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Dimensional reduction for Dirac field
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Fuzzy Sphere

Fuzzy Sphere Algebra Cλ[S2]:
Cλ[S2] generated by y i satisfying:

[y i , y j ] = 2ıλϵijky
k ,

∑
i

(y i )2 = 1− λ2.

Decomposition as su2 representations: Cλ[S2] = ⊕l=0Al . Therefore, any
f ∈ Cλ[S2] can be written as:

f =
∞∑
l=0

(fl)i1...il y
i1y i2 ...y il

= f0 + (f1)iy
i + (f2)ijy

iy j + ...+ (fl)i1...il y
i1 ...y il + ...

Reduced Fuzzy Sphere:

λ =
1

2j + 1
: Cλ[S2] ∼= M2j+1(C), f =

2j∑
l=0

(fl)i1...il y
i1y i2 ...y il

As an example, j =
1

2
: Cλ[S2] ∼= M2(C), f = f0 + fiy

i

Chengcheng Liu in collaboration with Shahn Majid Based on JHEP09 (2023) 102 [arXiv:2303.06239] and arXiv:2409.06668 (Queen Mary University of London)Kaluza-Klein Theory with Fuzzy Sphere Fibre December 18, 2024 YTF 2024 3 / 13



Curvature on fuzzy sphere

Differential calculus:

dy i = ϵijky
jsk , ds i = −1

2
ϵijks

j ∧ sk , [y i , s j ] = 0

Metric:
g = hijs

i ⊗ s j

Due to the inverse of the metric g−1 as a bilinear map, we have

a.g−1(s i ⊗ s j) = g−1(a.s i ⊗ s j) = g−1(s i ⊗ s j .a) = g−1(s i ⊗ s j).a

or
a.hij = hij .a

which forces hij ∈ C.1 (so as hij ∈ C.1)
Connection

∇s i = H i
jks

j ⊗ sk

For simplicity, we assume H i
jk ∈ C.1
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Curvature and scalar field on fuzzy sphere

Ricci Scalar (Φ = ln(h))

Rh =
1

2 det(h)

(
Tr(h2)− 1

2
Tr(h)2

)
=

e−Tr(Φ)

2

(
Tr(e2Φ)− 1

2
Tr(eΦ)2

)
Scalar field on fuzzy sphere:

S =

∫
f□f

Here □ = g−1∇d and d obeys

d(ab) = adb + (da)b, d2 = 0

and the integral
∫
Cλ[S2] → C is∫

f = f0

We are mostly concerned with the round metric hij = hδij , therefore

S =

∫
1

h
f ∂i∂i f =

∑
l=0

− l(l + 1)

h
αl(fl)i1...il (fl)i1...il
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KK theory with fuzzy sphere fibre

Now we consider a tensor product algebra

A = C∞(M)⊗ Cλ[S2]

on which
[xµ, y i ] = 0

Consider a generic metric

g = gµνdx
µ ⊗ dxν + Aµi (dx

µ ⊗ s i + s i ⊗ dxµ) + hijs
i ⊗ s j

g−1 as a bilinear map forces gµν ,Aµi , hij ∈ C∞(M). This derives the
cylinder ansatz in the usual KK theory!
The dimensional reduction of Ricci scalar:

R =RM +
1

8
hijF

i
µνF

jµν +
1

8

(
Tr(ΦαΦ

α) + Tr(Φα)Tr(Φ
α)
)
+ Rh(Φ)

where Φi
αj := hik∇Aαhkj is the matrix valued Liouville Field.
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Dimensional reduction of a scalar field

In the round constant metric case hij = hδij , ∂αh = 0, the dimensional
reduction of a scalar field ϕ generates KK tower of scalar multiplets

Sϕ =

∫
M
dnx
√

−|g |
∫
h
ϕ□ϕ

=

∫
M
dnx
√

−|g |
∑
l=0

(ϕl)i1...il
((
□A −m2

l

)
ϕl
)
i1...il

=

∫
M
dnx
√
−|g |

∑
l=0

ϕ⊺l
(
□A −m2

l

)
ϕl

where for the last step we suppress the multiplet indices. Here

ml =

√
l(l + 1)

h

As an example in the reduced fuzzy sphere case, we consider j = 1
2 , then

the KK tower obtains a natural truncation

Sϕ =

∫
M
dnx
√

−|g |
(
ϕ0□ϕ0 + ϕ⊺1

(
□A − 2

h

)
ϕ1

)
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Dimensional reduction of a Dirac field

For a massless Dirac field in curved spacetime, the action is

Sψ =

∫
ψ̄γµDµψ, Dµ = ∂µ +

1

2
(ωνρ)µσ

νρ, σab ≡ − ı

4
[γa, γb]

where ω is the spin connection.
The spinor space on the fuzzy sphere is

Sh = Cλ[S2]⊗ C2 =
⊕
l=0

Al ⊗ C2 =
⊕
l=0

(S+
l ⊕ S−

l )

Here S±
l are the eigenspaces of Dirac operator on the fuzzy sphere with

ıγµDµ|S±
l
= 1

4 ± (l + 1
2). For example,

j = 0 : Sh = C⊗ C2 = C2 = 2

j =
1

2
: Sh = M2 ⊗ C2 = S+

0 ⊕ S−
1 ⊕ S+

1 = 2⊕ 2⊕ 4,

j = 1; Sh = M3 ⊗ C2 = S+
0 ⊕ S−

1 ⊕ S+
1 ⊕ S−

2 ⊕ S+
2 = 2⊕ 2⊕ 4⊕ 4⊕ 6

where we put the 2j + 1-dimensional irreps of SU(2).
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Dimensional reduction of a Dirac field

On the tensor product spinor bundle

S = SM ⊗ Sh =
⊕
l=0

SM ⊗ (S+
l ⊕ S−

l )

Therefore, a Dirac spinor ψA(l ,±)j3 ∈ S has three kinds of spinor
indices:

A = 1, 2, 3, 4 from 4d-spacetime

(l ,±) or j = l ± 1

2
from 3d-fuzzy sphere

− j ≤ j3 ≤ j from 3d-fuzzy sphere

By using the Clifford algebra {γI , γJ} = 2g IJ id, and the definition of
Dµ, one can perform the dimensional reduction of Dirac field

Chengcheng Liu in collaboration with Shahn Majid Based on JHEP09 (2023) 102 [arXiv:2303.06239] and arXiv:2409.06668 (Queen Mary University of London)Kaluza-Klein Theory with Fuzzy Sphere Fibre December 18, 2024 YTF 2024 9 / 13



Dimensional reduction of a Dirac field

For a massless Dirac field, we obtain

Sψ =

∫
ψ̄ /Dψ

=
∑
l≥0,±

∫
M
ψl ,±

(
/DA −ml ,± +

ı
√
h

4(2l + 1)
F a
µνT

aγµν

)
ψl ,±

where

ml ,± =
1√
h

(
l +

1

2
± 1

4

)
and we suppress the spinor indices A from spacetime and j3 indices. The
summation is understood that when l = 0 one only has the + case. Here
ψl ,± are the 2j + 1 multiplets. Hence, the spinor index j3 from the
fuzzy sphere part becomes multiplet index.
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Three generations of fermions

As an example on the reduced fuzzy sphere case j = 1
2 ,

Sψ =

∫
M
ψ0,+

(
/DA −m0,+ +

ı
√
h

4
F a
µνT

aγµν

)
ψ0,+

+

∫
M
ψ1,−

(
/DA −m1,− +

ı
√
h

12
F a
µνT

aγµν

)
ψ1,−

+

∫
M
ψ1,+

(
/DA −m1,+ +

ı
√
h

12
F a
µνT

aγµν

)
ψ1,+

where ψ0,+ is a doublet (i.e. j = 1/2), ψ− is another doublet (j = 1/2),
and ψ1,+ is a quadruplet (j = 3/2) with masses in ratio

1 : 5/3 : 7/3

After considering the internal structure of spacetime (described by a fuzzy
sphere), one fermionic field becomes three fermionic fields, exhibiting the
phenomenon of ‘three generations of fermions’.
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Generating fermion masses through interactions with fibers

Another interesting example is the 0-radius fuzzy sphere case where j = 0.
In this case, the KK tower is truncated to a single layer

Sψ =

∫
ψ̄ /Dψ =

∫
M
ψ0,+

(
/DA −m0,+ +

ı
√
h

4
F a
µνT

aγµν

)
ψ0,+

where

m0,+ =
3

4
√
h

This shows how a massless fermionic singlet becomes a massive fermionic
doublet. Note that the fermion obtains the mass without involving
the Higgs mechanism.

One can think a fermion can obtain its mass by interacting with fuzzy
sphere fibre.
This is different from the usual KK theory where the field on the first layer
keeps massless.
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Conclusion and Future Directions

Conclusion

One can unify gravity and YM fields nicely from KK theory on fuzzy
sphere fibre and derive cylinder ansatz.

the KK tower obtains a natural truncation from fuzzy sphere fibre.

there exists the phenomenon of three generations for fermions in a
reduced fuzzy sphere case.

a fermion can obtain mass by interacting with the fuzzy sphere fibre.

Future Directions

Extend the model to more general noncommutative fibres.

KK masses are at the Planckian level, as in other KK towers. To
overcome this drawback, one possible method is to replace the tensor
product with a semidirect product.

Thank You!
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