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Motivations
The computation of loop integrals is one of the main bottlenecks in higher-order calculations, which are crucial for 
high-energy physics. Possible approaches are:

• fully analytical: only possible for a limited number of cases

• hybrid analytical-numerical: difficult to generalize

• fully numerical:

• DESS

• DiffExp

• SeaSyde

• ...

• pySecDec

• FIESTA

• AMFlow

• ...

computation of
single point

computation of
series expansion

require relatively large 
computational resources

need nothing else relatively much more efficient
can be iterated to propagate 

across the phase-space

require DEs w.r.t. kinematics

require boundary conditions

no program to do both
in a single tool
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Motivations

• fully analytical: only possible for a limited number of cases

• hybrid analytical-numerical: difficult to generalize

• fully numerical:

• DESS

• DiffExp

• SeaSyde

• ...

• pySecDec

• FIESTA

• AMFlow

• ...

computation of
single point

computation of
series expansion

require relatively large 
computational resources

need nothing else relatively much more efficient
can be iterated to propagate 

across the phase-space

require DEs w.r.t. kinematics

require boundary conditions

also a DE solver  
(DEs w.r.t. auxiliary mass,

internally computed)  

solving DEs via series expansion
can serve both purposes!

no program to do both
in a single tool

The computation of loop integrals is one of the main bottlenecks in higher-order calculations, which are crucial for 
high-energy physics. Possible approaches are:
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LINE (Loop Integrals Numerical Evaluation) is a tool to compute loop integrals via Differential Equations (DEs)

What is ?

boundary computation and
phase-space propagation

in a single tool 
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• integrals with delta functions  →	 phase-space integrals

• integrals with linear propagators →	 subtraction counterterms, EFT

• special functions →	 Chen iterated integrals, pentagon functions

• gravitational waveform

well, loop integrals... and more!

computable solving DEs

LINE (Loop Integrals Numerical Evaluation) is a tool to compute loop integrals via Differential Equations (DEs)

What is ?

boundary computation and
phase-space propagation

in a single tool 
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What is ?
LINE (Loop Integrals Numerical Evaluation) is a tool to compute loop integrals via Differential Equations (DEs)

multi-purpose
high-level software 

not ideal for massive 
cluster computations

great and robust Mathematica packages

faster low-level
language (C)

optimal performance
(only-what-we-need approach)

suitable for massive
cluster computations

LINE aims to improve on these aspects

• AMFlow  →	 DEs w.r.t. auxiliary mass (BCs at infinity)

• DiffExp  →	 DEs via series expansion

• SeaSyde  →	 DEs + complex masses
license issue

not tailored
for this use case

open source
https://github.com/line-git/line
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Loop Integrals via Differential Equations
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ansatz around regular points ansatz around regular-singular points

• get boundary conditions at one point
• build DEs along the line connecting the boundary and the target point
• solve DEs via series expansion

<latexit sha1_base64="s2+WRtU9p2KqdZUrYWNId5+8W+U="></latexit>

⌘ 2 [0, 1]
line parameter

<latexit sha1_base64="THboPrn9n6MsXZupT/yw2bycWto="></latexit>

Re ⌘

<latexit sha1_base64="xvzJ1yhnvZcrhqB9zQMFdOwHVdE="></latexit>

Im ⌘

0
1

poles of the DE matrix
regular points
matching points

Master Integrals (MIs): set of 
independent Feynman integrals

set of eigenvalues

<latexit sha1_base64="4tGEuWlmRYP72jAS76buw+tJnSE="></latexit>

I(⌘) =
X

�2S

⌘�
L�X

l=0

1X

k=0

I�,l,k log
l(⌘)⌘k

<latexit sha1_base64="AIpSSkPiIBbaGldlS3Ta0lR5Qdo="></latexit>

I(⌘) =
1X

k=0

Ik⌘
k

<latexit sha1_base64="EDtuzNfTiLX+YX/iLFDaa1t8LbE="></latexit>

d

d⌘
I(⌘) = A(⌘)I(⌘)

solve  for numerical	values of 𝜀
and interpolate (parallelization)

<latexit sha1_base64="Ufc2tXaUtRwU1kVJzTSxc+K55eU="></latexit>

I =
1

"p

1X

k=0

Ik"
k 𝑑 = 4 − 2𝜀

dimensional
regularization
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Implementation
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Mathematical Expressions in C

.txt

input file
 DE matrix
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2*(-4+d)^2*(10-7*d+d^2)*s^9*t^5*(3*s+4*t)*(3*(-3+d)*s+(-16+5*d)*t)-m2*s^7*t^4*(8-6*d+d^2)* (2*(-4150+3205*d-805*d^2+66*d^3)*s^4+(-
42520+32724*d-8219*d^2+675*d^3)*s^3*t+2*(-35500+27140*d-6743*d^2+532*d^3+3*d^4)*s^2*t^2+4*(-9914+7471*d-
1782*d^2+117*d^3+4*d^4)*s*t^3+8*(-50-149*d+148*d^2-43*d^3+4*d^4)*t^4)+262144*(-56+58*d-19*d^2+2*d^3)*m2^10*(s+t)*(4*(20-
9*d+d^2)*s^5+(535-272*d+33*d^2)*s^4*t+(1265-753*d+135*d^2-7*d^3)*s^3*t^2+(1797-1281*d+309*d^2-25*d^3)*s^2*t^3-2*(-638+525*d-
144*d^2+13*d^3)*s*t^4+4*(71-70*d+21*d^2-2*d^3)*t^5)+4*(-2+d)*m2^2*s^6*t^3*((7640-6653*d+2015*d^2-243*d^3+9*d^4)*s^5+4*(33430-
33161*d+12130*d^2-1942*d^3+115*d^4)*s^4*t+(444340-442838*d+161309*d^2-24828*d^3+1165*d^4+36*d^5)*s^3*t^2+2*(249308-
242356*d+83109*d^2-10606*d^3+2*d^4+67*d^5)*s^2*t^3+2*(69640-49054*d+2605*d^2+5514*d^3-1535*d^4+122*d^5)*s*t^4+4*(-
1048+7970*d-7887*d^2+3094*d^3-545*d^4+36*d^5)*t^5)+16*(-2+d)*m2^3*s^5*t^2*(6*(3100-3465*d+1444*d^2-
265*d^3+18*d^4)*s^6+(68620-79124*d+33975*d^2-6404*d^3+445*d^4)*s^5*t+(-29500+1205*d+15979*d^2-7473*d^3+1253*d^4-
72*d^5)*s^4*t^2-3*(69988-44332*d-1513*d^2+6687*d^3-1654*d^4+124*d^5)*s^3*t^3+(77798-240621*d+204195*d^2-
74961*d^3+12691*d^4-814*d^5)*s^2*t^4-8*(-35409+56641*d-35712*d^2+11089*d^3-1695*d^4+102*d^5)*s*t^5-4*(-8742+20263*d-
15499*d^2+5397*d^3-887*d^4+56*d^5)*t^6)-65536*m2^9*(2*(-7760+11692*d-6838*d^2+1952*d^3-273*d^4+15*d^5)*s^7+(-
133880+204796*d-121754*d^2+35335*d^3-5021*d^4+280*d^5)*s^6*t-2*(230470-363039*d+225204*d^2-69833*d^3+11179*d^4-
832*d^5+19*d^6)*s^5*t^2+(-881296+1460192*d-974010*d^2+335937*d^3-63289*d^4+6178*d^5-244*d^6)*s^4*t^3+(-1117108+1966668*d-
1416163*d^2+536687*d^3-113295*d^4+12661*d^5-586*d^6)*s^3*t^4-2*(425080-786430*d+597375*d^2-239205*d^3+53345*d^4-
6287*d^5+306*d^6)*s^2*t^5-4*(75164-145432*d+115125*d^2-47790*d^3+10987*d^4-1328*d^5+66*d^6)*s*t^6-8*(3976-8038*d+6585*d^2-
2802*d^3+655*d^4-80*d^5+4*d^6)*t^7)-64*m2^4*s^4*t*((-27440+43838*d-27405*d^2+8407*d^3-1267*d^4+75*d^5)*s^7+2*(-
137060+215942*d-132876*d^2+40069*d^3-5932*d^4+345*d^5)*s^6*t+(-830000+1325770*d-834559*d^2+262061*d^3-42123*d^4+3063*d^5-
60*d^6)*s^5*t^2+(-1369568+2316650*d-1582833*d^2+560776*d^3-108795*d^4+10962*d^5-448*d^6)*s^4*t^3-2*(1107084-
1971420*d+1439151*d^2-554278*d^3+119240*d^4-13619*d^5+646*d^6)*s^3*t^4+(-2689240+4874294*d-3633815*d^2+1433455*d^3-
316573*d^4+37173*d^5-1814*d^6)*s^2*t^5-2*(613448-1148204*d+884122*d^2-359659*d^3+81686*d^4-9831*d^5+490*d^6)*s*t^6-
4*(25760-49326*d+38467*d^2-15660*d^3+3517*d^4-414*d^5+20*d^6)*t^7)+16384*m2^8*(4*(-3340+5218*d-3180*d^2+949*d^3-
139*d^4+8*d^5)*s^8+(-168680+260686*d-156935*d^2+46219*d^3-6677*d^4+379*d^5)*s^7*t+(-776760+1215342*d-
744523*d^2+225335*d^3-34281*d^4+2243*d^5-28*d^6)*s^6*t^2+(-1750824+2832518*d-1824311*d^2+597425*d^3-104127*d^4+9011*d^5-
292*d^6)*s^5*t^3+(-2527592+4334208*d-3021960*d^2+1102421*d^3-222816*d^4+23735*d^5-1044*d^6)*s^4*t^4-2*(1257572-
2284780*d+1704803*d^2-671531*d^3+147648*d^4-17202*d^5+830*d^6)*s^3*t^5+(-1357816+2585562*d-2022013*d^2+832937*d^3-
190839*d^4+23071*d^5-1150*d^6)*s^2*t^6-2*(142736-285392*d+232778*d^2-99235*d^3+23358*d^4-2883*d^5+146*d^6)*s*t^7-4*(3976-
8038*d+6585*d^2-2802*d^3+655*d^4-80*d^5+4*d^6)*t^8)+256*m2^5*s^3*(2*(-3400+5400*d-3354*d^2+1022*d^3-153*d^4+9*d^5)*s^8+(-
119920+186864*d-113586*d^2+33817*d^3-4943*d^4+284*d^5)*s^7*t+(-644040+1006058*d-614765*d^2+185243*d^3-27921*d^4+1779*d^5-
18*d^6)*s^6*t^2+(-1660112+2669004*d-1703084*d^2+549991*d^3-93801*d^4+7826*d^5-236*d^6)*s^5*t^3-2*(1458844-
2455646*d+1670234*d^2-590065*d^3+114572*d^4-11626*d^5+483*d^6)*s^4*t^4+(-3834288+6658564*d-4715934*d^2+1753646*d^3-
362739*d^4+39719*d^5-1804*d^6)*s^3*t^5-2*(1286796-2271580*d+1638513*d^2-621235*d^3+131070*d^4-14633*d^5+677*d^6)*s^2*t^6-
4*(108724-179486*d+117200*d^2-38339*d^3+6476*d^4-507*d^5+12*d^6)*s*t^7+8*(-680-6274*d+11075*d^2-7130*d^3+2215*d^4-
336*d^5+20*d^6)*t^8)+4096*m2^7*s*(4*(-2180+3146*d-1742*d^2+465*d^3-60*d^4+3*d^5)*s^8+2*(-14200+20880*d-11748*d^2+3163*d^3-
407*d^4+20*d^5)*s^7*t+(203300-309420*d+181227*d^2-50405*d^3+6257*d^4-155*d^5-20*d^6)*s^6*t^2+(1010576-1573724*d+954516*d^2-
282685*d^3+40814*d^4-2257*d^5-8*d^6)*s^5*t^3+2*(986890-1627267*d+1075037*d^2-364353*d^3+66629*d^4-
6194*d^5+226*d^6)*s^4*t^4+(2712280-4827004*d+3520554*d^2-1353979*d^3+290645*d^4-33096*d^5+1564*d^6)*s^3*t^5+(2270132-
4284872*d+3330633*d^2-1368343*d^3+313753*d^4-38077*d^5+1910*d^6)*s^2*t^6+16*(48454-97161*d+79799*d^2-34386*d^3+8206*d^4-
1029*d^5+53*d^6)*s*t^7+4*(18044-38504*d+33167*d^2-14795*d^3+3617*d^4-461*d^5+24*d^6)*t^8)-1024*m2^6*s^2*(8*(-2230+3441*d-
2069*d^2+609*d^3-88*d^4+5*d^5)*s^8+(-166360+254642*d-151519*d^2+44024*d^3-6265*d^4+350*d^5)*s^7*t+(-596680+937046*d-
578117*d^2+177600*d^3-27977*d^4+2018*d^5-42*d^6)*s^6*t^2+(-1084336+1798006*d-1197961*d^2+411803*d^3-77217*d^4+7505*d^5-
296*d^6)*s^5*t^3-2*(661356-1160694*d+833066*d^2-314989*d^3+66520*d^4-7468*d^5+349*d^6)*s^4*t^4+(-775816+1362616*d-
978084*d^2+369317*d^3-77690*d^4+8657*d^5-400*d^6)*s^3*t^5+2*(310184-624798*d+520701*d^2-229750*d^3+56511*d^4-
7331*d^5+391*d^6)*s^2*t^6+2*(351912-727320*d+616792*d^2-274703*d^3+67760*d^4-8775*d^5+466*d^6)*s*t^7+4*(23880-
58276*d+55626*d^2-26933*d^3+7046*d^4-951*d^5+52*d^6)*t^8)

Mathematical Expressions in C

.txt

input file
 DE matrix
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2*(-4+d)^2*(10-7*d+d^2)*s^9*t^5*(3*s+4*t)*(3*(-3+d)*s+(-16+5*d)*t)-m2*s^7*t^4*(8-6*d+d^2)* (2*(-4150+3205*d-805*d^2+66*d^3)*s^4+(-
42520+32724*d-8219*d^2+675*d^3)*s^3*t+2*(-35500+27140*d-6743*d^2+532*d^3+3*d^4)*s^2*t^2+4*(-9914+7471*d-
1782*d^2+117*d^3+4*d^4)*s*t^3+8*(-50-149*d+148*d^2-43*d^3+4*d^4)*t^4)+262144*(-56+58*d-19*d^2+2*d^3)*m2^10*(s+t)*(4*(20-
9*d+d^2)*s^5+(535-272*d+33*d^2)*s^4*t+(1265-753*d+135*d^2-7*d^3)*s^3*t^2+(1797-1281*d+309*d^2-25*d^3)*s^2*t^3-2*(-638+525*d-
144*d^2+13*d^3)*s*t^4+4*(71-70*d+21*d^2-2*d^3)*t^5)+4*(-2+d)*m2^2*s^6*t^3*((7640-6653*d+2015*d^2-243*d^3+9*d^4)*s^5+4*(33430-
33161*d+12130*d^2-1942*d^3+115*d^4)*s^4*t+(444340-442838*d+161309*d^2-24828*d^3+1165*d^4+36*d^5)*s^3*t^2+2*(249308-
242356*d+83109*d^2-10606*d^3+2*d^4+67*d^5)*s^2*t^3+2*(69640-49054*d+2605*d^2+5514*d^3-1535*d^4+122*d^5)*s*t^4+4*(-
1048+7970*d-7887*d^2+3094*d^3-545*d^4+36*d^5)*t^5)+16*(-2+d)*m2^3*s^5*t^2*(6*(3100-3465*d+1444*d^2-
265*d^3+18*d^4)*s^6+(68620-79124*d+33975*d^2-6404*d^3+445*d^4)*s^5*t+(-29500+1205*d+15979*d^2-7473*d^3+1253*d^4-
72*d^5)*s^4*t^2-3*(69988-44332*d-1513*d^2+6687*d^3-1654*d^4+124*d^5)*s^3*t^3+(77798-240621*d+204195*d^2-
74961*d^3+12691*d^4-814*d^5)*s^2*t^4-8*(-35409+56641*d-35712*d^2+11089*d^3-1695*d^4+102*d^5)*s*t^5-4*(-8742+20263*d-
15499*d^2+5397*d^3-887*d^4+56*d^5)*t^6)-65536*m2^9*(2*(-7760+11692*d-6838*d^2+1952*d^3-273*d^4+15*d^5)*s^7+(-
133880+204796*d-121754*d^2+35335*d^3-5021*d^4+280*d^5)*s^6*t-2*(230470-363039*d+225204*d^2-69833*d^3+11179*d^4-
832*d^5+19*d^6)*s^5*t^2+(-881296+1460192*d-974010*d^2+335937*d^3-63289*d^4+6178*d^5-244*d^6)*s^4*t^3+(-1117108+1966668*d-
1416163*d^2+536687*d^3-113295*d^4+12661*d^5-586*d^6)*s^3*t^4-2*(425080-786430*d+597375*d^2-239205*d^3+53345*d^4-
6287*d^5+306*d^6)*s^2*t^5-4*(75164-145432*d+115125*d^2-47790*d^3+10987*d^4-1328*d^5+66*d^6)*s*t^6-8*(3976-8038*d+6585*d^2-
2802*d^3+655*d^4-80*d^5+4*d^6)*t^7)-64*m2^4*s^4*t*((-27440+43838*d-27405*d^2+8407*d^3-1267*d^4+75*d^5)*s^7+2*(-
137060+215942*d-132876*d^2+40069*d^3-5932*d^4+345*d^5)*s^6*t+(-830000+1325770*d-834559*d^2+262061*d^3-42123*d^4+3063*d^5-
60*d^6)*s^5*t^2+(-1369568+2316650*d-1582833*d^2+560776*d^3-108795*d^4+10962*d^5-448*d^6)*s^4*t^3-2*(1107084-
1971420*d+1439151*d^2-554278*d^3+119240*d^4-13619*d^5+646*d^6)*s^3*t^4+(-2689240+4874294*d-3633815*d^2+1433455*d^3-
316573*d^4+37173*d^5-1814*d^6)*s^2*t^5-2*(613448-1148204*d+884122*d^2-359659*d^3+81686*d^4-9831*d^5+490*d^6)*s*t^6-
4*(25760-49326*d+38467*d^2-15660*d^3+3517*d^4-414*d^5+20*d^6)*t^7)+16384*m2^8*(4*(-3340+5218*d-3180*d^2+949*d^3-
139*d^4+8*d^5)*s^8+(-168680+260686*d-156935*d^2+46219*d^3-6677*d^4+379*d^5)*s^7*t+(-776760+1215342*d-
744523*d^2+225335*d^3-34281*d^4+2243*d^5-28*d^6)*s^6*t^2+(-1750824+2832518*d-1824311*d^2+597425*d^3-104127*d^4+9011*d^5-
292*d^6)*s^5*t^3+(-2527592+4334208*d-3021960*d^2+1102421*d^3-222816*d^4+23735*d^5-1044*d^6)*s^4*t^4-2*(1257572-
2284780*d+1704803*d^2-671531*d^3+147648*d^4-17202*d^5+830*d^6)*s^3*t^5+(-1357816+2585562*d-2022013*d^2+832937*d^3-
190839*d^4+23071*d^5-1150*d^6)*s^2*t^6-2*(142736-285392*d+232778*d^2-99235*d^3+23358*d^4-2883*d^5+146*d^6)*s*t^7-4*(3976-
8038*d+6585*d^2-2802*d^3+655*d^4-80*d^5+4*d^6)*t^8)+256*m2^5*s^3*(2*(-3400+5400*d-3354*d^2+1022*d^3-153*d^4+9*d^5)*s^8+(-
119920+186864*d-113586*d^2+33817*d^3-4943*d^4+284*d^5)*s^7*t+(-644040+1006058*d-614765*d^2+185243*d^3-27921*d^4+1779*d^5-
18*d^6)*s^6*t^2+(-1660112+2669004*d-1703084*d^2+549991*d^3-93801*d^4+7826*d^5-236*d^6)*s^5*t^3-2*(1458844-
2455646*d+1670234*d^2-590065*d^3+114572*d^4-11626*d^5+483*d^6)*s^4*t^4+(-3834288+6658564*d-4715934*d^2+1753646*d^3-
362739*d^4+39719*d^5-1804*d^6)*s^3*t^5-2*(1286796-2271580*d+1638513*d^2-621235*d^3+131070*d^4-14633*d^5+677*d^6)*s^2*t^6-
4*(108724-179486*d+117200*d^2-38339*d^3+6476*d^4-507*d^5+12*d^6)*s*t^7+8*(-680-6274*d+11075*d^2-7130*d^3+2215*d^4-
336*d^5+20*d^6)*t^8)+4096*m2^7*s*(4*(-2180+3146*d-1742*d^2+465*d^3-60*d^4+3*d^5)*s^8+2*(-14200+20880*d-11748*d^2+3163*d^3-
407*d^4+20*d^5)*s^7*t+(203300-309420*d+181227*d^2-50405*d^3+6257*d^4-155*d^5-20*d^6)*s^6*t^2+(1010576-1573724*d+954516*d^2-
282685*d^3+40814*d^4-2257*d^5-8*d^6)*s^5*t^3+2*(986890-1627267*d+1075037*d^2-364353*d^3+66629*d^4-
6194*d^5+226*d^6)*s^4*t^4+(2712280-4827004*d+3520554*d^2-1353979*d^3+290645*d^4-33096*d^5+1564*d^6)*s^3*t^5+(2270132-
4284872*d+3330633*d^2-1368343*d^3+313753*d^4-38077*d^5+1910*d^6)*s^2*t^6+16*(48454-97161*d+79799*d^2-34386*d^3+8206*d^4-
1029*d^5+53*d^6)*s*t^7+4*(18044-38504*d+33167*d^2-14795*d^3+3617*d^4-461*d^5+24*d^6)*t^8)-1024*m2^6*s^2*(8*(-2230+3441*d-
2069*d^2+609*d^3-88*d^4+5*d^5)*s^8+(-166360+254642*d-151519*d^2+44024*d^3-6265*d^4+350*d^5)*s^7*t+(-596680+937046*d-
578117*d^2+177600*d^3-27977*d^4+2018*d^5-42*d^6)*s^6*t^2+(-1084336+1798006*d-1197961*d^2+411803*d^3-77217*d^4+7505*d^5-
296*d^6)*s^5*t^3-2*(661356-1160694*d+833066*d^2-314989*d^3+66520*d^4-7468*d^5+349*d^6)*s^4*t^4+(-775816+1362616*d-
978084*d^2+369317*d^3-77690*d^4+8657*d^5-400*d^6)*s^3*t^5+2*(310184-624798*d+520701*d^2-229750*d^3+56511*d^4-
7331*d^5+391*d^6)*s^2*t^6+2*(351912-727320*d+616792*d^2-274703*d^3+67760*d^4-8775*d^5+466*d^6)*s*t^7+4*(23880-
58276*d+55626*d^2-26933*d^3+7046*d^4-951*d^5+52*d^6)*t^8)

m2*s^7*t^4*(8-6*d+d^2)

string representing a 
mathematical expression

Mathematical Expressions in C

.txt

input file
 DE matrix

part II of III ● ● ○
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2*(-4+d)^2*(10-7*d+d^2)*s^9*t^5*(3*s+4*t)*(3*(-3+d)*s+(-16+5*d)*t)-m2*s^7*t^4*(8-6*d+d^2)* (2*(-4150+3205*d-805*d^2+66*d^3)*s^4+(-
42520+32724*d-8219*d^2+675*d^3)*s^3*t+2*(-35500+27140*d-6743*d^2+532*d^3+3*d^4)*s^2*t^2+4*(-9914+7471*d-
1782*d^2+117*d^3+4*d^4)*s*t^3+8*(-50-149*d+148*d^2-43*d^3+4*d^4)*t^4)+262144*(-56+58*d-19*d^2+2*d^3)*m2^10*(s+t)*(4*(20-
9*d+d^2)*s^5+(535-272*d+33*d^2)*s^4*t+(1265-753*d+135*d^2-7*d^3)*s^3*t^2+(1797-1281*d+309*d^2-25*d^3)*s^2*t^3-2*(-638+525*d-
144*d^2+13*d^3)*s*t^4+4*(71-70*d+21*d^2-2*d^3)*t^5)+4*(-2+d)*m2^2*s^6*t^3*((7640-6653*d+2015*d^2-243*d^3+9*d^4)*s^5+4*(33430-
33161*d+12130*d^2-1942*d^3+115*d^4)*s^4*t+(444340-442838*d+161309*d^2-24828*d^3+1165*d^4+36*d^5)*s^3*t^2+2*(249308-
242356*d+83109*d^2-10606*d^3+2*d^4+67*d^5)*s^2*t^3+2*(69640-49054*d+2605*d^2+5514*d^3-1535*d^4+122*d^5)*s*t^4+4*(-
1048+7970*d-7887*d^2+3094*d^3-545*d^4+36*d^5)*t^5)+16*(-2+d)*m2^3*s^5*t^2*(6*(3100-3465*d+1444*d^2-
265*d^3+18*d^4)*s^6+(68620-79124*d+33975*d^2-6404*d^3+445*d^4)*s^5*t+(-29500+1205*d+15979*d^2-7473*d^3+1253*d^4-
72*d^5)*s^4*t^2-3*(69988-44332*d-1513*d^2+6687*d^3-1654*d^4+124*d^5)*s^3*t^3+(77798-240621*d+204195*d^2-
74961*d^3+12691*d^4-814*d^5)*s^2*t^4-8*(-35409+56641*d-35712*d^2+11089*d^3-1695*d^4+102*d^5)*s*t^5-4*(-8742+20263*d-
15499*d^2+5397*d^3-887*d^4+56*d^5)*t^6)-65536*m2^9*(2*(-7760+11692*d-6838*d^2+1952*d^3-273*d^4+15*d^5)*s^7+(-
133880+204796*d-121754*d^2+35335*d^3-5021*d^4+280*d^5)*s^6*t-2*(230470-363039*d+225204*d^2-69833*d^3+11179*d^4-
832*d^5+19*d^6)*s^5*t^2+(-881296+1460192*d-974010*d^2+335937*d^3-63289*d^4+6178*d^5-244*d^6)*s^4*t^3+(-1117108+1966668*d-
1416163*d^2+536687*d^3-113295*d^4+12661*d^5-586*d^6)*s^3*t^4-2*(425080-786430*d+597375*d^2-239205*d^3+53345*d^4-
6287*d^5+306*d^6)*s^2*t^5-4*(75164-145432*d+115125*d^2-47790*d^3+10987*d^4-1328*d^5+66*d^6)*s*t^6-8*(3976-8038*d+6585*d^2-
2802*d^3+655*d^4-80*d^5+4*d^6)*t^7)-64*m2^4*s^4*t*((-27440+43838*d-27405*d^2+8407*d^3-1267*d^4+75*d^5)*s^7+2*(-
137060+215942*d-132876*d^2+40069*d^3-5932*d^4+345*d^5)*s^6*t+(-830000+1325770*d-834559*d^2+262061*d^3-42123*d^4+3063*d^5-
60*d^6)*s^5*t^2+(-1369568+2316650*d-1582833*d^2+560776*d^3-108795*d^4+10962*d^5-448*d^6)*s^4*t^3-2*(1107084-
1971420*d+1439151*d^2-554278*d^3+119240*d^4-13619*d^5+646*d^6)*s^3*t^4+(-2689240+4874294*d-3633815*d^2+1433455*d^3-
316573*d^4+37173*d^5-1814*d^6)*s^2*t^5-2*(613448-1148204*d+884122*d^2-359659*d^3+81686*d^4-9831*d^5+490*d^6)*s*t^6-
4*(25760-49326*d+38467*d^2-15660*d^3+3517*d^4-414*d^5+20*d^6)*t^7)+16384*m2^8*(4*(-3340+5218*d-3180*d^2+949*d^3-
139*d^4+8*d^5)*s^8+(-168680+260686*d-156935*d^2+46219*d^3-6677*d^4+379*d^5)*s^7*t+(-776760+1215342*d-
744523*d^2+225335*d^3-34281*d^4+2243*d^5-28*d^6)*s^6*t^2+(-1750824+2832518*d-1824311*d^2+597425*d^3-104127*d^4+9011*d^5-
292*d^6)*s^5*t^3+(-2527592+4334208*d-3021960*d^2+1102421*d^3-222816*d^4+23735*d^5-1044*d^6)*s^4*t^4-2*(1257572-
2284780*d+1704803*d^2-671531*d^3+147648*d^4-17202*d^5+830*d^6)*s^3*t^5+(-1357816+2585562*d-2022013*d^2+832937*d^3-
190839*d^4+23071*d^5-1150*d^6)*s^2*t^6-2*(142736-285392*d+232778*d^2-99235*d^3+23358*d^4-2883*d^5+146*d^6)*s*t^7-4*(3976-
8038*d+6585*d^2-2802*d^3+655*d^4-80*d^5+4*d^6)*t^8)+256*m2^5*s^3*(2*(-3400+5400*d-3354*d^2+1022*d^3-153*d^4+9*d^5)*s^8+(-
119920+186864*d-113586*d^2+33817*d^3-4943*d^4+284*d^5)*s^7*t+(-644040+1006058*d-614765*d^2+185243*d^3-27921*d^4+1779*d^5-
18*d^6)*s^6*t^2+(-1660112+2669004*d-1703084*d^2+549991*d^3-93801*d^4+7826*d^5-236*d^6)*s^5*t^3-2*(1458844-
2455646*d+1670234*d^2-590065*d^3+114572*d^4-11626*d^5+483*d^6)*s^4*t^4+(-3834288+6658564*d-4715934*d^2+1753646*d^3-
362739*d^4+39719*d^5-1804*d^6)*s^3*t^5-2*(1286796-2271580*d+1638513*d^2-621235*d^3+131070*d^4-14633*d^5+677*d^6)*s^2*t^6-
4*(108724-179486*d+117200*d^2-38339*d^3+6476*d^4-507*d^5+12*d^6)*s*t^7+8*(-680-6274*d+11075*d^2-7130*d^3+2215*d^4-
336*d^5+20*d^6)*t^8)+4096*m2^7*s*(4*(-2180+3146*d-1742*d^2+465*d^3-60*d^4+3*d^5)*s^8+2*(-14200+20880*d-11748*d^2+3163*d^3-
407*d^4+20*d^5)*s^7*t+(203300-309420*d+181227*d^2-50405*d^3+6257*d^4-155*d^5-20*d^6)*s^6*t^2+(1010576-1573724*d+954516*d^2-
282685*d^3+40814*d^4-2257*d^5-8*d^6)*s^5*t^3+2*(986890-1627267*d+1075037*d^2-364353*d^3+66629*d^4-
6194*d^5+226*d^6)*s^4*t^4+(2712280-4827004*d+3520554*d^2-1353979*d^3+290645*d^4-33096*d^5+1564*d^6)*s^3*t^5+(2270132-
4284872*d+3330633*d^2-1368343*d^3+313753*d^4-38077*d^5+1910*d^6)*s^2*t^6+16*(48454-97161*d+79799*d^2-34386*d^3+8206*d^4-
1029*d^5+53*d^6)*s*t^7+4*(18044-38504*d+33167*d^2-14795*d^3+3617*d^4-461*d^5+24*d^6)*t^8)-1024*m2^6*s^2*(8*(-2230+3441*d-
2069*d^2+609*d^3-88*d^4+5*d^5)*s^8+(-166360+254642*d-151519*d^2+44024*d^3-6265*d^4+350*d^5)*s^7*t+(-596680+937046*d-
578117*d^2+177600*d^3-27977*d^4+2018*d^5-42*d^6)*s^6*t^2+(-1084336+1798006*d-1197961*d^2+411803*d^3-77217*d^4+7505*d^5-
296*d^6)*s^5*t^3-2*(661356-1160694*d+833066*d^2-314989*d^3+66520*d^4-7468*d^5+349*d^6)*s^4*t^4+(-775816+1362616*d-
978084*d^2+369317*d^3-77690*d^4+8657*d^5-400*d^6)*s^3*t^5+2*(310184-624798*d+520701*d^2-229750*d^3+56511*d^4-
7331*d^5+391*d^6)*s^2*t^6+2*(351912-727320*d+616792*d^2-274703*d^3+67760*d^4-8775*d^5+466*d^6)*s*t^7+4*(23880-
58276*d+55626*d^2-26933*d^3+7046*d^4-951*d^5+52*d^6)*t^8)

m2*s^7*t^4*(8-6*d+d^2)

string representing a 
mathematical expression

Mathematical Expressions in C

2 MB  ~

for a single
matrix element: 

(~	1000 pages)

.txt

input file
 DE matrix
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symbolic trees ...
... through linked lists

easily insert/remove nodes and 
perform operations on sub-trees

*
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d
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first born

sibling

Mathematical Expressions in C

SM@LHC, 2025-04-07, Durham

m2*s^7*t^4*(8-6*d+d^2)

string representing a 
mathematical expression

The DE matrix elements in the input files are parsed and converted to symbolic trees
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Rational Functions

SM@LHC, 2025-04-07, Durham

root multiplicity

coefficient
<latexit sha1_base64="JvYNXQOL90bCKWpolTho7begHEg="></latexit>

N(⌘)

D(⌘)
=

a0 + a1⌘ + a2⌘2 + ...

⌘m0(⌘ � ⌘1)m1(⌘ � ⌘2)m2 . . .

*

^m2

s

+

^

d

^

t
*

d

-

7 4

2 6

8

substitute line 
parameterization

<latexit sha1_base64="wO1QIAXfaOWKjTFCfzKNoO2Tea4="></latexit>

s(⌘) = si + ⌘(sf � si)

t(⌘) = ti + ⌘(tf � ti)

...
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Rational Functions

SM@LHC, 2025-04-07, Durham

root multiplicity

coefficient
<latexit sha1_base64="JvYNXQOL90bCKWpolTho7begHEg="></latexit>

N(⌘)

D(⌘)
=

a0 + a1⌘ + a2⌘2 + ...

⌘m0(⌘ � ⌘1)m1(⌘ � ⌘2)m2 . . .

part II of III ● ● ○

But wait, each root 
typically appears in 

multiple denominators!

Image from “Harry Potter and the Philosopher’s Stone” (Warner Bros., 2001).
Used here under fair use for educational and humorous purposes.

But wait, each root 
typically appears in 

multiple denominators!

But wait, each root 
typically appears in 

multiple denominators!



R. M. Prisco, University of Naples & INFN

Rational Functions

SM@LHC, 2025-04-07, Durham

root multiplicity

coefficient
<latexit sha1_base64="JvYNXQOL90bCKWpolTho7begHEg="></latexit>

N(⌘)

D(⌘)
=

a0 + a1⌘ + a2⌘2 + ...

⌘m0(⌘ � ⌘1)m1(⌘ � ⌘2)m2 . . .

part II of III ● ● ○

But wait, each root 
typically appears in 

multiple denominators!

• find the global list of unique denominator roots

• assign an integer label to each root

• represent each denominator with
integer labels and multiplicites 
(fast computation of LCM, simplifications, shifts, etc.)

gmp, mpfr, mpc
for abitrary precision arithmetic

<latexit sha1_base64="B8fHUP8Y5xWYSfgJMMMuJjAZtv8=">AAADE3icdVLNbtQwEPaGvxL+WjhyiYiQOKDVZlUVjlXpgRNaJLZdsY4qx5ndWuvYke20Wiy/BRzhRbghrjwAz8ELMNkNUrelI0X6MvN948/jKWoprBsMfveiGzdv3b6zdTe+d//Bw0fbO4+PrG4MhzHXUptJwSxIoWDshJMwqQ2wqpBwXCzetPXjMzBWaPXBLWvIKzZXYiY4c5j6SCvmTovCvwsn2+mgP1hFchVkHUhJF6OTnd4fWmreVKAcl8zaaTaoXe6ZcYJLCDFtLNSML9gcpggVq8DmfmU5JM8xUyYzbfBTLlllLyo8q6xdVgUyW4v2cq1N/q82bdzsde6FqhsHiq8PmjUycTpp75+UwgB3comAcSPQa8JP mWHc4ZTi+B+d66piqsTeCs67H09LMGGa5Z7OUODL4Ms0C0nYJEFtg6dnzCAQUqsQb5hvLTutpUXZIeDkDIwYmioP8RErgTZoYZinkqk5jtFTg+/nricvwCF5xUHuWnQdedK2RsF0mF88oANpRl/iFZFrxSegbUtMtH51DcqHdBhiXJPs8lJcBUfDfrbX33u/m+4fdAuzRZ6SZ+QFycgrsk/ekhEZE04U+Uy+km/Rl+h79CP6uaZGvU7zhGxE9OsvqxgCkA==</latexit>

N
<latexit sha1_base64="UPTQHtPJb65t2J9bOkUsYnEEA9c=">AAADE3icdVLNbtQwEPaGvxL+WjhyiYiQOKDVZlUVjhX0wHErse2KdVQ5zuzWWseObKfV1vJbwBFehBviygPwHLwAk90gdVs6UqQvM983/jyeopbCusHgdy+6dfvO3Xtb9+MHDx89frK98/TI6sZwGHMttZkUzIIUCsZOOAmT2gCrCgnHxeJ9Wz8+A2OFVh/dsoa8YnMlZoIzh6lPtGLutCj8YTjZTgf9wSqS6yDrQEq6GJ3s9P7QUvOmAuW4ZNZOs0Htcs+ME1xCiGljoWZ8weYwRahYBTb3K8sheYmZMplpg59yySp7WeFZZe2yKpDZWrRXa23yf7Vp42Zvcy9U3ThQfH3QrJGJ00l7/6QUBriTSwSMG4FeE37K DOMOpxTH/+hcVxVTJfZWcN79eFqCCdMs93SGAl8GX6ZZSMImCWobPD1jBoGQWoV4w3xr2WktLcoOACdnYMTQVHmAj1gJtEELwzyVTM1xjJ4afD93M3kBDskrDnLXopvIk7Y1CqbD/PIBHUgz+hqviFwrLoC2LTHR+tU1KB/SYYhxTbKrS3EdHA372V5/73A33X/XLcwWeU5ekFckI2/IPvlARmRMOFHkM/lKvkVfou/Rj+jnmhr1Os0zshHRr7+zDQKT</latexit>

Q <latexit sha1_base64="N42Sa4HH+nCFVakRHlvEsalv73g=">AAADE3icdVLNbtQwEPaGvxL+WjhyiYiQOKDVZlUVjlXpgeOC2HbFOqocZ3ZrrWNHttNqsfwWcIQX4Ya48gA8By/AZDdI3ZaOFOnLzPeNP4+nqKWwbjD43Ytu3Lx1+87W3fje/QcPH23vPD6yujEcxlxLbSYFsyCFgrETTsKkNsCqQsJxsXjT1o/PwFih1Qe3rCGv2FyJmeDMYeojrZg7LQr/Ppxsp4P+YBXJVZB1ICVdjE52en9oqXlTgXJcMmun2aB2uWfGCS4hxLSxUDO+YHOYIlSsApv7leWQPMdMmcy0wU+5ZJW9qPCssnZZFchsLdrLtTb5v9q0cbPXuReqbhwovj5o1sjE6aS9f1IKA9zJJQLGjUCvCT9l hnGHU4rjf3Suq4qpEnsrOO9+PC3BhGmWezpDgS+DL9MsJGGTBLUNnp4xg0BIrUK8Yb617LSWFmWHgJMzMGJoqjzER6wE2qCFYZ5KpuY4Rk8Nvp+7nrwAh+QVB7lr0XXkSdsaBdNhfvGADqQZfYlXRK4Vn4C2LTHR+tU1KB/SYYhxTbLLS3EVHA372V5/791uun/QLcwWeUqekRckI6/IPnlLRmRMOFHkM/lKvkVfou/Rj+jnmhr1Os0TshHRr7+1tAKU</latexit>R
<latexit sha1_base64="9CSURxIsWtHorLC9Lq+uX/BAmrM="></latexit>

C functional, fast,
open source and
well maintained

Image from “Harry Potter and the Philosopher’s Stone” (Warner Bros., 2001).
Used here under fair use for educational and humorous purposes.

But wait, each root 
typically appears in 

multiple denominators!

But wait, each root 
typically appears in 

multiple denominators!



Solving around Poles
To solve around a pole, transform the DE matrix to Fuchsian form

Poincaré rank lowered to zero 
around the pole 𝜂 = 0 eingevalues

of the leading order (𝔸!

ansatz around singular points

R. M. Prisco, University of Naples & INFN SM@LHC, 2025-04-07, Durham

transformation matrix
(of rational functions)

<latexit sha1_base64="xotH+X9r6gVuipKT3Zn/PWwk7tg="></latexit>

eI(⌘) = T�1(⌘)I(⌘)

eA(⌘) = T�1(⌘)A(⌘)T(⌘)� T�1(⌘)
d

d⌘
T(⌘)

<latexit sha1_base64="EDtuzNfTiLX+YX/iLFDaa1t8LbE="></latexit>

d

d⌘
I(⌘) = A(⌘)I(⌘)

<latexit sha1_base64="uDfX3W180NkFp0I/mteUZ9kMWow="></latexit>

d

d⌘
eI(⌘) = eA(⌘)eI(⌘)

<latexit sha1_base64="fo2C1mMDGfzCxo0dIH8AR4xgTOE="></latexit>

eI(⌘) =
X

�2S

⌘�
L�X

l=0

1X

k=0

c�,l,k log
l(⌘)⌘k

<latexit sha1_base64="rLQ4HBKGNsv0seVa0a046Vs/Z4g="></latexit>

eA(⌘) = 1

⌘

1X

k=0

eAk⌘
k
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4
−4m2

s − 4m2

t − 9m2

s

u − 9m2 = − s − t − 7m2

R. M. Prisco, University of Naples & INFN

Analytic Continuation
Around branch points: logarithms give a branch cut to the solution!

For any given Cutkosky cut, consider:

SM@LHC, 2025-04-07, Durham

invariants flowing
through the cut

masses of
cut propagators

<latexit sha1_base64="7/OFzBmkw4O/WelmWfCNvcisLFM="></latexit>

z = c1s1 + c2s2 + · · ·� (m1 +m2 + · · · )2 = z(⌘)

<latexit sha1_base64="fo2C1mMDGfzCxo0dIH8AR4xgTOE="></latexit>

eI(⌘) =
X

�2S

⌘�
L�X

l=0

1X

k=0

c�,l,k log
l(⌘)⌘k

map 𝜂 onto the
𝑧-complex plane

𝑧 = 0  branch point
𝑧 > 0  branch cut

the correct branch-cut in the 𝜂-plane is mapped to 𝑧 > 0

Feynman prescription:
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Analytic Continuation
Around branch points: logarithms give a branch cut to the solution!

For any given Cutkosky cut, consider:

SM@LHC, 2025-04-07, Durham

invariants flowing
through the cut

masses of
cut propagators

<latexit sha1_base64="7/OFzBmkw4O/WelmWfCNvcisLFM="></latexit>

z = c1s1 + c2s2 + · · ·� (m1 +m2 + · · · )2 = z(⌘)

<latexit sha1_base64="fo2C1mMDGfzCxo0dIH8AR4xgTOE="></latexit>

eI(⌘) =
X

�2S

⌘�
L�X

l=0

1X

k=0

c�,l,k log
l(⌘)⌘k

non-linear
branch cut

map 𝜂 onto the
𝑧-complex plane

𝑧 = 0  branch point
𝑧 > 0  branch cut

the correct branch-cut in the 𝜂-plane is mapped to 𝑧 > 0

Feynman prescription:

part II of III ● ● ○
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Automated Boundary Conditions

SM@LHC, 2025-04-07, Durham

implemented in LINE with interface to Kira 
( Kira →  IBPs →  DEs w.r.t. auxiliary mass)

AMFlow method

• introduce auxiliary mass (no. MIs increases)
• get BCs at infinity (vacuum integrals)
• propagate to zero mass

up to two loops
(higher-loop planned)

part II of III ● ● ○



R. M. Prisco, University of Naples & INFN

Automated Boundary Conditions

SM@LHC, 2025-04-07, Durham

implemented in LINE with interface to Kira 
( Kira →  IBPs →  DEs w.r.t. auxiliary mass)

AMFlow method

• introduce auxiliary mass (no. MIs increases)
• get BCs at infinity (vacuum integrals)
• propagate to zero mass

Expansion By Regions

Constraint the solution to have the proper behaviour around singular points (no additional parameters)
<latexit sha1_base64="xH7SsnbrwhxqtHyzj6vLDQ+614k="></latexit>

⌘�"�1 ⇥ regular
<latexit sha1_base64="P+Gw1umkdFd76qTjn3QPZ6yg3CA="></latexit>

regular

𝑠, 𝑡 → 0 + ×

up to two loops
(higher-loop planned)

<latexit sha1_base64="czIQFJiQq7j5r6CDBFwE6f1he3g="></latexit>

~I(⌘) = c1⌘
�1�n1~h1(⌘) + c2⌘

�2�n2~h2(⌘) + · · ·+ ~p(⌘)
<latexit sha1_base64="Jkqc+mI7XmjHxqAFXSXVpTNY/34="></latexit>

s, t / ⌘
<latexit sha1_base64="0n+0+1Sv6lJTMg7mCKtiFTrGOeg="></latexit>

�i 2 [0, 1[ , ni 2 Z

linear relations
among coefficients

impose cancellation of 
unwanted power behaviours

only 1-loop tadpole and 
massless bubble needed for 

32 MIs

∀𝜺

successful on few examples

part II of III ● ● ○
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Automated Boundary Conditions

SM@LHC, 2025-04-07, Durham

ü verify internal consistency
ü estimate error

(no external tools for integral evaluation)

iη

s

t

pi

pf

DEi

DEm

z1(s, t, m) = 0

phase space

z2(s, t, m) = 0

p′ i

DE′ i

Get to the same point using different paths and 
even different boundary conditions

part II of III ● ● ○
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Examples

12

3

4
−4m2

s − 4m2

t − m2

u − m2 = − s − t + m2

12

3

4
−4m2

s − 4m2

t − 9m2

s

u − 9m2 = − s − t − 7m2

SM@LHC, 2025-04-07, Durham part III of III ● ● ●
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• a fair comparison is difficult to perform (no tools that perform both BC computations and propagation)

• computing BCs with the AMFlow method involves more MIs, an additional mass, IBP reduction

• phase space propagation is much faster

• let us focus on the DE solver

• 𝐴𝑀𝐹! vs  AMFlow mathematica package

• force AMFlow to use the “all propagator mode”

• not completely fair: we use a lower-level language

• LINE was developed paying attention to optimization, but no direct attempt to make it faster has been done so far

• we are aware of several possible improvements, but we expect a speed-up of no more than a factor 2 or 3

Running Times

insert the auxiliary mass
in every propagator

(non-recursive)

we have precisely
the same DEs

! DISCLAIMER

AMD Opteron Processor 4386
10 cores, 64Gb RAM

SM@LHC, 2025-04-07, Durham part III of III ● ● ●
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point: [
  s = -1,
  t = 2,
  m2 = 1
]

point: [
  s = 70,
  t = 50,
  m2 = 10
]

𝑠 − 4𝑚! < 0 𝑠 − 4𝑚! > 0
𝑠 − 4𝑚! < 0 𝑠 − 4𝑚! > 0

𝑠 < 0 𝑠 > 0

n. MI (std-DE):  32
   n. MI (𝜼-DE):  68

• 𝐴𝑀𝐹! 	→ 	𝑃"  (12 reg + 2 sing) :

• Kira:  133s

• propagation:

• LINE:  286s

• AMFlow:  1740s

• AMFlow (fully recursive):  222s

• 𝐸𝐵𝑅(𝑠, 𝑡 → 0) 	→ 	𝑃"  (1 sing):

• LINE:  6s

• 𝑃" 	→ 	𝑃#  (18 reg + 4 sing) :

• LINE:  41s 

point: [
  s = 70,
  t = 50,
  m2 = 0
]

check check

2-Loop Box with a Massive Loop (3 Scales)

SM@LHC, 2025-04-07, Durham part III of III ● ● ●



R. M. Prisco, University of Naples & INFN

2-Loop Non-Planar Triangle with a Mass (2 Scales)

point: [
  s = 10,
  m2 = 1
]

point: [
  s = 1,
  m2 = 3
]

𝑠 − 4𝑚! > 0 𝑠 − 4𝑚! < 0

n. MI (std-DE):  16
   n. MI (𝜼-DE):  52

• 𝐴𝑀𝐹! 	→ 	𝑃"  (16 reg + 2 sing) :

• Kira:  28s

• propagation:

• LINE:  210s

• AMFlow:  1200s

• AMFlow (fully recursive):  1500s

• 𝑃" 	→ 	𝑃#  (5 reg + 1 sing) :

• LINE:  4s 

point: [
  s = 1,
  m2 = 0
]

check

SM@LHC, 2025-04-07, Durham part III of III ● ● ●
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2-Loop Non-Planar Boxes with a Mass (3 Scales)

12

3

4
−4m2

s − 4m2

t − m2

u − m2 = − s − t + m2

point: [
  s = 1,
  t = 2,
  m2 = 100
]

point: [
  s = 500,
  t = 150,
  m2 = 100
]

𝑠 − 4𝑚! < 0 𝑠 − 4𝑚! > 0
𝑡 − 𝑚! < 0 𝑡 − 𝑚! > 0

−𝑠 − 𝑡 + 𝑚! > 0 −𝑠 − 𝑡 + 𝑚! < 0

n. MI (std-DE):  55
   n. MI (𝜼-DE):  144

• 𝐴𝑀𝐹! 	→ 	 𝑄"  (31 reg + 2 sing) :

• Kira:  15180s

• propagation:

• LINE:  6600s

• AMFlow:  19740s

• AMFlow (fully recursive):  5040s

• 𝑄" 	→ 	 𝑄#  (26 reg + 6 sing) :

• LINE:  214s 

SM@LHC, 2025-04-07, Durham

check

part III of III ● ● ●
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Scaling of the Performance

SM@LHC, 2025-04-07, Durham

<latexit sha1_base64="Q5/7bnB8HWxCLOk7uFaO8CilRbY="></latexit>

�t ⇠ (#digits)1.5

<latexit sha1_base64="3LkBg2RjFiVpnsof+N7Db8AavSM="></latexit>

�
t⇠

(#
M
Is)

4

AMD Opteron Processor 4386
10 cores, 64Gb RAM

scaling dominated by numerical 
rather than high-level operations

Generation of boundary values with LINE’s 𝐴𝑀𝐹!

part III of III ● ● ●
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Conclusions and Outlook

• LINE solves DEs to compute boundary conditions and propagate loop integrals within a single framework

• interface to Kira for the implementation of the AMFlow method (possible extension to more than two loops)

• automated BCs with EBR (generalization under investigation)

• self-contained evaluation of numerical accuracy (no need for external tools to evaluate integrals)

• open-source and written primarily in C  →  suitable for computations on clusters

• code available at https://github.com/line-git/line

SM@LHC, 2025-04-07, Durham

https://github.com/line-git/line
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Conclusions and Outlook

• LINE solves DEs to compute boundary conditions and propagate loop integrals within a single framework

• interface to Kira for the implementation of the AMFlow method (possible extension to more than two loops)

• automated BCs with EBR (generalization under investigation)

• self-contained evaluation of numerical accuracy (no need for external tools to evaluate integrals)

• open-source and written primarily in C  →  suitable for computations on clusters

• code available at https://github.com/line-git/line
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• higher-loop (> 2)

• performance optimization

• high-level coding structure

• automated generation of unitary cuts

• smart choice of PS propagation path

• AMFlow iterative strategy

• ... and more!

https://github.com/line-git/line
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Conclusions and Outlook

• LINE solves DEs to compute boundary conditions and propagate loop integrals within a single framework

• interface to Kira for the implementation of the AMFlow method (possible extension to more than two loops)

• automated BCs with EBR (generalization under investigation)

• self-contained evaluation of numerical accuracy (no need for external tools to evaluate integrals)

• open-source and written primarily in C  →  suitable for computations on clusters

• code available at https://github.com/line-git/line

SM@LHC, 2025-04-07, Durham

• higher-loop (> 2)

• performance optimization

• high-level coding structure

• automated generation of unitary cuts

• smart choice of PS propagation path

• AMFlow iterative strategy

• ... and more!

https://github.com/line-git/line
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Can we go to 
dinner now?
Can we go to 
dinner now?
Can we get 
tea now?

Standard Model at the LHC 2025
April 7-10, Durham

Image from “Harry Potter and the Philosopher’s Stone” (Warner Bros., 2001).
Used here under fair use for educational and humorous purposes.

Any 
questions?

I shouldn’ta said 
that… I should not 

have said that.



Backup
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Loop Integrals via Differential Equations

• use a starting point where boundary conditions can be obtained

• find DEs along the line connecting the initial and the target point

• solve DEs via series expansion for different numerical values of 𝜺

• interpolate 𝜀 orders

DEs can be used to propagate Feynman integrals across the phase space

R. M. Prisco, University of Naples & INFN SM@LHC, 2025-04-07, Durham

starting point target point
propagation

<latexit sha1_base64="FneLT0j6iIN/HaFu/ekvdgj6G1Y="></latexit>

~I(sf , tf , . . . )
<latexit sha1_base64="QHGActRZILILhzSKqjNPmPP3M1s="></latexit>

~I(si, ti, . . . )

Master Integrals (MIs): set of 
independent Feynman integrals

<latexit sha1_base64="R9Q1LDtEcaGAEBjDTKwkJ2TbzSE="></latexit>

I =
1

✏p

1X

k=0

Ik✏
k

space-time dimension
𝑑 = 4 − 2𝜖

(dimensional regularization)

<latexit sha1_base64="wO1QIAXfaOWKjTFCfzKNoO2Tea4="></latexit>

s(⌘) = si + ⌘(sf � si)

t(⌘) = ti + ⌘(tf � ti)

...
<latexit sha1_base64="+iZsDaraKYGOG+MhCFe+Li9zXfk="></latexit>

@⌘ = (sf � si)@s + (tf � ti)@t + . . .
<latexit sha1_base64="om7XTAx8HDmRVZtwOmD+wP7MVHc="></latexit>

A(⌘) = (sf � si)As + (tf � ti)At + . . .

<latexit sha1_base64="s2+WRtU9p2KqdZUrYWNId5+8W+U="></latexit>

⌘ 2 [0, 1]
line parameter
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Poles and Series Expansion
DEs have poles  →  series expansion within radius of convergence

Cross singular points using:

ansatz around regular points ansatz around regular-singular points

max log power

set of eigenvalues

<latexit sha1_base64="s2+WRtU9p2KqdZUrYWNId5+8W+U="></latexit>

⌘ 2 [0, 1]
line parameter

<latexit sha1_base64="THboPrn9n6MsXZupT/yw2bycWto="></latexit>

Re ⌘

<latexit sha1_base64="xvzJ1yhnvZcrhqB9zQMFdOwHVdE="></latexit>

Im ⌘

Near regular points the solution has a
Taylor expansion:

poles of the DE matrix

regular points

matching points

<latexit sha1_base64="5WyHCTiiHrwE+8DBnPZHzgMJCSg="></latexit>

I(⌘) =
1X

k=0

ck⌘
k

<latexit sha1_base64="a/lWoz/9Y+GD5u8ccDNlVX9iOYA="></latexit>
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𝜀 - dependence

• solve DEs for different numerical values of epsilon

• interpolate epsilon orders

DEs depend on the space-time dimension d = 4 − 2𝜀 (dimensional regularization)

(strategy implemented
in the AMFlow package)

trade two-variate problem for multiple independent 
univariate problems of equal complexity 

(parallelization)

MI0: 2.90441164026269689878103960...e3
MI1: 4.35540146043925901671524332...e3
MI2: 7.25644994136370315072624217...e3
MI3: 1.45102408899755166053045532...e3
MI4: 1.45063139101440792324071813...e3
MI5: 1.45053840930241730004028775...e3
MI6: -1.5499533725585654771242419...e-1

MI5
eps^-2: 0
eps^-1: 9.9999999999999999999999e-1
eps^0:  -1.938704283006374112859e0
eps^1:  2.712629538677921993042e0
eps^2:  -3.230718213168225851725e0
eps^3:  3.549244487845649233171e0
eps^4:  -3.732208990036951965128e0
eps^5:  3.832940123529834150758e0

MI6
eps^-2: 0
eps^-1: 0
eps^0:  -1.55179783617978100156e-1
eps^1:  2.68153011739011483628e-1
eps^2:  -3.62299367768517539729e-1
eps^3:  4.21339386265382316643e-1
eps^4:  -4.57066908219392659241e-1
eps^5:  4.77147594900988835882e-1

𝜀 =
101

146700

𝜀 =
17

24450

MI0: 2.87593175196824945061702911...e3
MI1: 4.31268163190383444307933535...e3
MI2: 7.18525024330887846376219687...e3
MI3: 1.43678414841565105694008735...e3
MI4: 1.4363914550165960790255637...e3
MI5: 1.4362984743558711152632678...e3
MI6: -1.5499351276863830613546647...e-1

...

interpolation

triangle

bubble

<latexit sha1_base64="BW5yzsN4X3EIEAcAV9mOxXUTjUY="></latexit>

A(", ⌘) ! A("1, ⌘), A("2, ⌘), . . .<latexit sha1_base64="dWuYAX2ei+f+xIqRj+NRT7/VgcM="></latexit>
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1X
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~Ik✏
k Laurent expansion
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Block Strategy

Exploit the block lower triangular structure of the DE matrix:

• solve one block at a time (much smaller problem)

• trade homogeneous DE for non-homogeneous ones

After solving 𝑏 − 1 blocks:

known from previous blockssolve non-homogeneous DEs around 
regular-singular points by series expansion

<latexit sha1_base64="BAk3Eq4hWzx9BcjztmnzEPWruTw="></latexit>

@⌘~Ib = Ab,b(⌘)~Ib + ~Yb

<latexit sha1_base64="7BhZKLICi98Ljsvt1xGXvsrUC3Y="></latexit>
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0
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. . .
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1
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Rational Functions

SM@LHC, 2025-04-07, Durham

<latexit sha1_base64="57QBnACrViwe1RREfFBL7Tl80pQ="></latexit>0

BB@

N11(⌘)
D11(⌘)

. . . 0
...

. . .
...

Nn1(⌘)
Dn1(⌘)

. . . Nnn(⌘)
Dnn(⌘)

1

CCA



R. M. Prisco, University of Naples & INFN

Rational Functions

SM@LHC, 2025-04-07, Durham

<latexit sha1_base64="57QBnACrViwe1RREfFBL7Tl80pQ="></latexit>0
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1
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For each denominator:
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Rational Functions

SM@LHC, 2025-04-07, Durham

<latexit sha1_base64="57QBnACrViwe1RREfFBL7Tl80pQ="></latexit>0

BB@

N11(⌘)
D11(⌘)

. . . 0
...

. . .
...

Nn1(⌘)
Dn1(⌘)

. . . Nnn(⌘)
Dnn(⌘)

1

CCA

For each denominator:

• find roots numerically with arbitrary precision
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Rational Functions
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BB@

N11(⌘)
D11(⌘)

. . . 0
...

. . .
...

Nn1(⌘)
Dn1(⌘)

. . . Nnn(⌘)
Dnn(⌘)

1

CCA

For each denominator:

• find roots numerically with arbitrary precision

• updated a list of unique roots
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Rational Functions

SM@LHC, 2025-04-07, Durham

<latexit sha1_base64="57QBnACrViwe1RREfFBL7Tl80pQ="></latexit>0

BB@

N11(⌘)
D11(⌘)

. . . 0
...

. . .
...

Nn1(⌘)
Dn1(⌘)

. . . Nnn(⌘)
Dnn(⌘)

1

CCA

For each denominator:

• find roots numerically with arbitrary precision

• updated a list of unique roots

• assign a label to each root
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• represent each denominator with
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• updated a list of unique roots

• assign a label to each root

• represent each denominator with
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• find roots numerically with arbitrary precision

• updated a list of unique roots

• assign a label to each root

• represent each denominator with
integer labels and multiplicities
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For each denominator:

• find roots numerically with arbitrary precision

• updated a list of unique roots

• assign a label to each root

• represent each denominator with
integer labels and multiplicities
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For each denominator:

• find roots numerically with arbitrary precision

• updated a list of unique roots

• assign a label to each root

• represent each denominator with
integer labels and multiplicities
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1

CCA

<latexit sha1_base64="8+YeIdjtbxY4wEFLfSPmLM2FKDs="></latexit>

0

BB
@

p11(⌘)
⌘(⌘�42)3...0

..

.
..
.

..

.
pn1(⌘)

⌘2(⌘�17)4...
pnn(⌘)

⌘(⌘�42)2(⌘�10)2

1

CC
A

{r0: 2, r1: 2, r2: 4} 

r2

<latexit sha1_base64="3LU7DaTniEzcInDdijO2qhlYo7g="></latexit>0

BB@

N11(⌘)
⌘(⌘�42)3 . . . 0

...
. . .

...
Nn1(⌘)

⌘2(⌘�42)2(⌘�17)4 . . . Nnn(⌘)
Dn1(⌘)

1

CCA

<latexit sha1_base64="iy0IzUzy2CoNhVpZgUbwlSnPPDU="></latexit>

�7408800 ⌘ + 2010960 ⌘2 � 192528 ⌘3 + 7912 ⌘4 � 146 ⌘5 + ⌘6

<latexit sha1_base64="AZ5mbkttMj/n2H0cJsWdE4xNUqY="></latexit>

⌘(⌘ � 42)3(⌘ � 10)2

{0.00000e0, 4.2000e1, 1.70000e1, 1.00000e1} 

{r0: 1, r1: 3, r3: 2} 

r3
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{0.00000e0, 4.2000e1, 1.70000e1, 1.00000e1} 

global list of unique roots
(stored only once and accessed only when necessary)

{r0: 1, r1: 3} 

{r0: 2, r1: 2, r2: 4} {r0: 1, r1: 3, r3: 2} 

<latexit sha1_base64="N/Vn8XcRs9ou9d/NYxSOSLI7CIk="></latexit>...
<latexit sha1_base64="N/Vn8XcRs9ou9d/NYxSOSLI7CIk="></latexit> . . .

<latexit sha1_base64="N/Vn8XcRs9ou9d/NYxSOSLI7CIk="></latexit>...

<latexit sha1_base64="N/Vn8XcRs9ou9d/NYxSOSLI7CIk="></latexit>...

<latexit sha1_base64="N/Vn8XcRs9ou9d/NYxSOSLI7CIk="></latexit>...

<latexit sha1_base64="RtoTv+DvoWDCLbD5w8T7sbEM19k="></latexit>

0
<latexit sha1_base64="8+YeIdjtbxY4wEFLfSPmLM2FKDs="></latexit>0

BB@

p11(⌘)
⌘(⌘�42)3 . . . 0

...
. . .

...
pn1(⌘)

⌘2(⌘�17)4 . . . pnn(⌘)
⌘(⌘�42)2(⌘�10)2

1

CCA

<latexit sha1_base64="8+YeIdjtbxY4wEFLfSPmLM2FKDs="></latexit>

0

BB
@

p11(⌘)
⌘(⌘�42)3...0

..

.
..
.

..

.
pn1(⌘)

⌘2(⌘�17)4...
pnn(⌘)

⌘(⌘�42)2(⌘�10)2

1

CC
A

Rational Functions

SM@LHC, 2025-04-07, Durham

<latexit sha1_base64="5CzzX8IFC9pwFDQklv8z8sIJdTQ="></latexit>0

BB@

N11(⌘)
⌘(⌘�42)3 . . . 0

...
. . .

...
Nn1(⌘)

⌘2(⌘�42)2(⌘�17)4 . . . Nnn(⌘)
⌘(⌘�42)3(⌘�10)2

1

CCA

For each denominator:

• find roots numerically with arbitrary precision

• updated a list of unique roots

• assign a label to each root

• represent each denominator with
integer labels and multiplicities

fast computation of polynomial LCM, shifts, simplifications
(only deal with small integers)

r0 r1 r2 r3
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Analytic Continuation – Fixed Masses
The correct branch-cut in the 𝜂-plane is mapped to 𝑧 > 0

<latexit sha1_base64="THboPrn9n6MsXZupT/yw2bycWto="></latexit>

Re ⌘

<latexit sha1_base64="xvzJ1yhnvZcrhqB9zQMFdOwHVdE="></latexit>

Im ⌘

<latexit sha1_base64="qi8NRRe65WQd/rKmg+HBCdezr78="></latexit>

z : ⌘ ! z(⌘)

𝜂$ 𝜂%

𝑧%

<latexit sha1_base64="IXOkOQFwqFTjvu42jE90hqZWu7w="></latexit>

Im z

<latexit sha1_base64="kQWskj5inw2r9fvAZm+iFAxZOWI="></latexit>

Re z

𝑧$

If cut masses are fixed, the map is linear and there are no complications

𝑅

SM@LHC, 2025-04-07, Durham
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Analytic Continuation – Real Fixed Masses

<latexit sha1_base64="THboPrn9n6MsXZupT/yw2bycWto="></latexit>

Re ⌘

<latexit sha1_base64="xvzJ1yhnvZcrhqB9zQMFdOwHVdE="></latexit>

Im ⌘

<latexit sha1_base64="qi8NRRe65WQd/rKmg+HBCdezr78="></latexit>

z : ⌘ ! z(⌘)

𝜂$ 𝜂% 𝑧%

<latexit sha1_base64="IXOkOQFwqFTjvu42jE90hqZWu7w="></latexit>

Im z

<latexit sha1_base64="kQWskj5inw2r9fvAZm+iFAxZOWI="></latexit>

Re z

𝑧$

𝑅

<latexit sha1_base64="THboPrn9n6MsXZupT/yw2bycWto="></latexit>

Re ⌘

<latexit sha1_base64="xvzJ1yhnvZcrhqB9zQMFdOwHVdE="></latexit>

Im ⌘

<latexit sha1_base64="qi8NRRe65WQd/rKmg+HBCdezr78="></latexit>

z : ⌘ ! z(⌘)

𝜂$ 𝜂% 𝑧%

<latexit sha1_base64="IXOkOQFwqFTjvu42jE90hqZWu7w="></latexit>

Im z

<latexit sha1_base64="kQWskj5inw2r9fvAZm+iFAxZOWI="></latexit>

Re z

𝑧$

𝑅

<latexit sha1_base64="nh9u20lI+0uoGfQ0aaSTJmIEinY="></latexit>

log(⌘i) = log(|⌘i|) + i⇡

+ 2⇡ni

<latexit sha1_base64="TKmGHsUDGqNjyn9nTawuIS84AJo="></latexit>

log(⌘i) = log(|⌘i|)� i⇡

+ 2⇡ni

<latexit sha1_base64="lHNl11/UMc7AA+sm1t8OYB12KSI="></latexit>

log(⌘f ) = log(|⌘f |) + 0

+ 2⇡ni

<latexit sha1_base64="lHNl11/UMc7AA+sm1t8OYB12KSI="></latexit>

log(⌘f ) = log(|⌘f |) + 0

+ 2⇡ni

<latexit sha1_base64="BK5l1LSzhfxmh/ihpfqlbl7pZ9w="></latexit>

n 2 Z

SM@LHC, 2025-04-07, Durham

<latexit sha1_base64="qi8NRRe65WQd/rKmg+HBCdezr78="></latexit>

z : ⌘ ! z(⌘)

preserves rotations
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Analytic Continuation – General Case 

Varying linear masses instead:

BUT when squared masses are linearly varied branch cuts in the 𝜂-plane can get complicated shapes!

<latexit sha1_base64="W8sBSzuQY+Iat9U1hRYZjHZjBfw="></latexit>

z(⌘) = c1s1(⌘) + c2s2(⌘) + · · ·

� [c01 (m1,i + ⌘(m1,f �m1,i)) + c02 (m2,i + ⌘(m2,f �m2,i)) + · · · ]2

<latexit sha1_base64="/40TmXeLDBAVz0JtdfLeeEyzrYk="></latexit>

z(⌘) = c1s1(⌘) + c2s2(⌘) + · · ·

�
h
c01

q
m2

1,i + ⌘(m2
1,f �m2

1,i) + c02

q
m2

2,i + ⌘(m2
2,f �m2

2,i) + · · ·
i2

the map is quadratic  →	much easier to handle
<latexit sha1_base64="46qfC54pU3ncmSxrNHW/nXMeciE="></latexit>

m1(⌘) = m1,i + ⌘(m1,f �m1,i)

m2(⌘) = m2,i + ⌘(m2,f �m1,i)

...

<latexit sha1_base64="N5tjNrcrX7bdj5xcPoeaZMCNANI="></latexit>

m2
1(⌘) = m2

1,i + ⌘(m2
1,f �m2

1,i)

m2
2(⌘) = m2

2,i + ⌘(m2
2,f �m2

1,i)

...

SM@LHC, 2025-04-07, Durham
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Analytic Continuation – General Case

<latexit sha1_base64="THboPrn9n6MsXZupT/yw2bycWto="></latexit>

Re ⌘

<latexit sha1_base64="xvzJ1yhnvZcrhqB9zQMFdOwHVdE="></latexit>

Im ⌘

<latexit sha1_base64="qi8NRRe65WQd/rKmg+HBCdezr78="></latexit>

z : ⌘ ! z(⌘)

𝜂$ 𝜂%

𝑧$

<latexit sha1_base64="IXOkOQFwqFTjvu42jE90hqZWu7w="></latexit>

Im z

<latexit sha1_base64="kQWskj5inw2r9fvAZm+iFAxZOWI="></latexit>

Re z

𝑧%

𝑧$

<latexit sha1_base64="IXOkOQFwqFTjvu42jE90hqZWu7w="></latexit>

Im z

<latexit sha1_base64="kQWskj5inw2r9fvAZm+iFAxZOWI="></latexit>

Re z

𝑧%

𝜑$

𝜑$

𝜑%

𝜑%

𝜑$ < 𝜑%

𝜑$ > 𝜑%
<latexit sha1_base64="THboPrn9n6MsXZupT/yw2bycWto="></latexit>

Re ⌘

<latexit sha1_base64="xvzJ1yhnvZcrhqB9zQMFdOwHVdE="></latexit>

Im ⌘

𝜂$ 𝜂%

𝑅

𝑅

Only need to know whether 
the branch cut is in the

upper or lower half-plane!

<latexit sha1_base64="qi8NRRe65WQd/rKmg+HBCdezr78="></latexit>

z : ⌘ ! z(⌘)

Is the branch cut, say,
in the lower half-plane?

the branch cut is crossed 
  

𝑧 crosses the positive real axis
  

𝜑$ > 𝜑%

Imagine to rotate 𝜂
counter-clockwise from 𝜂$  to 𝜂%:

⇔
⇔

<latexit sha1_base64="nh9u20lI+0uoGfQ0aaSTJmIEinY="></latexit>

log(⌘i) = log(|⌘i|) + i⇡

+ 2⇡ni

<latexit sha1_base64="TKmGHsUDGqNjyn9nTawuIS84AJo="></latexit>

log(⌘i) = log(|⌘i|)� i⇡

+ 2⇡ni

<latexit sha1_base64="lHNl11/UMc7AA+sm1t8OYB12KSI="></latexit>

log(⌘f ) = log(|⌘f |) + 0

+ 2⇡ni

<latexit sha1_base64="lHNl11/UMc7AA+sm1t8OYB12KSI="></latexit>

log(⌘f ) = log(|⌘f |) + 0

+ 2⇡ni

<latexit sha1_base64="BK5l1LSzhfxmh/ihpfqlbl7pZ9w="></latexit>

n 2 Z

SM@LHC, 2025-04-07, Durham
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The Auxiliary Mass Flow Method

• insert an auxiliary squared mass 𝜂 in all denominators

(the number of MIs increases)

• find DEs w.r.t. 𝜂 (interface to Kira to get IBPs)

• compute boundaries for 𝜂	 → ∞
(neglect kinematics, vacuum integrals)

• propagate from 𝜂	 → ∞ to 𝜂	 → 0
in the lower complex half-plane
(Feynman prescription is preserved)

𝐴𝑀𝐹! 	≡   the AMFlow method as implmented in LINE

<latexit sha1_base64="n+5RSKLurZaxvcm20p42/HEDJKA="></latexit>

q2 �m2 + i0 �! q2 �m2 � ⌘ + i0

ü verify internal consistency
(no external tools for integral evaluation)

ü estimate error

iη

s

t

pi

pf

DEi

DEm

z1(s, t, m) = 0

phase space

z2(s, t, m) = 0

p′ i

DE′ i

works up to two loops
(planned extension to higher-loop)
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The Auxiliary Mass Flow Method

analytic formulas for vacuum integrals only up to two loops

• compute boundaries for 𝜂	 → ∞
(neglect kinematics, vacuum integrals)

higher-loop  (outlook)

AMFlow iterative strategy:
• introduce 𝜂 in fewer demoniators
• push 𝜂	 → ∞
• express boundaries in terms of simpler integrals (fewer loops)
• introduce 𝜂 again in the simpler integrals
• ...

no need for
higher-loop vacuum integrals!

fewer MIs (w.r.t. all-propagator mode)

SM@LHC, 2025-04-07, Durham



R. M. Prisco, University of Naples & INFN

Boundary Conditions via Expansion by Regions
1-loop massive bubble in the limit of vanishing kinematics  →  only tadpole is needed

𝑠 → 0 know regular
contribution

<latexit sha1_base64="bvTALx0wltSMg0PXudBZfSqB23k="></latexit>

@⌘B(⌘) =
fB,B(⌘)

⌘
B(⌘) +

fB,A(⌘)

⌘
A can be obtained from the DE

DE for the bubble regular

must be 
regular

<latexit sha1_base64="p6SANjryGzTxvbMMEYVZQoO0S6c="></latexit>

B(0) = �fB,A(0)

fB,B(0)
A

<latexit sha1_base64="1AKUAdN7KFXTSf1S8WoojPGWwS4="></latexit>

A = �m2(1�")�("� 1)

<latexit sha1_base64="Xu0nQnpBBZdbxiXT4+623m7KAaY="></latexit>

m�2"("� 1)�("� 1) = � ("� 1)

m2
A

<latexit sha1_base64="lFxe0GWm/iY8C8MNmjY0Dr4VSFU="></latexit>s / ⌘

<latexit sha1_base64="03QsTT1F3/rKSi59rvSSBO18BOE="></latexit>

0 =
fB,B(0)

⌘
B(0) +

fB,A(0)

⌘
A

SM@LHC, 2025-04-07, Durham
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1-loop massless box in the limit 𝑢 → 0: only the bubble is needed

𝑢 → 0

<latexit sha1_base64="bvTALx0wltSMg0PXudBZfSqB23k="></latexit>

@⌘B(⌘) =
fB,B(⌘)

⌘
B(⌘) +

fB,A(⌘)

⌘
A

DE for the box regular

must be 
regular

<latexit sha1_base64="p6SANjryGzTxvbMMEYVZQoO0S6c="></latexit>

B(0) = �fB,A(0)

fB,B(0)
A

<latexit sha1_base64="03QsTT1F3/rKSi59rvSSBO18BOE="></latexit>

0 =
fB,B(0)

⌘
B(0) +

fB,A(0)

⌘
A

<latexit sha1_base64="x65AITqzuEf3s7zCDZHQ3pH4rzM="></latexit>

regular

<latexit sha1_base64="vMBacPaBdUEGUcQfEpDXPj8bpdU="></latexit>u / ⌘

𝑠- and 𝑡-chunnel bubbles
(subsectors)

𝑢 = 0	 ⟺ 	𝑠 = −𝑡	

Boundary Conditions via Expansion by Regions

SM@LHC, 2025-04-07, Durham
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The implementation is even simpler

<latexit sha1_base64="0YobvE25tvCEG+P4+X0FYR/CT2E="></latexit>

B(⌘) = cH(⌘) + P (⌘)

general solution

solution of the 
homogeneous

particular 
solution

<latexit sha1_base64="P+Gw1umkdFd76qTjn3QPZ6yg3CA="></latexit>

regular

only 𝑐 = 0 is allowed
to have a regular solution

keep just the
particular solution

<latexit sha1_base64="d4kT2JOrq9SENOO0T39PK+BtGo4="></latexit>

B(⌘) = P (⌘)

the DE automatically selects, as particular 
solution, the unique regular solution

<latexit sha1_base64="YJ23x8eYe80zLDY5ngWctYU8+e0="></latexit>

⌘�1/2 ⇥ regular

Boundary Conditions via Expansion by Regions

SM@LHC, 2025-04-07, Durham
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Analogous for triangle and box

𝑠, 𝑡 → 0

𝑠 → 0

<latexit sha1_base64="tFaFFFcPj1VRrspauWXp1Vo3SQo="></latexit>

�m�2(1+") "

2
("� 1)�("� 1) =

"("� 1)

2m4
A

<latexit sha1_base64="6gkJyFSebAo2okxaYlYBh0SbL54="></latexit>

m�2(2+") "

6
("2 � 1)�("� 1) = �"("2 � 1)

6m6
A

implementation: keep just the particular solution

Boundary Conditions via Expansion by Regions
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A more involved example

loop momenta can be:

• small (S)  →  𝑘$ ≪ 𝑚
• large  (L)  →  𝑘$ 	~	𝑚

multiple regions for vanishing external kinematics:

𝑘" 𝑘# 𝑘" + 𝑘#

S S S scaleless = 0

S L L

L S L scaleless = 0

L L S scaleless = 0

L L L

<latexit sha1_base64="xbdp+v1XUsFHGh3h33HLCLadlDg="></latexit>

�m2

(k + p)2 �m2

k2 �m2

S

L

<latexit sha1_base64="vluVA/zMWz2id969dXniOV1v6pE="></latexit>

(k + p)2

(k + p)2

k2

S

L

simple rules for propagators 
not need to know 
their expression!

only need the exponent of the regions 

<latexit sha1_base64="xH7SsnbrwhxqtHyzj6vLDQ+614k="></latexit>

⌘�"�1 ⇥ regular

<latexit sha1_base64="P+Gw1umkdFd76qTjn3QPZ6yg3CA="></latexit>

regular

×

Boundary Conditions via Expansion by Regions

SM@LHC, 2025-04-07, Durham
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<latexit sha1_base64="xH7SsnbrwhxqtHyzj6vLDQ+614k="></latexit>

⌘�"�1 ⇥ regular
<latexit sha1_base64="P+Gw1umkdFd76qTjn3QPZ6yg3CA="></latexit>

regular

𝑠, 𝑡 → 0
+

Solve in a Fuchsian basis, then transform back

behaviour predicted by 
expansion by regions

linear relations
among coefficients

impose cancellation of 
unwanted power behaviours

only 1-loop tadpole and 
massless bubble needed 

for 32 MIs

<latexit sha1_base64="czIQFJiQq7j5r6CDBFwE6f1he3g="></latexit>

~I(⌘) = c1⌘
�1�n1~h1(⌘) + c2⌘

�2�n2~h2(⌘) + · · ·+ ~p(⌘)

×

∀𝜺

<latexit sha1_base64="Jkqc+mI7XmjHxqAFXSXVpTNY/34="></latexit>

s, t / ⌘
<latexit sha1_base64="0n+0+1Sv6lJTMg7mCKtiFTrGOeg="></latexit>

�i 2 [0, 1[ , ni 2 Z

Boundary Conditions via Expansion by Regions

SM@LHC, 2025-04-07, Durham
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1-Loop Triangle with Internal and External Masses

common/
├── vars.txt
├── 0.txt
├── 1.txt
├── 2.txt
├── 3.txt
├── 4.txt
├── 5.txt
├── branch_cuts.txt
├── initial_point.txt
├── bound_behav.txt
└── bound_build.txt

common files written once per topology

input card written for a specific run

list of variables: 
𝑝'(, 𝑝((, 𝑠,𝑚'

(, 𝑚(
(, 𝑚)

(

DE matrices
(one file per variable)

singular point where 
automated BCs are generated

Expansion by Region exponents
(all MIs are regular)

first three MIs are tadpoles

tot-branch: 3
massless-branch: 0
branches: [
  s-(m1+m3)^2,
  p12-(m1+m2)^2,
  p22-(m2+m3)^2
]

point: [
  s = 0,
  p12 = 0,
  p22 = 0,
  m12 = 100,
  m22 = 100,
  m32 = 100
]

list of branch cuts

order: 5
precision: 16
point: [
  p12 = 1,
  p22 = 2,
  s = 3,
  m12 = 100,
  m22 = 100,
  m32 = 100
]
exit-sing: 1
gen-bound: 1

start from designated 
singular point

epsilon orders

automated BC generation

target point

precision digits

SM@LHC, 2025-04-07, Durham
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1-Loop Triangle with 6 Scales

point: [
  s = 50,
  m12 = 5,
  m22 = 7,
  m32 = 10,
  p12 = 2,
  p22 = -1/3
]

point: [
  s = 1,
  m12 = 10,
  m22 = 10,
  m32 = 10,
  p12 = 2,
  p22 = -1/3
]

point: [
  s = 1,
  m12 = (1 -1),
  m22 = (8/3 -2),
  m32 = (17 —1/4),
  p12 = 2,
  p22 = -1/3
]

point: [
  s = -1,
  m12 = 0,
  m22 = 0,
  m32 = 0,
  p12 = 0,
  p22 = 0
]

𝑠 − 𝑚" +𝑚!
! > 0 𝑠 − 𝑚" +𝑚!

! < 0

n. MI (std-DE):  7
   n. MI (𝜼-DE):  7

checkcheck check

fully general
1-loop 3-point function

at all orders in 𝜀

SM@LHC, 2025-04-07, Durham
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2-Loop Box with a Massive Loop (3 Scales)

common/
├── vars.txt
├── 0.txt
├── 1.txt
├── 2.txt
├── branch_cuts.txt
├── initial_point.txt
├── bound_behav.txt
└── bound_build.txt

common files written once per topology

input card written for a specific run

list of variables: 
𝑠, 𝑡,𝑚(

DE matrices
singular point where 

automated BC are obtained

Expansion by Region exponents

• 1st  MI: tadpole squared
• 2nd MI: tadpole times massless bubble

tot-branch: 3
massless-branch: 1
branches: [
  s,
  s-4*m^2,
  t-4*m^2
]

point: [
  s = 0,
  t = 0,
  m2 = 100
]

list of branch cuts

order: 5
precision: 16
point: [
  s = 1,
  t = 2,
  m2 = 100
]
exit-sing: 1
gen-bound: 1

start from designated 
singular point

epsilon orders

automated BC generation

target point

precision digits
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2-Loop Box with a Massive Loop (3 Scales)

point: [
  s = 1,
  t = 2,
  m2 = 0
]

2-loop massless box +
auxiliary complex mass

AMFlow method

set mass to zero

consistency check

point: [
  s = 1,
  t = 2,
  m2 = 100
]
exit-sing: 1
gen-bound: 1

point: [
  s = -63845/42,
  t = 1000/11,
  m2 = 100
]

point: [
  s = 0,
  t = 0,
  m2 = 100
]

propagation (62 points, 6 singular)exit sing 

automated BCs

eps^-4: ( 1.99999999999999999999e0  0)
eps^-3: (-4.04173061100599471596e0  1.2566370614359172953850e1)
eps^-2: (-4.80017813430623982064e1 -2.5394942390650838649408e1)
eps^-1: ( 8.49867968066772722159e1 -1.3623727829157781665685e2)
eps^0:  ( 3.26014478920306694359e2  1.9980374608773398854703e2)
eps^1:  (-3.50131009688149645139e2  6.9082665812695745267367e2)
eps^2:  (-1.30570996617440817401e3 -4.5016326405271473861717e2)
eps^3:  ( 4.64858444341396437150e2 -2.1952002572148880782472e3)
eps^4:  ( 4.18326032401506109826e3  6.1002504659800610703251e2)
eps^5:  ( 2.49738615453061981760e3  1.0042259081313034038928e4)
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2-Loop Massless Box with AMFlow Method

common/
├── ...
├── ...
├── ...
├── topology.txt
└── MIs.txt

two additional common files:

MI[0, 1, 0, 1, 0, 1, 0, 0, 0]
MI[1, 0, 0, 0, 0, 1, 1, 0, 0]
MI[0, 1, 1, 1, 1, 0, 0, 0, 0]
MI[1, 0, 0, 1, 1, 1, 0, 0, 0]
MI[1, 1, 1, 0, 0, 1, 1, 0, 0]
MI[1, 1, 0, 1, 0, 1, 1, 0, 0]
MI[1, 1, 1, 1, 1, 1, 1, -1, 0]
MI[1, 1, 1, 1, 1, 1, 1, 0, 0]

list of master integrals
(for eta-less propagation)

external-momenta: [p1, p2, p3, p4,]
momentum-conservation: [p4, -p1-p2-p3]
masses: []
loop-momenta: [k1, k2,]
isp: 2
propagators: [
  [k1, 0],
  [k1-p1, 0],
  [k1+p2, 0],
  [k2-p2, 0],
  [k2+p1, 0],
  [k1+k2, 0],
  [k2-p2-p3, 0],
  [k2, 0 ],
  [k1 + p3, 0]
]
kinematic-invariants: [s, t]
squared-momenta: [
  [p1, 0],
  [p2, 0],
  [p3, 0],
  [p1+p2, s],
  [p2+p3, t],
  [p1+p3, -s-t]
]

needed for interface to Kira

(or just one target integral)

order: 5
precision: 16
point: [
       s = 1,
       t = 2,
]
exit-sing: -1

input card:

use AMFlow 
method
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8 digits 16 digits 32 digits

133s 133s 133s

158s 286s 762s

1121s 1740s 2827s

4s 6s 22s

23s 41s 101s

R. M. Prisco, University of Naples & INFN

n. MI (std-DE):  32
   n. MI (𝜼-DE):  68

• 𝐴𝑀𝐹! 	→ 	𝑃"  (12 reg + 2 sing) :

• Kira:

• propagation:

• LINE:

• AMFlow:

• 𝐸𝐵𝑅(𝑠, 𝑡 → 0) 	→ 	𝑃"  (1 sing):

• LINE:

• 𝑃" 	→ 	𝑃#  (18 reg + 4 sing) :

• LINE:

2-Loop Box with a Massive Loop (3 Scales)

SM@LHC, 2025-04-07, Durham



8 digits 16 digits 32 digits

28s 28s 28s

102s 210s 531s

1087s 1200s 1597s

2s 4s 8.5s

R. M. Prisco, University of Naples & INFN

n. MI (std-DE):  16
   n. MI (𝜼-DE):  52

• 𝐴𝑀𝐹! 	→ 	𝑃"  (16 reg + 2 sing) :

• Kira:

• propagation:

• LINE:

• AMFlow:

• 𝑃" 	→ 	𝑃#  (5 reg + 1 sing) :

• LINE:

2-Loop Non-Planar Triangle with a Mass (2 Scales)
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2-Loop Non-Planar Boxes with a Mass (3 Scales)

12

3

4
−4m2

s − 4m2

t − 9m2

s

u − 9m2 = − s − t − 7m2

point: [
  s = 2,
  t = 8,
  m2 = 1
]

point: [
  s = 2,
  t = 10,
  m2 = 1
]

point: [
  s = -3,
  t = -5,
  m2 = 1
]

point: [
  s = -1,
  t = -3,
  m2 = 1
]

𝑡 − 9𝑚! < 0 𝑡 − 9𝑚! > 0 −𝑠 − 𝑡 − 7𝑚! > 0 −𝑠 − 𝑡 − 7𝑚! < 0

check checkcheck

point: [
  s = 3,
  t = 2,
  m2 = 1
]

point: [
  s = 5,
  t = 2,
  m2 = 1
]

𝑠 − 4𝑚! < 0 𝑠 − 4𝑚! > 0

n. MI (std-DE):  54
   n. MI (𝜼-DE):  89
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2-Loop Non-Planar Boxes with a Mass (3 Scales)

12

3

4
−4m2

s − 4m2

t − m2

u − m2 = − s − t + m2

n. MI (std-DE):  55
   n. MI (𝜼-DE):  144

8 digits 16 digits 32 digits

15180s 15180s 15180s

3066s 6600s 14350s

108s 214s 498s

• 𝐴𝑀𝐹! 	→ 	 𝑄"  (31 reg + 2 sing) :

• Kira:

• propagation:

• LINE:

• AMFlow (fully recursive):

• 𝑄" 	→ 	 𝑄#  (26 reg + 6 sing) :

• LINE:
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Higher-Loop (> 2)

• phase-space propagation (with external BCs): already there in principle

• automated BCs with EBR (#loops ≥ 2): generalization under investigation

• LINE implementation of AMFlow method:
 
 analytic formulas for vacuum integrals only up to two loops

 implementation of the AMFlow iterative strategy planned

SM@LHC, 2025-04-07, Durham



Jordan Normal Form
Not all 𝑁×𝑁 matrices are diagonalizable  à  defective matrices: fewer than N eigenvectors

<latexit sha1_base64="7I6RkZnJ3yb+dTknSGZ0zY9aHz4="></latexit>

A0
0 =

0

BBBBBBBBBBBB@

�1 1 0 0 0 0 0 0 0
0 �1 0 0 0 0 0 0 0
0 0 �1 1 0 0 0 0 0
0 0 0 �1 1 0 0 0 0
0 0 0 0 �1 1 0 0 0
0 0 0 0 0 �1 0 0 0
0 0 0 0 0 0 �2 1 0
0 0 0 0 0 0 0 �2 1
0 0 0 0 0 0 0 0 �2

1

CCCCCCCCCCCCA

Jordan blocks

heads of the chains

Jordan chain:
<latexit sha1_base64="fkxvsGtCHbfKTk2ddpgcvApJj5o="></latexit>

A0
0 ~v1 = �~v1

<latexit sha1_base64="/rSFyMY5/GiDiiSKEKvNLAF5NCg="></latexit>

A0
0~vi = �~vi + ~vi�1

<latexit sha1_base64="L0sC40p0pOTcdVGlEEOM6wNUa0o="></latexit>

i = 2, . . . , L

head of the chain
(eigenvector)

generalized eigenvectors

<latexit sha1_base64="2IVX1GnRFz9HpgmntLDEXZY9BHE="></latexit>

�1
?
= �2

it depends on the precision!

ill-defined numerical problem:
the structure of the output is affected by the round-off error!

𝜆": g.m. = 2,  a.m. = 6

defective eigenvalues:    g.m. ≠ a.m.

𝜆#: g.m. = 1,  a.m. = 3

Jordan normal form:
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