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2 Right-handed neutrinos: seesaw models and signatures

• The minimal case of two right-handed neutrinos, consistent with neutrino oscillation data, is discussed including either diagonal or
o↵-diagonal right-handed neutrino masses.

• The case of extra neutrino singlets is considered, focussing on the inverse seesaw mechanism.

1 Introduction

The Standard Model (SM) of particle physics [1–4] involves three families of spin-1/2 chiral fermions, the quarks and leptons, arranged
into particular multiplets of the gauge group

S U(3)C ⇥ S U(2)L ⇥ U(1)Y (1)
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plus a complex scalar Higgs doublet H with hypercharge Y = +1/2
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where the vacuum expectation value (VEV) hh0i = v/
p

2 breaks the electroweak symmetry to electromagnetism, resulting in a physical
Higgs boson [5–8]. The left-handed (L) chirality fermions form electroweak S U(2)L doublets, while the right-handed (R) chirality fermions
form electroweak S U(2)L singlets. The six quarks (u)p, (d)own, (c)harm, (s)trange, (t)op, (b)ottom carry three colours (r)ed, (b)lue, (g)reen
under S U(3)C . The three families of leptons do not carry colour, and are labelled by the charged lepton mass eigenstates (e)lectron, muon
(µ) and tau (⌧). The neutrinos (⌫) are leptons with zero electric charge, and appear only in left-handed doublets together with the charged
lepton mass eigenstates, namely electron neutrino (⌫eL), muon neutrino (⌫µL), tau neutrino (⌫⌧L). In the SM, these three neutrinos are all
massless and are distinguished by separate lepton numbers Le, Lµ, L⌧. The neutrinos and antineutrinos are distinguished by total lepton
number L = ±1.

The SM survived until almost the end of the last century, but then a series of experiments established the existence of tiny neutrino
masses and rather large neutrino mixing [9, 10]. In 1998 it was discovered that ⌫µ neutrinos, produced from cosmic rays in the upper
atmosphere, disappear; later it was shown that this is due to them oscillating between the two identities ⌫µ � ⌫⌧ on their way to Earth,
which can happen if neutrinos have mass and mixing [11]. In 2002, the electron neutrinos ⌫e from the Sun were shown to also disappear,
transforming to ⌫µ and ⌫⌧, which is also a consequence of neutrino oscillations due to their mass and mixing [12]. Further atmospheric,
solar and terrestrial experiments, including reactor experiments, followed, confirming and refining this neutrino oscillation picture [13–16].
This culminated in a three family pattern of neutrino masses and mixing angles, and we now know that:
• Neutrinos have tiny masses, approximately one million times smaller than the electron mass.
• Two of the neutrino masses are similar in mass, unlike the hierarchical charged fermion masses.
• The neutrino masses break separate lepton numbers Le, Lµ, L⌧ but may or may not respect total lepton number L = Le + Lµ + L⌧, de-

pending on them being Dirac or Majorana in nature.
• Neutrinos have large mixing relevant to the atmospheric and solar experiments, and smaller mixing describing the reactor experiments,

comparable to the largest quark mixing angle.
Neutrino oscillations [17] only depend on the two mass squared di↵erences �m2

21 ⌘ m2
2 � m2

1, which is constrained by data to be positive,
and �m2

31 ⌘ m2
3 � m2

1, which current data allows to take a positive (normal) or negative (inverted) value, but do not depend on the absolute
neutrino mass scale, as explained in Fig.1. 1 Lepton mixing relevant to the oscillation experiments is parameterised by three lepton mixing
angles (and one CP violating phase), whose precise definitions will be discussed later, but which may be intuitively understood in Fig.2.
The atmospheric neutrino oscillation data is consistent with bi-maximal ⌫µ � ⌫⌧ mixing, with ✓23 ⇡ 45� [11], though it could be less than

1It is common but incorrect to refer to the mass squared ordering question as the “neutrino mass hierarchy”. The “ordering” question is separate from that of whether
neutrino masses are hierarchical in nature or approximately degenerate, which is to do with the lightest neutrino mass.
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6 Right-handed neutrinos: seesaw models and signatures

In order to explain weak interaction phenomena, S.L. Glashow in 1961 [1] introduced an electroweak gauge theory, now called the
Standard Model (SM), based on the non-Abelian gauge group S U(2)L and the weak hypercharge gauge group U(1)Y

S U(2)L ⇥ U(1)Y (10)

under which left-handed chiral electron and neutrino field form a doublet Le with hypercharge Y = �1/2 while the right-handed chiral
electron eR is a singlet with hypercharge Y = �1 equal to its electric charge,

Le =

 
⌫eL

eL

!
, eR (11)

It is not possible to write down gauge invariant mass terms, but S. Weinberg in 1967 [2] and A. Salam in 1968 [3] included the complex
scalar Higgs5 doublet H into the theory with hypercharge Y = +1/2, as in Eq. 6,

H =
 
h+

h0

!
(12)

where the vacuum expectation value (VEV) hh0i = v/
p

2 breaks the electroweak symmetry to electromagnetism

S U(2)L ⇥ U(1)Y ! U(1)Q (13)

where the electric charge generator Q is given by

Q = T3L + Y (14)

where T3L is the third generator of S U(2)L and Y is the hypercharge generator. The electron mass then arises from the gauge invariant
interaction term,

yeLeHeR + H.c.! ye
vp
2

(eLeR + eReL) (15)

where we identify the Dirac mass for the electron as,

me = ye
vp
2

(16)

The dimensionless scalar-fermion coupling constant ye is commonly referred to as a Yukawa coupling after H. Yukawa who studied pion-
nucleon couplings in his 1935 paper on strong interactions.

Following the discovery of the muon µ in 1936 by C.D. Anderson and S. Neddermeyer, and the tau lepton ⌧ in 1977 by M.L. Perl, the
standard electroweak theory was extended to include three gauge invariant Yukawa terms 6

yeLeHeR + yµLµHµR + y⌧L⌧H⌧R + H.c. (17)

where the three lepton doublets with hypercharge Y = �1/2 are
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leading to the three Dirac masses for the charged leptons

me = ye
vp
2
, mµ = yµ

vp
2
, m⌧ = y⌧

vp
2
, (19)

where me ⇡ 0.511 MeV, mµ ⇡ 105.66 MeV, m⌧ ⇡ 1777 MeV [72], plus three massless left-handed chiral neutrinos ⌫eL, ⌫µL, ⌫⌧L. The
hierarchy of the three charged lepton masses, all of them much smaller than the Higgs VEV v ⇡ 246 GeV, is parametrised in terms of the
three hierarchical Yukawa couplings ye ⌧ yµ ⌧ y⌧ ⌧ 1, which is unexplained in the SM.

Note that there is an accidental global symmetry which survives electroweak symmetry breaking, namely U(1)Le , U(1)Lµ , U(1)L⌧ ,
associated with the three lepton numbers Le, Lµ, L⌧, not to be confused with the three lepton doublets of the same name 7. This is simply
the symmetry of the three Yukawa terms in Eq.17, where any field with a label ↵ = e, µ, ⌧ is associated a global lepton number L↵ = 1 under
the respective lepton number. For example, ⌫eL, eL, eR all have Le = 1 and Lµ = L⌧ = 0, and so on. The three lepton numbers really express
the fact that there are no mass mixing Yukawa terms like for example LeHµR . Of course there is nothing to forbid such mass mixing terms,
which are allowed by gauge invariance, but they can be easily rotated away, as we now discuss.

To see this let us write the three lepton doublets as Li and the three right-handed charged leptons as eR j, where i, j = 1, 2, 3, and the
Yukawa terms as

HLiye
i jeR j + H.c. (20)

5Actually the complex scalar S U(2) doublet was first discussed by Kibble [8]. Higgs et al [5–7] only considered U(1).
6Of course at the time, Glashow, Weinberg and Salam only knew of the muon terms.
7Total lepton number L = Le + Lµ + L⌧ is also conserved.
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where me ⇡ 0.511 MeV, mµ ⇡ 105.66 MeV, m⌧ ⇡ 1777 MeV [72], plus three massless left-handed chiral neutrinos ⌫eL, ⌫µL, ⌫⌧L. The
hierarchy of the three charged lepton masses, all of them much smaller than the Higgs VEV v ⇡ 246 GeV, is parametrised in terms of the
three hierarchical Yukawa couplings ye ⌧ yµ ⌧ y⌧ ⌧ 1, which is unexplained in the SM.
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5Actually the complex scalar S U(2) doublet was first discussed by Kibble [8]. Higgs et al [5–7] only considered U(1).
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7Total lepton number L = Le + Lµ + L⌧ is also conserved.
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Fig. 3 Standard Model S U(3)C ⇥ S U(2)L ⇥ U(1)Y multiplets, left-handed fermions in the left panel, right-handed fermions in the right panel. In addition,
we have included three right-handed neutrino singlets. Note that there are then precisely sixteen blocks for each family.

Fig. 4 Standard Model mass eigenstate plot where the heights of the towers indicate the masses of the quarks and leptons (true heights need to be
scaled by the factors shown). Note the extreme smallness of the neutrino masses.

family may then be glued together into three 16 dimensional families which form complete representations of S O(10) 2. Although the group
theory of S O(10) predicts 16 dimensional spinorial representations, it does not predict the number of these representations, so the number
of families remains a mystery. However, given that three families of quarks and leptons have been discovered experimentally, then S O(10)
GUTs predicts that there should be three right-handed neutrinos to make up the three 16 dimensional representations. More generally, any
U(1)B�L gauge group extension of the SM predicts three RHNs [45, 46].

In Cosmology, right-handed neutrinos can play several possible important roles, which, in order of the most plausible to the most
speculative, are as follows. Firstly, and most plausibly, right-handed neutrinos with Majorana mass around 1 GeV or above could be
responsible for the preponderance of matter over antimatter, due to a mechanism known as leptogenesis, which is one of the leading
candidates for the origin of the baryon asymmetry of the universe (BAU) [47–52] 3. Secondly, right-handed neutrinos could be responsible
for dark matter, since although active neutrino masses of order eV tend to wash out galaxy structures, since they yield a hot dark matter
component, right-handed or sterile neutrino masses of order keV can provide acceptable warm dark matter [53, 54]. Thirdly, supersymmetric
partners of right-handed neutrinos called sneutrinos could be responsible for inflating the universe from Planck scale size to its present
size [55–58]. Finally, and most speculatively, right-handed neutrinos may somehow be related to dark energy since the eV scale generated
via the seesaw mechanism happens to be the same order of magnitude as the cosmological constant (see e.g. [59] and references therein).

The purpose of the present article is to give a pedagogical introduction to right-handed neutrinos as a simple extension to the SM,
focussing on seesaw models and their possible experimental signatures. Although the scope is limited to right-handed neutrinos, the seesaw
methods developed may readily be adapted to other extensions beyond the SM that have been proposed to account for neutrino mass and
mixing, as described in detail in the other reviews [60–71]. The idea is to make the present exposition as accessible as possible to all levels
of researchers, both theorists and experimentalists, to act as a stepping stone to the wider literature.

The roadmap for the remainder of this article is as follows.

2It would be nice to be able to glue the three 16 dimensional blocks together to form a single 48 dimensional representation of some family unified gauge group, but such
a simple group does not exist.
3the SM by itself yields too small a value for the BAU.
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which may be written as a matrix equation

H
⇣
L1 L2 L3

⌘
0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
+ H.c. (21)

where the Yukawa matrix can be diagonalised by two independent unitary 3 ⇥ 3 transformations VeL and VeR acting on the triplets of the
lepton fields Li and eR j, so the Yukawa matrix can be written in the diagonal basis of Eq.17 without loss of generality. This is achieved
by using unitary matrices which satisfy V†V = I, where I is the unit matrix, with V†eL VeL = I and V†eR VeR = I inserted before and after the
matrix in Eq.21, with VeL and VeR chosen such that,

VeL

0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

V†eR
=

0
BBBBBBBBB@

ye 0 0
0 yµ 0
0 0 y⌧

1
CCCCCCCCCA

(22)

where, in the diagonal basis,
0
BBBBBBBBB@

Le

Lµ
L⌧

1
CCCCCCCCCA
= VeL

0
BBBBBBBBB@

L1

L2

L3

1
CCCCCCCCCA
,

0
BBBBBBBBB@

eR

µR

⌧R

1
CCCCCCCCCA
= VeR

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
. (23)

2.2 Neutrino mass and mixing from the Weinberg operator

After electroweak symmetry breaking the three chiral neutrinos ⌫eL, ⌫µL, ⌫⌧L of the SM remain massless. However since the neutrinos are
electrically neutral it is possible to write down a new kind of mass term envisaged by E. Majorana in 1937 [73], namely

m⌫⌫L⌫
c
L (24)

where ⌫L is a left-handed neutrino field and ⌫cL is its CP conjugate field8 ⌫cL = i�2⌫⇤L (a right-handed antineutrino field). Clearly such a
Majorana mass term would be forbidden if ⌫L carried electric charge. However in the SM ⌫L carries hypercharge so it is also forbidden9.
The origin of such Majorana masses must lie beyond the SM, but generically they could arise from some high energy gauge invariant
non-renormalisable operators as envisaged by S. Weinberg in 1979 [74],

i j(LT
i H̃⇤)(H̃†Lj)! m⌫†i j ⌫

c
Li⌫L j (25)

involving H̃ = i�2H⇤, the same Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where i j are some dimensionful
coe�cients associated with some high energy scale ⇤ � v, leading to small Majorana neutrino masses m⌫†i j = i jv2/2 ⇠ v2/⇤, suppressed
by the high energy scale ⇤.

The lepton mass sector below the electroweak symmetry breaking scale is then, in some arbitrary basis 10,

Llepton
mass = �eLime

i jeR j �
1
2
⌫Lim⌫i j⌫

c
L j + H.c. (26)

The low energy mass matrices are diagonalised by unitary transformations, as in Eqs. 22, 23,

VeL meV†eR
=

0
BBBBBBBBB@

me 0 0
0 mµ 0
0 0 m⌧

1
CCCCCCCCCA
, V⌫L m⌫VT

⌫L
=

0
BBBBBBBBB@

m1 0 0
0 m2 0
0 0 m3

1
CCCCCCCCCA
. (27)

The couplings to W� are given by � gp
2
W�µ lL�µ⌫lL, where l = e, µ, ⌧ are the charged lepton mass eigenstates, hence the charged currents in

terms of the light neutrino mass eigenstates ⌫1, ⌫2, ⌫3 are,

LCC
lepton = �

gp
2

W�µ
⇣

eL µL ⌧L
⌘
�µUPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
+ H.c. (28)

where we have identified the unitary Pontecorvo-Maki-Nakagawa-Sakata (MNS) [75] matrix as,

UPMNS = VeL V†⌫L
. (29)

Three of the six phases can be removed since each of the three charged lepton mass terms such as meeLeR, etc., is left unchanged by global
phase rotations eL ! ei�e eL and eR ! ei�e eR, etc., where the three phases �e, etc., are chosen to leave three physical (irremovable) phases
in UPMNS. There is no such phase freedom in the Majorana mass terms � 1

2 mi⌫i⌫ci where mi are real and positive.

8Here are elsewhere �2 is the second Pauli matrix.
9Sometimes ⌫L is said to be its own antiparticle, but this is not true since a beam of Majorana neutrinos ⌫L interacts di↵erently from a beam of antineutrinos ⌫cL since they
have have opposite hypercharge.
10Note that the neutrino mass matrix in Eq. 26 is the Hermitian conjugate of that in Eq. 25, where (m⌫)† = (m⌫)⇤, since it is complex symmetric. With this definition the
neutrino mass term looks similar to the charged lepton mass term.
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Fig. 5 Illustration of the different types of neutrino mass with one left-handed active neutrino ⌫L, and one right-handed sterile neutrino ⌫R. The long blue
arrow is the momentum vector, while the short red arrow is the spin vector of the neutrino, where L,R refers to left and right chirality, and c indicates CP
conjugation. The Dirac mass term involves both L and R degrees of freedom, while Majorana mass terms involve only either L or R degrees of freedom.

right-handed chiral neutrinos ⌫R which are electroweak singlets with zero hypercharge. The resulting seesaw mechanism [81–86]11 provides
a high energy completion of the non-renormalisable Weinberg operators in Eq. 25.

To begin with let us introduce a single right-handed sterile neutrino ⌫R [91, 92] which is an electroweak singlet chiral field with zero
hypercharge and electric charge. Crucially this means that its CP conjugate field12 ⌫cR = i�2⌫⇤R (a left-handed antineutrino field) is also
neutral under all gauge charges, which allows a new kind of mass term to be constructed, of the kind envisaged by E. Majorana in 1937,
namely

MR⌫cR⌫R. (39)

Clearly such a Majorana mass term would be forbidden if ⌫R carried electric charge. The size of the Majorana mass MR is arbitrary, and can
range from zero to infinity, or at least the Planck mass. It is also worth emphasising that the Majorana mass only involves two independent
degrees of freedom, namely those of the Weyl spinor, ⌫R, since its CP conjugate ⌫cR involves just the same degrees of freedom. This is unlike
the Dirac mass term for the electron in Eq.8 which couples two independent Weyl spinors eL and eR and therefore involves four independent
degrees of freedom. However it is possible to describe the right-handed neutrino as a four component Majorana spinor,

N =
 
⌫cR
⌫R

!
(40)

which is the analogue of the four component electron Dirac spinor in Eq.7, but which in this case only involves two independent degrees of
freedom. In this notation the CP conjugate of the Majorana spinor in Eq.40 is equal to itself,

Nc = N (41)

The Majorana mass term then can be written

1
2

MRNN =
1
2

MR(⌫cR⌫R + ⌫R⌫
c
R) (42)

It is common to refer to such a Majorana particle as being its own antiparticle since its four-component Majorana spinor is self-conjugate
13. However the key thing to understand is that there are only two independent degrees of freedom describing Majorana particles such as
the right-handed neutrino, which accounts for the factor of 1/2 in Eq.42 as compared to the Dirac mass term for the electron in Eq.8.

If we now recall the three massless chiral left-handed neutrinos ⌫eL, ⌫µL, ⌫⌧L which remain below the electroweak symmetry breaking
scale, further types of neutrino mass are possible. As discussed below, it is possible to consider only one combination of these states ⌫L

which couples to the single right-handed neutrino ⌫R. Ignoring electroweak interactions to begin with, there are then three di↵erent types of
mass term that can be written down: a Dirac mass mD connecting ⌫L to ⌫R 14, a Majorana mass mL involving only the degrees of freedom of
⌫L, and a Majorana mass MR involving only the degrees of freedom of ⌫R, as shown in Fig. 5.

In the Standard Model, the left-handed Majorana mass mL is forbidden by electroweak gauge invariance. However Dirac masses mD

may arise from Yukawa couplings

y⌫LH̃⌫R + H.c.! y⌫
vp
2

(⌫L⌫R + ⌫R⌫L) (43)

11The original seesaw mechanism we shall describe is sometimes referred to as the type I or type Ia seesaw mechanism to distinguish it from the type Ib version discussed
later, and other neutrino mass mechanisms which we shall not describe here, including type II [86, 87] with heavy triplet scalars and type III [88, 89] with triplet fermions
(for a survey see e.g. [90]).
12Here are elsewhere �2 is the second Pauli matrix. The mass term can also be written as MR⌫TR�2⌫R.
13This terminology makes sense since ⌫R does not carry any quantum numbers.
14Dirac mass terms conserve lepton number. Charged leptons also have this type of mass.



Right-handed neutrinos: seesaw models and signatures 7

which may be written as a matrix equation

H
⇣
L1 L2 L3

⌘
0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
+ H.c. (21)

where the Yukawa matrix can be diagonalised by two independent unitary 3 ⇥ 3 transformations VeL and VeR acting on the triplets of the
lepton fields Li and eR j, so the Yukawa matrix can be written in the diagonal basis of Eq.17 without loss of generality. This is achieved
by using unitary matrices which satisfy V†V = I, where I is the unit matrix, with V†eL VeL = I and V†eR VeR = I inserted before and after the
matrix in Eq.21, with VeL and VeR chosen such that,

VeL

0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

V†eR
=

0
BBBBBBBBB@

ye 0 0
0 yµ 0
0 0 y⌧

1
CCCCCCCCCA

(22)

where, in the diagonal basis,
0
BBBBBBBBB@

Le

Lµ
L⌧

1
CCCCCCCCCA
= VeL

0
BBBBBBBBB@

L1

L2

L3

1
CCCCCCCCCA
,

0
BBBBBBBBB@

eR

µR

⌧R

1
CCCCCCCCCA
= VeR

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
. (23)

2.2 Neutrino mass and mixing from the Weinberg operator

After electroweak symmetry breaking the three chiral neutrinos ⌫eL, ⌫µL, ⌫⌧L of the SM remain massless. However since the neutrinos are
electrically neutral it is possible to write down a new kind of mass term envisaged by E. Majorana in 1937 [73], namely

m⌫⌫L⌫
c
L (24)

where ⌫L is a left-handed neutrino field and ⌫cL is its CP conjugate field8 ⌫cL = i�2⌫⇤L (a right-handed antineutrino field). Clearly such a
Majorana mass term would be forbidden if ⌫L carried electric charge. However in the SM ⌫L carries hypercharge so it is also forbidden9.
The origin of such Majorana masses must lie beyond the SM, but generically they could arise from some high energy gauge invariant
non-renormalisable operators as envisaged by S. Weinberg in 1979 [74],

i j(LT
i H̃⇤)(H̃†Lj)! m⌫†i j ⌫

c
Li⌫L j (25)

involving H̃ = i�2H⇤, the same Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where i j are some dimensionful
coe�cients associated with some high energy scale ⇤ � v, leading to small Majorana neutrino masses m⌫†i j = i jv2/2 ⇠ v2/⇤, suppressed
by the high energy scale ⇤.

The lepton mass sector below the electroweak symmetry breaking scale is then, in some arbitrary basis 10,

Llepton
mass = �eLime

i jeR j �
1
2
⌫Lim⌫i j⌫

c
L j + H.c. (26)

The low energy mass matrices are diagonalised by unitary transformations, as in Eqs. 22, 23,

VeL meV†eR
=

0
BBBBBBBBB@

me 0 0
0 mµ 0
0 0 m⌧

1
CCCCCCCCCA
, V⌫L m⌫VT

⌫L
=

0
BBBBBBBBB@

m1 0 0
0 m2 0
0 0 m3

1
CCCCCCCCCA
. (27)

The couplings to W� are given by � gp
2
W�µ lL�µ⌫lL, where l = e, µ, ⌧ are the charged lepton mass eigenstates, hence the charged currents in

terms of the light neutrino mass eigenstates ⌫1, ⌫2, ⌫3 are,

LCC
lepton = �

gp
2

W�µ
⇣

eL µL ⌧L
⌘
�µUPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
+ H.c. (28)

where we have identified the unitary Pontecorvo-Maki-Nakagawa-Sakata (MNS) [75] matrix as,

UPMNS = VeL V†⌫L
. (29)

Three of the six phases can be removed since each of the three charged lepton mass terms such as meeLeR, etc., is left unchanged by global
phase rotations eL ! ei�e eL and eR ! ei�e eR, etc., where the three phases �e, etc., are chosen to leave three physical (irremovable) phases
in UPMNS. There is no such phase freedom in the Majorana mass terms � 1

2 mi⌫i⌫ci where mi are real and positive.

8Here are elsewhere �2 is the second Pauli matrix.
9Sometimes ⌫L is said to be its own antiparticle, but this is not true since a beam of Majorana neutrinos ⌫L interacts di↵erently from a beam of antineutrinos ⌫cL since they
have have opposite hypercharge.
10Note that the neutrino mass matrix in Eq. 26 is the Hermitian conjugate of that in Eq. 25, where (m⌫)† = (m⌫)⇤, since it is complex symmetric. With this definition the
neutrino mass term looks similar to the charged lepton mass term.
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which may be written as a matrix equation

H
⇣
L1 L2 L3

⌘
0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
+ H.c. (21)

where the Yukawa matrix can be diagonalised by two independent unitary 3 ⇥ 3 transformations VeL and VeR acting on the triplets of the
lepton fields Li and eR j, so the Yukawa matrix can be written in the diagonal basis of Eq.17 without loss of generality. This is achieved
by using unitary matrices which satisfy V†V = I, where I is the unit matrix, with V†eL VeL = I and V†eR VeR = I inserted before and after the
matrix in Eq.21, with VeL and VeR chosen such that,

VeL

0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

V†eR
=

0
BBBBBBBBB@

ye 0 0
0 yµ 0
0 0 y⌧

1
CCCCCCCCCA

(22)

where, in the diagonal basis,
0
BBBBBBBBB@

Le

Lµ
L⌧

1
CCCCCCCCCA
= VeL

0
BBBBBBBBB@

L1

L2

L3

1
CCCCCCCCCA
,

0
BBBBBBBBB@

eR

µR

⌧R

1
CCCCCCCCCA
= VeR

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
. (23)

2.2 Neutrino mass and mixing from the Weinberg operator

After electroweak symmetry breaking the three chiral neutrinos ⌫eL, ⌫µL, ⌫⌧L of the SM remain massless. However since the neutrinos are
electrically neutral it is possible to write down a new kind of mass term envisaged by E. Majorana in 1937 [73], namely

m⌫⌫L⌫
c
L (24)

where ⌫L is a left-handed neutrino field and ⌫cL is its CP conjugate field8 ⌫cL = i�2⌫⇤L (a right-handed antineutrino field). Clearly such a
Majorana mass term would be forbidden if ⌫L carried electric charge. However in the SM ⌫L carries hypercharge so it is also forbidden9.
The origin of such Majorana masses must lie beyond the SM, but generically they could arise from some high energy gauge invariant
non-renormalisable operators as envisaged by S. Weinberg in 1979 [74],

i j(LT
i H̃)(H̃T L j)! m⌫†i j ⌫

c
Li⌫L j (25)

involving H̃ = i�2H⇤, the same Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where i j are some dimensionful
coe�cients associated with some high energy scale ⇤ � v, leading to small Majorana neutrino masses m⌫†i j = i jv2/2 ⇠ v2/⇤, suppressed
by the high energy scale ⇤.

The lepton mass sector below the electroweak symmetry breaking scale is then, in some arbitrary basis 10,

Llepton
mass = �eLime

i jeR j �
1
2
⌫Lim⌫i j⌫

c
L j + H.c. (26)

The low energy mass matrices are diagonalised by unitary transformations, as in Eqs. 22, 23,

VeL meV†eR
=

0
BBBBBBBBB@

me 0 0
0 mµ 0
0 0 m⌧

1
CCCCCCCCCA
, V⌫L m⌫VT

⌫L
=

0
BBBBBBBBB@

m1 0 0
0 m2 0
0 0 m3

1
CCCCCCCCCA
. (27)

The couplings to W� are given by � gp
2
W�µ lL�µ⌫lL, where l = e, µ, ⌧ are the charged lepton mass eigenstates, hence the charged currents in

terms of the light neutrino mass eigenstates ⌫1, ⌫2, ⌫3 are,

LCC
lepton = �

gp
2

W�µ
⇣

eL µL ⌧L
⌘
�µUPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
+ H.c. (28)

where we have identified the unitary Pontecorvo-Maki-Nakagawa-Sakata (MNS) [75] matrix as,

UPMNS = VeL V†⌫L
. (29)

Three of the six phases can be removed since each of the three charged lepton mass terms such as meeLeR, etc., is left unchanged by global
phase rotations eL ! ei�e eL and eR ! ei�e eR, etc., where the three phases �e, etc., are chosen to leave three physical (irremovable) phases
in UPMNS. There is no such phase freedom in the Majorana mass terms � 1

2 mi⌫i⌫ci where mi are real and positive.

8Here are elsewhere �2 is the second Pauli matrix.
9Sometimes ⌫L is said to be its own antiparticle, but this is not true since a beam of Majorana neutrinos ⌫L interacts di↵erently from a beam of antineutrinos ⌫cL since they
have have opposite hypercharge.
10Note that the neutrino mass matrix in Eq. 26 is the Hermitian conjugate of that in Eq. 25, where (m⌫)† = (m⌫)⇤, since it is complex symmetric. With this definition the
neutrino mass term looks similar to the charged lepton mass term.

Charged lepton and neutrino mass matrices
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which may be written as a matrix equation

H
⇣
L1 L2 L3

⌘
0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
+ H.c. (21)

where the Yukawa matrix can be diagonalised by two independent unitary 3 ⇥ 3 transformations VeL and VeR acting on the triplets of the
lepton fields Li and eR j, so the Yukawa matrix can be written in the diagonal basis of Eq.17 without loss of generality. This is achieved
by using unitary matrices which satisfy V†V = I, where I is the unit matrix, with V†eL VeL = I and V†eR VeR = I inserted before and after the
matrix in Eq.21, with VeL and VeR chosen such that,

VeL

0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

V†eR
=

0
BBBBBBBBB@

ye 0 0
0 yµ 0
0 0 y⌧

1
CCCCCCCCCA

(22)

where, in the diagonal basis,
0
BBBBBBBBB@

Le

Lµ
L⌧

1
CCCCCCCCCA
= VeL

0
BBBBBBBBB@

L1

L2

L3

1
CCCCCCCCCA
,

0
BBBBBBBBB@

eR

µR

⌧R

1
CCCCCCCCCA
= VeR

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
. (23)

2.2 Neutrino mass and mixing from the Weinberg operator

After electroweak symmetry breaking the three chiral neutrinos ⌫eL, ⌫µL, ⌫⌧L of the SM remain massless. However since the neutrinos are
electrically neutral it is possible to write down a new kind of mass term envisaged by E. Majorana in 1937 [73], namely

m⌫⌫L⌫
c
L (24)

where ⌫L is a left-handed neutrino field and ⌫cL is its CP conjugate field8 ⌫cL = i�2⌫⇤L (a right-handed antineutrino field). Clearly such a
Majorana mass term would be forbidden if ⌫L carried electric charge. However in the SM ⌫L carries hypercharge so it is also forbidden9.
The origin of such Majorana masses must lie beyond the SM, but generically they could arise from some high energy gauge invariant
non-renormalisable operators as envisaged by S. Weinberg in 1979 [74],

i j(LT
i H̃⇤)(H̃†Lj)! m⌫†i j ⌫

c
Li⌫L j (25)

involving H̃ = i�2H⇤, the same Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where i j are some dimensionful
coe�cients associated with some high energy scale ⇤ � v, leading to small Majorana neutrino masses m⌫†i j = i jv2/2 ⇠ v2/⇤, suppressed
by the high energy scale ⇤.

The lepton mass sector below the electroweak symmetry breaking scale is then, in some arbitrary basis 10,

Llepton
mass = �eLime

i jeR j �
1
2
⌫Lim⌫i j⌫

c
L j + H.c. (26)

The low energy mass matrices are diagonalised by unitary transformations, as in Eqs. 22, 23,

VeL meV†eR
=

0
BBBBBBBBB@

me 0 0
0 mµ 0
0 0 m⌧

1
CCCCCCCCCA
, V⌫L m⌫VT

⌫L
=

0
BBBBBBBBB@

m1 0 0
0 m2 0
0 0 m3

1
CCCCCCCCCA
. (27)

The couplings to W� are given by � gp
2
W�µ lL�µ⌫lL, where l = e, µ, ⌧ are the charged lepton mass eigenstates, hence the charged currents in

terms of the light neutrino mass eigenstates ⌫1, ⌫2, ⌫3 are,

LCC
lepton = �

gp
2

W�µ
⇣

eL µL ⌧L
⌘
�µUPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
+ H.c. (28)

where we have identified the unitary Pontecorvo-Maki-Nakagawa-Sakata (MNS) [75] matrix as,

UPMNS = VeL V†⌫L
. (29)

Three of the six phases can be removed since each of the three charged lepton mass terms such as meeLeR, etc., is left unchanged by global
phase rotations eL ! ei�e eL and eR ! ei�e eR, etc., where the three phases �e, etc., are chosen to leave three physical (irremovable) phases
in UPMNS. There is no such phase freedom in the Majorana mass terms � 1

2 mi⌫i⌫ci where mi are real and positive.

8Here are elsewhere �2 is the second Pauli matrix.
9Sometimes ⌫L is said to be its own antiparticle, but this is not true since a beam of Majorana neutrinos ⌫L interacts di↵erently from a beam of antineutrinos ⌫cL since they
have have opposite hypercharge.
10Note that the neutrino mass matrix in Eq. 26 is the Hermitian conjugate of that in Eq. 25, where (m⌫)† = (m⌫)⇤, since it is complex symmetric. With this definition the
neutrino mass term looks similar to the charged lepton mass term.
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which may be written as a matrix equation

H
⇣
L1 L2 L3

⌘
0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
+ H.c. (21)

where the Yukawa matrix can be diagonalised by two independent unitary 3 ⇥ 3 transformations VeL and VeR acting on the triplets of the
lepton fields Li and eR j, so the Yukawa matrix can be written in the diagonal basis of Eq.17 without loss of generality. This is achieved
by using unitary matrices which satisfy V†V = I, where I is the unit matrix, with V†eL VeL = I and V†eR VeR = I inserted before and after the
matrix in Eq.21, with VeL and VeR chosen such that,

VeL

0
BBBBBBBBB@

ye
11 ye

12 ye
13

ye
21 ye

22 ye
23

ye
31 ye

32 ye
33

1
CCCCCCCCCA

V†eR
=

0
BBBBBBBBB@

ye 0 0
0 yµ 0
0 0 y⌧

1
CCCCCCCCCA

(22)

where, in the diagonal basis,
0
BBBBBBBBB@

Le

Lµ
L⌧

1
CCCCCCCCCA
= VeL

0
BBBBBBBBB@

L1

L2

L3

1
CCCCCCCCCA
,

0
BBBBBBBBB@

eR

µR

⌧R

1
CCCCCCCCCA
= VeR

0
BBBBBBBBB@

eR1

eR2

eR3

1
CCCCCCCCCA
. (23)

2.2 Neutrino mass and mixing from the Weinberg operator

After electroweak symmetry breaking the three chiral neutrinos ⌫eL, ⌫µL, ⌫⌧L of the SM remain massless. However since the neutrinos are
electrically neutral it is possible to write down a new kind of mass term envisaged by E. Majorana in 1937 [73], namely

m⌫⌫L⌫
c
L (24)

where ⌫L is a left-handed neutrino field and ⌫cL is its CP conjugate field8 ⌫cL = i�2⌫⇤L (a right-handed antineutrino field). Clearly such a
Majorana mass term would be forbidden if ⌫L carried electric charge. However in the SM ⌫L carries hypercharge so it is also forbidden9.
The origin of such Majorana masses must lie beyond the SM, but generically they could arise from some high energy gauge invariant
non-renormalisable operators as envisaged by S. Weinberg in 1979 [74],

i j(LT
i H̃⇤)(H̃†Lj)! m⌫†i j ⌫

c
Li⌫L j (25)

involving H̃ = i�2H⇤, the same Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where i j are some dimensionful
coe�cients associated with some high energy scale ⇤ � v, leading to small Majorana neutrino masses m⌫†i j = i jv2/2 ⇠ v2/⇤, suppressed
by the high energy scale ⇤.

The lepton mass sector below the electroweak symmetry breaking scale is then, in some arbitrary basis 10,

Llepton
mass = �eLime

i jeR j �
1
2
⌫Lim⌫i j⌫

c
L j + H.c. (26)

The low energy mass matrices are diagonalised by unitary transformations, as in Eqs. 22, 23,

VeL meV†eR
=

0
BBBBBBBBB@

me 0 0
0 mµ 0
0 0 m⌧

1
CCCCCCCCCA
, V⌫L m⌫VT

⌫L
=

0
BBBBBBBBB@

m1 0 0
0 m2 0
0 0 m3

1
CCCCCCCCCA
. (27)

The couplings to W� are given by � gp
2
W�µ lL�µ⌫lL, where l = e, µ, ⌧ are the charged lepton mass eigenstates, hence the charged currents in

terms of the light neutrino mass eigenstates ⌫1, ⌫2, ⌫3 are,

LCC
lepton = �

gp
2

W�µ
⇣

eL µL ⌧L
⌘
�µUPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
+ H.c. (28)

where we have identified the unitary Pontecorvo-Maki-Nakagawa-Sakata (MNS) [75] matrix as,

UPMNS = VeL V†⌫L
. (29)

Three of the six phases can be removed since each of the three charged lepton mass terms such as meeLeR, etc., is left unchanged by global
phase rotations eL ! ei�e eL and eR ! ei�e eR, etc., where the three phases �e, etc., are chosen to leave three physical (irremovable) phases
in UPMNS. There is no such phase freedom in the Majorana mass terms � 1

2 mi⌫i⌫ci where mi are real and positive.

8Here are elsewhere �2 is the second Pauli matrix.
9Sometimes ⌫L is said to be its own antiparticle, but this is not true since a beam of Majorana neutrinos ⌫L interacts di↵erently from a beam of antineutrinos ⌫cL since they
have have opposite hypercharge.
10Note that the neutrino mass matrix in Eq. 26 is the Hermitian conjugate of that in Eq. 25, where (m⌫)† = (m⌫)⇤, since it is complex symmetric. With this definition the
neutrino mass term looks similar to the charged lepton mass term.
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11. THE CKM QUARK-MIXING MATRIX

Revised March 2012 by A. Ceccucci (CERN), Z. Ligeti (LBNL), and Y. Sakai (KEK).

11.1. Introduction

The masses and mixings of quarks have a common origin in the Standard Model (SM).
They arise from the Yukawa interactions with the Higgs condensate,

LY = −Y d
ij QI

Li φ dI
Rj − Y u

ij QI
Li ϵ φ∗uI

Rj + h.c., (11.1)

where Y u,d are 3× 3 complex matrices, φ is the Higgs field, i, j are generation labels, and
ϵ is the 2 × 2 antisymmetric tensor. QI

L are left-handed quark doublets, and dI
R and uI

R
are right-handed down- and up-type quark singlets, respectively, in the weak-eigenstate
basis. When φ acquires a vacuum expectation value, ⟨φ⟩ = (0, v/

√
2), Eq. (11.1) yields

mass terms for the quarks. The physical states are obtained by diagonalizing Y u,d

by four unitary matrices, V u,d
L,R, as Mf

diag = V f
L Y f V f†

R (v/
√

2), f = u, d. As a result,

the charged-current W± interactions couple to the physical uLj and dLk quarks with
couplings given by

−g√
2
(uL, cL, tL)γµ W+

µ VCKM

⎛

⎝
dL
sL
bL

⎞

⎠ + h.c., VCKM ≡ V u
L V d

L
† =

⎛

⎝
Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞

⎠.

(11.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3 unitary matrix. It
can be parameterized by three mixing angles and the CP -violating KM phase [2]. Of
the many possible conventions, a standard choice has become [3]

VCKM =

⎛

⎝
c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13

⎞

⎠ , (11.3)

where sij = sin θij , cij = cos θij , and δ is the phase responsible for all CP -violating
phenomena in flavor-changing processes in the SM. The angles θij can be chosen to lie in
the first quadrant, so sij , cij ≥ 0.

It is known experimentally that s13 ≪ s23 ≪ s12 ≪ 1, and it is convenient to exhibit
this hierarchy using the Wolfenstein parameterization. We define [4–6]

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣∣
Vcb

Vus

∣∣∣∣ ,

s13e
iδ = V ∗

ub = Aλ3(ρ + iη) =
Aλ3(ρ̄ + iη̄)

√
1 − A2λ4

√
1 − λ2[1 − A2λ4(ρ̄ + iη̄)]

. (11.4)

These relations ensure that ρ̄+ iη̄ = −(VudV ∗
ub)/(VcdV

∗
cb) is phase-convention-independent,

and the CKM matrix written in terms of λ, A, ρ̄, and η̄ is unitary to all orders in λ.
The definitions of ρ̄, η̄ reproduce all approximate results in the literature. For example,
ρ̄ = ρ(1 − λ2/2 + . . .) and we can write VCKM to O(λ4) either in terms of ρ̄, η̄ or,
traditionally,

VCKM =

⎛

⎝
1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

⎞

⎠ + O(λ4) . (11.5)
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In the PDG parametrisation, UPMNS is described by three mixing angles ✓`ij and three

phases �`, ↵21 and ↵31. With cij = cos ✓`ij and sij = sin ✓`ij ,

UPMNS =

0

B@
1 0 0

0 c23 s23

0 �s23 c23

1

CA

0

B@
c13 0 s13e�i�`

0 1 0

�s13ei�
`

0 c13

1

CA

0

B@
c12 s12 0

�s12 c12 0

0 0 1

1

CA

⇥ diag(1, ei↵21/2, ei↵31/2).

(1.23)

If neutrinos are Dirac particles, the phases ↵21 and ↵31 become unphysical, and the

PMNS matrix is exactly analogous to the CKM matrix. In shorthand, we may write the

above as UPMNS = R`
23
U `
13
R`

12
P .

Neutrino oscillation experiments do not measure the neutrino masses directly, and can

only constrain the mass squared di↵erences �m2

ij = m2

i � m2

j . The absolute scale of

neutrino mass, characterised by the lightest neutrino mass m1, is not known. Moreover,

the ordering of neutrino masses is not yet fixed. While it is known that the first and

second neutrinos obey m1 < m2 (equivalent to �m2

21
> 0), at current experimental

precision it is not known whether the third neutrino with mass m3 is the heaviest, so-

called normal ordering (NO), or the lightest, dubbed inverted ordering (IO). In other

words, the sign of �m2

31
is undetermined, although global fits to data show a mild

preference for normal ordering [36]. For normal ordering, the strongest hierarchy occurs

when m1 is small: for m1 . 5 meV, m2/m3 ⇠ 0.2 meV. Meanwhile an inverted ordering

requires the first and second neutrinos to be similar, i.e. m1 . m2, while the third

neutrino is lighter. Observations of the cosmic microwave background (CMB) puts an

upper bound on the sum of neutrino masses
P

mi < 0.23 eV [37]. Bounds on the

neutrino masses are also given by searches for neutrinoless double beta (0⌫2�) decay.

Specifically, the 0⌫2� decay rate is proportional to the square of the e↵ective Majorana

mass |m�� | = |
P

i U
2

eimi|. Future experiments may be able to place upper bounds on

|m�� | which is in tension with oscillation data for an inverted hierarchy (or conversely,

confirm it).

In Table 1.3 we present the current best fit values for normal ordering to the three

lepton mixing angles ✓`ij , Dirac charge-parity (CP ) phase �` and neutrino mass-squared

di↵erences�m2

ij , taken from the NuFit collaboration [36], as well as the measured masses

of the electron, muon and tau [23].

1.3 The flavour puzzle

The flavour puzzle can be approached in a number of equivalent ways. For instance, we

may ask



PMNS Lepton mixing matrix

Standard Model states

Pontecorvo 
Maki 
Nakagawa 
Sakata

Neutrino mass states

Normal Inverted 

Absolute neutrino mass scale? 

0

@
⌫e
⌫µ
⌫⌧

1

A =

0

@
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⌧1 U⌧2 U⌧3

1

A

0

@
⌫1
⌫2
⌫3

1

A
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8 Right-handed neutrinos: seesaw models and signatures

According to the above discussion, the neutrino mass and flavour bases are misaligned by the PMNS matrix as follows,

0
BBBBBBBBB@

⌫eL

⌫µL
⌫⌧L

1
CCCCCCCCCA
=

0
BBBBBBBBB@

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3
U⌧1 U⌧2 U⌧3

1
CCCCCCCCCA

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
⌘ UPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
, (30)

where ⌫eL, ⌫µL, ⌫⌧L are the S U(2)L partners to the left-handed charged lepton mass eigenstates and ⌫1,2,3 are the neutrinos in their mass basis,
as in Fig. 2. Following the standard convention [72] we can describe the unitary matrix UPMNS in terms of three angles, one CP violation
phase and two Majorana phases

UPMNS =

0
BBBBBBBBB@

1 0 0
0 c23 s23

0 �s23 c23

1
CCCCCCCCCA

0
BBBBBBBBB@

c13 0 s13e�i�

0 1 0
�s13ei� 0 c13

1
CCCCCCCCCA

0
BBBBBBBBB@

c12 s12 0
�s12 c12 0

0 0 1

1
CCCCCCCCCA

P, (31)

=

0
BBBBBBBBB@

c12c13 s12c13 s13e�i�

�s12c23 � c12 s13 s23ei� c12c23 � s12 s13 s23ei� c13 s23

s12 s23 � c12 s13c23ei� �c12 s23 � s12 s13c23ei� c13c23

1
CCCCCCCCCA

P, (32)

where P contains the Majorana phases

P = diag
⇣
1, ei↵21/2, ei↵31/2

⌘
, (33)

The current 3� parameters intervals coming from the global fit of the neutrino oscillation data [76–78] are for the normal neutrino mass
ordering, m2

1 < m2
2 < m2

3,

✓12 = 31� � 36�, ✓23 = 40� � 52�, ✓13 = 8.2� � 8.9�, (34)

� = 0� � 45� & 110� � 360�,
�2

21

10�5eV2 = 6.8 � 8.0,
�2

31

10�3eV2 = 2.4 � 2.6. (35)

where �2
21 = m2

2 � m2
1 and �2

31 = m2
3 � m2

1. There is no measurement yet of the lightest physical neutrino mass m1, which is not constrained
by neutrino oscillations, and could take any value from zero up to the experimental and cosmological limit upper limits of around 0.1 � 0.2
eV [17, 79, 80]. For a normal neutrino mass hierarchy, m1 ⌧ m2 ⌧ m3,

m2 ⇡
q
�2

21 ⇡ 0.0086 eV, m3 ⇡
q
�2

31 ⇡ 0.05 eV. (36)

Neutrinoless double beta decay experiments [28–33] mentioned in the Introduction, are sensitive to the magnitude of the first element
of the Majorana neutrino mass matrix in the diagonal charged lepton basis |m⌫11| ⌘ mee corresponding to

mee ⌘
����

3X

i=1

U2
eimi

����, (37)

and will be able to fully probe the inverted neutrino mass squared region in the coming years.
The Tritium beta decay experiment KATRIN [26, 27], also mentioned in the Introduction, is agnostic as to the nature of neutrino mass

(Dirac or Majorana) and is sensitive to the “electron neutrino mass” defined by

m2
⌫e ⌘

3X

i=1

|Uei|2|mi|2. (38)

So far only limits on mee . 0.1 eV (depending on nuclear physics uncertainties) and m⌫e < 0.8 eV have been set, but in the future measure-
ments could be made.

3 Single Right-handed Neutrino (the simplest case)

3.1 The Seesaw Mechanism

In the SM the lepton doublets Ll in Eq. 18, are split apart into left-handed charged leptons lL and left-handed neutrinos ⌫lL, where l = e, µ, ⌧.
The charged leptons become massive but the neutrinos remain massless at the renormalisable level. This is due to electroweak gauge
invariance, and the fact that there are only Higgs doublets. Although they may receive mass from the non-renormalisable Weinberg operators
in Eq. 25, it would be preferable to have a renormalisable origin for neutrino mass, and one simple way to achieve this is by introducing
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According to the above discussion, the neutrino mass and flavour bases are misaligned by the PMNS matrix as follows,
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where ⌫eL, ⌫µL, ⌫⌧L are the S U(2)L partners to the left-handed charged lepton mass eigenstates and ⌫1,2,3 are the neutrinos in their mass basis,
as in Fig. 2. Following the standard convention [72] we can describe the unitary matrix UPMNS in terms of three angles, one CP violation
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where P contains the Majorana phases

P = diag
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1, ei↵21/2, ei↵31/2
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, (33)

The current 3� parameters intervals coming from the global fit of the neutrino oscillation data [76–78] are for the normal neutrino mass
ordering, m2

1 < m2
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3,

✓12 = 31� � 36�, ✓23 = 40� � 52�, ✓13 = 8.2� � 8.9�, (34)

� = 0� � 45� & 110� � 360�,
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21

10�5eV2 = 6.8 � 8.0,
�2

31

10�3eV2 = 2.4 � 2.6. (35)

where �2
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1 and �2

31 = m2
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1. There is no measurement yet of the lightest physical neutrino mass m1, which is not constrained
by neutrino oscillations, and could take any value from zero up to the experimental and cosmological limit upper limits of around 0.1 � 0.2
eV [17, 79, 80]. For a normal neutrino mass hierarchy, m1 ⌧ m2 ⌧ m3,

m2 ⇡
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Neutrinoless double beta decay experiments [28–33] mentioned in the Introduction, are sensitive to the magnitude of the first element
of the Majorana neutrino mass matrix in the diagonal charged lepton basis |m⌫11| ⌘ mee corresponding to

mee ⌘
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3X
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U2
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and will be able to fully probe the inverted neutrino mass squared region in the coming years.
The Tritium beta decay experiment KATRIN [26, 27], also mentioned in the Introduction, is agnostic as to the nature of neutrino mass

(Dirac or Majorana) and is sensitive to the “electron neutrino mass” defined by

m2
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3X
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|Uei|2|mi|2. (38)

So far only limits on mee . 0.1 eV (depending on nuclear physics uncertainties) and m⌫e < 0.8 eV have been set, but in the future measure-
ments could be made.
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3.1 The Seesaw Mechanism

In the SM the lepton doublets Ll in Eq. 18, are split apart into left-handed charged leptons lL and left-handed neutrinos ⌫lL, where l = e, µ, ⌧.
The charged leptons become massive but the neutrinos remain massless at the renormalisable level. This is due to electroweak gauge
invariance, and the fact that there are only Higgs doublets. Although they may receive mass from the non-renormalisable Weinberg operators
in Eq. 25, it would be preferable to have a renormalisable origin for neutrino mass, and one simple way to achieve this is by introducing
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where ⌫eL, ⌫µL, ⌫⌧L are the S U(2)L partners to the left-handed charged lepton mass eigenstates and ⌫1,2,3 are the neutrinos in their mass basis,
as in Fig. 2. Following the standard convention [72] we can describe the unitary matrix UPMNS in terms of three angles, one CP violation
phase and two Majorana phases
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where P contains the Majorana phases
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where �2
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1. There is no measurement yet of the lightest physical neutrino mass m1, which is not constrained
by neutrino oscillations, and could take any value from zero up to the experimental and cosmological limit upper limits of around 0.1 � 0.2
eV [17, 79, 80]. For a normal neutrino mass hierarchy, m1 ⌧ m2 ⌧ m3,
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Neutrinoless double beta decay experiments [28–33] mentioned in the Introduction, are sensitive to the magnitude of the first element
of the Majorana neutrino mass matrix in the diagonal charged lepton basis |m⌫11| ⌘ mee corresponding to
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and will be able to fully probe the inverted neutrino mass squared region in the coming years.
The Tritium beta decay experiment KATRIN [26, 27], also mentioned in the Introduction, is agnostic as to the nature of neutrino mass

(Dirac or Majorana) and is sensitive to the “electron neutrino mass” defined by
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So far only limits on mee . 0.1 eV (depending on nuclear physics uncertainties) and m⌫e < 0.8 eV have been set, but in the future measure-
ments could be made.

3 Single Right-handed Neutrino (the simplest case)

3.1 The Seesaw Mechanism

In the SM the lepton doublets Ll in Eq. 18, are split apart into left-handed charged leptons lL and left-handed neutrinos ⌫lL, where l = e, µ, ⌧.
The charged leptons become massive but the neutrinos remain massless at the renormalisable level. This is due to electroweak gauge
invariance, and the fact that there are only Higgs doublets. Although they may receive mass from the non-renormalisable Weinberg operators
in Eq. 25, it would be preferable to have a renormalisable origin for neutrino mass, and one simple way to achieve this is by introducing
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8 Right-handed neutrinos: seesaw models and signatures

According to the above discussion, the neutrino mass and flavour bases are misaligned by the PMNS matrix as follows,
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where ⌫eL, ⌫µL, ⌫⌧L are the S U(2)L partners to the left-handed charged lepton mass eigenstates and ⌫1,2,3 are the neutrinos in their mass basis,
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Fig. 5 Illustration of the different types of neutrino mass with one left-handed active neutrino ⌫L, and one right-handed sterile neutrino ⌫R. The long blue
arrow is the momentum vector, while the short red arrow is the spin vector of the neutrino, where L,R refers to left and right chirality, and c indicates CP
conjugation. The Dirac mass term involves both L and R degrees of freedom, while Majorana mass terms involve only either L or R degrees of freedom.

right-handed chiral neutrinos ⌫R which are electroweak singlets with zero hypercharge. The resulting seesaw mechanism [81–86]11 provides
a high energy completion of the non-renormalisable Weinberg operators in Eq. 25.

To begin with let us introduce a single right-handed sterile neutrino ⌫R [91, 92] which is an electroweak singlet chiral field with zero
hypercharge and electric charge. Crucially this means that its CP conjugate field12 ⌫cR = i�2⌫⇤R (a left-handed antineutrino field) is also
neutral under all gauge charges, which allows a new kind of mass term to be constructed, of the kind envisaged by E. Majorana in 1937,
namely

MR⌫cR⌫R. (39)

Clearly such a Majorana mass term would be forbidden if ⌫R carried electric charge. The size of the Majorana mass MR is arbitrary, and can
range from zero to infinity, or at least the Planck mass. It is also worth emphasising that the Majorana mass only involves two independent
degrees of freedom, namely those of the Weyl spinor, ⌫R, since its CP conjugate ⌫cR involves just the same degrees of freedom. This is unlike
the Dirac mass term for the electron in Eq.8 which couples two independent Weyl spinors eL and eR and therefore involves four independent
degrees of freedom. However it is possible to describe the right-handed neutrino as a four component Majorana spinor,

N =
 
⌫cR
⌫R

!
(40)

which is the analogue of the four component electron Dirac spinor in Eq.7, but which in this case only involves two independent degrees of
freedom. In this notation the CP conjugate of the Majorana spinor in Eq.40 is equal to itself,

Nc = N (41)

The Majorana mass term then can be written

1
2

MRNN =
1
2

MR(⌫cR⌫R + ⌫R⌫
c
R) (42)

It is common to refer to such a Majorana particle as being its own antiparticle since its four-component Majorana spinor is self-conjugate
13. However the key thing to understand is that there are only two independent degrees of freedom describing Majorana particles such as
the right-handed neutrino, which accounts for the factor of 1/2 in Eq.42 as compared to the Dirac mass term for the electron in Eq.8.

If we now recall the three massless chiral left-handed neutrinos ⌫eL, ⌫µL, ⌫⌧L which remain below the electroweak symmetry breaking
scale, further types of neutrino mass are possible. As discussed below, it is possible to consider only one combination of these states ⌫L

which couples to the single right-handed neutrino ⌫R. Ignoring electroweak interactions to begin with, there are then three di↵erent types of
mass term that can be written down: a Dirac mass mD connecting ⌫L to ⌫R 14, a Majorana mass mL involving only the degrees of freedom of
⌫L, and a Majorana mass MR involving only the degrees of freedom of ⌫R, as shown in Fig. 5.

In the Standard Model, the left-handed Majorana mass mL is forbidden by electroweak gauge invariance. However Dirac masses mD

may arise from Yukawa couplings

y⌫LH̃⌫R + H.c.! y⌫
vp
2

(⌫L⌫R + ⌫R⌫L) (43)

11The original seesaw mechanism we shall describe is sometimes referred to as the type I or type Ia seesaw mechanism to distinguish it from the type Ib version discussed
later, and other neutrino mass mechanisms which we shall not describe here, including type II [86, 87] with heavy triplet scalars and type III [88, 89] with triplet fermions
(for a survey see e.g. [90]).
12Here are elsewhere �2 is the second Pauli matrix. The mass term can also be written as MR⌫TR�2⌫R.
13This terminology makes sense since ⌫R does not carry any quantum numbers.
14Dirac mass terms conserve lepton number. Charged leptons also have this type of mass.
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate

N.B. zero in first element                             
(no Weinberg operator)
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate
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mass eigenstates
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate

For fixed  if m+ goes 
up then m- goes down  
……like a seesaw

mD
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
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!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
 

cos ✓ � sin ✓
sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate
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Fig. 7 Using the seesaw formula, me↵
L ⇡

m2
D

MR
⇡ 0.1 eV, we plot the square of the Dirac neutrino mass m2

D as a function of right-handed neutrino masses
MR. For example the dotted lines show that MR = 1016 GeV corresponds to mD = 103 GeV, while MR = 1010 GeV corresponds to mD = 1 GeV. The squares
of the charged quark and lepton masses are shown as coloured benchmark values of m2

D. For example taking m2
D = m2

e , the electron mass squared, would
correspond to MR ⇡ 2.6 TeV.

which we denote as ⌫ has mass m� ⇡ me↵
L in Eq. 50 is dominantly ⌫L with a small admixture of ⌫cR,15

N ⇡ ⌫R + ✓⌫cL, ⌫ ⇡ ⌫L � ✓⌫cR, (53)

where

✓ ⇡ mD

MR
, |✓|2 ⇡

|me↵
L |

MR
⇡ 10�10

 
1GeV

MR

!
, (54)

and the second equation follows from Eq. 50 with |me↵
L | ⇡

m2
D

MR
⇡ 0.1 eV. The heavy neutral lepton N has suppressed but non-zero electroweak

interactions since its mass eigenstate contains an admixture of the active neutrino ⌫cL. This allows the heavy state N to be produced
experimentally, thereby providing a possible test of the seesaw mechanism.

To see this explicitly consider for example the left-handed couplings of the electron mass eigenstate eL to the heavy charged weak gauge
boson W� (with similar results for the muon and tau),

� gp
2

W�µ eL�
µ⌫eL + H.c. (55)

15The approximation may be improved by expanding cos ✓ ⇡ 1 � 1
2 ✓

2, leading to unitarity violation as discussed later.
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L in Eq. 50 is dominantly ⌫L with a small admixture of ⌫cR,15

N ⇡ ⌫R + ✓⌫cL, ⌫ ⇡ ⌫L � ✓⌫cR, (53)

where
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L |
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!
, (54)

and the second equation follows from Eq. 50 with |me↵
L | ⇡
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⇡ 0.1 eV. The heavy neutral lepton N has suppressed but non-zero electroweak

interactions since its mass eigenstate contains an admixture of the active neutrino ⌫cL. This allows the heavy state N to be produced
experimentally, thereby providing a possible test of the seesaw mechanism.

To see this explicitly consider for example the left-handed couplings of the electron mass eigenstate eL to the heavy charged weak gauge
boson W� (with similar results for the muon and tau),
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W�µ eL�
µ⌫eL + H.c. (55)

15The approximation may be improved by expanding cos ✓ ⇡ 1 � 1
2 ✓

2, leading to unitarity violation as discussed later.
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Fig. 8 The seesaw line, using the more accurate seesaw formula, me↵
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m2
D�(me↵
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for me↵

L ⇡ 0.1 eV. We plot the square of the Dirac neutrino mass m2
D

as a function of right-handed neutrino masses MR down to 1 eV which may be accessible experimentally. The coloured dots show the charged fermion
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where ⌫eL is the neutrino state which accompanies the electron mass eigenstate in the electroweak doublet in Eq. 18. Inverting Eq. 53,
identifying ⌫L with ⌫eL

16,

⌫R ⇡ N � ✓⌫c, ⌫eL ⇡ ⌫ + ✓Nc, (56)

which shows that ⌫eL is approximately equal to the light mass eigenstate ⌫ but contains a small admixture of the heavy neutral lepton Nc.
From Eqs. 55, 56, the W coupling becomes, approximately,

� gp
2

W�µ eL�
µ(⌫ + ✓Nc) + H.c. (57)

where the first term in the bracket is approximately the usual coupling to the light neutrino state ⌫, while the second term shows that there
is a small coupling suppressed by the small angle ✓ (denoted ✓eN for the electron couplings) of the heavy neutral lepton Nc to the heavy
charged weak gauge boson W�. This, and similar terms involving the neutral weak gauge boson Z0 and the Higgs boson h, allows the heavy
neutral lepton N to be produced and decay in particle physics experiments, providing it is light enough to be produced. For example, using
the seesaw formula in Eq. 50 for a light neutrino ⌫ with mass of 0.1 eV, taking m2

D = m2
e , the electron mass squared, would correspond to

a heavy neutral lepton N of mass M ⇡ MR ⇡ 2.6 TeV, with the heavy-light mixing angle ✓ ⇡ mD/MR ⇡ 2 ⇥ 10�7. Unfortunately, the heavy
neutral lepton mass is too large and the heavy-light mixing angle too small for it to be discovered even at the LHC, where current LHC
analyses lead to limits ✓ . 10�2 for 5 GeV < M < 50 GeV [93–95].

It is possible that right-handed neutrino or sterile neutrino masses extend below the GeV scale, even though they can no longer be
regarded as giving a completion to the Weinberg operator. The seesaw line may then be extended as in Fig. 8 for MR down to the GeV or
keV scale where they may play the role of warm dark matter [96–98]. Such light right-handed neutrinos are then more often referred to as
sterile neutrinos, as in for example the neutrino minimal SM [99–101] in which a keV sterile neutrino provides warm dark matter, while
a pair of almost degenerate GeV scale sterile neutrinos can provide resonantly enhanced leptogenesis. If the right-handed neutrino masses
are extended down to the eV scale, they a↵ect neutrino oscillation physics, which takes us beyond the three neutrino oscillation paradigm
considered here [102–104].

4 Three Right-Handed Neutrinos (the canonical case)

4.1 Parametrising the Seesaw Mechanism

Motivated by extensions of the SM in which baryon minus lepton number, B � L, symmetry is gauged, ranging from a simple U(1)B�L

extension [45], to various levels of unification [42–44], one right-handed neutrino per family of quarks and leptons is required to cancel
gauge anomalies. At low energies, below the B � L symmetry breaking scale, the Lagrangian responsible for the lepton mass sector then
consists of the SM plus three right-handed neutrinos with heavy Majorana mass,

Llepton
mass = �HLiye

i jeR j � H̃Liy⌫ia⌫Ra �
1
2
⌫cRa Mab

R ⌫Rb + H.c. , (58)

16The analysis can be readily generalised to include ⌫eL, ⌫µL and ⌫⌧L, leading to similar results involving three mixing angles ✓eN ⇡ d/MR, ✓µN ⇡ e/MR, ✓⌧N ⇡ f /MR, with
the couplings given in Eq. 51.
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L in Eq. 50 is dominantly ⌫L with a small admixture of ⌫cR,15
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and the second equation follows from Eq. 50 with |me↵
L | ⇡
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⇡ 0.1 eV. The heavy neutral lepton N has suppressed but non-zero electroweak

interactions since its mass eigenstate contains an admixture of the active neutrino ⌫cL. This allows the heavy state N to be produced
experimentally, thereby providing a possible test of the seesaw mechanism.

To see this explicitly consider for example the left-handed couplings of the electron mass eigenstate eL to the heavy charged weak gauge
boson W� (with similar results for the muon and tau),
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15The approximation may be improved by expanding cos ✓ ⇡ 1 � 1
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2, leading to unitarity violation as discussed later.
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involving H̃ = i�2H⇤, the same the Higgs doublet as in Eq. 6 but with opposite hypercharge Y = �1/2, where y⌫ is a dimensionless coupling
constant often called a neutrino Yukawa coupling. We identify the Dirac mass for the neutrino as

mD = y⌫
vp
2
. (44)

Then including only mD and MR we can write the mass terms as a matrix,

⇣
⌫L ⌫cR

⌘  0 mD

mD MR

!  
⌫cL
⌫R

!
. (45)

Since the right-handed neutrinos are electroweak singlets the Majorana masses of right-handed neutrinos MR may be orders of magnitude
larger than the electroweak scale. Although the left-handed Majorana masses mL in the 11 entry of the mass matrix are forbidden by
electroweak symmetry S U(2)L ⇥ U(1)Y , they are generated e↵ectively below the weak symmetry breaking scale, as follows.

The mass matrix in Eq. 45 may be diagonalised by,
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sin ✓ cos ✓

!  
0 mD

mD MR

!  
cos ✓ sin ✓
� sin ✓ cos ✓

!
=

 
m� 0
0 m+

!
(46)

where

tan 2✓ =
2mD

MR
. (47)

The mass eigenstates are,
 
⌫
N

!
=

 
cos ✓ � sin ✓
sin ✓ cos ✓

!  
⌫cL
⌫R

!
(48)

whose respective eigenvalues are,

m⌥ =
MR ⌥

q
M2

R + 4m2
D

2
(49)

with trace (m+) + (m�) = MR and determinant (m+)(m�) = �m2
D. Thus, for fixed mD, if one of the eigenvalues goes up the other goes down,

like a seesaw.
In the approximation that MR � mD the matrix in Eq. 45 may be diagonalised by a small angle rotation with sin ✓ ⇡ tan ✓ ⇡ ✓ ⇡ mD/MR,

and the heavier eigenvalue is approximately unchanged from the 22 element, m+ ⇡ MR, while the lighter eigenvalue m� fills in the zero
element in the 11 position and may thus be identified as a light e↵ective left-handed Majorana neutrino mass,

m� ⇡ me↵
L ⇡ �

m2
D

MR
, (50)

where the minus sign is practically irrelevant since it can be absorbed into the fermion field, and is often ignored. This is the type I
seesaw mechanism illustrated diagrammatically in Fig. 6. The key feature is that the e↵ective left-handed Majorana mass me↵

L is naturally
suppressed by the heavy mass MR. Neither the Dirac neutrino mass mD nor the right-handed neutrino mass MR are known, however
experimentally we know that at least one of the light neutrino masses must be around 0.1 eV. Using this information in Fig. 7 we use the
seesaw formula in Eq. 50 to plot possible values of mD and MR consistent with me↵

L = 0.1 eV.
We can identify the left-handed neutrino state ⌫L (above) as a linear combination of the coupling of the three left-handed neutrinos which

couple to the single right-handed neutrino ⌫R [91],

⌫R(d⌫eL + e⌫µL + f ⌫⌧L) ⌘ mD⌫R⌫L, (51)

where mD =
p
|d|2 + |e|2 + | f |2. With the seesaw mechanism, it is thus possible to generate one light neutrino ⌫L state with mass m ⇡ m2

D/MR,
which can be identified as the heaviest atmospheric neutrino, assuming a normal mass hierarchy [91]. Furthermore, if the couplings satisfy
d ⌧ e ⇠ f , then we can generate an approximately maximal atmospheric mixing angle and a small reactor angle [91],

tan ✓23 ⇡
|e|
| f | ⇠ 1, ✓13 ⇡

|d|
p
|e|2 + | f |2

. (52)

Thus the seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, with the
right-handed neutrino mass MR providing an origin of the high energy mass scale ⇤. However, unlike the Weinberg operator, introducing
right-handed neutrinos provides a testable prediction, namely the existence of heavy neutral leptons N, as we now discuss.

3.2 The Heavy Neutral Lepton

According to the above discussion, in the approximation that MR � mD, the heavy neutral lepton mass eigenstate which we denote as N in
Eq. 48 has a mass m+ ⇡ MR from Eq. 49 and is dominantly identified as ⌫R with a small admixture of ⌫cL, while the light mass eigenstate
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Fig. 6 The seesaw mechanism for one left-handed neutrino ⌫L and one right-handed neutrino ⌫R. Higgs doublets (the “givers of mass” depicted here
carrying weights) allow the active looking “light” neutrinos ⌫L to couple to ⌫R as in a Dirac mass term mD. Gauge invariance allows an abitrarily large mass
MR for the (“mysterious heavy neutrino”) ⌫R. This results in a suppressed light effective left-handed Majorana mass me↵

L ⇠ m2
D/MR for ⌫L. The active light

neutrinos ⌫L are subject to direct experimental observation as indicated by the magnifying glass.
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Fig. 7 Using the seesaw formula, me↵
L ⇡

m2
D

MR
⇡ 0.1 eV, we plot the square of the Dirac neutrino mass m2

D as a function of right-handed neutrino masses
MR. For example the dotted lines show that MR = 1016 GeV corresponds to mD = 103 GeV, while MR = 1010 GeV corresponds to mD = 1 GeV. The squares
of the charged quark and lepton masses are shown as coloured benchmark values of m2

D. For example taking m2
D = m2

e , the electron mass squared, would
correspond to MR ⇡ 2.6 TeV.

which we denote as ⌫ has mass m� ⇡ me↵
L in Eq. 50 is dominantly ⌫L with a small admixture of ⌫cR,15

N ⇡ ⌫R + ✓⌫cL, ⌫ ⇡ ⌫L � ✓⌫cR, (53)

where

✓ ⇡ mD

MR
, |✓|2 ⇡

|me↵
L |

MR
⇡ 10�10

 
1GeV

MR

!
, (54)

and the second equation follows from Eq. 50 with |me↵
L | ⇡

m2
D

MR
⇡ 0.1 eV. The heavy neutral lepton N has suppressed but non-zero electroweak

interactions since its mass eigenstate contains an admixture of the active neutrino ⌫cL. This allows the heavy state N to be produced
experimentally, thereby providing a possible test of the seesaw mechanism.

To see this explicitly consider for example the left-handed couplings of the electron mass eigenstate eL to the heavy charged weak gauge
boson W� (with similar results for the muon and tau),

� gp
2

W�µ eL�
µ⌫eL + H.c. (55)

15The approximation may be improved by expanding cos ✓ ⇡ 1 � 1
2 ✓

2, leading to unitarity violation as discussed later.
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Fig. 3 Standard Model S U(3)C ⇥ S U(2)L ⇥ U(1)Y multiplets, left-handed fermions in the left panel, right-handed fermions in the right panel. In addition,
we have included three right-handed neutrino singlets. Note that there are then precisely sixteen blocks for each family.

Fig. 4 Standard Model mass eigenstate plot where the heights of the towers indicate the masses of the quarks and leptons (true heights need to be
scaled by the factors shown). Note the extreme smallness of the neutrino masses.

family may then be glued together into three 16 dimensional families which form complete representations of S O(10) 2. Although the group
theory of S O(10) predicts 16 dimensional spinorial representations, it does not predict the number of these representations, so the number
of families remains a mystery. However, given that three families of quarks and leptons have been discovered experimentally, then S O(10)
GUTs predicts that there should be three right-handed neutrinos to make up the three 16 dimensional representations. More generally, any
U(1)B�L gauge group extension of the SM predicts three RHNs [45, 46].

In Cosmology, right-handed neutrinos can play several possible important roles, which, in order of the most plausible to the most
speculative, are as follows. Firstly, and most plausibly, right-handed neutrinos with Majorana mass around 1 GeV or above could be
responsible for the preponderance of matter over antimatter, due to a mechanism known as leptogenesis, which is one of the leading
candidates for the origin of the baryon asymmetry of the universe (BAU) [47–52] 3. Secondly, right-handed neutrinos could be responsible
for dark matter, since although active neutrino masses of order eV tend to wash out galaxy structures, since they yield a hot dark matter
component, right-handed or sterile neutrino masses of order keV can provide acceptable warm dark matter [53, 54]. Thirdly, supersymmetric
partners of right-handed neutrinos called sneutrinos could be responsible for inflating the universe from Planck scale size to its present
size [55–58]. Finally, and most speculatively, right-handed neutrinos may somehow be related to dark energy since the eV scale generated
via the seesaw mechanism happens to be the same order of magnitude as the cosmological constant (see e.g. [59] and references therein).

The purpose of the present article is to give a pedagogical introduction to right-handed neutrinos as a simple extension to the SM,
focussing on seesaw models and their possible experimental signatures. Although the scope is limited to right-handed neutrinos, the seesaw
methods developed may readily be adapted to other extensions beyond the SM that have been proposed to account for neutrino mass and
mixing, as described in detail in the other reviews [60–71]. The idea is to make the present exposition as accessible as possible to all levels
of researchers, both theorists and experimentalists, to act as a stepping stone to the wider literature.

The roadmap for the remainder of this article is as follows.

2It would be nice to be able to glue the three 16 dimensional blocks together to form a single 48 dimensional representation of some family unified gauge group, but such
a simple group does not exist.
3the SM by itself yields too small a value for the BAU.
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• Allows leptogenesis (other cosmo/astro implications) 
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in Weyl fermion notation in some arbitrary basis, where SM family indices i, j = 1, 2, 3 and right-handed neutrinos are labelled by a, b =
1, 2, 3. It is often convenient to work in the diagonal charged lepton and right-handed neutrino mass matrix basis, commonly referred to as
the flavour basis, but above we work in an arbitrary basis where all matrices above are not diagonal in general. As in Eqs. 43, 44 the Dirac
mass matrix is generated after the Higgs VEV by

H̃Liy⌫ia⌫Ra ! ⌫LimD
ia⌫Ra (59)

and, after integrating out the heavy right-handed neutrinos, the seesaw formula in Eq. 50 is generalised to the matrix equation 17

m⌫ ⇡ �mD M�1
R mT

D . (60)

Having integrated out the right-handed neutrinos, we are left with the lepton mass Lagrangian in Eq. 26, where the neutrino mass matrix m⌫

is given by Eq. 60, leading to neutrino mass and mixing, as in the case of the Weinberg operator.
In the three right-handed neutrino seesaw mechanism, there are clearly more parameters than observables, since the Dirac mass matrix

mD is a 3 ⇥ 3 matrix with arbitrary complex parameters, so this matrix alone has 18 free parameters. We now discuss a bottom-up approach
to parameterising seesaw parameters, while constraining them to be consistent with neutrino oscillation data [105].

It is often convenient to work in the basis discussed in Eq. 22, in which the charged lepton mass matrix is diagonal. We also work in
the diagonal right-handed neutrino mass basis, which together with the diagonal charged lepton mass basis, defines the flavour basis. In the
flavour basis, the neutrino mass matrix m⌫ is determined by the PMNS matrix, using Eqs. 29,69,

m⌫ ⇡ UPMNSdiag(m1,m2,m3)UT
PMNS. (61)

The condition on the seesaw parameters for obtaining the correct neutrino observables can be obtained by combining Eqs. 60 and 61,
dropping the unphysical minus sign,

mDdiag(M1,M2,M3)�1mT
D = UPMNSdiag(m1,m2,m3)UT

PMNS. (62)

The choice of Dirac neutrino mass matrix mD consistent with Eq. 62 is not unique. It may be parameterised in a bottom-up way by taking
the square root of Eq. 62, leading to,

mD = UPMNSdiag(m1,m2,m3)
1
2 RT diag(M1,M2,M3)

1
2 (63)

where R is a complex orthogonal 3 ⇥ 3 matrix which satisfies RT R = 1 and contains six real arbitrary parameters [105]. Clearly there remains
considerable freedom in the choice of parameters consistent with data. The allowed parameter space has been very widely studied [95, 106–
116], including analyses which specifically focus on leptogenesis [117–121], including flavour dependent e↵ects [122–128].

The seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, and comes with
a prediction, namely the existence of right-handed (sterile) neutrinos or heavy neutral leptons Na. In what follows we shall extend the
discussion of heavy neutral leptons in Eqs. 53, 56, 55 to include three families of leptons, including three right-handed neutrinos, and also
discuss a new feature namely that, contrary to the case of the Weinberg operator, lepton mixing is no longer described by a unitary matrix.

4.2 Non-Unitarity of the Lepton Mixing Matrix

In the flavour basis the lepton mass Lagrangian after electroweak breaking becomes

Llepton
mass = �

X

l=e,µ,⌧

lLmllR � ⌫lLmD
la⌫Ra �

1
2
⌫cRa Ma

R⌫Ra + H.c. , (64)

The full neutrino mass matrix is then as in Eq. 45 but is now a 6 ⇥ 6 matrix with the first three rows and columns corresponding to the active
neutrinos are labeled by l = e, µ, ⌧ and the second three rows and columns by a, b = 1, 2, 3, corresponding to the right-handed neutrinos. It
can be block diagonalised by a 6 ⇥ 6 unitary matrix U [86],

U
 

0 mD

mT
D MR

!
UT ⇡

 
m⌫ 0
0 MR

!
(65)

To leading order in small angles, ✓la, which mix the right-handed sterile neutrino states with the left-handed active neutrino states the 6 ⇥ 6
matrix may be written as [129],

U ⇡
 
1 � 1

2 ✓✓
† ✓

�✓† 1 � 1
2 ✓
†✓

!
(66)

where 1 is the unit 3 ⇥ 3 matrix, and the matrix ✓la is given by the matrix form of Eq. 54

✓ ⇡ mD M�1
R . (67)

17We have written m⌫ = me↵
L as the light e↵ective left-handed Majorana neutrino mass matrix, defined by, 1

2 ⌫Lim⌫i j⌫
c
L j.

Three Right-handed Neutrinos (canonical case)
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17We have written m⌫ = me↵
L as the light e↵ective left-handed Majorana neutrino mass matrix, defined by, 1

2 ⌫Lim⌫i j⌫
c
L j.
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can be block diagonalised by a 6 ⇥ 6 unitary matrix U [86],

U
 

0 mD

mT
D MR

!
UT ⇡

 
m⌫ 0
0 MR

!
(65)

To leading order in small angles, ✓la, which mix the right-handed sterile neutrino states with the left-handed active neutrino states the 6 ⇥ 6
matrix may be written as [129],

U ⇡
 
1 � 1

2 ✓✓
† ✓

�✓† 1 � 1
2 ✓
†✓

!
(66)

where 1 is the unit 3 ⇥ 3 matrix, and the matrix ✓la is given by the matrix form of Eq. 54

✓ ⇡ mD M�1
R . (67)

17We have written m⌫ = me↵
L as the light e↵ective left-handed Majorana neutrino mass matrix, defined by, 1

2 ⌫Lim⌫i j⌫
c
L j.
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and, after integrating out the heavy right-handed neutrinos, the seesaw formula in Eq. 50 is generalised to the matrix equation 17

m⌫ ⇡ �mD M�1
R mT

D . (60)
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1
2 (63)
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The full neutrino mass matrix is then as in Eq. 45 but is now a 6 ⇥ 6 matrix with the first three rows and columns corresponding to the active
neutrinos are labeled by l = e, µ, ⌧ and the second three rows and columns by a, b = 1, 2, 3, corresponding to the right-handed neutrinos. It
can be block diagonalised by a 6 ⇥ 6 unitary matrix U [86],
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To leading order in small angles, ✓la, which mix the right-handed sterile neutrino states with the left-handed active neutrino states the 6 ⇥ 6
matrix may be written as [129],
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where 1 is the unit 3 ⇥ 3 matrix, and the matrix ✓la is given by the matrix form of Eq. 54
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loss. As a result, the present limits on LFV processes will set a strong constrain on the non-
unitarity of the leptonic mixing matrix, and therefore on the free parameters of the minimal
scenario y, � and � through Eq. (15). In particular, the nowadays strongest constrain on
the elements of the � matrix comes from µ � e�. Figure (2) shows the extra contribution
to the radiative decay µ� e� in presence of the vector-like neutrinos of the model.

The contribution to the branching ratio from both the heavy vector-like neutrinos and
the light neutrinos �i is given by

� (µ� e�)
� (µ� e�µ�e)

= 3�
32�

|
5�

n=1
U2nU

†
n1F (xn)|2

(UU †)11 (UU †)22
, (18)

where xn = M2
n/M

2
W , and where F (xn) reads

F (xn) = 10� 43xn + 78x2
n � (49� 18 log xn)x3

n + 4x4
n

3 (xn � 1)4 , (19)

For masses of the vector-like neutrinos M � �MW , the sum in Eq. (18) can be separated in
light and heavy sectors factorizing the corresponding F (xn) function

� (µ� e�)
� (µ� e�µ�e)

� 3�
8� |�21|2 (F (�)� F (0))2 = 3�

2� |�21|2 , (20)

where can be seen that loss of the GIM cancellation comes from the di�erence of the two
mass scales involved, and the non-unitarity of the leptonic mixing matrix. When comparing
with the existing present experimental limit [59] of the radiative decay, the following upper
bound at 1� is derived [49]

|�21| � 8.4 · 10�6 . (21)
In Figure 3 the allowed region of the free parameters of the minimal scenario is shown.

The hatched gray region is excluded by direct searches in ATLAS [60], while the pink (blue)
regions correspond to the allowed values of y and M �

4 when the present constrain on �12
of Eq. (21) and a NH (IH) in the light neutrino sector is considered. The allowed region
depends on the CP-violating phase � and the Majorana phase � of the PMNS matrix. The
boundaries of the allowed regions depend on the values of the free phases � and �. For a
NH (IH), the solid line correspond to � = � = 0 (� � �/2, � � 9�/10) and can be relax till

8

�i, Na

Fig. 9 The non-unitarity of the PMNS matrix can lead to enhanced rates for µ! e� via the exchange of virtual light and heavy neutrino mass eigenstates
in the one loop diagram above. The couplings are given in Eq. 71 and �� is the Goldstone boson component of W� according to the Higgs mechanism.
Figure is adapted from [138].

The light neutrino mass matrix m⌫ is given by the seesaw formula in Eq. 60,

m⌫ ⇡ �mD M�1
R mT

D ⇡ �✓mT
D (68)

where m⌫ is diagonalised by the unitary matrix V⌫L as in Eq. 69,

V⌫L m⌫VT
⌫L
= diag(m1,m2,m3). (69)

The three light neutrino mass eigenstates (⌫1, ⌫2, ⌫3) are related to the flavour eigenstates ⌫l by,
0
BBBBBBBBB@

⌫eL

⌫µL
⌫⌧L

1
CCCCCCCCCA
= (1 � 1

2
✓✓†)V†⌫L

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
⌘ UPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
, (70)

so that, unlike Eq. 29, UPMNS as defined above is no longer exactly unitary.

4.3 Phenomenology of Heavy Neutral Leptons

The couplings of Na to the charged weak gauge bosons W± in Eq.55 are then generalised to [129],

� gp
2

W�µ lL�
µ(UPMNS

li ⌫i + ✓laNc
a) + H.c. (71)

where l = e, µ, ⌧ label the leptons (including neutrinos) in the charged lepton diagonal basis, while i = 1, 2, 3 labels the three light neutrino
mass eigenstates ⌫i, and a = 1, 2, 3 labels the three neutral heavy lepton mass eigenstates Na. The heavy neutral leptons will also couple
to the neutral weak gauge boson Z0 and the Higgs boson h through the small heavy-light mixing angles ✓, leading to interesting collider
phenomenology [38, 129–136].

The non-unitarity of the PMNS matrix in Eq. 70, with the W couplings in Eq. 71, leads to enhanced lepton flavour violation processes
such as µ! e� as shown in Fig. 9 [107, 137, 138]. This is one testable di↵erence between just having the Weinberg operator and having
the seesaw mechanism with right-handed neutrinos. Another testable di↵erence is the prediction of heavy neutral leptons, i.e. the heavy
mass eigenstates Na with masses MRa, which can be produced in experiments providing they are not too heavy and their heavy-light mixing
angles are not too small.

In the small angle approximation assumed here Ula ⇡ ✓la and experimental limits usually are set on |UlN |2 ⇠ U2
l for l = e, µ, ⌧ as a

function of some generic heavy neutral lepton N of mass M, as shown in Fig. 10. For masses M below the TeV scale, the heavy-light
mixing is constrained by existing collider data [93–95] and future experiments [36, 143, 144] for example, the SHiP experiment [140]
and FCC-ee [141]. For instance, LHC searches have been performed for N produced and decaying through its W couplings, for example
W ! e + N production and N ! e +W, with the signature of two isolated charged leptons plus a W. Current LHC analyses lead to limits
|UeN |2 . 10�5 for 5 GeV < M < 50 GeV. The question then arises of whether it is possible to obtain such sizeable mixing angles for heavy
neutral leptons with masses accessible at colliders, consistent with the seesaw formula for the neutrino mass matrix which satisfies the
neutrino oscillation data. The answer is yes in general, since there is considerable freedom in the choice of seesaw parameters consistent
with neutrino phenomenology, namely the three right-handed neutrino masses M1,M2,M3 and the choice of Dirac mass matrix mD which
is parameterised by the six real arbitrary parameters of the complex orthogonal matrix R in Eq. 63, so that Eq. 67, gives,

✓ ⇡ UPMNSdiag(m1,m2,m3)
1
2 RT diag(M1,M2,M3)�

1
2 . (72)

If the complex orthogonal matrix R contains large elements then the mixing angles may be enhanced compared to the one right-handed
neutrino estimate in Eq. 102 of ✓ ⇠ m

1
2 M�

1
2 .
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loss. As a result, the present limits on LFV processes will set a strong constrain on the non-
unitarity of the leptonic mixing matrix, and therefore on the free parameters of the minimal
scenario y, � and � through Eq. (15). In particular, the nowadays strongest constrain on
the elements of the � matrix comes from µ � e�. Figure (2) shows the extra contribution
to the radiative decay µ� e� in presence of the vector-like neutrinos of the model.

The contribution to the branching ratio from both the heavy vector-like neutrinos and
the light neutrinos �i is given by
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W , and where F (xn) reads

F (xn) = 10� 43xn + 78x2
n � (49� 18 log xn)x3

n + 4x4
n

3 (xn � 1)4 , (19)

For masses of the vector-like neutrinos M � �MW , the sum in Eq. (18) can be separated in
light and heavy sectors factorizing the corresponding F (xn) function
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� 3�
8� |�21|2 (F (�)� F (0))2 = 3�

2� |�21|2 , (20)

where can be seen that loss of the GIM cancellation comes from the di�erence of the two
mass scales involved, and the non-unitarity of the leptonic mixing matrix. When comparing
with the existing present experimental limit [59] of the radiative decay, the following upper
bound at 1� is derived [49]

|�21| � 8.4 · 10�6 . (21)
In Figure 3 the allowed region of the free parameters of the minimal scenario is shown.

The hatched gray region is excluded by direct searches in ATLAS [60], while the pink (blue)
regions correspond to the allowed values of y and M �

4 when the present constrain on �12
of Eq. (21) and a NH (IH) in the light neutrino sector is considered. The allowed region
depends on the CP-violating phase � and the Majorana phase � of the PMNS matrix. The
boundaries of the allowed regions depend on the values of the free phases � and �. For a
NH (IH), the solid line correspond to � = � = 0 (� � �/2, � � 9�/10) and can be relax till
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Fig. 9 The non-unitarity of the PMNS matrix can lead to enhanced rates for µ! e� via the exchange of virtual light and heavy neutrino mass eigenstates
in the one loop diagram above. The couplings are given in Eq. 71 and �� is the Goldstone boson component of W� according to the Higgs mechanism.
Figure is adapted from [138].

The light neutrino mass matrix m⌫ is given by the seesaw formula in Eq. 60,

m⌫ ⇡ �mD M�1
R mT

D ⇡ �✓mT
D (68)

where m⌫ is diagonalised by the unitary matrix V⌫L as in Eq. 69,

V⌫L m⌫VT
⌫L
= diag(m1,m2,m3). (69)

The three light neutrino mass eigenstates (⌫1, ⌫2, ⌫3) are related to the flavour eigenstates ⌫l by,
0
BBBBBBBBB@

⌫eL

⌫µL
⌫⌧L

1
CCCCCCCCCA
= (1 � 1

2
✓✓†)V†⌫L

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
⌘ UPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
, (70)

so that, unlike Eq. 29, UPMNS as defined above is no longer exactly unitary.

4.3 Phenomenology of Heavy Neutral Leptons

The couplings of Na to the charged weak gauge bosons W± in Eq.55 are then generalised to [129],
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a) + H.c. (71)

where l = e, µ, ⌧ label the leptons (including neutrinos) in the charged lepton diagonal basis, while i = 1, 2, 3 labels the three light neutrino
mass eigenstates ⌫i, and a = 1, 2, 3 labels the three neutral heavy lepton mass eigenstates Na. The heavy neutral leptons will also couple
to the neutral weak gauge boson Z0 and the Higgs boson h through the small heavy-light mixing angles ✓, leading to interesting collider
phenomenology [38, 129–136].

The non-unitarity of the PMNS matrix in Eq. 70, with the W couplings in Eq. 71, leads to enhanced lepton flavour violation processes
such as µ! e� as shown in Fig. 9 [107, 137, 138]. This is one testable di↵erence between just having the Weinberg operator and having
the seesaw mechanism with right-handed neutrinos. Another testable di↵erence is the prediction of heavy neutral leptons, i.e. the heavy
mass eigenstates Na with masses MRa, which can be produced in experiments providing they are not too heavy and their heavy-light mixing
angles are not too small.

In the small angle approximation assumed here Ula ⇡ ✓la and experimental limits usually are set on |UlN |2 ⇠ U2
l for l = e, µ, ⌧ as a

function of some generic heavy neutral lepton N of mass M, as shown in Fig. 10. For masses M below the TeV scale, the heavy-light
mixing is constrained by existing collider data [93–95] and future experiments [36, 143, 144] for example, the SHiP experiment [140]
and FCC-ee [141]. For instance, LHC searches have been performed for N produced and decaying through its W couplings, for example
W ! e + N production and N ! e +W, with the signature of two isolated charged leptons plus a W. Current LHC analyses lead to limits
|UeN |2 . 10�5 for 5 GeV < M < 50 GeV. The question then arises of whether it is possible to obtain such sizeable mixing angles for heavy
neutral leptons with masses accessible at colliders, consistent with the seesaw formula for the neutrino mass matrix which satisfies the
neutrino oscillation data. The answer is yes in general, since there is considerable freedom in the choice of seesaw parameters consistent
with neutrino phenomenology, namely the three right-handed neutrino masses M1,M2,M3 and the choice of Dirac mass matrix mD which
is parameterised by the six real arbitrary parameters of the complex orthogonal matrix R in Eq. 63, so that Eq. 67, gives,

✓ ⇡ UPMNSdiag(m1,m2,m3)
1
2 RT diag(M1,M2,M3)�

1
2 . (72)

If the complex orthogonal matrix R contains large elements then the mixing angles may be enhanced compared to the one right-handed
neutrino estimate in Eq. 102 of ✓ ⇠ m
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loss. As a result, the present limits on LFV processes will set a strong constrain on the non-
unitarity of the leptonic mixing matrix, and therefore on the free parameters of the minimal
scenario y, � and � through Eq. (15). In particular, the nowadays strongest constrain on
the elements of the � matrix comes from µ � e�. Figure (2) shows the extra contribution
to the radiative decay µ� e� in presence of the vector-like neutrinos of the model.

The contribution to the branching ratio from both the heavy vector-like neutrinos and
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For masses of the vector-like neutrinos M � �MW , the sum in Eq. (18) can be separated in
light and heavy sectors factorizing the corresponding F (xn) function
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where can be seen that loss of the GIM cancellation comes from the di�erence of the two
mass scales involved, and the non-unitarity of the leptonic mixing matrix. When comparing
with the existing present experimental limit [59] of the radiative decay, the following upper
bound at 1� is derived [49]
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In Figure 3 the allowed region of the free parameters of the minimal scenario is shown.
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The light neutrino mass matrix m⌫ is given by the seesaw formula in Eq. 60,

m⌫ ⇡ �mD M�1
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D (68)

where m⌫ is diagonalised by the unitary matrix V⌫L as in Eq. 69,

V⌫L m⌫VT
⌫L
= diag(m1,m2,m3). (69)

The three light neutrino mass eigenstates (⌫1, ⌫2, ⌫3) are related to the flavour eigenstates ⌫l by,
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so that, unlike Eq. 29, UPMNS as defined above is no longer exactly unitary.

4.3 Phenomenology of Heavy Neutral Leptons

The couplings of Na to the charged weak gauge bosons W± in Eq.55 are then generalised to [129],
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where l = e, µ, ⌧ label the leptons (including neutrinos) in the charged lepton diagonal basis, while i = 1, 2, 3 labels the three light neutrino
mass eigenstates ⌫i, and a = 1, 2, 3 labels the three neutral heavy lepton mass eigenstates Na. The heavy neutral leptons will also couple
to the neutral weak gauge boson Z0 and the Higgs boson h through the small heavy-light mixing angles ✓, leading to interesting collider
phenomenology [38, 129–136].

The non-unitarity of the PMNS matrix in Eq. 70, with the W couplings in Eq. 71, leads to enhanced lepton flavour violation processes
such as µ! e� as shown in Fig. 9 [107, 137, 138]. This is one testable di↵erence between just having the Weinberg operator and having
the seesaw mechanism with right-handed neutrinos. Another testable di↵erence is the prediction of heavy neutral leptons, i.e. the heavy
mass eigenstates Na with masses MRa, which can be produced in experiments providing they are not too heavy and their heavy-light mixing
angles are not too small.

In the small angle approximation assumed here Ula ⇡ ✓la and experimental limits usually are set on |UlN |2 ⇠ U2
l for l = e, µ, ⌧ as a

function of some generic heavy neutral lepton N of mass M, as shown in Fig. 10. For masses M below the TeV scale, the heavy-light
mixing is constrained by existing collider data [93–95] and future experiments [36, 143, 144] for example, the SHiP experiment [140]
and FCC-ee [141]. For instance, LHC searches have been performed for N produced and decaying through its W couplings, for example
W ! e + N production and N ! e +W, with the signature of two isolated charged leptons plus a W. Current LHC analyses lead to limits
|UeN |2 . 10�5 for 5 GeV < M < 50 GeV. The question then arises of whether it is possible to obtain such sizeable mixing angles for heavy
neutral leptons with masses accessible at colliders, consistent with the seesaw formula for the neutrino mass matrix which satisfies the
neutrino oscillation data. The answer is yes in general, since there is considerable freedom in the choice of seesaw parameters consistent
with neutrino phenomenology, namely the three right-handed neutrino masses M1,M2,M3 and the choice of Dirac mass matrix mD which
is parameterised by the six real arbitrary parameters of the complex orthogonal matrix R in Eq. 63, so that Eq. 67, gives,
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If the complex orthogonal matrix R contains large elements then the mixing angles may be enhanced compared to the one right-handed
neutrino estimate in Eq. 102 of ✓ ⇠ m
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Fig. 10 This shows present bounds and future prospects on measuring the neutrino-sterile mixing parameter, for ✓2eN ⇠ U2
e and ✓2µN ⇠ U2

µ , as a function
of the heavy neutral lepton mass M. The whole white and green parameter space is allowed, with the green parameter space allowed by leptogenesis
in some models [139]. The existing collider data [93–95] constrants are shown, and future experiment reach from SHiP [140] and FCC-ee [141]. The
lower bounds coming from the seesaw mechanism and Big Bang Nucleosynthesis (BBN) (due to the late decaying HNL) are also shown (from [139]). It
is worth mentioning that the green parameter space allowed by leptogenesis can be further extended down to the seesaw line and up to to the estimated
sensitivities of the LHC main detectors in some scenarios [142].

nine ne
Vei mi ei fi Vei

e- e-

W- W-

d d

u u
�i, Na

Fig. 11 The diagram which contributes to the amplitude for neutrinoless double beta decay involves the annihilation of the electron neutrino. To calculate
the amplitude, the electron neutrino state ⌫e must be expanded in terms of the mass eigenstates ⌫i and Na, which propagate in the diagram.

Neutrinoless double beta decay in Fig. 11 involves the electron neutrino ⌫e, expanded in terms of the light mass eigenstates ⌫i and heavy
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where the first sum is approximately equal to mee in Eq. 37, while the second sum involves the heavy neutral leptons and depends on the
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where the typical hadronic physics energy p ⇠ 100 MeV (of order the pion mass), although a full e↵ective field theory approach is pre-
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a ⌧ p2, the hadronic amplitude ratio becomes unity and the two sums can be combined to give a result equivalent to the
first entry of the full 6 ⇥ 6 neutrino mass matrix, which is zero (see left-hand side of Eq. 65). For M2

a & p2, neutrinoless double beta decay
will be non-zero in the seesaw mechanism, with an interesting interplay between neutrinoless double beta decay and leptogenesis [149].
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e and ✓2µN ⇠ U2

µ , as a function
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in some models [139]. The existing collider data [93–95] constrants are shown, and future experiment reach from SHiP [140] and FCC-ee [141]. The
lower bounds coming from the seesaw mechanism and Big Bang Nucleosynthesis (BBN) (due to the late decaying HNL) are also shown (from [139]). It
is worth mentioning that the green parameter space allowed by leptogenesis can be further extended down to the seesaw line and up to to the estimated
sensitivities of the LHC main detectors in some scenarios [142].
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sensitivities of the LHC main detectors in some scenarios [142].
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FIG. 2. Diagram showing the extra neutrino contributions to µ � e�. Here �n refers to the
neutrinos in the mass basis, and �� represents the Goldstone boson.

loss. As a result, the present limits on LFV processes will set a strong constrain on the non-
unitarity of the leptonic mixing matrix, and therefore on the free parameters of the minimal
scenario y, � and � through Eq. (15). In particular, the nowadays strongest constrain on
the elements of the � matrix comes from µ � e�. Figure (2) shows the extra contribution
to the radiative decay µ� e� in presence of the vector-like neutrinos of the model.

The contribution to the branching ratio from both the heavy vector-like neutrinos and
the light neutrinos �i is given by

� (µ� e�)
� (µ� e�µ�e)

= 3�
32�

|
5�

n=1
U2nU

†
n1F (xn)|2

(UU †)11 (UU †)22
, (18)

where xn = M2
n/M

2
W , and where F (xn) reads

F (xn) = 10� 43xn + 78x2
n � (49� 18 log xn)x3

n + 4x4
n

3 (xn � 1)4 , (19)

For masses of the vector-like neutrinos M � �MW , the sum in Eq. (18) can be separated in
light and heavy sectors factorizing the corresponding F (xn) function

� (µ� e�)
� (µ� e�µ�e)

� 3�
8� |�21|2 (F (�)� F (0))2 = 3�

2� |�21|2 , (20)

where can be seen that loss of the GIM cancellation comes from the di�erence of the two
mass scales involved, and the non-unitarity of the leptonic mixing matrix. When comparing
with the existing present experimental limit [59] of the radiative decay, the following upper
bound at 1� is derived [49]

|�21| � 8.4 · 10�6 . (21)
In Figure 3 the allowed region of the free parameters of the minimal scenario is shown.

The hatched gray region is excluded by direct searches in ATLAS [60], while the pink (blue)
regions correspond to the allowed values of y and M �

4 when the present constrain on �12
of Eq. (21) and a NH (IH) in the light neutrino sector is considered. The allowed region
depends on the CP-violating phase � and the Majorana phase � of the PMNS matrix. The
boundaries of the allowed regions depend on the values of the free phases � and �. For a
NH (IH), the solid line correspond to � = � = 0 (� � �/2, � � 9�/10) and can be relax till

8

�i, Na

Fig. 9 The non-unitarity of the PMNS matrix can lead to enhanced rates for µ! e� via the exchange of virtual light and heavy neutrino mass eigenstates
in the one loop diagram above. The couplings are given in Eq. 71 and �� is the Goldstone boson component of W� according to the Higgs mechanism.
Figure is adapted from [138].

The light neutrino mass matrix m⌫ is given by the seesaw formula in Eq. 60,

m⌫ ⇡ �mD M�1
R mT

D ⇡ �✓mT
D (68)

where m⌫ is diagonalised by the unitary matrix V⌫L as in Eq. 69,

V⌫L m⌫VT
⌫L
= diag(m1,m2,m3). (69)

The three light neutrino mass eigenstates (⌫1, ⌫2, ⌫3) are related to the flavour eigenstates ⌫l by,
0
BBBBBBBBB@

⌫eL

⌫µL
⌫⌧L

1
CCCCCCCCCA
= (1 � 1

2
✓✓†)V†⌫L

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
⌘ UPMNS

0
BBBBBBBBB@

⌫1
⌫2
⌫3

1
CCCCCCCCCA
, (70)

so that, unlike Eq. 29, UPMNS as defined above is no longer exactly unitary.

4.3 Phenomenology of Heavy Neutral Leptons

The couplings of Na to the charged weak gauge bosons W± in Eq.55 are then generalised to [129],

� gp
2

W�µ lL�
µ(UPMNS

li ⌫i + ✓laNc
a) + H.c. (71)

where l = e, µ, ⌧ label the leptons (including neutrinos) in the charged lepton diagonal basis, while i = 1, 2, 3 labels the three light neutrino
mass eigenstates ⌫i, and a = 1, 2, 3 labels the three neutral heavy lepton mass eigenstates Na. The heavy neutral leptons will also couple
to the neutral weak gauge boson Z0 and the Higgs boson h through the small heavy-light mixing angles ✓, leading to interesting collider
phenomenology [38, 129–136].

The non-unitarity of the PMNS matrix in Eq. 70, with the W couplings in Eq. 71, leads to enhanced lepton flavour violation processes
such as µ! e� as shown in Fig. 9 [107, 137, 138]. This is one testable di↵erence between just having the Weinberg operator and having
the seesaw mechanism with right-handed neutrinos. Another testable di↵erence is the prediction of heavy neutral leptons, i.e. the heavy
mass eigenstates Na with masses MRa, which can be produced in experiments providing they are not too heavy and their heavy-light mixing
angles are not too small.

In the small angle approximation assumed here Ula ⇡ ✓la and experimental limits usually are set on |UlN |2 ⇠ U2
l for l = e, µ, ⌧ as a

function of some generic heavy neutral lepton N of mass M, as shown in Fig. 10. For masses M below the TeV scale, the heavy-light
mixing is constrained by existing collider data [93–95] and future experiments [36, 143, 144] for example, the SHiP experiment [140]
and FCC-ee [141]. For instance, LHC searches have been performed for N produced and decaying through its W couplings, for example
W ! e + N production and N ! e +W, with the signature of two isolated charged leptons plus a W. Current LHC analyses lead to limits
|UeN |2 . 10�5 for 5 GeV < M < 50 GeV. The question then arises of whether it is possible to obtain such sizeable mixing angles for heavy
neutral leptons with masses accessible at colliders, consistent with the seesaw formula for the neutrino mass matrix which satisfies the
neutrino oscillation data. The answer is yes in general, since there is considerable freedom in the choice of seesaw parameters consistent
with neutrino phenomenology, namely the three right-handed neutrino masses M1,M2,M3 and the choice of Dirac mass matrix mD which
is parameterised by the six real arbitrary parameters of the complex orthogonal matrix R in Eq. 63, so that Eq. 67, gives,

✓ ⇡ UPMNSdiag(m1,m2,m3)
1
2 RT diag(M1,M2,M3)�

1
2 . (72)

If the complex orthogonal matrix R contains large elements then the mixing angles may be enhanced compared to the one right-handed
neutrino estimate in Eq. 102 of ✓ ⇠ m

1
2 M�

1
2 .
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Fig. 10 This shows present bounds and future prospects on measuring the neutrino-sterile mixing parameter, for ✓2eN ⇠ U2
e and ✓2µN ⇠ U2

µ , as a function
of the heavy neutral lepton mass M. The whole white and green parameter space is allowed, with the green parameter space allowed by leptogenesis
in some models [139]. The existing collider data [93–95] constrants are shown, and future experiment reach from SHiP [140] and FCC-ee [141]. The
lower bounds coming from the seesaw mechanism and Big Bang Nucleosynthesis (BBN) (due to the late decaying HNL) are also shown (from [139]). It
is worth mentioning that the green parameter space allowed by leptogenesis can be further extended down to the seesaw line and up to to the estimated
sensitivities of the LHC main detectors in some scenarios [142].
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the amplitude, the electron neutrino state ⌫e must be expanded in terms of the mass eigenstates ⌫i and Na, which propagate in the diagram.

Neutrinoless double beta decay in Fig. 11 involves the electron neutrino ⌫e, expanded in terms of the light mass eigenstates ⌫i and heavy
mass eigenstates Na, which couple to the W as shown in Eq. 71 for l = e. The nuclear half-life depends on the e↵ective neutrinoless double
beta decay parameter m��, given by,
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where the first sum is approximately equal to mee in Eq. 37, while the second sum involves the heavy neutral leptons and depends on the
mass dependent hadronic amplitudesA(Ma), which capture all the hadronic and nuclear physics. It is commonly assumed that [145–147],

A(Ma)
A(0)

⇡ p2

p2 + M2
a
, (74)

where the typical hadronic physics energy p ⇠ 100 MeV (of order the pion mass), although a full e↵ective field theory approach is pre-
ferred [148]. For M2

a ⌧ p2, the hadronic amplitude ratio becomes unity and the two sums can be combined to give a result equivalent to the
first entry of the full 6 ⇥ 6 neutrino mass matrix, which is zero (see left-hand side of Eq. 65). For M2

a & p2, neutrinoless double beta decay
will be non-zero in the seesaw mechanism, with an interesting interplay between neutrinoless double beta decay and leptogenesis [149].
For M2

a & a few GeV, the result is well approximated by the first sum in Eq. 73, with the other terms heavily suppressed by factors of p2
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a
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Fig. 6 The seesaw mechanism for one left-handed neutrino ⌫L and one right-handed neutrino ⌫R. Higgs doublets (the “givers of mass” depicted here
carrying weights) allow the active looking “light” neutrinos ⌫L to couple to ⌫R as in a Dirac mass term mD. Gauge invariance allows an abitrarily large mass
MR for the (“mysterious heavy neutrino”) ⌫R. This results in a suppressed light effective left-handed Majorana mass me↵

L ⇠ m2
D/MR for ⌫L. The active light

neutrinos ⌫L are subject to direct experimental observation as indicated by the magnifying glass.
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Fig. 7 Using the seesaw formula, me↵
L ⇡

m2
D

MR
⇡ 0.1 eV, we plot the square of the Dirac neutrino mass m2

D as a function of right-handed neutrino masses
MR. For example the dotted lines show that MR = 1016 GeV corresponds to mD = 103 GeV, while MR = 1010 GeV corresponds to mD = 1 GeV. The squares
of the charged quark and lepton masses are shown as coloured benchmark values of m2

D. For example taking m2
D = m2

e , the electron mass squared, would
correspond to MR ⇡ 2.6 TeV.

which we denote as ⌫ has mass m� ⇡ me↵
L in Eq. 50 is dominantly ⌫L with a small admixture of ⌫cR,15

N ⇡ ⌫R + ✓⌫cL, ⌫ ⇡ ⌫L � ✓⌫cR, (53)

where

✓ ⇡ mD

MR
, |✓|2 ⇡

|me↵
L |

MR
⇡ 10�10

 
1GeV

MR

!
, (54)

and the second equation follows from Eq. 50 with |me↵
L | ⇡

m2
D

MR
⇡ 0.1 eV. The heavy neutral lepton N has suppressed but non-zero electroweak

interactions since its mass eigenstate contains an admixture of the active neutrino ⌫cL. This allows the heavy state N to be produced
experimentally, thereby providing a possible test of the seesaw mechanism.

To see this explicitly consider for example the left-handed couplings of the electron mass eigenstate eL to the heavy charged weak gauge
boson W� (with similar results for the muon and tau),

� gp
2

W�µ eL�
µ⌫eL + H.c. (55)

15The approximation may be improved by expanding cos ✓ ⇡ 1 � 1
2 ✓

2, leading to unitarity violation as discussed later.
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5 Two Right-Handed Neutrinos (the minimal case)

5.1 Parametrisation

Although the seesaw mechanism can qualitatively explain the smallness of neutrino masses through the heavy right-handed neutrinos
(RHNs), if one doesn’t make other assumptions, it contains too many parameters to make any particular predictions for neutrino mass and
mixing. In this section we consider the minimal case, consistent with all current neutrino data, of a two right-handed neutrino (2RHN)
model [150–152] where the lightest neutrino is massless m1 = 0. This can be regarded as the limiting case of three right-handed neutrinos,
where one of the right-handed neutrinos has a negligible contribution to the seesaw mechanism, and so can be regarded as being decoupled.

The Lagrangian is as in Eq. 58 where SM family indices are i, j = 1, 2, 3 as before but now there are only two right-handed neutrinos
labelled by a, b = 1, 2. In the flavour basis, the Lagrangian below the electroweak scale becomes as in Eq.64,

Llepton
mass = �

X

l=e,µ,⌧

lLmllR � ⌫lLmD
l1⌫R1 � ⌫lLmD

l2⌫R2 �
1
2
⌫cR1 M1⌫R1 �

1
2
⌫cR2 M2⌫R2 + H.c. (75)

The Dirac neutrino mass matrix with two right-handed neutrinos is a 3 ⇥ 2 matrix with two columns mD
l1 and mD

l2, where l = e, µ, ⌧, which
can be parameterised by one complex angle z or two real arbitrary parameters [153],

mD
l1 =

p
M1

⇣p
m2 cos zUPMNS

i2 +
p

m3 sin zUPMNS
i3

⌘

mD
l2 =

p
M2

⇣p
m2 sin zUPMNS

i2 � pm3 cos zUPMNS
i3

⌘
, (76)

for the case of normal neutrino mass squared ordering. Towards the goal of predictivity, the two right-handed neutrino model is clearly a
step forwards, since mD only involves linear combinations of two columns of the PMNS matrix, parameterised by a single complex angle z,
in this bottom-up approach, rather than three, as in Eq. 63, parameterised by three complex angles. The general two right-handed neutrino
model is indeed quite testable [95, 110, 112], and leads to a quite restrictive parameter space when leptogenesis is considered [95, 100, 106,
110, 125, 154–167].

For example, consider the case of Eq. 76 with sin z ⇡ 1 and cos z ⇡ 0,

mD
l1 ⇡

p
M1
p

m3UPMNS
l3

mD
l2 ⇡

p
M2
p

m2UPMNS
l2 . (77)

In this case the first column of mD, corresponding to the couplings of the first right-handed neutrino, are dominantly responsible for the
heaviest physical neutrino mass m3 and atmospheric mixing angle ✓23, while the second column of mD, corresponding to the couplings of
the subdominant second right-handed neutrino, are responsible for the physical neutrino mass m2 and the solar mixing angle ✓12.

However ultimately this reverse engineering approach does not tell us anything about the physics responsible for mD in the first place,
although it is useful for classifying equivalent seesaw models [168]. For example, if some model leads to a “texture” zero element of mD

enforced by some symmetry, this will fix the angle z to some precise value, which looks like a fine tuning, while in fact it might be a natural
consequence of the theory. In pursuit of predictive models, we shall now abandon the bottom-up approach, and focus on cases where mD is
fixed by some top-down theory.

5.2 Sequential Dominance of Three Right-Handed Neutrinos

In this subsection we consider the conditions which can naturally lead to a neutrino mass hierarchy

m1 ⌧ m2 ⌧ m3, (78)

together with large neutrino mixing angles, without any tuning or cancellations of parameters. Such cancellations can be avoided if each
column of the Dirac mass matrix is associated mainly with a particular physical neutrino mass, an approach known as sequential dominance
(SD) [91, 150, 151, 169] of right-handed neutrinos. Historically, SD was proposed before the general parameterisation in the previous
subsection. While the general parameterisation is a bottom-up model independent approach, SD is a top-down model dependent approach,
which can lead to predictions for the neutrino observables.

The basic idea of SD is that, in the flavour basis (diagonal RHNs and charged lepton masses), one of the RHNs ⌫atm
R with mass Matm

is dominantly responsible for the heaviest physical neutrino mass m3, while a second subdominant RHN ⌫sol
R with mass Msol is mainly

responsible for the second heaviest physical mass m2, and a third essentially decoupled RHN ⌫dec
R of mass Mdec gives a very suppressed

lightest neutrino mass m1. This is the scenario anticipated in the notation of Fig. 3, based on a limiting case of three right-handed neutrinos
as predicted for example by S O(10) GUTs, where particular models can lead to a strongly hierarchical and diagonal right-handed neutrino
mass matrix [170, 171]. In the limit that the third right-handed neutrino responsible for the lightest light neutrino mass is decoupled from
the seesaw mechanism, this leads to an e↵ective 2RHN model with a neutrino mass hierarchy, with m1 ⇡ 0, where the large neutrino mixing
angles arise in a natural way from ratios of couplings to the same right-handed neutrino [91, 150, 151, 169], as we now discuss.

The two right-handed neutrinos have the following diagonal heavy Majorana mass matrix, in a notation which is agnostic as to their
mass ordering,

MR =

 
Matm 0

0 Msol

!
. (79)
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The Dirac neutrino mass matrix in the flavour basis is written in a simple notation as,

mD =

0
BBBBBBBBB@

d a
e b
f c

1
CCCCCCCCCA
, (80)

where the first (second) column contains the couplings to the atmospheric (solar) RH neutrino,

⌫atm
R (d⌫eL + e⌫µL + f ⌫⌧L) + ⌫sol

R (a⌫eL + b⌫µL + c⌫⌧L). (81)

The atmospheric neutrino couplings will dominate the seesaw mechanism as in the single right-handed neutrino case in Eq. 51. 18

Using the seesaw formula in Eq. 60, with the matrices in Eqs. 79, 80, dropping the overall physically irrelevant minus sign, the light
e↵ective left-handed Majorana neutrino mass matrix m⌫ can be written as,

m⌫ =
1

Matm

0
BBBBBBBBB@

d2 de d f
de e2 e f
d f e f f 2

1
CCCCCCCCCA
+

1
Msol

0
BBBBBBBBB@

a2 ab ac
ab b2 bc
ac bc c2

1
CCCCCCCCCA
. (82)

The SD conditions are that ⌫atm
R (the first matrix above) dominates the seesaw mechanism,

(d, e, f )2

Matm
� (a, b, c)2

Msol
. (83)

Ignoring phases19, this leads to the approximate results for the neutrino parameters in the flavour basis, assuming d ⌧ e, f ,

tan ✓23 ⇡
|e|
| f | (84)

tan ✓12 ⇡
a

cos ✓23b � sin ✓23c
(85)

✓13 ⇡
1

m3

2
666664

a (sin ✓23b + cos ✓23c)
Msol

+
d
p
|e|2 + | f |2
Matm

3
777775 (86)

m3 ⇡
|e|2 + | f |2

Matm
(87)

m2 ⇡
a2

Msol
+

(cos ✓23b � sin ✓23c)2

Msol
, m1 ⇡ 0. (88)

These results show that the condition in Eq. 83 that ⌫atm
R dominates the seesaw mechanism achieves a normal neutrino mass hierarchy

m1 ⌧ m2 ⌧ m3, where the large atmospheric angle ✓23 arises from the approximate equality of couplings |e| ⇠ | f | of ⌫atm
R to ⌫µ and ⌫⌧, as in

Eqs. 51, 52. The large solar angle ✓12 arises from three roughly equal couplings a ⇠ b ⇠ c of ⌫sol
R to ⌫e, ⌫µ, ⌫⌧ in Eq. 81. In this way the large

mixing angles arise from ratios of couplings to the same right-handed neutrino and a normal neutrino mass hierarchy can coexist without
relying on accidental cancellations. Assuming d ⇡ 0 the reactor angle is given by ✓13 . m2/m3 [151] in agreement with the data.

Motivated by the above results, maximal atmospheric mixing tan ✓23 = 1 (✓23 = 45�) suggests that |e| = | f | and tri-maximal solar mixing
tan ✓12 =

1p
2

(✓12 = 35.26�) suggests that |b � c| = 2|a|, while small reactor angle suggests a texture zero d = 0, as mentioned above 20.
This motivates choosing e = f , b = na and c = (n � 2)a in Eq. 80, called constrained dominance sequence (CSD) for some real number
n [182–191],21

mD =

0
BBBBBBBBB@

0 a
e na
e (n � 2)a

1
CCCCCCCCCA
, (89)

18It is instructive to compare Eq. 77 to Eq. 80 with the condition in Eq. 83. In both cases the first column of the Dirac mass matrix dominates and leads to a natural
neutrino mass hierarchy. However Eq. 77 imposes the stronger requirement that the first (second) column of the Dirac matrix is proportional to the third (second) column
of the PMNS matrix. On the other hand, Eq. 80 makes no such requirement and hence is more general. For example, Eq. 80 allows for the possibility of a texture zero
which would violate Eq. 77. The special case of Eq. 80 where Eq. 77 is satisfied is known as form dominance [168, 172–177].
19For the full results including phases see [151].
20Alternatively, golden ratio solar mixing may be considered with tan ✓12 =

1
� , where � = (1 +

p
5)/2 is the golden ratio (✓12 = 31.7�) [178]. However, when corrections

from the reactor angle are taken into account, this leads to a prediction for the solar angle outside the current 3� region [179]. For other alternative cases using CP
symmetry, see [180, 181].
21There is also a flipped case with the same first column (0, e, e)T and the second column (a, (n � 2)a, na)T which yields related predictions ✓23 ! ⇡ � ✓23 and �! � + ⇡.
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in Weyl fermion notation in some arbitrary basis, where SM family indices i, j = 1, 2, 3 and right-handed neutrinos are labelled by a, b =
1, 2, 3. It is often convenient to work in the diagonal charged lepton and right-handed neutrino mass matrix basis, commonly referred to as
the flavour basis, but above we work in an arbitrary basis where all matrices above are not diagonal in general. As in Eqs. 43, 44 the Dirac
mass matrix is generated after the Higgs VEV by

H̃Liy⌫ia⌫Ra ! ⌫LimD
ia⌫Ra (59)

and, after integrating out the heavy right-handed neutrinos, the seesaw formula in Eq. 50 is generalised to the matrix equation 17

m⌫ ⇡ �mD M�1
R mT

D . (60)

Having integrated out the right-handed neutrinos, we are left with the lepton mass Lagrangian in Eq. 26, where the neutrino mass matrix m⌫

is given by Eq. 60, leading to neutrino mass and mixing, as in the case of the Weinberg operator.
In the three right-handed neutrino seesaw mechanism, there are clearly more parameters than observables, since the Dirac mass matrix

mD is a 3 ⇥ 3 matrix with arbitrary complex parameters, so this matrix alone has 18 free parameters. We now discuss a bottom-up approach
to parameterising seesaw parameters, while constraining them to be consistent with neutrino oscillation data [105].

It is often convenient to work in the basis discussed in Eq. 22, in which the charged lepton mass matrix is diagonal. We also work in
the diagonal right-handed neutrino mass basis, which together with the diagonal charged lepton mass basis, defines the flavour basis. In the
flavour basis, the neutrino mass matrix m⌫ is determined by the PMNS matrix, using Eqs. 29,69,

m⌫ ⇡ UPMNSdiag(m1,m2,m3)UT
PMNS. (61)

The condition on the seesaw parameters for obtaining the correct neutrino observables can be obtained by combining Eqs. 60 and 61,
dropping the unphysical minus sign,

mDdiag(M1,M2,M3)�1mT
D = UPMNSdiag(m1,m2,m3)UT

PMNS. (62)

The choice of Dirac neutrino mass matrix mD consistent with Eq. 62 is not unique. It may be parameterised in a bottom-up way by taking
the square root of Eq. 62, leading to,

mD = UPMNSdiag(m1,m2,m3)
1
2 RT diag(M1,M2,M3)

1
2 (63)

where R is a complex orthogonal 3 ⇥ 3 matrix which satisfies RT R = 1 and contains six real arbitrary parameters [105]. Clearly there remains
considerable freedom in the choice of parameters consistent with data. The allowed parameter space has been very widely studied [95, 106–
116], including analyses which specifically focus on leptogenesis [117–121], including flavour dependent e↵ects [122–128].

The seesaw mechanism provides a high energy completion of the non-renormalisable Weinberg operators in Eq. 25, and comes with
a prediction, namely the existence of right-handed (sterile) neutrinos or heavy neutral leptons Na. In what follows we shall extend the
discussion of heavy neutral leptons in Eqs. 53, 56, 55 to include three families of leptons, including three right-handed neutrinos, and also
discuss a new feature namely that, contrary to the case of the Weinberg operator, lepton mixing is no longer described by a unitary matrix.

4.2 Non-Unitarity of the Lepton Mixing Matrix

In the flavour basis the lepton mass Lagrangian after electroweak breaking becomes

Llepton
mass = �

X

l=e,µ,⌧

lLmllR � ⌫lLmD
la⌫Ra �

1
2
⌫cRa Ma

R⌫Ra + H.c. , (64)

The full neutrino mass matrix is then as in Eq. 45 but is now a 6 ⇥ 6 matrix with the first three rows and columns corresponding to the active
neutrinos are labeled by l = e, µ, ⌧ and the second three rows and columns by a, b = 1, 2, 3, corresponding to the right-handed neutrinos. It
can be block diagonalised by a 6 ⇥ 6 unitary matrix U [86],

U
 

0 mD

mT
D MR

!
UT ⇡

 
m⌫ 0
0 MR

!
(65)

To leading order in small angles, ✓la, which mix the right-handed sterile neutrino states with the left-handed active neutrino states the 6 ⇥ 6
matrix may be written as [129],

U ⇡
 
1 � 1

2 ✓✓
† ✓

�✓† 1 � 1
2 ✓
†✓

!
(66)

where 1 is the unit 3 ⇥ 3 matrix, and the matrix ✓la is given by the matrix form of Eq. 54

✓ ⇡ mD M�1
R . (67)

17We have written m⌫ = me↵
L as the light e↵ective left-handed Majorana neutrino mass matrix, defined by, 1

2 ⌫Lim⌫i j⌫
c
L j.

Seesaw 

If first matrix dominates, get natural hierarchy 

16 Right-handed neutrinos: seesaw models and signatures

5 Two Right-Handed Neutrinos (the minimal case)

5.1 Parametrisation

Although the seesaw mechanism can qualitatively explain the smallness of neutrino masses through the heavy right-handed neutrinos
(RHNs), if one doesn’t make other assumptions, it contains too many parameters to make any particular predictions for neutrino mass and
mixing. In this section we consider the minimal case, consistent with all current neutrino data, of a two right-handed neutrino (2RHN)
model [150–152] where the lightest neutrino is massless m1 = 0. This can be regarded as the limiting case of three right-handed neutrinos,
where one of the right-handed neutrinos has a negligible contribution to the seesaw mechanism, and so can be regarded as being decoupled.

The Lagrangian is as in Eq. 58 where SM family indices are i, j = 1, 2, 3 as before but now there are only two right-handed neutrinos
labelled by a, b = 1, 2. In the flavour basis, the Lagrangian below the electroweak scale becomes as in Eq.64,

Llepton
mass = �

X

l=e,µ,⌧

lLmllR � ⌫lLmD
l1⌫R1 � ⌫lLmD

l2⌫R2 �
1
2
⌫cR1 M1⌫R1 �

1
2
⌫cR2 M2⌫R2 + H.c. (75)

The Dirac neutrino mass matrix with two right-handed neutrinos is a 3 ⇥ 2 matrix with two columns mD
l1 and mD

l2, where l = e, µ, ⌧, which
can be parameterised by one complex angle z or two real arbitrary parameters [153],

mD
l1 =

p
M1

⇣p
m2 cos zUPMNS

i2 +
p

m3 sin zUPMNS
i3

⌘

mD
l2 =

p
M2

⇣p
m2 sin zUPMNS

i2 � pm3 cos zUPMNS
i3

⌘
, (76)

for the case of normal neutrino mass squared ordering. Towards the goal of predictivity, the two right-handed neutrino model is clearly a
step forwards, since mD only involves linear combinations of two columns of the PMNS matrix, parameterised by a single complex angle z,
in this bottom-up approach, rather than three, as in Eq. 63, parameterised by three complex angles. The general two right-handed neutrino
model is indeed quite testable [95, 110, 112], and leads to a quite restrictive parameter space when leptogenesis is considered [95, 100, 106,
110, 125, 154–167].

For example, consider the case of Eq. 76 with sin z ⇡ 1 and cos z ⇡ 0,

mD
l1 ⇡

p
M1
p

m3UPMNS
l3

mD
l2 ⇡

p
M2
p

m2UPMNS
l2 . (77)

In this case the first column of mD, corresponding to the couplings of the first right-handed neutrino, are dominantly responsible for the
heaviest physical neutrino mass m3 and atmospheric mixing angle ✓23, while the second column of mD, corresponding to the couplings of
the subdominant second right-handed neutrino, are responsible for the physical neutrino mass m2 and the solar mixing angle ✓12.

However ultimately this reverse engineering approach does not tell us anything about the physics responsible for mD in the first place,
although it is useful for classifying equivalent seesaw models [168]. For example, if some model leads to a “texture” zero element of mD

enforced by some symmetry, this will fix the angle z to some precise value, which looks like a fine tuning, while in fact it might be a natural
consequence of the theory. In pursuit of predictive models, we shall now abandon the bottom-up approach, and focus on cases where mD is
fixed by some top-down theory.

5.2 Sequential Dominance of Three Right-Handed Neutrinos

In this subsection we consider the conditions which can naturally lead to a neutrino mass hierarchy

m1 ⌧ m2 ⌧ m3, (78)

together with large neutrino mixing angles, without any tuning or cancellations of parameters. Such cancellations can be avoided if each
column of the Dirac mass matrix is associated mainly with a particular physical neutrino mass, an approach known as sequential dominance
(SD) [91, 150, 151, 169] of right-handed neutrinos. Historically, SD was proposed before the general parameterisation in the previous
subsection. While the general parameterisation is a bottom-up model independent approach, SD is a top-down model dependent approach,
which can lead to predictions for the neutrino observables.

The basic idea of SD is that, in the flavour basis (diagonal RHNs and charged lepton masses), one of the RHNs ⌫atm
R with mass Matm

is dominantly responsible for the heaviest physical neutrino mass m3, while a second subdominant RHN ⌫sol
R with mass Msol is mainly

responsible for the second heaviest physical mass m2, and a third essentially decoupled RHN ⌫dec
R of mass Mdec gives a very suppressed

lightest neutrino mass m1. This is the scenario anticipated in the notation of Fig. 3, based on a limiting case of three right-handed neutrinos
as predicted for example by S O(10) GUTs, where particular models can lead to a strongly hierarchical and diagonal right-handed neutrino
mass matrix [170, 171]. In the limit that the third right-handed neutrino responsible for the lightest light neutrino mass is decoupled from
the seesaw mechanism, this leads to an e↵ective 2RHN model with a neutrino mass hierarchy, with m1 ⇡ 0, where the large neutrino mixing
angles arise in a natural way from ratios of couplings to the same right-handed neutrino [91, 150, 151, 169], as we now discuss.

The two right-handed neutrinos have the following diagonal heavy Majorana mass matrix, in a notation which is agnostic as to their
mass ordering,

MR =

 
Matm 0

0 Msol

!
. (79)

E.g. Littlest Seesaw gives good fit to data

d = 0

e = f

b = 3a

c = a

Predicts 
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CSD(n) angle n = 2.5 n = 3 n = 3.45
normal ✓23 [�] 51.5+1.9

�2.2 45.5+2.3
�2.4 41.4+2.6

�2.6
normal � [�] 299.9+9.2

�9.9 272.2+9.6
�11.0 253.8+11.7

�13.8

flipped ✓23 [�] 38.5+1.9
�2.2 44.5+2.3

�2.4 48.6+2.6
�2.6

flipped � [�] 119.9+9.2
�9.9 92.2+9.6

�11.0 74.8+11.7
�13.8

both ✓12 [�] 34.31+0.16
�0.20 34.32+0.20

�0.24 34.36+0.18
�0.21

Table 1 The CSD(n) predictions for ✓23, � (for normal and flipped cases) and ✓12 (common to both cases), where the most accurately measured observ-
ables ✓13,�2

31,�
2
21 are used to fix the three parameters ⌘,ma,mb leading to the uncertainties shown. Predictions are shown for three values of n ⇡ 3, arising

from particular Littlest Seesaw models. Table adapted from [179].

whereupon Eq. 82 becomes,

m⌫ =
|e|2

Matm

0
BBBBBBBBB@

0 0 0
0 1 1
0 1 1

1
CCCCCCCCCA
+
|a|2
Msol

ei⌘

0
BBBBBBBBB@

1 n (n � 2)
n n2 n(n � 2)

(n � 2) n(n � 2) (n � 2)2

1
CCCCCCCCCA
, (90)

where ⌘ = 2 arg(a/e). The choice n ⇡ 3 provides a particularly good fit to neutrino oscillation data and is called the Littlest Seesaw
(LS) [185]. For example models based on CSD(3) [184–188], CSD(2.5) [192] may arise from vacuum alignment, and CSD(1 +

p
6) ⇡

CSD(3.45) [193–197] from modular symmetry. For a given value of n, predictions for the PMNS matrix and the three neutrino masses can
be analytically derived from the three real input parameters in Eq. 90, namely ma =

|e|2
Matm

, mb =
|a|2
Msol

, ⌘ = 2 arg(a/e) [185]. In practice, the
three input parameters ma,mb, ⌘ may be fixed using the three best measured observables ✓13,�2

31,�
2
21, leading to genuine predictions for the

least well measured observables ✓23, � and ✓12, as shown in Table 1 [179]. Note also that the neutrino mass matrix in Eq. 90 implies that

the first column of the PMNS matrix has the fixed magnitudes (
q

2
3 ,

q
1
6 ,

q
1
6 ) for any value of n, leading to atmospheric mixing sum rules

which implies (cos2 ✓12)(cos2 ✓13) = 2/3 and predicts cos � in terms of the atmospheric and reactor angles [185]. The results in Tab. 1, are
consistent with these atmospheric sum rule predictions, and fix the atmospheric angle, depending on n, for normal and flipped cases [179].

The heavy-light mixing angles for SD are given from Eqs.67, 79, 80,

✓lN =

0
BBBBBBBBBB@

d
Matm

a
Msol

e
Matm

b
Msol

f
Matm

c
Msol

1
CCCCCCCCCCA
. (91)

For CSD(3) (normal case of Littlest Seesaw),

|✓lN |2 ⇡

0
BBBBBBBBBB@

0 m2
3Msol

m3
2Matm

3m2
Msol

m3
2Matm

m2
3Msol

1
CCCCCCCCCCA
⇡

0
BBBBBBBBB@

0 0.03
0.25 0.26
0.25 0.03

1
CCCCCCCCCA
⇥ 10�10

 
1GeV

M

!
, (92)

where we have used Eqs. 36,132,131,89,91, which may be compared to the single right-handed neutrino estimate in Eq. 102, based on
|✓|2 ⇡ m⌫/M where a light neutrino mass of m⌫ = 0.1 eV was taken. The predictions in Eq. 92 seem to be out of reach of the planned future
experimental searches in Fig. 10. In any case, for hierarchical right-handed neutrino masses, leptogenesis requires the lightest right-handed
neutrino to have a mass around 1010 GeV [188, 198–201]. In such high scale seesaw models, the heavier right-handed neutrino will be
associated with the B � L breaking scale, whose breaking leads to cosmic strings which can generate an observable gravitational wave
signature [202, 203]. GUTs can also be probed in this way [204–209].

5.3 A Heavy Dirac Neutrino

Let us now consider the case of two RHNs ⌫R1, ⌫R2 which form an o↵-diagonal mass term [151],

⌫cR1 M⌫R2 + H.c. (93)

The 2 ⇥ 2 complex symmetric mass matrix MR has the form,

MR =

 
0 M
M 0

!
. (94)

The Majorana masses on the diagonal are simply assumed to be zero for now, but later on their absence will be enforced by a symmetry.
The mass term in Eq. 93, where ⌫cR1 is a left-handed antineutrino, may be compared to the Dirac mass of the electron in Eq. 8, and for

this reason the two right-handed neutrinos may be regarded as a single four component Dirac neutrino,

N =
 
⌫c1R
⌫2R

!
(95)

with a heavy Dirac mass MNN. Unlike the Majorana spinor in Eq. 40, the Dirac spinor above contains four independent degrees of freedom.

U2
e

U2
µ

Both smaller than 
SRHN estimate

✓23 ⇡ 45o

✓12 ⇡ 34o

✓13 ⇡ 8.5o

� ⇡ 270oarg(a2/e2) = exp(2⇡i/3)
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where we have used Eqs. 36,132,131,89,91, which may be compared to the single right-handed neutrino estimate in Eq. 102, based on
|✓|2 ⇡ m⌫/M where a light neutrino mass of m⌫ = 0.1 eV was taken. The predictions in Eq. 92 seem to be out of reach of the planned future
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5.3 A Heavy Dirac Neutrino
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The Majorana masses on the diagonal are simply assumed to be zero for now, but later on their absence will be enforced by a symmetry.
The mass term in Eq. 93, where ⌫cR1 is a left-handed antineutrino, may be compared to the Dirac mass of the electron in Eq. 8, and for

this reason the two right-handed neutrinos may be regarded as a single four component Dirac neutrino,
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with a heavy Dirac mass MNN. Unlike the Majorana spinor in Eq. 40, the Dirac spinor above contains four independent degrees of freedom.
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In the flavour basis the Lagrangian below the electroweak scale is,
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assuming a normal neutrino mass squared ordering, where

⇢ ⇡ m3 � m2
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⇡ 0.71,

p
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p
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The low energy neutrino mass matrix is given by the seesaw formula in Eq. 60, leading to the low energy neutrino mass matrix,
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and the light neutrino mass eigenvalues,
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The heavy-light mixing angles for the two right-handed neutrinos ⌫Ra (where a = 1, 2) are given from Eq. 67 as
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The Dirac neutrino in Eq. 95, has heavy-light mixing described by a sum of squared mixing angles,

|✓l|2 ⇡ |✓l1|2 + |✓l2|2. (103)

It is interesting to compare the qualitative behaviour of the neutrino masses in Eq.100,
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to that of the squared heavy-light mixing angle in Eq. 103, using Eqs. 102 and 97,
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Whereas the neutrino masses depend on the product mD
1 mD

2 , the heavy-light mixing angles depend on the sum of squares (mD
1 )2 + (mD

2 )2. If
the two parameters mD

1 ,m
D
2 are hierarchical, with one very much larger than the other one, then enhanced heavy-light mixing will result. For

example suppose that mD
1 ⌧ mD

2 , with their product fixed by Eq.101 to give the correct light neutrino masses, then the heavy-light mixing
angle will be dominated by the second term in Eq.105 and become enhanced. This can lead to arbitrarily large heavy-light mixing angles,
depending on the ratio mD

2 /m
D
1 . This means that, for hierarchical mD

1 ⌧ mD
2 and accessible values of M, the heavy Dirac neutrino could be

discovered experimentally, as shown in Fig.10
The above scenario raises some theoretical questions which can be addressed in explicit models. As already remarked, the form of the

o↵-diagonal right-handed neutrino mass matrix in Eq. 94, with zero diagonal Majorana masses needs to be justified. Also the assumed
hierarchy of mD

1 and mD
2 looks very ad hoc. In the following we discuss two models which address these issues: the type Ib seesaw model

and the Majoron model.

5.3.1 Type Ib Seesaw Model
In order to prevent diagonal Majorana masses in Eq. 94 requires a symmetry under which the bilinear terms ⌫R1⌫R1 and ⌫R2⌫R2 are forbidden
while ⌫R1⌫R2 is allowed. The simplest such symmetry is a discrete three-fold symmetry Z3 symmetry (the rotational symmetry of an
equilateral triangle) under which the right-handed neutrinos transform like ⌫R1 ! !2⌫R1 and ⌫R1 ! !⌫R1, where ! = ei2⇡/3 and hence
!3 = 1 [139]. However such a symmetry forbids the Yukawa couplings to right-handed neutrinos, H̃Liy⌫ia⌫Ra, and no single Higgs charge
can allow couplings to both right-handed neutrinos. The solution is to introduce two Higgs doublets, H1 with charge ! which couples to
⌫R1 and H2 with charge !2 which couples to ⌫R2, with the charged summarised in Table 2. The Z3 symmetry assignments also ensure that
the masses of the charged leptons and down-type quarks arise from the (CP conjugated) first Higgs doublet H̃1, while the up-type quarks
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Qi uR j dR j Li eR j H1 H2 ⌫R1 ⌫R2

S U(2)L 2 1 1 2 1 2 2 1 1
U(1)Y

1
6

2
3 � 1

3 � 1
2 �1 � 1

2 � 1
2 0 0

Z3 1 ! ! 1 ! ! !2 !2 !

Table 2 A two Higgs doublet H1,H2 model under the electroweak S U(2)L ⇥ U(1)Y gauge symmetry and a discrete Z3 symmetry (where ! = ei2⇡/3) [139].
The fields Qi, Li are left-handed SM doublets while uR j, dR j, eR j are RH SM singlets where i, j = 1, 2, 3 label the three families of quarks and leptons (see
Eqs. 2, 3, 4). The fields ⌫R1, ⌫R2 are the two right-handed neutrinos.
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M

Fig. 12 The type Ib seesaw mechanism with two Higgs doublets H1 and H2 for a single heavy Dirac neutrino mass M.

gain masses from H2. This called a type II two Higgs doublet model [210]. The lepton Lagrangian is given by [139],

Llepton
mass = �H̃1Liye

i jeR j � H1Liy⌫i1⌫R1 � H2Liy⌫i2⌫R2 � ⌫cR1 M⌫R2 + H.c. , (106)

which yields the low energy Lagrangian in Eq. 96, now enforced by symmetry, with

mD
i1 = y⌫i1

v1p
2
, mD

i2 = y⌫i2
v2p

2
, (107)

where v1, v2 are the VEVs of the two Higgs doublets H1,H2. The neutrino masses then arise from a new form of seesaw mechanism which
necessarily involves both Higgs doublets as in Fig. 12, and is known by the catchy name “type Ib seesaw mechanism” [138, 139, 211]. The
low energy neutrino mass matrix is given by the seesaw formula in Eq. 60, leading to the low energy neutrino mass matrix, as in Eq. 99,

m⌫i j ⇡
mD

i1mD
j2

M
+

mD
i2mD

j1

M
. (108)

After integrating out the heavy Dirac neutrino, the type Ib seesaw mechanism leads to a new type of Weinberg operator [138],

i j(LT
i H1)(H2

T L j), (109)

which is similar to the original Weinberg operator in Eq. 25 but involving the two di↵erent Higgs doublets H1,H2. Both Dark Matter [211]
and Resonant Leptogenesis [139] have been studied in the type Ib seesaw model. We emphasise that this model leads to a heavy Dirac
neutrino as in Eq. 94, where the zero Majorana mass entries on the diagonal are not just assumed but are enforced by symmetry.

5.3.2 Majoron Models
We briefly mention another possibility for enforcing the o↵-diagonal right-handed neutrino masses in Eq. 94, which uses a Majoron field �
whose VEV is responsible for their mass. Since the Majorana masses of RHNs violate total lepton number L, their masses can arise from
the spontaneous breaking of global U(1)L by a SM singlet complex scalar field �, coupled to the RHNs, leading to a physical Goldstone
boson called the Majoron [212–214].

Consider the charges shown in Table 3 [215] where the Majoron field � is doubly charged under global lepton number U(1)L and is odd
under a Z2 symmetry, while the right-handed neutrinos have unit lepton number, with one even and one odd under Z2. All other SM fields
(including the SM Higgs doublet H) are even under the Z2, with leptons carrying the usual lepton number.

Symmetries � ⌫R1 ⌫R2

U(1)L �2 1 1
Z2 � + �

Table 3 Majoron field � and right-handed neutrino charges under global U(1)L and Z2 symmetries.

20 Right-handed neutrinos: seesaw models and signatures

Qi uR j dR j Li eR j H1 H2 ⌫R1 ⌫R2

S U(2)L 2 1 1 2 1 2 2 1 1
U(1)Y

1
6

2
3 � 1

3 � 1
2 �1 � 1

2 � 1
2 0 0

Z3 1 ! ! 1 ! ! !2 !2 !

Table 2 A two Higgs doublet H1,H2 model under the electroweak S U(2)L ⇥ U(1)Y gauge symmetry and a discrete Z3 symmetry (where ! = ei2⇡/3) [139].
The fields Qi, Li are left-handed SM doublets while uR j, dR j, eR j are RH SM singlets where i, j = 1, 2, 3 label the three families of quarks and leptons (see
Eqs. 2, 3, 4). The fields ⌫R1, ⌫R2 are the two right-handed neutrinos.

L L

H1 H2

�R1 �R2

M

Fig. 12 The type Ib seesaw mechanism with two Higgs doublets H1 and H2 for a single heavy Dirac neutrino mass M.

gain masses from H2. This called a type II two Higgs doublet model [210]. The lepton Lagrangian is given by [139],

Llepton
mass = �H̃1Liye

i jeR j � H1Liy⌫i1⌫R1 � H2Liy⌫i2⌫R2 � ⌫cR1 M⌫R2 + H.c. , (106)

which yields the low energy Lagrangian in Eq. 96, now enforced by symmetry, with

mD
i1 = y⌫i1

v1p
2
, mD

i2 = y⌫i2
v2p

2
, (107)

where v1, v2 are the VEVs of the two Higgs doublets H1,H2. The neutrino masses then arise from a new form of seesaw mechanism which
necessarily involves both Higgs doublets as in Fig. 12, and is known by the catchy name “type Ib seesaw mechanism” [138, 139, 211]. The
low energy neutrino mass matrix is given by the seesaw formula in Eq. 60, leading to the low energy neutrino mass matrix, as in Eq. 99,

m⌫i j ⇡
mD

i1mD
j2

M
+

mD
i2mD

j1

M
. (108)

After integrating out the heavy Dirac neutrino, the type Ib seesaw mechanism leads to a new type of Weinberg operator [138],

i j(LT
i H1)(H2

T L j), (109)

which is similar to the original Weinberg operator in Eq. 25 but involving the two di↵erent Higgs doublets H1,H2. Both Dark Matter [211]
and Resonant Leptogenesis [139] have been studied in the type Ib seesaw model. We emphasise that this model leads to a heavy Dirac
neutrino as in Eq. 94, where the zero Majorana mass entries on the diagonal are not just assumed but are enforced by symmetry.

5.3.2 Majoron Models
We briefly mention another possibility for enforcing the o↵-diagonal right-handed neutrino masses in Eq. 94, which uses a Majoron field �
whose VEV is responsible for their mass. Since the Majorana masses of RHNs violate total lepton number L, their masses can arise from
the spontaneous breaking of global U(1)L by a SM singlet complex scalar field �, coupled to the RHNs, leading to a physical Goldstone
boson called the Majoron [212–214].

Consider the charges shown in Table 3 [215] where the Majoron field � is doubly charged under global lepton number U(1)L and is odd
under a Z2 symmetry, while the right-handed neutrinos have unit lepton number, with one even and one odd under Z2. All other SM fields
(including the SM Higgs doublet H) are even under the Z2, with leptons carrying the usual lepton number.

Symmetries � ⌫R1 ⌫R2

U(1)L �2 1 1
Z2 � + �

Table 3 Majoron field � and right-handed neutrino charges under global U(1)L and Z2 symmetries.

20 Right-handed neutrinos: seesaw models and signatures

Qi uR j dR j Li eR j H1 H2 ⌫R1 ⌫R2

S U(2)L 2 1 1 2 1 2 2 1 1
U(1)Y

1
6

2
3 � 1

3 � 1
2 �1 � 1

2 � 1
2 0 0

Z3 1 ! ! 1 ! ! !2 !2 !

Table 2 A two Higgs doublet H1,H2 model under the electroweak S U(2)L ⇥ U(1)Y gauge symmetry and a discrete Z3 symmetry (where ! = ei2⇡/3) [139].
The fields Qi, Li are left-handed SM doublets while uR j, dR j, eR j are RH SM singlets where i, j = 1, 2, 3 label the three families of quarks and leptons (see
Eqs. 2, 3, 4). The fields ⌫R1, ⌫R2 are the two right-handed neutrinos.

L L

H1 H2

�R1 �R2

M

Fig. 12 The type Ib seesaw mechanism with two Higgs doublets H1 and H2 for a single heavy Dirac neutrino mass M.

gain masses from H2. This called a type II two Higgs doublet model [210]. The lepton Lagrangian is given by [139],

Llepton
mass = �H̃1Liye

i jeR j � H1Liy⌫i1⌫R1 � H2Liy⌫i2⌫R2 � ⌫cR1 M⌫R2 + H.c. , (106)

which yields the low energy Lagrangian in Eq. 96, now enforced by symmetry, with

mD
i1 = y⌫i1

v1p
2
, mD

i2 = y⌫i2
v2p

2
, (107)

where v1, v2 are the VEVs of the two Higgs doublets H1,H2. The neutrino masses then arise from a new form of seesaw mechanism which
necessarily involves both Higgs doublets as in Fig. 12, and is known by the catchy name “type Ib seesaw mechanism” [138, 139, 211]. The
low energy neutrino mass matrix is given by the seesaw formula in Eq. 60, leading to the low energy neutrino mass matrix, as in Eq. 99,

m⌫i j ⇡
mD

i1mD
j2

M
+

mD
i2mD

j1

M
. (108)

After integrating out the heavy Dirac neutrino, the type Ib seesaw mechanism leads to a new type of Weinberg operator [138],

i j(LT
i H1)(H2

T L j), (109)

which is similar to the original Weinberg operator in Eq. 25 but involving the two di↵erent Higgs doublets H1,H2. Both Dark Matter [211]
and Resonant Leptogenesis [139] have been studied in the type Ib seesaw model. We emphasise that this model leads to a heavy Dirac
neutrino as in Eq. 94, where the zero Majorana mass entries on the diagonal are not just assumed but are enforced by symmetry.

5.3.2 Majoron Models
We briefly mention another possibility for enforcing the o↵-diagonal right-handed neutrino masses in Eq. 94, which uses a Majoron field �
whose VEV is responsible for their mass. Since the Majorana masses of RHNs violate total lepton number L, their masses can arise from
the spontaneous breaking of global U(1)L by a SM singlet complex scalar field �, coupled to the RHNs, leading to a physical Goldstone
boson called the Majoron [212–214].

Consider the charges shown in Table 3 [215] where the Majoron field � is doubly charged under global lepton number U(1)L and is odd
under a Z2 symmetry, while the right-handed neutrinos have unit lepton number, with one even and one odd under Z2. All other SM fields
(including the SM Higgs doublet H) are even under the Z2, with leptons carrying the usual lepton number.

Symmetries � ⌫R1 ⌫R2

U(1)L �2 1 1
Z2 � + �

Table 3 Majoron field � and right-handed neutrino charges under global U(1)L and Z2 symmetries.
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The lepton Lagrangian, which respects both U(1)L and Z2 symmetry is given by,

Llepton
mass = �HLiye

i jeR j � H̃Liy⌫i1⌫R1 � �⌫cR1⌫R2 + H.c. . (110)

Note that lepton number L forbids explicit right-handed neutrino masses, and these must be generated from the Majoron field couplings.
However the Z2 assignments only allow one such Majoron coupling, namely the o↵-diagonal one, leading to the the o↵-diagonal right-
handed neutrino masses in Eq. 94. Note that ⌫R2 does not contribute to the renormalisable neutrino Yukawa interaction since it is odd under
Z2. However small soft Z2 violating terms can provide the missing Yukawa coupling to ⌫R2, as well as an explanation for its smallness.
Such terms will also lead to small Majorana mass terms, which splits the degeneracy of the two right-handed neutrinos, leading to resonant
leptogenesis and Majoron dark matter [215].

It is worth commenting that, without introducing Majoron fields, lepton number L, will enforce zero Majorana masses for all right-
handed neutrinos, leading to only Dirac masses for the light neutrino fields. Such Dirac masses should be extremely small, namely around
0.1 eV or less, so, without a seesaw mechanism, the origin of such tiny neutrino masses would be very puzzling. Of course the origin of the
hierarchical quark and charged lepton masses is already puzzling, so this would simply add to the mystery. Since L is a global symmetry,
it is presumably softly broken at some level, so right-handed neutrino masses of some magnitude would seem to be generic. If combined
with baryon number as B � L then it becomes possible to gauge it, but then it should be spontaneously broken above the weak scale, so
again right-handed neutrino masses would be expected. Nevertheless, Dirac physical neutrino mass models have been widely explored, and
until the Majorana nature of light neutrinos has been established, notably by the observation of neutrinoless double beta decay, they remain
a possibility.

6 Extra Singlet Neutrinos

6.1 Double Seesaw vs Inverse Seesaw

It is possible to introduce additional singlet fermions S R (which do not couple to the lepton doublets) in addition to the right-handed
neutrinos ⌫R (which have Dirac mass terms mD). If the singlets have Majorana masses µ, but the right-handed neutrinos have zero Majorana
masses MR = 0, then in the basis (⌫cL, ⌫R, S R), the mass matrix in block form is

0
BBBBBBBBB@

0 mD 0
mT

D 0 M
0 MT µ

1
CCCCCCCCCA
, (111)

which would be a 9 ⇥ 9 matrix for three copies of each of (⌫cL, ⌫R, S R).
Assuming a hierarchy of the singlet mass matrix µ, the (⌫R, S R) mass mixing matrix M, and the Dirac matrix mD,

µ � M � mD, (112)

then we have a two stage seesaw mechanism. In the first stage the Majorana mass matrix MR is generated,

MR = �Mµ�1 MT . (113)

Then in the second stage the light physical left-handed Majorana neutrino mass matrix is obtained in the usual way,

m⌫ = �mD M�1
R mT

D . (114)

Combining these equations gives

m⌫ = mD(MT )�1µM�1mT
D, (115)

which has a double suppression. This is called the double seesaw mechanism [216], typically used in high scale models to explain why MR

is below the GUT or string scale. Perhaps surprisingly, the same formula, Eq. 115, also applies to the case where µ is very small,

M � mD � µ , (116)

which corresponds to the inverse seesaw mechanism [107, 216–225] 22.

6.2 The Inverse Seesaw Mechanism

To understand how the inverse seesaw mechanism works let us first take the limit µ! 0, and consider one copy of (⌫cL, ⌫R, S R) (i.e. three
chiral fermions). Eq. 111 with µ = 0 then has the terms,

⌫R(MS c
R + mD⌫L) = M⌫R(S c

R + ✓⌫L) ⌘ M⌫RN, (117)

22If one allows the 1-3 elements of Eq. (111) to be filled in by a matrix M0 [221] then one obtains another version of the low energy seesaw mechanism called the linear
seesaw mechanism [221–223].
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where we have defined the small angle (c.f. Eq. 54),

✓ =
mD

M
. (118)

Eq. 117 yields a single heavy Dirac neutrino of mass M constructed from ⌫R and N, where the linear combination N consists mainly of S c
R

with a small admixture of ⌫L. The orthogonal linear combination ⌫ is massless and consists mainly of ⌫L with a small admixture of S c
R,

N = S c
R + ✓⌫L, ⌫ = ⌫L � ✓S c

R (119)

Inverting Eq. 119 gives,

S c
R = N � ✓⌫, ⌫L = ⌫ + ✓N, (120)

which may be compared to Eq. 56. Similar to the usual seesaw, the heavy Dirac neutrino may be produced via its small admixture ✓
component of the active neutrino ⌫L. The above analysis shows that the neutrino state ⌫ (mainly ⌫L) is massless if µ = 0, and so lepton
number L is unbroken.

Let us now include a small Majorana mass µ for the singlet S R,

µS RS c
R = µ(Nc � ✓⌫c)(N � ✓⌫) = µ✓2⌫c⌫ + · · ·! m⌫ = µ

m2
D

M2 (121)

which generates a small mass m⌫ for ⌫, using Eq. 118. It also generates a tiny mass splitting for the Dirac pair components ⌫R and N, since
the latter receives a negligible extra mass µ. From Eqs. 118, 121,

|✓|2 ⇡ |m⌫ |
µ
, (122)

which is controlled by µ and is independent of the heavy neutrino mass M, unlike Eq. 54. This means that, for a fixed m⌫, the heavy-light
mixing angle is larger for small µ. For example, for µ = 1 keV, and m⌫ = 0.1 eV, the mixing angle would be ✓ = 10�2. This would be
consistent with for example mD = 1 GeV and M = 102 GeV.

The above discussion may be readily generalised to the case of three active neutrinos ⌫Li, and three right-handed neutrinos ⌫Ra, and three
singlets S Rb, in which case the inverse seesaw formula for the light neutrino mass matrix takes the matrix form in Eq. 115. In the limit that
the mass matrix µ! 0 three light active neutrinos remain massless and lepton numbers Le, Lµ, L⌧ and total lepton number L (the sum of
the separate lepton numbers) are restored. The heavy-light mixing angles are calculated according to the matrix generalisation of Eq. 118,

✓ ⇡ mD M�1. (123)

It is always possible to choose a basis where the heavy Dirac mass matrix M is diagonal by performing rotations on ⌫R and S R. However,
having used up the transformations on S R, the matrix µ will not be diagonal in general. This implies that the light neutrino mass matrix
calculated using Eq. 115, in the diagonal M basis, will not only depend on the matrix mD but also on the arbitrary matrix µ. This makes it
very di�cult in general to make any predictions for the neutrino masses and mixing angles. However it is possible to envisage a minimal
case where predictivity is possible , as we now discuss.

6.3 Minimal Inverse Seesaw Model

The minimal example of the inverse seesaw mechanism involves two right-handed neutrinos and two singlets, so that the full mass matrix
in Eq.111 has the form,

0
BBBBBBBBB@

03⇥3 (mD)3⇥2 03⇥2

(mT
D)2⇥3 02⇥2 M2⇥2

02⇥3 (MT )2⇥2 µ2⇥2

1
CCCCCCCCCA
, (124)

where 0n⇥m are n ⇥ m dimensional submatrices consisting of zero elements. For example, one may achieve a natural mass hierarchy model
based on sequential dominance (SD), with matrices as in Eqs. 79, 80, assuming that the matrix µ is diagonal in the same basis that M is
diagonal (a non-trivial assumption),

mD =

0
BBBBBBBBB@

d a
e b
f c

1
CCCCCCCCCA
, M =

 
Matm 0

0 Msol

!
, µ =

 
µatm 0

0 µsol

!
. (125)

Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,

m⌫ =
µatm

M2
atm

0
BBBBBBBBB@

d2 de d f
de e2 e f
d f e f f 2

1
CCCCCCCCCA
+
µsol

M2
sol

0
BBBBBBBBB@

a2 ab ac
ab b2 bc
ac bc c2

1
CCCCCCCCCA
, (126)
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Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
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Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,

m⌫ =
µatm

M2
atm

0
BBBBBBBBB@

d2 de d f
de e2 e f
d f e f f 2

1
CCCCCCCCCA
+
µsol

M2
sol

0
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a2 ab ac
ab b2 bc
ac bc c2

1
CCCCCCCCCA
, (126)

Large HNL mixing if  is smallμ

E.g. Minimal Inverse Seesaw model
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where we have defined the small angle (c.f. Eq. 54),
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Inverting Eq. 119 gives,
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which may be compared to Eq. 56. Similar to the usual seesaw, the heavy Dirac neutrino may be produced via its small admixture ✓
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which is controlled by µ and is independent of the heavy neutrino mass M, unlike Eq. 54. This means that, for a fixed m⌫, the heavy-light
mixing angle is larger for small µ. For example, for µ = 1 keV, and m⌫ = 0.1 eV, the mixing angle would be ✓ = 10�2. This would be
consistent with for example mD = 1 GeV and M = 102 GeV.
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where 0n⇥m are n ⇥ m dimensional submatrices consisting of zero elements. For example, one may achieve a natural mass hierarchy model
based on sequential dominance (SD), with matrices as in Eqs. 79, 80, assuming that the matrix µ is diagonal in the same basis that M is
diagonal (a non-trivial assumption),

mD =

0
BBBBBBBBB@

d a
e b
f c

1
CCCCCCCCCA
, M =

 
Matm 0

0 Msol

!
, µ =

 
µatm 0

0 µsol

!
. (125)

Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,
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which may be compared to Eq. 56. Similar to the usual seesaw, the heavy Dirac neutrino may be produced via its small admixture ✓
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which generates a small mass m⌫ for ⌫, using Eq. 118. It also generates a tiny mass splitting for the Dirac pair components ⌫R and N, since
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which is controlled by µ and is independent of the heavy neutrino mass M, unlike Eq. 54. This means that, for a fixed m⌫, the heavy-light
mixing angle is larger for small µ. For example, for µ = 1 keV, and m⌫ = 0.1 eV, the mixing angle would be ✓ = 10�2. This would be
consistent with for example mD = 1 GeV and M = 102 GeV.

The above discussion may be readily generalised to the case of three active neutrinos ⌫Li, and three right-handed neutrinos ⌫Ra, and three
singlets S Rb, in which case the inverse seesaw formula for the light neutrino mass matrix takes the matrix form in Eq. 115. In the limit that
the mass matrix µ! 0 three light active neutrinos remain massless and lepton numbers Le, Lµ, L⌧ and total lepton number L (the sum of
the separate lepton numbers) are restored. The heavy-light mixing angles are calculated according to the matrix generalisation of Eq. 118,

✓ ⇡ mD M�1. (123)

It is always possible to choose a basis where the heavy Dirac mass matrix M is diagonal by performing rotations on ⌫R and S R. However,
having used up the transformations on S R, the matrix µ will not be diagonal in general. This implies that the light neutrino mass matrix
calculated using Eq. 115, in the diagonal M basis, will not only depend on the matrix mD but also on the arbitrary matrix µ. This makes it
very di�cult in general to make any predictions for the neutrino masses and mixing angles. However it is possible to envisage a minimal
case where predictivity is possible , as we now discuss.

6.3 Minimal Inverse Seesaw Model

The minimal example of the inverse seesaw mechanism involves two right-handed neutrinos and two singlets, so that the full mass matrix
in Eq.111 has the form,
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where 0n⇥m are n ⇥ m dimensional submatrices consisting of zero elements. For example, one may achieve a natural mass hierarchy model
based on sequential dominance (SD), with matrices as in Eqs. 79, 80, assuming that the matrix µ is diagonal in the same basis that M is
diagonal (a non-trivial assumption),
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Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,
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where we have defined the small angle (c.f. Eq. 54),

✓ =
mD

M
. (118)

Eq. 117 yields a single heavy Dirac neutrino of mass M constructed from ⌫R and N, where the linear combination N consists mainly of S c
R

with a small admixture of ⌫L. The orthogonal linear combination ⌫ is massless and consists mainly of ⌫L with a small admixture of S c
R,

N = S c
R + ✓⌫L, ⌫ = ⌫L � ✓S c

R (119)

Inverting Eq. 119 gives,

S c
R = N � ✓⌫, ⌫L = ⌫ + ✓N, (120)

which may be compared to Eq. 56. Similar to the usual seesaw, the heavy Dirac neutrino may be produced via its small admixture ✓
component of the active neutrino ⌫L. The above analysis shows that the neutrino state ⌫ (mainly ⌫L) is massless if µ = 0, and so lepton
number L is unbroken.

Let us now include a small Majorana mass µ for the singlet S R,
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which generates a small mass m⌫ for ⌫, using Eq. 118. It also generates a tiny mass splitting for the Dirac pair components ⌫R and N, since
the latter receives a negligible extra mass µ. From Eqs. 118, 121,
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which is controlled by µ and is independent of the heavy neutrino mass M, unlike Eq. 54. This means that, for a fixed m⌫, the heavy-light
mixing angle is larger for small µ. For example, for µ = 1 keV, and m⌫ = 0.1 eV, the mixing angle would be ✓ = 10�2. This would be
consistent with for example mD = 1 GeV and M = 102 GeV.

The above discussion may be readily generalised to the case of three active neutrinos ⌫Li, and three right-handed neutrinos ⌫Ra, and three
singlets S Rb, in which case the inverse seesaw formula for the light neutrino mass matrix takes the matrix form in Eq. 115. In the limit that
the mass matrix µ! 0 three light active neutrinos remain massless and lepton numbers Le, Lµ, L⌧ and total lepton number L (the sum of
the separate lepton numbers) are restored. The heavy-light mixing angles are calculated according to the matrix generalisation of Eq. 118,

✓ ⇡ mD M�1. (123)
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where 0n⇥m are n ⇥ m dimensional submatrices consisting of zero elements. For example, one may achieve a natural mass hierarchy model
based on sequential dominance (SD), with matrices as in Eqs. 79, 80, assuming that the matrix µ is diagonal in the same basis that M is
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Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,
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component of the active neutrino ⌫L. The above analysis shows that the neutrino state ⌫ (mainly ⌫L) is massless if µ = 0, and so lepton
number L is unbroken.

Let us now include a small Majorana mass µ for the singlet S R,

µS RS c
R = µ(Nc � ✓⌫c)(N � ✓⌫) = µ✓2⌫c⌫ + · · ·! m⌫ = µ

m2
D

M2 (121)

which generates a small mass m⌫ for ⌫, using Eq. 118. It also generates a tiny mass splitting for the Dirac pair components ⌫R and N, since
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which is controlled by µ and is independent of the heavy neutrino mass M, unlike Eq. 54. This means that, for a fixed m⌫, the heavy-light
mixing angle is larger for small µ. For example, for µ = 1 keV, and m⌫ = 0.1 eV, the mixing angle would be ✓ = 10�2. This would be
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The above discussion may be readily generalised to the case of three active neutrinos ⌫Li, and three right-handed neutrinos ⌫Ra, and three
singlets S Rb, in which case the inverse seesaw formula for the light neutrino mass matrix takes the matrix form in Eq. 115. In the limit that
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where 0n⇥m are n ⇥ m dimensional submatrices consisting of zero elements. For example, one may achieve a natural mass hierarchy model
based on sequential dominance (SD), with matrices as in Eqs. 79, 80, assuming that the matrix µ is diagonal in the same basis that M is
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Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,
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The lepton Lagrangian, which respects both U(1)L and Z2 symmetry is given by,

Llepton
mass = �HLiye

i jeR j � H̃Liy⌫i1⌫R1 � �⌫cR1⌫R2 + H.c. . (110)

Note that lepton number L forbids explicit right-handed neutrino masses, and these must be generated from the Majoron field couplings.
However the Z2 assignments only allow one such Majoron coupling, namely the o↵-diagonal one, leading to the the o↵-diagonal right-
handed neutrino masses in Eq. 94. Note that ⌫R2 does not contribute to the renormalisable neutrino Yukawa interaction since it is odd under
Z2. However small soft Z2 violating terms can provide the missing Yukawa coupling to ⌫R2, as well as an explanation for its smallness.
Such terms will also lead to small Majorana mass terms, which splits the degeneracy of the two right-handed neutrinos, leading to resonant
leptogenesis and Majoron dark matter [215].

It is worth commenting that, without introducing Majoron fields, lepton number L, will enforce zero Majorana masses for all right-
handed neutrinos, leading to only Dirac masses for the light neutrino fields. Such Dirac masses should be extremely small, namely around
0.1 eV or less, so, without a seesaw mechanism, the origin of such tiny neutrino masses would be very puzzling. Of course the origin of the
hierarchical quark and charged lepton masses is already puzzling, so this would simply add to the mystery. Since L is a global symmetry,
it is presumably softly broken at some level, so right-handed neutrino masses of some magnitude would seem to be generic. If combined
with baryon number as B � L then it becomes possible to gauge it, but then it should be spontaneously broken above the weak scale, so
again right-handed neutrino masses would be expected. Nevertheless, Dirac physical neutrino mass models have been widely explored, and
until the Majorana nature of light neutrinos has been established, notably by the observation of neutrinoless double beta decay, they remain
a possibility.

6 Extra Singlet Neutrinos

6.1 Double Seesaw vs Inverse Seesaw

It is possible to introduce additional singlet fermions S R (which do not couple to the lepton doublets) in addition to the right-handed
neutrinos ⌫R (which have Dirac mass terms mD). If the singlets have Majorana masses µ, but the right-handed neutrinos have zero Majorana
masses MR = 0, then in the basis (⌫cL, ⌫R, S R), the mass matrix in block form is

0
BBBBBBBBB@

0 mD 0
mT

D 0 M
0 MT µ

1
CCCCCCCCCA
, (111)

which would be a 9 ⇥ 9 matrix for three copies of each of (⌫cL, ⌫R, S R).
Assuming a hierarchy of the singlet mass matrix µ, the (⌫R, S R) mass mixing matrix M, and the Dirac matrix mD,

µ � M � mD, (112)

then we have a two stage seesaw mechanism. In the first stage the Majorana mass matrix MR is generated,

MR = �Mµ�1 MT . (113)

Then in the second stage the light physical left-handed Majorana neutrino mass matrix is obtained in the usual way,

m⌫ = �mD M�1
R mT

D . (114)

Combining these equations gives

m⌫ = mD(MT )�1µM�1mT
D, (115)

which has a double suppression. This is called the double seesaw mechanism [216], typically used in high scale models to explain why MR

is below the GUT or string scale. Perhaps surprisingly, the same formula, Eq. 115, also applies to the case where µ is very small,

M � mD � µ , (116)

which corresponds to the inverse seesaw mechanism [107, 216–225] 22.

6.2 The Inverse Seesaw Mechanism

To understand how the inverse seesaw mechanism works let us first take the limit µ! 0, and consider one copy of (⌫cL, ⌫R, S R) (i.e. three
chiral fermions). Eq. 111 with µ = 0 then has the terms,

⌫R(MS c
R + mD⌫L) = M⌫R(S c

R + ✓⌫L) ⌘ M⌫RN, (117)

22If one allows the 1-3 elements of Eq. (111) to be filled in by a matrix M0 [221] then one obtains another version of the low energy seesaw mechanism called the linear
seesaw mechanism [221–223].

Inverse seesaw formula

Littlest Inverse 
Seesaw 
predicts
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which has a similar form to the usual SD case in Eq. 82, where the SD condition in Eq. 83 replaced by,

(e, f )2µatm

M2
atm

� (a, b, c)2µsol

M2
sol

. (127)

The equations for the large solar and atmospheric mixing angles are unchanged from Eqs. 84, 85, and the other results may be readily
extended,

tan ✓23 ⇡
|e|
| f | (128)

tan ✓12 ⇡
a

cos ✓23b � sin ✓23c
(129)
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1

m3

2
666664

a (sin ✓23b + cos ✓23c) µsol

M2
sol

+
d
p
|e|2 + | f |2µatm

M2
atm

3
777775 (130)

m3 ⇡
(|e|2 + | f |2)µatm

M2
atm

(131)

m2 ⇡
a2µsol

M2
sol

+
(cos ✓23b � sin ✓23c)2µsol

M2
sol

, m1 ⇡ 0. (132)

The heavy-light mixing angles are as in Eq. 91 but are now enhanced by having small µ. An inverse seesaw version of the Littlest Seesaw
in Eq. 89 with n = 3 has also been considered leading to a predictive model [226]. The squared heavy-light mixing angles in this model are
given by

|✓lN |2 ⇡

0
BBBBBBBBBB@

0 m2
3µsol

m3
2µatm

3m2
µsol

m3
2µatm

m2
3µsol

1
CCCCCCCCCCA

(133)

which di↵ers from Eq. 92 since here the angles are enhanced by small values of µsol, µatm, as in Eq. 122. It is therefore entirely possible
to have values of Matm and Msol in the GeV-TeV range, together with arbitrarily large heavy-light mixing angles |✓lN |2, allowing the inverse
seesaw version of the SD model to be tested by experiment.

7 Conclusion

The SM is a remarkably successful theory which accounts for all particle physics experimental results, except for neutrino mass and mixing,
which requires it to be extended somehow. The non-renormalisable Weinberg operator can provide an origin for small neutrino masses and
mixing, but it is not a complete theory, and only provides an e↵ective description of some unknown physics associated with some high
energy scale ⇤, which is responsible for the operator.

In this article we have discussed the simplest renormalisable extension of the SM capable of describing neutrino phenomenology,
consisting of the addition of right-handed neutrinos which are singlets under the SM gauge group and are sometimes referred to as sterile
neutrinos, although they do have Yukawa couplings to active left-handed neutrinos. Assuming a single right-handed neutrino with a
Majorana mass much larger than its Dirac mass couplings to the left-handed active neutrinos, we introduced the seesaw mechanism,
which provides an ultraviolet completion of the Weinberg operator and a natural suppression mechanism for the e↵ective light left-handed
Majorana neutrino masses that are observed in experiments. We also showed that while the predicted heavy neutral lepton could be
experimentally observed if its mass was light enough, its heavy-light mixing angle, which controls its coupling to W bosons, is predicted to
be too small, assuming one right-handed neutrino responsible for the atmospheric neutrino mass.

The addition of right-handed neutrinos to the SM thus not only provides a renormalisable origin of the Weinberg operator, but also
comes with a prediction, namely the existence of heavy neutral leptons, corresponding to the extra degrees of freedom of the additional
right-handed neutrinos to which they approximate. The masses of the heavy neutral leptons, which to good approximation may be regarded
as the masses of the right-handed neutrinos, can range anywhere from the eV scale, to the keV scale, the GeV scale, the TeV scale and
upwards to the GUT scale and beyond. They may show their presence virtually in loops which contribute for example to µ! �, or if
su�ciently light, may be produced as real states in current and planned particle physics experiments. However their visibility depends
crucially on their couplings to heavy SM gauge bosons and to the Higgs, where such couplings depend on heavy-light mixing angles whose
values depend on the unknown seesaw parameters.

The seesaw mechanism, like any renormalisable theory, involves more parameters than the Weinberg operators, namely the masses of
the right-handed neutrinos, and the Dirac neutrino mass matrix elements in the flavour basis, which for example could be a 3 ⇥ 3 complex
matrix with 18 real parameters in the flavour basis, for the case of three right-handed neutrinos. This sounds like a lot of parameters, but
actually the same number of parameters also exists in the SM to describe each 3 ⇥ 3 complex quark mass matrix. The di↵erence is that

HNL mixing 
enhanced by 
small μ

In limit μ → 0
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The lepton Lagrangian, which respects both U(1)L and Z2 symmetry is given by,

Llepton
mass = �HLiye

i jeR j � H̃Liy⌫i1⌫R1 � �⌫cR1⌫R2 + H.c. . (110)

Note that lepton number L forbids explicit right-handed neutrino masses, and these must be generated from the Majoron field couplings.
However the Z2 assignments only allow one such Majoron coupling, namely the o↵-diagonal one, leading to the the o↵-diagonal right-
handed neutrino masses in Eq. 94. Note that ⌫R2 does not contribute to the renormalisable neutrino Yukawa interaction since it is odd under
Z2. However small soft Z2 violating terms can provide the missing Yukawa coupling to ⌫R2, as well as an explanation for its smallness.
Such terms will also lead to small Majorana mass terms, which splits the degeneracy of the two right-handed neutrinos, leading to resonant
leptogenesis and Majoron dark matter [215].

It is worth commenting that, without introducing Majoron fields, lepton number L, will enforce zero Majorana masses for all right-
handed neutrinos, leading to only Dirac masses for the light neutrino fields. Such Dirac masses should be extremely small, namely around
0.1 eV or less, so, without a seesaw mechanism, the origin of such tiny neutrino masses would be very puzzling. Of course the origin of the
hierarchical quark and charged lepton masses is already puzzling, so this would simply add to the mystery. Since L is a global symmetry,
it is presumably softly broken at some level, so right-handed neutrino masses of some magnitude would seem to be generic. If combined
with baryon number as B � L then it becomes possible to gauge it, but then it should be spontaneously broken above the weak scale, so
again right-handed neutrino masses would be expected. Nevertheless, Dirac physical neutrino mass models have been widely explored, and
until the Majorana nature of light neutrinos has been established, notably by the observation of neutrinoless double beta decay, they remain
a possibility.

6 Extra Singlet Neutrinos

6.1 Double Seesaw vs Inverse Seesaw

It is possible to introduce additional singlet fermions S R (which do not couple to the lepton doublets) in addition to the right-handed
neutrinos ⌫R (which have Dirac mass terms mD). If the singlets have Majorana masses µ, but the right-handed neutrinos have zero Majorana
masses MR = 0, then in the basis (⌫cL, ⌫R, S R), the mass matrix in block form is
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0 MT µ
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, (111)

which would be a 9 ⇥ 9 matrix for three copies of each of (⌫cL, ⌫R, S R).
Assuming a hierarchy of the singlet mass matrix µ, the (⌫R, S R) mass mixing matrix M, and the Dirac matrix mD,

µ � M � mD, (112)

then we have a two stage seesaw mechanism. In the first stage the Majorana mass matrix MR is generated,

MR = �Mµ�1 MT . (113)

Then in the second stage the light physical left-handed Majorana neutrino mass matrix is obtained in the usual way,

m⌫ = �mD M�1
R mT

D . (114)

Combining these equations gives

m⌫ = mD(MT )�1µM�1mT
D, (115)

which has a double suppression. This is called the double seesaw mechanism [216], typically used in high scale models to explain why MR

is below the GUT or string scale. Perhaps surprisingly, the same formula, Eq. 115, also applies to the case where µ is very small,

M � mD � µ , (116)

which corresponds to the inverse seesaw mechanism [107, 216–225] 22.

6.2 The Inverse Seesaw Mechanism

To understand how the inverse seesaw mechanism works let us first take the limit µ! 0, and consider one copy of (⌫cL, ⌫R, S R) (i.e. three
chiral fermions). Eq. 111 with µ = 0 then has the terms,

⌫R(MS c
R + mD⌫L) = M⌫R(S c

R + ✓⌫L) ⌘ M⌫RN, (117)

22If one allows the 1-3 elements of Eq. (111) to be filled in by a matrix M0 [221] then one obtains another version of the low energy seesaw mechanism called the linear
seesaw mechanism [221–223].
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where we have defined the small angle (c.f. Eq. 54),
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mD

M
. (118)

Eq. 117 yields a single heavy Dirac neutrino of mass M constructed from ⌫R and N, where the linear combination N consists mainly of S c
R

with a small admixture of ⌫L. The orthogonal linear combination ⌫ is massless and consists mainly of ⌫L with a small admixture of S c
R,

N = S c
R + ✓⌫L, ⌫ = ⌫L � ✓S c

R (119)

Inverting Eq. 119 gives,

S c
R = N � ✓⌫, ⌫L = ⌫ + ✓N, (120)

which may be compared to Eq. 56. Similar to the usual seesaw, the heavy Dirac neutrino may be produced via its small admixture ✓
component of the active neutrino ⌫L. The above analysis shows that the neutrino state ⌫ (mainly ⌫L) is massless if µ = 0, and so lepton
number L is unbroken.

Let us now include a small Majorana mass µ for the singlet S R,

µS RS c
R = µ(Nc � ✓⌫c)(N � ✓⌫) = µ✓2⌫c⌫ + · · ·! m⌫ = µ

m2
D

M2 (121)

which generates a small mass m⌫ for ⌫, using Eq. 118. It also generates a tiny mass splitting for the Dirac pair components ⌫R and N, since
the latter receives a negligible extra mass µ. From Eqs. 118, 121,

|✓|2 ⇡ |m⌫ |
µ
, (122)

which is controlled by µ and is independent of the heavy neutrino mass M, unlike Eq. 54. This means that, for a fixed m⌫, the heavy-light
mixing angle is larger for small µ. For example, for µ = 1 keV, and m⌫ = 0.1 eV, the mixing angle would be ✓ = 10�2. This would be
consistent with for example mD = 1 GeV and M = 102 GeV.

The above discussion may be readily generalised to the case of three active neutrinos ⌫Li, and three right-handed neutrinos ⌫Ra, and three
singlets S Rb, in which case the inverse seesaw formula for the light neutrino mass matrix takes the matrix form in Eq. 115. In the limit that
the mass matrix µ! 0 three light active neutrinos remain massless and lepton numbers Le, Lµ, L⌧ and total lepton number L (the sum of
the separate lepton numbers) are restored. The heavy-light mixing angles are calculated according to the matrix generalisation of Eq. 118,

✓ ⇡ mD M�1. (123)

It is always possible to choose a basis where the heavy Dirac mass matrix M is diagonal by performing rotations on ⌫R and S R. However,
having used up the transformations on S R, the matrix µ will not be diagonal in general. This implies that the light neutrino mass matrix
calculated using Eq. 115, in the diagonal M basis, will not only depend on the matrix mD but also on the arbitrary matrix µ. This makes it
very di�cult in general to make any predictions for the neutrino masses and mixing angles. However it is possible to envisage a minimal
case where predictivity is possible , as we now discuss.

6.3 Minimal Inverse Seesaw Model

The minimal example of the inverse seesaw mechanism involves two right-handed neutrinos and two singlets, so that the full mass matrix
in Eq.111 has the form,
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where 0n⇥m are n ⇥ m dimensional submatrices consisting of zero elements. For example, one may achieve a natural mass hierarchy model
based on sequential dominance (SD), with matrices as in Eqs. 79, 80, assuming that the matrix µ is diagonal in the same basis that M is
diagonal (a non-trivial assumption),
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1
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Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,

m⌫ =
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M2
atm

0
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1
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22 Right-handed neutrinos: seesaw models and signatures

where we have defined the small angle (c.f. Eq. 54),

✓ =
mD

M
. (118)

Eq. 117 yields a single heavy Dirac neutrino of mass M constructed from ⌫R and N, where the linear combination N consists mainly of S c
R

with a small admixture of ⌫L. The orthogonal linear combination ⌫ is massless and consists mainly of ⌫L with a small admixture of S c
R,

N = S c
R + ✓⌫L, ⌫ = ⌫L � ✓S c

R (119)

Inverting Eq. 119 gives,

S c
R = N � ✓⌫, ⌫L = ⌫ + ✓N, (120)

which may be compared to Eq. 56. Similar to the usual seesaw, the heavy Dirac neutrino may be produced via its small admixture ✓
component of the active neutrino ⌫L. The above analysis shows that the neutrino state ⌫ (mainly ⌫L) is massless if µ = 0, and so lepton
number L is unbroken.

Let us now include a small Majorana mass µ for the singlet S R,

µS RS c
R = µ(Nc � ✓⌫c)(N � ✓⌫) = µ✓2⌫c⌫ + · · ·! m⌫ = µ

m2
D

M2 (121)

which generates a small mass m⌫ for ⌫, using Eq. 118. It also generates a tiny mass splitting for the Dirac pair components ⌫R and N, since
the latter receives a negligible extra mass µ. From Eqs. 118, 121,

|✓|2 ⇡ |m⌫|
µ
, (122)

which is controlled by µ and is independent of the heavy neutrino mass M, unlike Eq. 54. This means that, for a fixed m⌫, the heavy-light
mixing angle is larger for small µ. For example, for µ = 1 keV, and m⌫ = 0.1 eV, the mixing angle would be ✓ = 10�2. This would be
consistent with for example mD = 1 GeV and M = 102 GeV.

The above discussion may be readily generalised to the case of three active neutrinos ⌫Li, and three right-handed neutrinos ⌫Ra, and three
singlets S Rb, in which case the inverse seesaw formula for the light neutrino mass matrix takes the matrix form in Eq. 115. In the limit that
the mass matrix µ! 0 three light active neutrinos remain massless and lepton numbers Le, Lµ, L⌧ and total lepton number L (the sum of
the separate lepton numbers) are restored. The heavy-light mixing angles are calculated according to the matrix generalisation of Eq. 118,

✓ ⇡ mD M�1. (123)

It is always possible to choose a basis where the heavy Dirac mass matrix M is diagonal by performing rotations on ⌫R and S R. However,
having used up the transformations on S R, the matrix µ will not be diagonal in general. This implies that the light neutrino mass matrix
calculated using Eq. 115, in the diagonal M basis, will not only depend on the matrix mD but also on the arbitrary matrix µ. This makes it
very di�cult in general to make any predictions for the neutrino masses and mixing angles. However it is possible to envisage a minimal
case where predictivity is possible , as we now discuss.

6.3 Minimal Inverse Seesaw Model

The minimal example of the inverse seesaw mechanism involves two right-handed neutrinos and two singlets, so that the full mass matrix
in Eq.111 has the form,

0
BBBBBBBBB@

03⇥3 (mD)3⇥2 03⇥2

(mT
D)2⇥3 02⇥2 M2⇥2

02⇥3 (MT )2⇥2 µ2⇥2

1
CCCCCCCCCA
, (124)

where 0n⇥m are n ⇥ m dimensional submatrices consisting of zero elements. For example, one may achieve a natural mass hierarchy model
based on sequential dominance (SD), with matrices as in Eqs. 79, 80, assuming that the matrix µ is diagonal in the same basis that M is
diagonal (a non-trivial assumption),
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Using the inverse seesaw formula in Eq. 115 with Eq. 125, the light e↵ective left-handed Majorana neutrino mass matrix m⌫ is now written
as,

m⌫ =
µatm

M2
atm
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Massive HNL HNL mixing



Conclusions
• RHNs and seesaw mechanism is simplest renormalisable mechanism for 

explaining tiny neutrino masses (uv completion of Weinberg operator)


• Well motivated from GUTs and Leptogenesis (not considered here)


• Expect heavy new neutrinos (HNLs) with masses ~ GeV or higher with new 
couplings to W, Z, Higgs (only considered W couplings here)


• HNL mixing angles may be small (e.g. two diagonal RHNs with natural hierarchy) 
or large (e.g. two off-diagonal RHNs, Inverse seesaw models)


• Lots of interesting implications for such new-  physics from colliders to 
cosmology (as will be discussed in detail at this workshop)

ν


