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 mixing:  and  
 mixing: width difference 
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studies transitions between different fermions.  
Standard Model: from Higgs Yukawa interaction 
encoded in Cabibbo-Kobayashi-Maskawa (CKM) matrix: 
 

 

Charge-parity (CP) violating quantities involve  
,  ,  . 

 and   are calculable in term of , the KM phase.
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Best suited: Flavour-changing neutral current (FCNC) 
processes like , , , . b → s b → d c → u μ → e

5
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In FCNC processes several suppression factors pile up: 
electroweak loop  
small elements of the Cabibbo-Kobayashi-Maskawa 
matrix ,  
possible GIM suppression factor  (in 
Kaon FCNCs) or    (in ) 

possible helicity suppression by e.g.  in 
   

|Vts | ≃ |Vcb | = 0.04 |Vtd | = 0.01
(m2

c − m2
u)/M2

W
(m2

ν3
− m2

ν1
)/M2

W μ → eγ
m2

μ /M2
W

Bs,d → μ+μ−
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BSM mass reach
Flavour physics probes virtual effects of new heavy particles coupling to quarks, with 
a mass reach of  
        a few TeV in tree-level decays like for , 
        a few tens of TeV in FCNC decays like , and 
        a few hundreds of TeV in  mixing. 

b → cτν̄
b → sℓ+ℓ−

B−B̄
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BSM mass reach

 The firm establishment of flavour BSM physics helps for the design of a  
     future hadron collider and could establish a “no-lose” situation for FCC-hh.
⇒

FCC-hh fans                   flavour physics 
 
flavour physicists             FCC-ee:   Z bosons are a perfect b factory!1013

Flavour physics probes virtual effects of new heavy particles coupling to quarks, with 
a mass reach of  
        a few TeV in tree-level decays like for , 
        a few tens of TeV in FCNC decays like , and 
        a few hundreds of TeV in  mixing. 

b → cτν̄
b → sℓ+ℓ−

B−B̄
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          mixing:  and  B−B̄ β βs
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  mixing and  mixing 

  involves the   

 mass matrix  (from boxes with one or two tops) 
 decay matrix  (from box without top) 

    
  two mass eigenstates with mass difference 

   equals   oscillation frequency

Bd−B̄d Bs−B̄s

(
|Bq⟩

| B̄q⟩) 2 × 2

M
Γ

|Γ12 | ≪ |M12 |

Δm ≃ 2 |M12 | B−B̄
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 mixingB−B̄
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  Consider time-dependent CP asymmetry for  decay into CP 
  eigenstate :  
 

         

 
                 

Bd
fCP

aCP(Bd(t) → fCP) ≡
Γ(B̄d(t) → fCP) − Γ(Bd(t) → fCP)
Γ(B̄d(t) → fCP) + Γ(Bd(t) → fCP)

= − Adir,Bd→fCP
CP cos(Δmt) − Amix,Bd→fCP

CP sin(Δmt)

11

B oscillations and CP violation

tagged as  at B̄d t = 0

direct CP asymmetry mixing-induced CP asymmetry



Standard Model at the LHC 2025,  Durham,  8 April 2025.               CP violation, B mixing and lifetimes             Ulrich Nierste

 Golden modes: only one decay amplitude: 
    and  ,  
  where  is the CP phase of  (box diagram) 
  and   is the CP phase of the decay amplitude. 

 :  

 :   

 in both decays: , so that 
  

Adir
CP = 0 Amix

CP = ± sin(ϕM − 2ϕf )
ϕM M12

ϕf

Bd → J/ψKS ϕM = arg[(VtbV*td)2] = 2β
Bs → J/ψϕ ϕM = arg[(VtbV*ts)

2] = − 2βs
ϕf = arg(VcbV*cs) = 0

Amix
CP = ± sin(2β(s))
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Mixing-induced CP violation
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   (all charmonium modes)   (HFLAV)  
                                   1.6% precision!  
   
                                                            (HFLAV)  
 Yet these  modes are not completely  
  golden: Penguin pollution, second amplitude  
  with  interferes with tree amplitude.   

 .   Relevant with today’s precision?   

Amix
CP (Bd → ψKS) = 0.709 ± 0.011

Amix
CP (Bs → J/ψϕ) = − 0.060 ± 0.014

b → cc̄s

VubV*us

|VubVus |
|VcbVcs |

= 0.022
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Penguin pollution
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 Two ways to estimate penguin pollution: 
Use  data to constrain penguin/tree ratio, employing 

     and using approximate U-spin 

symmetry (linking strange to down) of QCD. 
           M. Barel, K. De Bruyn, R. Fleischer, E. Malami, J.Phys.G 48 (2021) 6, 065002 
Works for , but not for .            
 Calculate penguin pollution in QCD with soft-collinear factorisation  
 for both  and , see       
                         Ph. Frings, UN, M. Wiebusch, Phys.Rev.Lett. 115 (2015) 6, 061802

b → cc̄d
|VubVud |
|VcbVcd |

= 0.5 ≫ 0.02

Bd → J/ψKS Bs → J/ψϕ

b → cc̄d b → cc̄s

14

Penguin pollution
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Measurements (HFLAV):    
  ,                  

,         

 with penguin pollution . 

Amix
CP (Bd → ψKS) = 0.709 ± 0.011 Adir

CP(Bd → ψKS) = 0.004 ± 0.012
Amix

CP (Bs → J/ψϕ) = − 0.060 ± 0.014 Adir
CP(Bs → J/ψK+K−) = 0.004 ± 0.009

Amix
CP = ± sin(2β(s)) + ΔAmix

CP ΔAmix
CP

15

Penguin pollution starts to matter

Decay: Bd → J/ωKS Bd → ω(2S)KS Bd → J/ωε0

max(|!ϑd
M |) 0.68→ 0.74→ N/A

max(|!Amix
CP |) 0.86 · 10↑2 0.94 · 10↑2 0.18

max(|Adir
CP|) 1.33 · 10↑2 1.33 · 10↑2 0.29

Decay: Bs → (J/ωϑ)0 Bs → (J/ωϑ)↓ B → (J/ωϑ)↔ Bs → J/ωKS

max(|!ϑs
M |) 0.97→ 1.22→ 0.99→ N/A

max(|!Amix
CP |) 1.70 · 10↑2 2.13 · 10↑2 1.73 · 10↑2 26

max(|Adir
CP|) 1.89 · 10↑2 2.35 · 10↑2 1.92 · 10↑2 27

Decay: Bd → J/ωKS Bd → ω(2S)KS Bd → J/ωε0

max(|!ϑd
M |) 0.68→ 0.74→ N/A

max(|!Amix
CP |) 0.86 · 10↑2 0.94 · 10↑2 0.18

max(|Adir
CP|) 1.33 · 10↑2 1.33 · 10↑2 0.29

Decay: Bs → (J/ωϑ)0 Bs → (J/ωϑ)↓ B → (J/ωϑ)↔ Bs → J/ωKS

max(|!ϑs
M |) 0.97→ 1.22→ 0.99→ N/A

max(|!Amix
CP |) 1.70 · 10↑2 2.13 · 10↑2 1.73 · 10↑2 26

max(|Adir
CP|) 1.89 · 10↑2 2.35 · 10↑2 1.92 · 10↑2 27

 modeb → cc̄d

polari- 
sation
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 Isospin symmetry:  

 LHCb, Phys.Rev.Lett. 134 (2025) 10, 101801:   
 

 
 deducing     
 
which is far more precise than our upper bound from 2015: 
                       

Adir
CP(Bd → J/ψπ0) ≃ Adir

CP(B+ → J/ψπ+)

Adir
CP(Bd → J/ψπ+) − Adir

CP(Bd → ψK+) = (1.29 ± 0.49 ± 0.08) × 10−2

Adir
CP(Bd → J/ψπ+) = (1.51 ± 0.51 ± 0.08) × 10−2

|Adir
CP(B → J/ψπ) | ≤ 0.29

16

Direct CP violation in B → J/ψπ
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  mixing: width difference B−B̄
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 mass matrix  (from boxes with one or two tops) 
 decay matrix  (from box without top) 
   
  two mass eigenstates with  

 mass difference , equal to  
  oscillation frequency  

 decay width difference 

M
Γ

|Γ12 | ≪ |M12 |

Δm ≃ 2 |M12 |
B−B̄

ΔΓ = − Δm Re
Γ12

M12

18

Width difference
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 QCD corrections to  are governed by .    NLO sufficient  
 QCD corrections to  are governed by .   need NNLO. 

  system: Precise measurement (HFLAV):  
                    

 while in the  system:    
                 

M12 αs(mt) ⇒
Γ12 αs(mb) ⇒

Bs−B̄s
ΔΓs = (0.082 ± 0.005) ps−1

Bd−B̄d
ΔΓd = (0.001 ± 0.007) ps−1

19

Width difference 
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 width differenceBs−B̄s 2

chromomagnetic penguin operators [26–29], the corre-
sponding NNLO corrections (and NLO corrections in-
volving four-quark penguin operators) enhanced by the
number Nf of active quark flavours [30–32] as well as
NLO results with one current-current and one penguin
operator [33] or two penguin operators [34]. The lat-
ter paper also presents two-loop results with one or two
chromomagnetic penguin operators which are part of the
NNLO and N3LO contributions. (The four-quark pen-
guin operators Q3�6 have Wilson coe�cients which are
much smaller than those of Q1,2 and the chromomagnetic
penguin operator contributes with a suppression factor of
↵s.) The corrections of Refs. [30] and Refs. [33, 34] have
been calculated in an expansion in mc/mb to first and
second order, respectively. ��s/�Ms further involves
a well-computed ratio of two hadronic matrix elements
[35–37]. The contribution to �s

12 being sub-leading in
⇤QCD/mb is only known to LO of QCD [38] and the
hadronic matrix elements still have large errors [39].

Both the described perturbative contribution and the
power-suppressed term have theoretical uncertainties ex-
ceeding the experimental error in Eq. (2). In this Let-
ter we present NNLO QCD corrections to the numeri-
cally dominant contribution with two current-current op-
erators and reduce the perturbative uncertainty of the
leading-power term to the level of the experimental er-
ror.

Calculation. To obtain ��s/�Ms we use the known
two-loop QCD corrections to M

s

12 from Ref. [11]. It
is convenient to decompose �s

12 according to the CKM
structures

�s

12 = �(�s

c
)2�cc

12 � 2�s

c
�
s

u
�uc

12 � (�s

u
)2�uu

12 , (3)

where �
s

a
= V

⇤
as
Vab with a = u, c. �s

12 is obtained with
the help of a tower of e↵ective theories. In a first step
we construct a theory where all degrees of freedom heav-
ier than the bottom quark mass mb are integrated out
and the dynamical degrees of freedom are given by the
five lightest quarks and the gluons. We adopt the oper-
ator basis of the |�B| = 1 theory from Ref. [40]. The
matching to the Standard Model happens at the scale
µ0 ⇡ 2mW ⇡ mt(mt). Afterwards, renormalization
group running is used to obtain the couplings of the ef-
fective operators at the scale µ1 which is of the order
mb.

In a next step we perform a HQE which allows us to
write �s

12 as an expansion in 1/mb. At each order �s

12
is expressed as a sum of Wilson coe�cients multiplying
respective operator matrix elements. The latter has to
be computed using lattice gauge theory [35] or QCD sum
rules [36, 37]. To leading order in the 1/mb expansion we
have

�ab

12 =
G

2
F
m

2
b

24⇡MBs

h
H

ab(z)hBs|Q|B̄si+ eHab

S
(z)hBs|

eQS |B̄si

i

+O(⇤QCD/mb) , (4)

where ab 2 {cc, uc, uu}. GF is the Fermi constant and
MBs is the mass of the Bs meson. The main purpose

(a) (b)

(c) (d)

FIG. 1. Representative Feynman diagrams in the �B = 1
theory with f = u, d, s, c, b. Solid and curly lines represent
quarks and gluons, respectively. The (orange) blob indicates
an operator insertion.

(a) (b) (c)

FIG. 2. Representative Feynman diagrams in the �B = 2
theory. Solid and curly lines represent quarks and gluons,
respectively. The (blue) blob indicates an operator insertion.

of this Letter is the computation of the matching co-
e�cients H

ab and eHab

S
to next-to-next-to-leading order

(NNLO) in the strong coupling constant ↵s. They de-
pend on z = m

2
c
/m

2
b
. For the �B = 1 theory one distin-

guishes current-current and penguin operators. At lead-
ing and next-to-leading orders the current-current op-
erators provide about 90% of the total contribution to
�ab

12 [34]. Thus, in this work we restrict ourselves to the
current-current contributions.
For the calculation of the NNLO corrections one has to

overcome several challenges. First, it is necessary to per-
form a three-loop calculation of the amplitude bs̄ ! b̄s

in the �B = 1 theory. Sample Feynman diagrams are
shown in Fig. 1. In total about 20,000 three-loop di-
agrams have to be considered which requires an auto-
mated setup for the computation. In our case the com-
bination of qgraf [41], tapir [42] and q2e/exp [43, 44]
turned out to be useful. For the leading term in the
HQE we are allowed to set the momentum of the strange
quark to zero. Furthermore, we expand in the charm
quark mass up to second order,1 which reduces the in-
tegrals to on-shell two-point functions with external mo-
mentum q

2 = m
2
b
. The propagators inside the loop di-

agrams are either massless or carry the mass mb. We

1 Up to this order a naive Taylor expansion of the amplitude is
possible except for the fermionic corrections with a closed charm
quark loop. These contributions are taken over from Ref. [30, 31].
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FIG. 2. Representative Feynman diagrams in the �B = 2
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of this Letter is the computation of the matching co-
e�cients H
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S
to next-to-next-to-leading order

(NNLO) in the strong coupling constant ↵s. They de-
pend on z = m
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. For the �B = 1 theory one distin-

guishes current-current and penguin operators. At lead-
ing and next-to-leading orders the current-current op-
erators provide about 90% of the total contribution to
�ab

12 [34]. Thus, in this work we restrict ourselves to the
current-current contributions.
For the calculation of the NNLO corrections one has to

overcome several challenges. First, it is necessary to per-
form a three-loop calculation of the amplitude bs̄ ! b̄s

in the �B = 1 theory. Sample Feynman diagrams are
shown in Fig. 1. In total about 20,000 three-loop di-
agrams have to be considered which requires an auto-
mated setup for the computation. In our case the com-
bination of qgraf [41], tapir [42] and q2e/exp [43, 44]
turned out to be useful. For the leading term in the
HQE we are allowed to set the momentum of the strange
quark to zero. Furthermore, we expand in the charm
quark mass up to second order,1 which reduces the in-
tegrals to on-shell two-point functions with external mo-
mentum q

2 = m
2
b
. The propagators inside the loop di-

agrams are either massless or carry the mass mb. We

1 Up to this order a naive Taylor expansion of the amplitude is
possible except for the fermionic corrections with a closed charm
quark loop. These contributions are taken over from Ref. [30, 31].

Sample 3-loop diagrams.  
Orange dot: effective four-quark 
operators describing W exchange

Effective operators with local  
interaction.  

s̄bs̄b

Perturbative calculation: Wilson coeffcient.  
To predict  we also need hadronic matrix element à la .ΔΓ ⟨B̄s | s̄bs̄b |Bs⟩



Standard Model at the LHC 2025,  Durham,  8 April 2025.               CP violation, B mixing and lifetimes             Ulrich Nierste21

 width differenceBs−B̄s
Renormalisation scale  
               dependence:

4

merical analysis we identify the matching scale µ1 and
µb and µc, the renormalization scales at which mb and
mc are defined. We simultaneously vary µ1 = µb = µc

between 2.1 GeV and 8.4 GeV with a central scale
µ1 = 4.2 GeV. That is, z enters the coe�cients as
z̄ = (mc(µ1)/mb(µ1))2. The |�B| = 2 operators are
defined at the scale µ2 which has to be kept fixed, be-
cause the µ2 dependence only cancels in the products
of Hab(z) and eHab

S
(z) with their respective matrix ele-

ments. In our analysis we set µ2 = 4.75 GeV which is
the bottom quark pole mass mpole

b
obtained from mb(mb)

with two-loop accuracy. The terms of order ⇤QCD/mb in
�s

12 are only known to LO, so that the µ1-dependence of
these terms is non-negligible.

We now discuss the results for ��s/�Ms. In our three
schemes we have

��s

�Ms

=
⇣
3.79+0.53

�0.58scale
+0.09
�0.19scale, 1/mb

± 0.11
BB̃S

±0.781/mb
± 0.05input

�
⇥ 10�3 (pole) ,

��s

�Ms

=
⇣
4.33+0.23

�0.44scale
+0.09
�0.19scale, 1/mb

± 0.12
BB̃S

±0.781/mb
± 0.05input

�
⇥ 10�3 (MS) ,

��s

�Ms

=
⇣
4.20+0.36

�0.39scale
+0.09
�0.19scale, 1/mb

± 0.12
BB̃S

±0.781/mb
± 0.05input

�
⇥ 10�3 (PS) , (8)

where the subscripts indicate the source of the various
uncertainties. The dominant uncertainty comes from
the matrix elements of the power-suppressed corrections
(“1/mb”) [35, 39]) followed by the renormalization scale
uncertainty from the variation of µ1 in the leading-power
term (“scale”). The uncertainties from the leading-power
bag parameters (“BB̃S”) and from the scale variation in
the 1/mb piece (“scale, 1/mb”) are much smaller and the
variation of the remaining input parameters (“input”) is
of minor relevance.

In Fig. 3 we show the dependence of ��s/�Ms on
the simultaneously varied renormalization scales µ1 =
µb = µc for the MS and PS schemes. The small contri-
butions involving four-quark penguin operators are only
included at NLO in both the NLO and NNLO curves.
Dotted, dashed, and solid curves correspond to the LO,
NLO, and NNLO results, respectively. In both schemes
one observes a clear stabilization of the µ1 dependence
after including higher orders. Furthermore, we observe
that the NNLO predictions (solid lines) in both schemes
are close together which demonstrates the expected re-
duction of the scheme dependence. In the MS scheme we
observe that the LO and NLO curves intersect close to
the central scale. As a consequence the NLO corrections
are relatively small and the NNLO contributions are of
comparable size. Close to 9 GeV the NNLO contribution
is zero and the NLO corrections amount to about +21%.
At the same time the NNLO predictions for µ1 = 4.2 GeV
and µ1 = 9 GeV di↵er only by +5% and +9% in the
MS and PS schemes, respectively. Note that in the MS

2 3 4 5 6 7 8 9 10𝜇1 = 𝜇𝑏 = 𝜇𝑐 [GeV]

3
4
5
6
7
8

ΔΓ 𝑠/Δ
𝑀 𝑠w

ith
fix

ed
1/𝑚 𝑏

×10−3
MS LOMS NLOMS NNLO
PS LO
PS NLO
PS NNLO
Pole NNLO

FIG. 3. Renormalization scale dependence at LO, NLO and
NNLO for the MS and PS scheme. The scale in the power-
suppressed terms is kept fixed. The gray band represents the
experimental result.

scheme the scale dependence of the leading-power term
drops from +0

�29% at NLO to +5
�10% at NNLO and is now

of the same order of magnitude as the ±6% experimental
error in Eq. (2). In the PS scheme the scale uncertainty
is of the same order of magnitude as in the MS scheme.
Note that the scheme dependence inferred from the MS
and PS central values in Eq. (8) is only 3%. Eq. (8)
clearly shows that one needs better results for the 1/mb

matrix elements. A meaningful lattice-continuum match-
ing calls for NLO corrections to the power-suppressed
terms, which will further reduce the uncertainty labeled
with “scale, 1/mb”.
For the pole scheme we only show the NNLO prediction

in Fig. 3. While we also see a relatively mild dependence
on µ1, the corresponding solid curve lies significantly be-
low the predictions in the MS and PS schemes. This
feature can be traced back to the large two-loop correc-
tions in the relation between the MS and the pole bottom
quark mass a↵ecting NNLO contributions as much as the
genuine NNLO corrections, underpinning the well-known
issues with quark pole masses [62–64]. For this reason we
recommend to not use the pole scheme for the prediction
of ��s.
The most precise prediction for ��s is obtained from

the results in Eq. (8) combined with the experimental re-
sult [65] �M

exp
s

= 17.7656 ± 0.0057 ps�1. Upon adding
the various uncertainties in quadrature, symmetrizing
the scale dependence and averaging the results from the
MS and PS schemes we obtain

��s = (0.076± 0.017) ps�1
. (9)

The comparison to Eq. (2) shows that the uncertainty is
only about a factor three bigger than from experiment
and dominated by the 1/mb corrections.
With our NNLO result for �q

12 we can also improve the
predictions for width di↵erence in the Bd � B̄d system

 varied around μ mb
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FIG. 4. ��s versus �Ms. The |Vcb| controversy (red vs. blue
vertical and orange vs. purple horizontal strips) prevents any
conclusion on possible new physics in �Ms. A combined anal-
ysis of �Ms and ��s adds important information, because
the SM prediction of ��s/�Ms (green wedge) is independent
of |Vcb|.

and the CP asymmetries a
s

fs and a
d

fs in Eq. (1), whose
experimental results are still consistent with zero. We
postpone this to a future publication [66].

In Fig. 4 we confront our predictions for the ratio
��s/�Ms in the MS scheme (green band) with the in-
dividual predictions of ��s and �Ms. The latter are
dominated by the uncertainty in the CKM matrix el-
ement Vts which is obtained from Vcb through CKM
unitarity and cancels in the ratio. Fig. 4 illustrates
this feature with |V

incl
cb

| = 42.16(51)10�3 from [67] and

|V
excl
cb

| = 39.36(68)10�3 from [68]. The current exper-
imental results for ��s and �Ms are indicated by the
black bar. Once the prediction of ��s/�Ms is improved
further, it will be possible to test the SM without CKM
uncertainty, and with progress on |Vcb| one will be able
to constrain new physics in �Ms and ��s individually.

Conclusions. The SM prediction of ��s/�Ms based
on the long-standing NLO calculation has two sources
of uncertainty which exceed the experimental error: the
hadronic matrix elements of the power-suppressed oper-
ators and the perturbative coe�cients, as inferred from
the scale and scheme dependences of the calculated re-
sult. With the NNLO calculation presented here we have
brought the latter uncertainty to the level of the accu-
racy of the experimental result. For this we had to calcu-
late 20,000 three-loop diagrams and to solve subtle prob-
lems related to the interplay of infrared divergences and
evanescent oprators. We have pointed out that ��s adds
information to the usual study of �Ms, because both
quantities probe di↵erent new-physics scenarios and |Vcb|

drops out in the ratio ��s/�Ms.
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Flavour physics probes BSM physics associated with very heavy particles  
and is instrumental to formulate a physics case for future hadron colliders.  

The current experimental precision in  and 
 calls for a better understanding of penguin pollution. 

The width difference  between the mass eigenstates of neutral B 
mesons is known to NNLO in QCD. 

For further information on B lifetime calculations and measurements see  
        J. Albrecht, F. Bernlochner, A. Lenz, A. Rusov, Eur.Phys.J.ST 233 (2024) 2, 359-390
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