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• Newton polynomial from toric diagram

• Birational transformation and transform of Newton polynomial
1. SL(3, Z) rotation

2. rational transformation

3. SL (3,Z) rotation

• Birational transform of Newton polynomial for          theory
- step 1.

- step 2.
- step 3. 

• Height assignment and decomposition of toric diagram

• Holomorphic interaction of 2d (0,2) gauge theories is given by J- and E-
terms, each of which is associated with each Fermi multiplet. 

• J- and E-terms that are linear in chiral multiplet turns on the mass 
è A chiral-Fermi pair in the same (or opposite) gauge representation

can trigger mass deformations. 
è Massive fields are replaced by 

binomials of surviving chirals

For an example of mass deformation of brane brick models, we consider 
theory of which quiver is constructed by 3d printing of 4d N=1

conifold theory. RG flow is triggered by the deformation colored in blue.

The integration-out of massive fields induce the following substitution   
of chiral fields in the J- and E-terms.

The resulting quiver gauge theory is given by H4 theory. The toric
diagrams of two gauge theories are described below. You could check 
• the vertex in move and where it moves
• the massive vertex which contains chiral fields to become massive
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Birational transformation as Combinatorial mutation

Mass deformations of (0,2) quiver gauge theories

Example : Mass deformation of Brane Brick Models 

Brane Brick Models : brane construction

N D1-branestoric CY 4-fold

Brane BrickToric Diagram Quiver Gauge Theory

• World-volume theory of D1-brane whose transverse geometry is a toric Calabi-Yau 4-fold.
• We call its T-dual Type IIA brane construction as a ‘brane brick’
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D4

holomorphic surface 
⌃

(2, 3) ⌘ x

(4, 5) ⌘ y

(6, 7) ⌘ z
constitutes a 3 torus

NS5 branes wrapping a holomorphic cycle

Table 1. Dictionary between gauge theory and combinatorial tools
{arg(x), arg(y), arg(z)}

Toric Diagram Gauge Theory Brane Brick

combinations of 
connected edges

(0,2) chiral multiplets orientable faces

(0,2) Fermi multiplets unorientable faces

volume (0,2) vector multiplets bricks

J- and E-terms edges

vertices GLSM fields brick matchings

edges phase boundary

T-dual
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Fig 5. (0,2) Chiral-Fermi pair in a quiver Q

Birational transformation as Algebraic mutation
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Y12 = Z13 ·X32 �X14 · Z42

Y34 = �Z31 ·X14 +X32 · Z24

Fig 7. Quiver of H4 theory
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Fig. 8. Move of external vertices of toric diagram under 2d mass deformation
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Fig 3. Mapping between terms in Newton polynomial and vertices of toric diagram
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C++

<latexit sha1_base64="Tqy22vRwz7skpExrdXl+j18UFh8=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAihLArPoIgBLx4jGAekKxhdjKbDJmdXWZm1bjkP7x4UMSr/+LNv3GS7EETCxqKqm66u7yIM6Vt+9taWFxaXlnNrGXXNza3tnM7u3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteIOrsd+4p1KxUNzqYUTdAPcE8xnB2kh3F6haeCwOi09H6BLZnVzeLtkToHnipCQPKaqd3Fe7G5I4oEITjpVqOXak3QRLzQino2w7VjTCZIB7tGWowAFVbjK5eoQOjdJFfihNCY0m6u+JBAdKDQPPdAZY99WsNxb/81qx9stuwkQUayrIdJEfc6RDNI4AdZmkRPOhIZhIZm5FpI8lJtoElTUhOLMvz5P6cck5K53enOQr5TSODOzDARTAgXOowDVUoQYEJDzDK7xZD9aL9W59TFsXrHRmD/7A+vwBVr2QcQ==</latexit>

: P (x, y, z) = 0

<latexit sha1_base64="Vi6AgMV1QGZwg5YsOK8JQ/TNrac="></latexit>

G+1 = {(1, 0, 0)}
G0 = {(0, 0, 0) , (�1,�1, 0)}

G�1 + F = {(0,�1, 0) , (0,�1, 1)}
+ {(0, 0, 0) , (0, 0, 1)}

<latexit sha1_base64="lCqds6n3vhTnmG2aWg51VXm1k1Y="></latexit>

H+1 = G+1 + F

= {(1, 0, 0)}+ {(0, 0, 0) , (0, 0, 1)}
H0 = G0 = {(0, 0, 0) , (�1,�1, 0)}

H�1 = G�1 = {(0,�1, 0) , (0,�1, 1)}

<latexit sha1_base64="XNbvsExWbwcLvmk8xmfJZFnY/fc=">AAACD3icbVC7SgNBFJ31GdfXqqXNYFAihLArPtIIARvLCOYByRJmJzfJkNkHM7NKWPIHNv6KjYUitrZ2/o2TzRYx8cCFwzn3ztx7vIgzqWz7x1haXlldW89tmJtb2zu71t5+XYaxoFCjIQ9F0yMSOAugppji0IwEEN/j0PCGNxO/8QBCsjC4V6MIXJ/0A9ZjlCgtdayTdvpG4vEYxvgRX+OCU3SK9qmJZ9Gx8nbJToEXiZORPMpQ7Vjf7W5IYx8CRTmRsuXYkXITIhSjHMZmO5YQETokfWhpGhAfpJuku4zxsVa6uBcKXYHCqTo7kRBfypHv6U6fqIGc9ybif14rVr2ym7AgihUEdPpRL+ZYhXgSDu4yAVTxkSaECqZ3xXRABKFKR2jqEJz5kxdJ/azkXJYu7s7zlXIWRw4doiNUQA66QhV0i6qohih6Qi/oDb0bz8ar8WF8TluXjGzmAP2B8fULoPmXOw==</latexit>

w = (1, 1, 0)
<latexit sha1_base64="JmpA/qdTnRelC10s3pYMpWBPUXM=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhzChDHa4csuwkAQjxPcC6xlpGm6haVpSVJhlH0PL34VLx4U8SR48NuYdRV08x8CP/5PnuTJ34sZlcqyvoyl5ZXVtfXCRnFza3tn19zbb8soEZi0cMQi0fWQJIxy0lJUMdKNBUGhx0jHG11N6517IiSN+J0ax8QN0YDTgGKktNU3a052RyqIP4HX8BI6KSxbFb1OoFOpzNjWPIE/6pslq2plgotg51ACuZp988PxI5yEhCvMkJQ924qVmyKhKGZkUnQSSWKER2hAeho5Col002yuCTzWjg+DSOjNFczc3x0pCqUch54+GSI1lPO1qflfrZeooO6mlMeJIhzPHgoSBlUEp0FBnwqCFRtrQFhQPSvEQyQQVjrOog7Bnv/yIrRrVfu8enZ7WmrU8zgK4BAcgTKwwQVogBvQBC2AwQN4Ai/g1Xg0no034312dMnIew7AHxmf32Tamqc=</latexit>

F = {(0, 0, 0) , (0, 0, 1)}

h=0
h=+1

h= -1

w

h=+1

h= -1

w

Fig 4. Mutation : moving a factor F in underground layers h < 0 to overground layers h > 0

<latexit sha1_base64="1phMaKocyrnEGdUNisxKJUxhj5k="></latexit>

P_(x, y, z) =
1

y
(1 + z) + 1 +

x

y
+ (1 + z)x

<latexit sha1_base64="Dl2gaRgxPI/gNC3weWjEdpXhktw="></latexit>

P (x, y, z) = (1 + x)
1

z
+ (1 + y) + (y + xy)z

Birational Transformations Mass-Deformation of Gauge Theory

KEY : Mass Deformation of Brane Brick models corresponds to the birational transformation on Newton polynomial of probed CY 4-folds.

Fig. 1. Brane setup for brane brick models

Fig. 2. Toric diagram (left), Periodic quiver (middle) and brane brick (right)


