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From Einstein-Cartan to Plebanski

EC action

S =
1

4ℓ2P

∫
ϵIJKL

[
e I eJRKL − Λ

6
e I eJeKeL

]
(1)

Projector operator to SD space

P IJ
+ KL =

1
2

(
δ
[I
Kδ

J]
L − i

2
ϵIJKL

)
(2)

SD area form

Σi ≡ 2iP0i
+ klΣ

kl (3)

Chiral Plebanski action

S =
i

ℓ2P

∫
ΣiFi −

1
2
MijΣ

iΣj +
1
2
ω(trM − Λ) (4)
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From Einstein-Cartan to Plebanski

SD Curvature

F i = dAi +
1
2
ϵi jkA

jAk (5)

Eqs of Motion

DAΣ
i = dΣi + ϵi jkA

jΣk = 0 (6)

F i = M ijΣj , ΣiΣj = δijω (7)

Reality conditions
Re(ΣiΣi ) = Σi Σ̄j = 0 (8)

Σi = ie0e i − 1
2
ϵi jke

jek (9)

Urbantke metric

gµν ϵΣ = − i

6
ϵijk iµΣ

i iνΣ
j Σk ϵΣ =

i

6
ΣiΣi =

√
−gd4x (10)
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Gravity with a Higgs Field

Coupling Higgs field

S = i
ℓ2P

∫
ΣiFi − 1

2MijΣ
iΣj + 1

2ω[trM − ℓ2PV (ϕ)] +

+
∫ 1

2DAϕ
i ∗ DAϕi (11)

V (ϕ) =
λ

4
(ϕ2

i − v2)2 (12)

Eqs of motion

DAΣ
i = iℓ2Pϵ

i
jkϕ

j ∗ DAϕ
k (13)

F i = M ijΣj − ℓ2Pτ
i (14)

trM = ℓ2PV (ϕ) (15)

DA ∗ DAϕi = − iV ′

6ℓ2P
ΣjΣj , (16)

τi =
δSDAϕ

iδΣi
(17)

B. Alexandre (ICL) HMPG 4 / 12



Gravity with a Higgs Field

Expansion around vev

ϕi = ϕi0 + φi = vδi3 + φi (18)

S = i
ℓ2P

∫
ΣiFi − 1

2MijΣ
iΣj + 1

2ω[trM − ℓ2PV (φ3)] +

+
∫ 1

2dφ3 ∗ dφ3 +
1
2

∫
v2(A1 ∗ A1 + A2 ∗ A2). (19)

V (φ3) = v2λφ2
3

DAΣ
i = iℓ2Pv

2(∗A1δi1 + ∗A2δi2) (20)

d ∗ dφ3 = − i
6Σ

iΣiV
′ (21)

⇒ □φ3 = V ′ (22)
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Modified Bianchi I

Metric

ds2 = −dt2 + a2(t)(dx2 + dy2) + b2(t)dz2, (23)

SD 2-form

Σ1 = iadtdx1 − abdx2dx3 (24)
Σ2 = iadtdx2 − abdx3dx1 (25)
Σ3 = ibdtdx3 − a2dx1dx2. (26)

SD connection

A1 = i ȧdx1 (27)
A2 = i ȧdx2 (28)
A3 = i(ḃ − ℓ2Pv

2bȧ/a)dx3 (29)
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Modified Bianchi I

SD curvature

F i =

[
ä

a
+

ȧḃ

ab
− ℓ2Pv

2 ȧ
2

a2

]
Σi

2
+ (30)

+

[
ä

a
− ȧḃ

ab
+ ℓ2Pv

2 ȧ
2

a2

]
Σ̄i

2
(31)

F 3 =

[
b̈

b
+

ȧ2

a2 − ℓ2Pv
2

(
ä

a
+

ȧḃ

ab
− ȧ2

a2

)]
Σ3

2
+ (32)

+

[
b̈

b
− ȧ2

a2 − ℓ2Pv
2

(
ä

a
+

ȧḃ

ab
− ȧ2

a2

)]
Σ̄3

2
(33)
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Modified Bianchi I

2-form stress tensor

τ i =
T

12
Σi − 1

2
Σi ρ

µ T̃ρνdx
µdxν (34)

Stress-energy tensor

Tµν = v2(A1
µA

1
ν + A2

µA
2
ν)− gµν

v2

2
(A1

αA
1α + A2

αA
2α) + (35)

+∂µφ3∂νφ3 −
1
2
gµν(∂φ3)

2. (36)

Friedmann equations

2
ȧḃ

ab
+

ȧ2

a2 (1 − ℓ2Pv
2) = ℓ2P

(
φ̇2

3
2

+ V

)
(37)

2
ä

a
+

b̈

b
− ℓ2Pv

2

(
ä

a
+

ȧḃ

ab
− ȧ2

a2

)
= ℓ2P

(
−φ̇2

3 + V
)

(38)
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Proca Term

S = i
ℓ2P

∫
ΣiFi − 1

2MijΣ
iΣj + 1

2ω[trM − Λ] +

+1
2

∫
m2Ai ∗ Ai (39)

Equation of motion

DAΣ
i = iℓ2Pm

2 ∗ Ai (40)

SD connection

Ai =
2i ȧ

2 + ℓ2Pm
2 dx

i (41)

Friedmann equation

ȧ2

a2 =
Λeff

3
(42)

Λeff =
2 +m2ℓ2P

2
Λ (43)
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Gravitational Waves in Plebański Gravity

Tensorial perturbations

Σi = Σi
0 + δΣi = Σi

0 + hij Σ̄j
0 (44)

Σi
0 = idtdx i − 1

2
ϵi jkdx

jdxk . (45)

SD connection

Ai = Ai
0 + δAi = δAi , (46)

dδΣi + ϵi jkδA
jΣk

0 = iℓ2Pm
2 ∗ δAi (47)

δAi =
1

1 + ℓ2Pm
2 (i ḣ

ij − hik,lϵ
j
kl)dx

j (48)
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Gravitational Waves in Plebański Gravity

Curvature

F i = F i
0 + δF i = dδAi (49)

δF i = ψijΣj + ψ̄ij Σ̄j (50)

Wave equation

□hij = 0 (51)

Weyl tensor

ψij =
1

1 + ℓ2Pm
2

(
1
2
ḧij + iϵjkl ḣik,l +

1
2
∇2hij

)
(52)
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Outlook

Consider more complex cosmological models

Numerical solutions

Gravitational waves and Black Holes

Computing τ directly from action variation
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