/(

n n

Purely electric fields: é\/?@
w v n—1\ * puv /)‘
VP =J"  Vu[(1-29Z2") *P¥] =0

Tz

Spherically-symmetric solutions:

Agl?)
Ilﬁ:
2n—1

Q) Q () 04
F‘H‘:E . zr:§+[_2]n“ﬁ 2 :
‘ ‘ 03k

_ Q@ (D" QT _

P = 2r4 + 2n  rin n2f
“healthy” solutions: (—1)"y > 0 orf
Total field energy diverges. ﬂ
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Spherical electric Black Holes:

n=2, y=0 Q=0,1.2 3, 4 5

firl

ds? = h(r)dt® — dr?/f(r) — r2d$2° .
) "
1 (—2)" 0.5
it _ r - p2 ! m2n
SEC OF Iy =1, = z‘p“" + n P !
- 1 (2n — 1)(=2)"y
0 d 2 ) »2n
TE — qu — _E‘Pﬁ" o m Ptr 08

-1.0 all RN-like except Q=0

(& 2 2" )

972 T‘Tgmn—n

2M k() . (—2)"y sQ™
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Palatini Nonlinear Electrodynamics (PNLED)

Allow an arbitrary defining function of all 4 quadratic Lorentz scalars
containing up to 1st derivatives of the dynamical variables A, and
Py Z = PyPH, Q= Py, *PrV, Y = PFYEF,, and T = Fy, *PHY,
Lagrangian: £{1) — =K(Z,Q,Y,T) - JtA, ,

Field Equations:

2V, (Ky PHY 4 G *PHY) = JV

2 (KzP* + Ko *PHY) 4 Ky FMY 4+ K *FM =0 .

19



Simple PNLED Model: Y™

K(Z,Q,Y,T)=Z/4-Y/2 +~vY"/(2n) =

1 1
Lys = —P"P,, — —P¥F,, + L (P*F,,)" — J'A,
4 2 2n
Not of the Plebanski form: L)) = —2h(Z,Q) — 1Y — JrA,

Field Equations:
Vil —aY*" ) P¥| =0 | Pe=QQ—-aY"")Fu
Decouple Eqgs by P-F relation which gives Y(Z) and Y (X):

YXY" 14+ Y-X=0, AY"-Y+Z=0

20



Also: 1 —AY"l=Y/X =2Z/Y.

Simplified FEqgs and T, in terms of F,. (easier):

Y\° Y
Vi (E) F u] =J" , Puw= (E) Fuy .
Y\? —2Y —1
ﬂw = — | = F pucy F " - el Y t - t
X 2 2n X n
n=2:Y=X/(14~X) , n=3:Yy=_1EVIEH)"

2"}‘;\_
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Electric point charge in the Y Model: n =2

Field Equations integrated easily due to spherical symmetry:

F:fr("") _ Q
7= 20
1-2yR.(r)2]" 7
Physical solutions (defined for all r, decreasing with r) for ~v > 0.
—-1/4
near r = 0: Fi,(r) ~ (2v)~1/2 (1 — %r);
asymptotically: F, (r) ~ 1/r? .
. As good as BI: finite F},.(0) and finite energy.

32.23/4, QE{'E
15 ,.},1,!4 '

il
E=—an /:r?(s)p(s) édf —
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Electric Black Holes in the Y™ Model: n = 2

Ty components:

F2(1+ 2vF2)

TD — Tl — —
0 1 2(1 — 27F2)2

the single Einstein equation:

1d F(1 + 29F3)

EET(I —f =&k 201 = 2"}-’1"}%)2

Change variables to £ gives:

dM _ kQ3/2(1 + 24€2)(1 + 64€2))

dE

gcl/2

23



Parametric representation of f(r):

r

oM l/2 KQE (15 + 247E2 + 2042£%)

) f(g)zl_QI?Eil-zqszj-l_ 30 (1 — 27€2)

r(&) = Qlf? (lﬂ.jl/? _ 2.},53,52)

.

il

Gravitational profiles: fixed M, varying Q.

* S-like and RN-like solutions.

* Notice the solution with finite f(0). It is
NOT regular BH.

15
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n > 3 point charge not more difficult - and covers n = 2

Write field Eqs using W(Y) =1 —~Y"~1 as:

VWP =J" | Pu=W(Q)Fu .

Now use Y for parametric representation of point charge fields:

Py = \-W(Y)Y/2 , F,=/-Y2W(Y)
2@2 1/‘4
"t (—YW3(Y)) '

. and energy density:

3n — n — l 1 3n —2
=79 = _ z = __YV
P 0 4n + 2n 4 T 4n
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Fo

08 n=2 3, 4,6, 9, 8l

Again: “healthy” solutions for: (—=1)"y >0 .
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Asymptotic behavior: Fy.(r) ~ Q/r? ; Pu(r) ~ Q/r?.

near r = 0.
n—>2 2(n—1)
1 T‘2 3n—2 ( 1 ?’2 3n—2
2=ty (2473 y[)3=2
Ptr(r) = 1 (QQ
(201 )5z 7
%0 0 d 1 .,
Total field energy: E = 4r [ r2pdr = 47r[ 4y 2 12(y) [—_Y 43072 ym
Jo J-sc"" dY 4 4n

g.23/4703/2 T (i‘%) r (WS%)
3|,},|1/4(n—1) r (?T)

Integration: E(|v|,n,Q) =



Electric Black Holes in the Y™ Model

Metric tensor and 17"

ds? = h(r)dt®> — dr?/f(r) — r2dQ°? .

1. 3n—2
T =T = -2 + n4n Ny s ox
1 n—2 SEC 770
T = T, = ZY + ym ~Y™"

T} =T" = h(r) = f(r) = a single Einstein Eq.+ flat space “Maxwell”:

1 d 1 3n —2
e 1 . __Y Y?L
Terr( f) K ( 2 + a Y )

dM K2 1 3n —2
= — — | -2Y Yy™"
dr 2 ( 4 + 4n K )




Change variables to Y gives:

dM  kr?dr (_EYJFSR—QWH)

dy ~— 2 dy \ 4 4n,
1/4
L . 202
with: r= (—YWE‘(Y))

Integration gives the mass function:

M(Y) =

RQ‘?’/Q(—Y) 1/4

60 - 21/4n(n - 1) (1 + [y(-Y)" 1)

9/4

[—32n|’y|2(—Y)2(”_1) + (n(27n — 101) + 10) |4|(=Y)"* 1 4+ n(17n — 49)

320 (1 + hl(-y)» 1)

i [ (=Y)n—t

1 4n — 5 5n—6 1
"4(n—1) 4(n—1)" |y|(=Y)nL

)

+ My
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Parametric representation of f(r): Gravitational profiles: fixed M, varying Q.

F(Y)=1- 2?{"4'}(;1’) « S-like and RN-like solutions. And more:

) 502 1/4 * For n=2, solution with finite f(0). It is NOT a
r(Y) = 2 - regular BH.

\ —YW3(Y) cgula

* For n=3, a new intermediate family exists with
2 inner horizons

n=2, y=0

fip)
15

n=3, y<0

10F

p=r/l , 0 =1/VKeZ

20L




BH Mass-Charge-Horizon Relations

. qu 1/4
Define also: y = —Y/¢? such ¢= (_y(1+_y11_1)3)
and:
A (17n — 49) + (10 + n(27n — 101))y"™ " — 32ny*("~ 1)
mfield(y) = _ q n(17n ) + (10 + n(27n 9)4)!; ny /Ay
21/4.15(n — 1) dn (1 + yn—1) /

8 P 1 n-2 5n-6 1
y(n=2)/4" \4’'4(n—-1)"4(n-1)" gy
B 1
such that: Mpy = Mfieid + 59(%) — M fic1d(yy)

and mpy given as a function «(¢,0,)  (0(q,y,),mzy(q,y,))
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BH Mass-Charge-Horizon plots

g=1, 2, 25,3, 3.5, 4
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Thermodynamics: temperature and entropy

ATy

. h
Spherical symmetry: Ty = £1(r)|r=r,
Arkp '
, ] (kg k3 1 3n—2
Dimensionless temperature: ——Tu=mu=—|——on|-y, +——
h Aw Oh 4 4dn
n=2, y>0 n=3, y<0
1.0 — - ———————— 10 e —
q=1,14,152345] | q=025,1,18,2.1,3,4,5. ]
0.8-— ] CI.E: ]
D.B- g_s:
[ le |
04_- ] 0.4:
02 3 02 N
S Lo il e




Entropy: Sgp =

B
)
4!}3

Y"™ Model

, 1/2
2q2 f

—143
y,(L+y" ")

S=T

Lines in s-g plane

Lines of constant mass for n=2
only (left):

my, = 1.0,1.9,2.5,3.0,3.5,4.0.

Spu (lp 2
J L g -
A = = = ( 7 ) ™o},
n=2, y>0
A 1 ™ML r 1 1T 01 T ™ 1 ]
i ‘h'. “ i
~
- ~ . -
8or S Ty=0.1+ 4
L *a i ]
L m=4 * ‘| .
e e Y . N
o T ., ' |
[ ..l . M -
L "5“ : : E
i m=35 . v
- . ]
40k s -
--------- N .-
1 .""-.“. . [ 4
- L) L] ]
I - . i [ b
F ~~~- “ ' . —
of o O\ :
Nl T - i o » T
- n ’
I' - L] L -
20k ‘u‘ 1‘ : 'i ,' -
L - ]
...... : : * E
..... I M L & '0
L —. ‘. ), i
- v *
10F LI YR P =
L P ¢ N _ _
------ - t. J "o":: - I4=0 i
s.“ ', . £ i
N VT e | i
ﬂ = PR — 1
0 1 2 3 4 5 6
q

n=2, y=0:n=3, y<0

10

-
-

- -
T T T T
1

Lines of constant T for n=2 (solid) and n=3 (dashed):47my = 0,0.10,0.12,0.14,0.16, 0.19, 0.25, 0.37,0.50,0.75, 1.00.
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What Next?

e Systematic study of PNLED beyond Y .

e Causality constraints, ghosts?

* Birefringence and light propagation

* Black hole solutions and their main properties:
electric, magnetic, dyonic, (non-) rotating,
mass-charge-horizon relations, temperature, entropy...
particle trajectories and light rays

* Regular black holes?

* Cosmology — beyond Rassanen&Verbin, Open Journal of Astrophysics,
6 2023 [2211.15584]






Additional Slides



Maxwell Lagrangian and Field Equations — Second Order

1
Mar - _ZF”UF#U o J#AP[‘ ’ j'?.l'-i..l,«r — 3#_111,: - SUA#_ .

Dynamical variables (for performing variation): A, .

Variation with respect to A, gives the inhomogeneous FEQs:

W#F‘u” —_ .Iu .

The definition F = dA gives the homogeneous (sourceless) Egs.:

V,*FP =0 |, *FM = "7 (9,As — s Ap) /24/—7 .
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BI - Electric Field of point charge

B-I-Coulomb law: V, (¢1f§/252) — joO

2
point charge Q in flat space: F}. = £(N= r-é = Q.
V1-E2/b2

Q

E =
\/QQ/E}Q + r4

e Electric field of point particle is finite: £(0) = b
e Total electrostatic energy also finite

BUT: £(7) still discontinuous at r = 0.
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