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Plan for the lectures

• Basics of collider physics

• Basics of QCD

• DIS and the Parton Model

• Higher order corrections 

• Asymptotic freedom

• QCD improved parton model


• State-of-the-art computations for the LHC

• Monte Carlo generators

• Higgs phenomenology

• Top phenomenology

• Searching for New Physics: EFT
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Basics of collider physics

Goals of collider physics: 

Test theoretical predictions: Standard Model and New 
Physics

Hopefully find the unexpected!
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Collider physics
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Theory

Experiment

Interpretation

Need good control of every step
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Historical perspective
Why bother? Because it works! 
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Collider When Collisions Energy Main Impact

SPS-CERN 1981-1984 pp 600 GeV W/Z bosons

Tevatron 1983-2011 p-anti p 2 TeV Top quark

LEP-CERN 1989-2000 e+e- 210 GeV Precision EW

HERA-DESY 1992-2007 ep 320 GeV QCD/PDFs

BELLE 1999-2010 e+e- 10 GeV Flavour physics

LHC 2009-Today pp 7/8/13/13.6 
TeV Higgs…
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Future of collider physics?
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Collider reach

Fixed target experiment: 

Collider experiment: 
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A + B → X M2
X = (p1 + p2)2

p1 ≃ (E,0,0,E)
p2 = (m,0,0,0)

MX ≃ 2mE

p2 ≃ (E,0,0, − E)
MX ≃ 2E

p1 ≃ (E,0,0,E)
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THE REACH OF COLLIDER FACILITIES

- linear    law: no energy loss  
- less dense bunches: small collision rates
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production in 2-particle collisions:
fixed target: before after

root increase in M

- root    law: large energy loss in  
- dense target: large collision rate / luminosity
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collider target: before after
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collider target: before after

Better energy scaling for collider experiment


Note: fixed target can benefit from dense target
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Collider aspects

Luminosity: rate of particles in colliding bunches


Circular vs linear: circular colliders are compact, but suffer from synchrotron radiation


Lepton vs Hadron: Lepton colliders, all energy available in the collision

Hadron colliders, energy available determined by PDFs but can generally reach higher energies

8

ℒ =
N1N2 f

A

L = 300 fb−1

Ni

A
f

number of particles in bunches

bunch collision rate

transverse bunch area

Number of events for process with cross-section : σ Lσ
LHC luminosity Run II

Integrated Luminosity: L = ∫ ℒdt

HL-LHC luminosity L = 3000 fb−1
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LHC: a hadron collider

9Now
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LHC status

10

Rediscovering the SM Searching for the unknown

Good agreement with the SM



Ken Mimasu STFC HEP school 2025

LHC physics

No sign of new physics! Searches for deviations continue


New Physics can be: 

Weakly coupled: Small rates means that more Luminosity can help


Exotic: Need new ways to search for it, going beyond standard 
searches or even beyond high-energy colliders


Heavy: Not enough energy to produce it

Need indirect searches: SMEFT

11
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What is next for LHC physics 

• New Physics is hiding well! 

• Need to probe small deviations from the Standard Model using very 

precise predictions. 

• Precise predictions are needed for both the SM and BSM.

12

In this course we will study the ingredients which enter in 
theoretical predictions and interpretations of LHC data! 
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How to compute cross-sections for the LHC?

13

pp

µFµF
x1E x2E

`+ `�

long distance

long distance

Phase-space integral Parton density functions Parton-level cross section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b
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Phase-space integral Parton density functions Parton-level cross section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

Universal:

~Probabilities of finding 
given parton with given 
momentum in proton

Extracted from data

Important 
aspect of a 
Monte Carlo 
generator

Subject of huge efforts in 
the LHC theory community 
to systematically improve 
this

Master formula for LHC physics

We will study this formula in detail this week
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From the hard scattering to events

15

p

Fabio MaltoniFabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni14

pp

µFµF
x1E x2E

`+ `�

long distance

long distance

Phase-space 
integral

Parton density 
functions

Parton-level cross 
section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

Master formula for the LHC

p

Ideally Artist’s impression of reality Reality
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An LHC event

16

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) Fabio Maltoni

1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53

We will discuss all of these!
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QCD…

LHC is a proton-proton collider: 

• colliding particles are proton constituents which are coloured particles


QCD plays a crucial role in what we eventually observe in the detectors


Why is QCD “special”? Let’s compare it to what we know best: QED

17
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From QED to QCD
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2 e+e− Annihilation

While electron-positron colliders are less relevat for current phenomenology than they
were before, they are a good starting oint to discuss many concepts one also finds at
hadron colliders.

If we consider what happens when electrons and positrons collide, then the most likely
thing is that some hadrons are produced. However, none of the Lagrangians or Feynman
rules you’ve learnt involve hadrons. This is the key issue in most collider physics, we can
calculate things for quarks and gluons but we observe hadrons.

2.1 Leading Order

We will start by studying one of the simplest possible processes, e+e− annihilation via the
exchange of a photon or Z0 boson, as shown in Fig. 1. This process can produce either

e+

e−

ℓ+, ν̄

ℓ−, ν

γ/Z0 e+

e−

q

q̄

γ/Z0

Figure 1: Feynman diagrams for e+e− annihilation into leptons and quarks.

quarks or leptons. Unfortunately due to quark confinement we cannot observe free quarks
directly, instead quarks and antiquarks will produce hadrons with unit probability. Much
of what we will study in this course will be concerned with the question, given that we
observe hadrons how do we infer what was going on in the fundamental process involving
quarks?

We will start with the simplest example. Given that quarks and antiquarks produce
hadrons with unit probability we can measure the cross section for the process e+e− → qq̄,
which we can calculate perturbatively, by measuring the cross section for e+e− → hadrons.
This is the case because gluons (which also produce hadrons) do not couple directly to
the leptons. This is the basis of most collider phenomenology, we want to measure things
using hadrons that we can calculate using partons. The total cross section for e+e−

annihilation into hadrons is the simplest such observable.
Using the techniques you have learnt in the other courses you can now calculate the

total cross section for e+e− annihilation. In reality it is more common to study the ratio

R ≡
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
, (1)

as this reduces experimental uncertainties. At low energies this process is dominated by
photon exchange so we can neglect the Z0 boson. In this limit

σ(e+e− → µ+µ−) =
4πα2

3s
, (2)

vs

¯
∑ |M |2 =

2e4

s2
[t2 + u2]

Let’s compute the matrix element for: 
Summing and averaging: 

Try this out!

s = (pe+ + pe−)2 t = (pe+ − pμ+)2 = −
s
2

(1 − cos θ)

u = (pe+ − pμ−)2 = −
s
2

(1 + cos θ)

Mandelstam variables:

s + t + u = 0
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γ

Prof. M.A. Thomson Michaelmas 2009 494

! And the Matrix elements become 

! In the limit where initial and final state particle mass can be neglected:   

etc.

(page 31)
! Giving:  

-1 +1cos!

! Because                                                        , the 
differential cross section is asymmetric, i.e. parity
violation (although not maximal as was the case
for the W boson).

"–

e+
e–

"#

Cross section with unpolarized beams

Prof. M.A. Thomson Michaelmas 2009 495

!To calculate the total cross section need to sum over all matrix elements and
average over the initial spin states.  Here, assuming unpolarized beams (i.e. both
e+ and both e- spin states equally likely) there a four combinations of 
initial electron/positron spins, so

!The part of the expression  {…} can be rearranged:

(1)

andand using 

Why?
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From QED to QCD
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σe+e−→μ+μ− =
4πα2

3s

¯
∑ |M |2 =

2e4

s2
[t2 + u2]

dΩ = dϕ dcosθ

2-body phase-space+Momentum conservation
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as this reduces experimental uncertainties. At low energies this process is dominated by
photon exchange so we can neglect the Z0 boson. In this limit

σ(e+e− → µ+µ−) =
4πα2

3s
, (2)

γ

dσ
dΩ

=
1

64π2s
¯

∑ |M |2

¯
∑ |M |2 ∝ (1 + cos2θ)

Cross-section: 

Try this out!
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Fabio MaltoniFabio MaltoniGGI Florence - 2017

How many colors?

Γ ∼ N2

c

[

Q2

u − Q2

d

]2 m3
π

f2
π

�EXP = 7.7± 0.6 eV

�TH =

✓
Nc

3

◆2

7.6 eV

R =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
∼ Nc

X

q

e2q

= 2(Nc/3) q = u, d, s

= 3.7(Nc/3) q = u, d, s, c, b
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quarks or leptons. Unfortunately due to quark confinement we cannot observe free quarks
directly, instead quarks and antiquarks will produce hadrons with unit probability. Much
of what we will study in this course will be concerned with the question, given that we
observe hadrons how do we infer what was going on in the fundamental process involving
quarks?

We will start with the simplest example. Given that quarks and antiquarks produce
hadrons with unit probability we can measure the cross section for the process e+e− → qq̄,
which we can calculate perturbatively, by measuring the cross section for e+e− → hadrons.
This is the case because gluons (which also produce hadrons) do not couple directly to
the leptons. This is the basis of most collider phenomenology, we want to measure things
using hadrons that we can calculate using partons. The total cross section for e+e−

annihilation into hadrons is the simplest such observable.
Using the techniques you have learnt in the other courses you can now calculate the

total cross section for e+e− annihilation. In reality it is more common to study the ratio

R ≡
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
, (1)

as this reduces experimental uncertainties. At low energies this process is dominated by
photon exchange so we can neglect the Z0 boson. In this limit

σ(e+e− → µ+µ−) =
4πα2

3s
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Difference due to colour!!! 


Quark—anti-pair can be one of 
rr̄, gḡ, bb̄

Experimental evidence for colour!
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Why did we pick ?μ+μ−
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How many colors?

Γ ∼ N2

c

[

Q2
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d

]2 m3
π

f2
π

�EXP = 7.7± 0.6 eV

�TH =

✓
Nc

3

◆2

7.6 eV

R =
σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
∼ Nc

X

q

e2q

= 2(Nc/3) q = u, d, s

= 3.7(Nc/3) q = u, d, s, c, b
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Figure 2: Expected shape for the R ratio.

where s is the centre-of-mass energy of the collision squared. The cross section for the
production of quarks is

σ(e+e− → hadrons) =
4πα2

3s

∑

q

e2qNc, (3)

where eq is the charge of the quark in units of the positron charge and the sum runs over
all quarks for which the centre-of-mass energy

√
s > 2mq, where mq is the mass of the

quark. Remember we must sum over all the quantum numbers of the quarks so the cross
section is multiplied by number of colours, Nc. Therefore for centre-of-mass energies much
less than the mass of the Z0 boson,

√
s ≪ Mz,

R =
∑

q

e2qNc = Nc

(
4

9
+

1

9
+

1

9
︸ ︷︷ ︸

u,d,s

+
4

9

︸ ︷︷ ︸

u,d,s,c

+
1

9

)

︸ ︷︷ ︸

u,d,s,c,b

. (4)

The expected picture is shown in figure 2. The experimental measurement of this ratio
is shown in Fig. 3 as a function of energy showing the thresholds for the production
of the charm and bottom quarks. Below the charm threshold there are three active
quarks down (ed = −1

3), up (eu = 2
3) and strange (es = −1

3) giving R = 2. Above the
charm (ec =

2
3) threshold R = 10

3 while above the bottom (eb = −1
3) threshold R = 11

3 .

2.1.1 The Z resonance

For energies
√
s ∼ mZ we will need to include the effects of the second diagram in Fig. 1.

The cross-section will then have three different contributions, the photon background, the

Expected Measured

Quarkonium states: very small width, very long lived states

Alternative, W decays @ LEP
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See exercise!

2 e+e− Annihilation
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Z

s ∼ MZZ contribution becomes relevant when 

We then need both diagrams and their interference
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where |p1| is the magnitude of the three-momenta of either of the outgoing particles and
θ and φ are the polar and azimuthal scattering angles, respectively. The cross section

dσ =
1

16πs

|p1|√
s
d cos θ|M|2. (117)

In is conventional to describe the scattering process in terms of the Mandelstam variables

s = (pa + pb)
2, t = (pa − p1)

2, u = (pa − p2)
2. (118)

There are only two independent Mandelstam variables

s+ t + u = m2
1 +m2

2 +m2
a +m2

b
massless−→ 0. (119)

In terms of these variables

dσ =
1

16πs2
dt|M|2. (120)

A.3 Cross Sections in Hadron Collisions

In hadron collisions there is an additional complication as the partons inside the hadrons
interact. The hadron–hadron cross section is

dσAB =
∑

ab

∫ 1

0

dx1dx2fa/A(x1, µ
2
F )fb/B(x2, µ

2
F )σ̂ab(ŝ, µ

2
F , µ

2
R), (121)

where x1,2 are momentum fractions of the interacting partons with respect to the incoming
hadrons, ŝ = x1x2s, σ̂ab(ŝ, µ2

F , µ
2
R) is the parton-level cross section for the partons a and b

to produce the relevant final state, fa/A(x, µ2
F ) is the parton distribution function (PDF)

giving the probability of finding the parton a in the hadronA, and similarly for fb/B(x, µ2
F ).

The factorization and renormalisation scales are µF and µR, respectively.
In hadron collisions we usually denote the variables for partonic process with ˆ, e.g.

ŝ, t̂ and û for the Mandelstam variables.

A.3.1 Resonance production (2 → 1 processes)

The simplest example of a hadronic cross section is the production of an s-channel res-
onance, for example the Z0 or Higgs bosons. We assume that the incoming partons are
massless so that the 4-momenta of the incoming partons are:

pa,b = x1,2(E, 0, 0, ±E), (122)

where E is beam energy in the hadron–hadron centre-of-mass system of collider such that
s = 4E2. The Breit-Wigner cross section, e.g. for Z production, is

σ̂qq̄→Z0→µ+µ− =
1

N2
C

12πŝ

M2
Z

Γqq̄Γµ+µ−

(ŝ−M2
Z)

2 +M2
ZΓ

2
Z

. (123)

In the limit that the width is a lot less than the mass

1

(ŝ−M2
Z)

2 +M2
ZΓ

2
Z

≈
π

MZΓZ
δ(ŝ−M2

Z), (124)

σe+e−→Z→μ+μ− ≃ σe+e−→Z × Br(Z → μ+μ−)

Z is an unstable particle, we can’t simply use 1
s − M2

Z

Breit-Wigner propagator: 
1

s − M2
Z + iΓM

if ΓZ /MZ ≪ 1

Narrow width approximation: 

with Br(Z → μ+μ−) = ΓZ→μ+μ−/ΓZ

Simplifies computations for particles with narrow width (e.g. Higgs)

Show limit def’n

Feynman rules

Schematic amplitude
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We want to focus on how gauge invariance is realized in practice. 
Let’s start with the computation of a simple process e+e- →γγ.  There are two diagrams:

q

k1,μ

k2,ν

q

-

From QED to QCD

Gauge invariance requires that:

iM = Mµ⌫✏
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
/✏1u(q) + v̄(q̄)/✏1

1

/q � /k2
/✏2u(q)

◆

✏⇤µ1 k⌫2Mµ⌫ = ✏⇤⌫2 kµ1Mµ⌫ = 0
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So now let’s calculate qq → gg and we obtain

i

g2
s

Mg ≡ (tbta)ijD1 + (tatb)ijD2

Mg = (tatb)ijMγ − g2fabctcijD1

Let’s try now to generalize what we have done for SU(3). In this case we take the 
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*.  Then the 
current is in a 3 ⊗ 3* = 1 ⊕ 8. The singlet is like a photon, so we identify the gluon with 
the octet and generalize the QED vertex to : 

−igst
a
ijγ

µ
[ta, tb] = ifabctcwith

j

i

a

From QED to QCD

= �v̄(q̄)/✏2u(q) + v̄(q̄)/✏2u(q) = 0

Mµ⌫k
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
(/k1 � /q)u(q) + v̄(q̄)(/k1 � /̄q)

1

/k1 � /q
/✏2u(q)

◆

Only the sum of the two diagrams is gauge invariant. For the amplitude to be gauge 
invariant it is enough that one of the polarizations is longitudinal. The state of the other 
gauge boson is irrelevant. 
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Works fine! 

Let’s compute the amplitude for qq̄ → γγ
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invariant it is enough that one of the polarizations is longitudinal. The state of the other 
gauge boson is irrelevant. 
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But in this case one piece is left out

k1µMµ
g = i(−gsf

abcϵµ
2
)(−igst

c
ij v̄i(q̄)γµui(q))

k1µMµ
g = −g2

sfabctcij v̄i(q̄)̸ϵ2ui(q)

To satisfy gauge invariance we still need: 

k
µ

1
ϵ2

ν
M

µ,ν

g = k
ν

2 ϵ
µ

1
M

µ,ν

g = 0.

−gsf
abcVµ1µ2µ3

(p1, p2, p3)

We indeed see that we interpret as the normal vertex 
times a new 3 gluon vertex:

From QED to QCD
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We want to focus on how gauge invariance is realized in practice. 
Let’s start with the computation of a simple process e+e- →γγ.  There are two diagrams:

q

k1,μ

k2,ν

q

-

From QED to QCD

Gauge invariance requires that:

iM = Mµ⌫✏
⇤µ
1 ✏⇤⌫2 = D1 +D2 = e2

✓
v̄(q̄)/✏2

1

/q � /k1
/✏1u(q) + v̄(q̄)/✏1

1

/q � /k2
/✏2u(q)

◆

✏⇤µ1 k⌫2Mµ⌫ = ✏⇤⌫2 kµ1Mµ⌫ = 0
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So now let’s calculate qq → gg and we obtain

i

g2
s

Mg ≡ (tbta)ijD1 + (tatb)ijD2

Mg = (tatb)ijMγ − g2fabctcijD1

Let’s try now to generalize what we have done for SU(3). In this case we take the 
(anti-)quarks to be in the (anti-)fundamental representation of SU(3), 3 and 3*.  Then the 
current is in a 3 ⊗ 3* = 1 ⊕ 8. The singlet is like a photon, so we identify the gluon with 
the octet and generalize the QED vertex to : 

−igst
a
ijγ

µ
[ta, tb] = ifabctcwith

j

i

a

From QED to QCD

= �v̄(q̄)/✏2u(q) + v̄(q̄)/✏2u(q) = 0
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1
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/✏2u(q)

◆
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From QED to QCD
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We don’t get zero anymore!

Let’s do the same for qq̄ → gg

Is this gauge invariant?

Fabio MaltoniFabio MaltoniGGI Florence - 2017

1-loop vertices 

[ta, tb] = ifabctc

- =

a b b a a b

= CA/2 *ifabc(tbtc)ij =
CA

2
taij

= -1/2/Nc *(tbtat
b)ij = (CF −

CA

2
)taij

[F a, F b] = ifabcF c

The color algebra

37

Looks like QCD vertex
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How do we write down the Lorentz part for this new interaction? We can impose 
1. Lorentz invariance : only structure of the type gµν pρ are allowed 
2. fully anti-symmetry : only structure of the type remain gµ1µ2  (k1)µ3 are allowed... 
3. dimensional analysis : only one power of the momentum. 
that uniquely constrain the form of the vertex:
Vµ1µ2µ3

(p1, p2, p3) = V0 [(p1 − p2)µ3
gµ1µ2

+ (p2 − p3)µ1
gµ2µ3

+ (p3 − p1)µ2
gµ3µ1

]

−ig2

sD3 =
(

−igst
a
ij v̄i(q̄)γ

µuj(q)
)

×

(

−i

p2

)

×

(

−gfabcVµνρ(−p, k1, k2)ϵ
ν
1(k1)ϵ

ρ
2
(k2)

)

k1 · D3 = g2fabctcV0

[

v̄(q̄)̸ϵ2u(q) −
k2 · ϵ2
2k1 · k2

v̄(q̄)̸k1u(q)

]

The first term cancels the gauge variation of D1+ D2 if V0=1, the 
second term is zero IFF the other gluon is physical!!

One can derive the form of the four-gluon vertex using the same heuristic method.

With the above expression we obtain a contribution to the gauge variation:

From QED to QCD
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From QED to QCD
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Gauge invariant IFF the other gluon is physical!

From QED to QCD

• Lorentz invariant


• Anti-symmetry


• Dimensional analysis

An empirical way to write down the triple gluon vertex!

What are we missing?
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From QED to QCD
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Example 2: QCD and gauge invariance
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From QED to QCD
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QCD Lagrangian

27
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InteractionGauge 
Fields 

Matter

The QCD Lagrangian

Very similar to the QED Lagrangian.. we’ll see in a moment where the 
differences come from!

L = −
1

4
F a

µνFµν
a +

∑

f

ψ̄
(f)
i (i̸∂ − mf )ψ(f)

i − ψ̄
(f)
i (gst

a
ij ̸Aa)ψ(f)

j

[ta, tb] = ifabctc

tr(tat
b) =

1

2
δ

ab

→Algebra of SU(N)

→Normalization 

15
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The QCD Lagrangian

L = −
1

4
F a

µνFµν
a +

∑

f

ψ̄
(f)
i (i̸∂ − mf )ψ(f)

i − ψ̄
(f)
i (gst

a
ij ̸Aa)ψ(f)

j

F a
µν = ∂µAa

ν − ∂νAa
µ−gfabcAb

µAc
ν

By direct inspection and by using the form non-abelian covariant derivation, we can check that 
indeed non-abelian gauge symmetry implies self-interactions. This is not surprising since the gluon 
itself is charged (In QED the photon is not!)

31 See QCD-QED course!
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Colour algebra

28
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Tr(tat
b) = TRδ

ab = TR * 

Tr(ta) = 0 = 0

(tat
a)ij = CF δij = CF * 

= (F c
F

c)ab = CAδab

∑

cd

facdf bcd

= CA* 

The color algebra

36
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1-loop vertices 

[ta, tb] = ifabctc

- =

a b b a a b

= CA/2 *ifabc(tbtc)ij =
CA

2
taij

= -1/2/Nc *(tbtat
b)ij = (CF −

CA

2
)taij

[F a, F b] = ifabcF c

The color algebra

37Can be a bottleneck for higher order computations! People always on the lookout 
for simplifications! Quite a few computations are done in the large  limit. Nc
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Properties of QCD

UV: Asymptotic freedom 

• Perturbative computations

• Parton model


IR: Universality 

• Collinear Factorisation

• Parton showers

29

The two faces of QCD

 16

Confinement 
(large distance)

asymptotic freedom 
(short distance)

NB: no proof of confinement. We simply never observed quarks as free particles 

Fabio MaltoniBUSSTEPP - Glasgow, Aug 2019             Fabio Maltoni

• z is the “energy variable”: it is defined to be the energy fraction taken by 
parton b from parton a. It represents the energy sharing between b and c and 
tends to 1 in the soft limit (parton c going soft) 

• Φ is the azimuthal angle. It can be chosen to be the angle between the 
polarization of a and the plane of the branching. 

• Pa→bc are the Altarelli-Parisi                                                                                
splitting functions

'22

2a
b

c
θ

Mn+1 θ ➞ ×
b

c

a

2a

Mn

|Mn+1|2d�n+1 ' |Mn|2d�n
dt

t
dz

d�

2⇡

↵S

2⇡
Pa!bc(z)

•  The process factorizes in the collinear limit. This procedure it universal!  
 

Pg!qq(z) = TR

⇥
z2 + (1� z)2

⇤
, Pg!gg(z) = CA


z(1� z) +

z

1� z
+

1� z

z

�
,

Pq!qg(z) = CF


1 + z2

1� z

�
, Pq!gq(z) = CF


1 + (1� z)2

z

�
.

QCD Concept #2 : Universality
0

Slide on running coupling QED
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Plan for the lectures

• Basics of collider physics

• Basics of QCD

• DIS and the Parton Model

• Higher order corrections 

• Asymptotic freedom

• QCD improved parton model


• State-of-the-art computations for the LHC

• Monte Carlo generators

• Higgs phenomenology

• Top phenomenology

• Searching for New Physics: EFT

30
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Phase-space integral Parton density functions Parton-level cross section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

Universal:

~Probabilities of finding 
given parton with given 
momentum in proton

Extracted from data

Important 
aspect of a 
Monte Carlo 
generator

Subject of huge efforts in 
the LHC theory community 
to systematically improve 
this

Master formula for LHC physics
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Structure of the proton

32

Best tool: electron proton scattering: e−p → e−p
• Probe proton structure via virtual photon (Z-boson)

• Different regimes for different photon energies (wavelengths)

q2

Point-like

Finite size

Constituent quarks

Sea of strongly 
interacting 
quarks/gluons

Eq λq
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Low energy

33

Long wavelength photons see proton as point-like

q2

ℳfi = i
e2

q2
[ū(k′￼) γμ u(k)] [ū(p′￼) γν u(p)]

Spin 1/2 
scattering 

in QED

Non relativistic limit: q2 ≪ m2
e

 Rutherford scattering⇒
dσ
dΩ Ruth.

=
α2

16 E2
k sin4(θ/2)

Relativistic electron: m2
e ≪ q2 ≪ m2

p

 Mott scattering⇒
dσ
dΩ Mott

=
α2

4 E2 sin4(θ/2)
cos2 ( θ

2 )
Ek = | ⃗k |2 /2me E ≃ | ⃗k |

q2 = (k − k′￼)2
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Intermediate energy

34

q2

Form factor correction:  λq ∼ rp
dσ
dΩ Mott

→
α2

4 E2 sin4(θ/2)
cos2 ( θ

2 ) F (q2)
2

Photon experiences finite extent of the proton
• Resolves charge distribution of the proton

⇒ ℳfi = ℳpoint
fi F(q2)

Form factor

F(q2) = ∫ d3r ρ(r) eiq⋅r

[M. Thompson; Modern Particle Physics]
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Intermediate energy

35

q2

Relativistic corrections: q2 > m2
p

dσ
dΩ Ros.

=
α2

4 E2 sin4(θ/2)
E′￼

E [cos2 ( θ
2 ) +

Q2

2m2
p

sin2 ( θ
2 )] Rosenbluth formula⇒

Q2 ≡ − q2 = 4 E E′￼sin2 ( θ
2 )

• Proton recoil becomes important

• New angular dependence from magnetic (spin-spin) interactions

recoil dominates at high Q2

c.f. Gordon decomposition ‘magnetic’‘electric’

Magnetic term  gives rise to 
magnetic moment of spin 1/2 particles

∼ qν H = − ⃗μ . ⃗B , ⃗μ = −
ge
2m

⃗S, g ∼ 2
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Intermediate energy

36

Finite size + relativistic: requires two form factors

dσ
dΩ Ros.

=
α2

4 E2 sin4(θ/2)
E′￼

E [ |GE |2 + τ |GM |2

1 + τ
cos2 ( θ

2 ) + 2τ |GM |2 sin2 ( θ
2 )]

• Electric & magnetic, GE(Q2) & GM(Q2)
• Lorentz invariance: q2 → Q2 τ ≡

Q2

4m2
p

Q2 = q2 + O(τ)

GE(Q2) ∼ F(q2) = ∫ d3r ρ(r) eiq⋅r GM(Q2) ∼ ∫ d3r μ(r) eiq⋅r

gp = GM(0) = ∫ d3r μ(r) = 2.79 ge

 suggests the the proton is not 
a point-like particle
gp ≠ ge

Measure FFs experimentally by 
studying angular distributions 
in  scatteringe−p

[M. Thompson; Modern Particle Physics]
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Scaling

cms energy2 

momentum transfer2 

scaling variable 

energy loss 

rel. energy loss 

recoil mass

s = (P + k)2

Q2 = �(k � k0)2

x = Q2/2(P · q)
⌫ = (P · q)/M = E � E0

y = (P · q)/(P · k) = 1� E0/E

W 2 = (P + q)2 = M2 +
1� x

x
Q2

d�elastic

dq2
=

✓
d�

dq2

◆

point

· F 2
elastic(q

2) �(1� x) dx

d�inelastic

dq2
=

✓
d�

dq2

◆

point

· F 2
inelastic(q

2, x) dx

What should we expect for F(q2,x)?
11

High energy

37

q2

Magnetic form factor dominates: Q2 ≫ mp

dσ
dΩ Ros.

∼
α2

4 E2 sin4(θ/2)
E′￼

E [ Q2

2m2
P

|GM |2 sin2 ( θ
2 )] GM(Q2) ∼

2.79
(1 + Q2/0.71GeV2)2

∝ Q−4

dσ
dΩ Ros.

∼ Q−6Elastic scattering cross section falls off rapidly

‘elastic’:  (proton remains intact)AB → AB

Also ‘inelastic’ process: e−p → e−X

• Proton breaks up and can lead to a multitude of 
hadron final states (X)

• In general both contributions exist: dσel. + dσinel.
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Inelastic kinematics

38

q2

For  elastic scattering at a fixed CM energy, 2 → 2 s
• Kinematics fixed by one variable, e.g. θ

Fabio MaltoniFabio MaltoniGGI Florence - 2017

Scaling

cms energy2 

momentum transfer2 

scaling variable 

energy loss 

rel. energy loss 

recoil mass

s = (P + k)2

Q2 = �(k � k0)2

x = Q2/2(P · q)
⌫ = (P · q)/M = E � E0

y = (P · q)/(P · k) = 1� E0/E

W 2 = (P + q)2 = M2 +
1� x

x
Q2

d�elastic

dq2
=

✓
d�

dq2

◆

point

· F 2
elastic(q

2) �(1� x) dx

d�inelastic

dq2
=

✓
d�

dq2

◆

point

· F 2
inelastic(q

2, x) dx

What should we expect for F(q2,x)?
11

Inelastic scattering, W2 ≡ p2
X ≠ m2

p

• Now need 2 variables to fully describe

Useful variables:

x ≡
Q2

2P ⋅ q
=

Q2

Q2 + W2 − m2
p

= P pX

Bjorken x

W2 ≥ m2
p ⇒ 0 ≤ x ≤ 1

s = (P + k)2
Q2 = − q2 = − (k − k′￼)2

Inelasticity, y

y ≡
P ⋅ q
P ⋅ k

= 1 −
E′￼

E

Fractional electron 
energy loss

Energy loss, ν ≡
P ⋅ q
mp

= E − E′￼ > 0

W2 ≡ (P + q)2 = M2 +
1 − x

x
Q2

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

DEEP INELASTIC SCATTERING

cms energy2 

momentum transfer2 

scaling variable 

energy loss 

rel. energy loss 

recoil mass

s = (P + k)2

Q2 = �(k � k0)2

x = Q2/2(P · q)
⌫ = (P · q)/M = E � E0

y = (P · q)/(P · k) = 1� E0/E

W 2 = (P + q)2 = M2 +
1� x

x
Q2

d�elastic

dq2
=

✓
d�

dq2

◆

point

· F 2
elastic(q

2) �(1� x) dx

d�inelastic

dq2
=

✓
d�

dq2

◆

point

· F 2
inelastic(q

2, x) dx
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Deep Inelastic scattering

What can  look like?

1. Proton charge is smoothly distributed (probe penetrates proton like a knife through 
butter)




2. Proton consists of tightly bound charges (quarks hit as single particles, but cannot 
fly away because tightly bound) 





!!!3. 

Quarks are free particles which fly away without caring about confinement!

F2(q2)

F2
elastic(q

2) ∼ F2
inelastic(q

2, x) ≪ 1

F2
elastic(q

2) ∼ 1 F2
inelastic(q

2, x) ≪ 1
F2

elastic(q
2) ≪ 1 F2

inelastic(q
2, x) ∼ 1

39
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DIS cross section

40
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Scaling
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Q2 = �(k � k0)2

x = Q2/2(P · q)
⌫ = (P · q)/M = E � E0

y = (P · q)/(P · k) = 1� E0/E

W 2 = (P + q)2 = M2 +
1� x

x
Q2

d�elastic

dq2
=

✓
d�

dq2

◆

point

· F 2
elastic(q

2) �(1� x) dx

d�inelastic

dq2
=

✓
d�

dq2

◆

point

· F 2
inelastic(q

2, x) dx

What should we expect for F(q2,x)?
11

Final state phase space: dΦ =
d3k′￼

(2π)3 2E′￼

dΦX =
mpE
8π2

y dx dy dΦX

Spin-averaged ME: |ℳ |2 =
1
4 ∑

λ

|ℳ |2 =
e2

Q4
LμνHX

μν
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Lµ⌫=
1

4

X

�e

[ū(k0)�µu(k)] [ū(k)�⌫u(k
0)]

= Tr[/k
0
�µ/k�⌫ ] = k0µk⌫ + k0⌫kµ + k · k0gµ⌫

|QED leptonic current|2

What is ? Hadronic current is non perturbative, depends on  state HX
μν X

Wμν ≡ ∑
X

∫ dΦXHX
μνFor inclusive DIS (∑

X
)

σep→eX = ∑
X

1
4mpE ∫ dΦ |ℳ |2 =

1
4mpE ∫ dΦk

e2

Q4
LμνWμν
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* Divide phase-space factor into a leptonic and a hadronic part:

* Separate also the square of the Feynman amplitude, by defining:

* The leptonic tensor can be calculated explicitly:

* Combine the hadronic part of the amplitude and phase space into “hadronic tensor”  and 
use just Lorentz symmetry and gauge invariance to write

q q

pp

Wµν(p, q) =

(

−gµν −

qµqν

q2

)

F1(x, Q2)+

(

pµ − qµ

p · q

q2

) (

pν − qν

p · q

q2

)

1

p · q
F2(x, Q2)

d� =
d3k0

(2⇡)32E0 d�X =
ME

8⇡2
y dy dx d�X

1

4

X
|M|2 =

e4

Q4
Lµ⌫hXµ⌫

Lµ⌫ =
1

4
tr[k/�µk0/�⌫ ] = kµk0⌫ + k0µk⌫ � gµ⌫k · k0

Wµ⌫ =
X

X

Z
d�XhXµ⌫

DIS: The parton model
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Hadronic tensor & structure functions

41

Most general form obeying Lorentz & gauge invariance

• Must be a covariant function of    [ ]Pμ, qμ pX = (p + q)

• Gauge invariance: Ward identity (current conservation) for real photon amplitude

qμWμν = qνWμν = 0

• P, T symmetries imply ,   [  is  symmetric anyway]Wμν = Wνμ Lμν (μ ↔ ν)

Wμν = (−gμν +
qμqν

q2 ) F1(x, Q2) + (Pμ − qμ
P ⋅ q
q2 ) (Pν − qν

P ⋅ q
q2 ) 1

P ⋅ q
F2(x, Q2)

Need 2 independent structure functions F1,2(x, Q2)
• Depend on two independent, Lorentz invariant kinematic variables of DIS
• Must be determined from data
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Finally σep→eX =
1

4mpE ∫ dΦk
e2

Q4
LμνWμν
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d2σ
dQ2dx

=
4πα2

Q4 ([1 + (1 − y)2] F1(x, Q2) +
1 − y

x [F2(x, Q2) − 2xF1(x, Q2)])⇒

Observed  approximately independent of !σDIS Q2

• AKA “Bjorken scaling”

Independence on photon resolution scale 
suggests scattering with a point-like, 
fundamental constituent: parton = quarks!
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d2σ

dxdQ2
=

4πα2

Q4

{

[1 + (1 − y)2]F1(x, Q2) +
1 − y

x

[

F2(x, Q2) − 2xF1(x, Q2)
]

}

*  Different y dependence can differentiate between F1 and F2 
*  The first term represents the absorption of a transversely polarized photon,  
   the second of a longitudinal one. 
*  Bjorken scaling ⇒ F1 and F2  obey scaling themselves, i.e. they do not depend on Q. 

Comments:

�ep!eX =
X

X

1

4ME

Z
d�

1

4

X

spin

|M|2

DIS: The parton model
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The Breit frame I

p = (E, 0, 0, �p)

p
0 = (E, 0, 0, p

0)

q = (0, 0, 0, �Q)

k

k
0

p̂ = (E, 0, 0, �p)

p̂
0 = (E, 0, 0, p

0)

• Because the virtual photon is space-like (q2 < 0) it follows that
we can boost the photon along its direction of propagation (which
points to the proton) such that q0 vanishes. This frame is called the
Breit frame or infinite momentum frame since the proton
then moves with very large momentum towards the virtual photon.

• In this frame the incoming quark moves with a 3-momentum ⇠pz
along the z axis, where ⇠ is the fraction of the proton 3-momentum
pz. The virtual photon moves with a 3-momentum Q along �z.

• We take the incoming quark to be point-like, so that the scattering
is necessarily elastic:52

p̂2 = (p̂ + q)2 ! p̂2 = p̂2 + 2p̂ · q � Q2 ! Q2 = 2p̂ · q

• If we denote the proton 4-momentum by p then, in the Breit frame,

p̂ · q = (E, 0, 0, ⇠pz) · (0, 0, 0,�Q) = ⇠pzQ

⇠p · q = ⇠(Ep, 0, 0, pz) · (0, 0, 0,�Q) = ⇠pzQ

Thus p̂ ·q = ⇠ p ·q but remember that this is only true in the Breit
frame where the virtual photon does not transfer energy.

52We indicate the unobservable partonic kinematic variables by a hat, like p̂ for a partonic 4-momentum.

8–12

Rest frame 

proton moves fast  & photon has zero energy(p ≫ mp)

2.3. FRAMES IN DIS 11

2.3 Frames in DIS

In QCD, the interpretation of physical phenomena depends on the reference frame. This
is simply due to the fact that, under a Lorentz transformation, the fields are modified.
Therefore, depending on the effect we want to highlight, it is important to choose carefully
the reference frame in which we work. We shall briefly introduce the most important frames
used in DIS.

2.3.1 Björken frame

This frame has already been introduced to obtain Björken scaling. If we introduce the
light-cone variables

p± =
E ± px√

2
,

it is the frame where the proton moves very fast:

p+ ≫ m, p− ≪ m and p⃗⊥ = 0⃗⊥.

The partons have a momentum ξp which means that they also move along the “+” direction.
If n is the 4-vector introduced above, the photon has a momentum

qµ = νnµ + qµ
⊥,

with Q2 = q⃗2
⊥.

As we have seen, this frame is perfectly suited to introduce Björken scaling. It is the
frame where we can properly define parton distributions, even if we take into account QCD
corrections4.

2.3.2 Breit frame

The Breit frame is the frame where the photon has a vanishing energy and the proton is
moving close to the light-cone. In this case,

p ≡
(√

Q2

4x2
+ m2,

Q

2x
, 0⃗⊥

)

≈
(

Q

2x
+

xm2

Q
,

Q

2x
, 0⃗⊥

)

q ≡
(
0,−Q, 0⃗⊥

)
.

Since, in the rest frame, the proton has a space-time extension

∆x+ ∼ ∆x− ∼ 1

m
,

4We shall see in the next chapter that, in addition, we must work in the light-cone gauge, where QCD
corrections take the form of ladders.

Breit frame 

Photon extent: 

The time scale of a typical 
parton-parton interaction is 
much larger than the hard 
interaction time.

Breit frame:

γp ∼
Q
mp

Δt ∼ Δx ∼
1

mp

Δt′￼ = γp Δt ∼
Q
m2

p
Δx′￼ =

Δx
γp

∼
1
Q

Δtγ = ∼
1
Q

≪ Δt′￼

Proton extent
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d2σ

dxdQ2
=

4πα2

Q4

{

[1 + (1 − y)2]F1(x, Q2) +
1 − y

x

[

F2(x, Q2) − 2xF1(x, Q2)
]

}

*  Different y dependence can differentiate between F1 and F2 
*  The first term represents the absorption of a transversely polarized photon,  
   the second of a longitudinal one. 
*  Bjorken scaling ⇒ F1 and F2  obey scaling themselves, i.e. they do not depend on Q. 

Comments:

�ep!eX =
X

X

1

4ME

Z
d�

1

4

X

spin

|M|2
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2.3 Frames in DIS

In QCD, the interpretation of physical phenomena depends on the reference frame. This
is simply due to the fact that, under a Lorentz transformation, the fields are modified.
Therefore, depending on the effect we want to highlight, it is important to choose carefully
the reference frame in which we work. We shall briefly introduce the most important frames
used in DIS.
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This frame has already been introduced to obtain Björken scaling. If we introduce the
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2
,
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qµ = νnµ + qµ
⊥,

with Q2 = q⃗2
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As we have seen, this frame is perfectly suited to introduce Björken scaling. It is the
frame where we can properly define parton distributions, even if we take into account QCD
corrections4.

2.3.2 Breit frame

The Breit frame is the frame where the photon has a vanishing energy and the proton is
moving close to the light-cone. In this case,

p ≡
(√

Q2

4x2
+ m2,

Q

2x
, 0⃗⊥

)

≈
(

Q

2x
+

xm2

Q
,

Q

2x
, 0⃗⊥

)

q ≡
(
0,−Q, 0⃗⊥

)
.

Since, in the rest frame, the proton has a space-time extension

∆x+ ∼ ∆x− ∼ 1

m
,

4We shall see in the next chapter that, in addition, we must work in the light-cone gauge, where QCD
corrections take the form of ladders.

Breit frame:

• The time scale of a typical parton-parton interaction is much larger than the hard interaction time.

• Schematically: in the Breit frame the proton is therefore Lorentz contracted to a kind of pancake. 

• The photon interaction then takes place on the very short time scale as it passes through. 

• Partons experience time dilation: interact with each other on much longer timescales

• During the short photon interaction time, the quark does not interact with spectator partons 

• It can be treated as a free quark! 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m2
q ≡ p′￼2

q ≃ (ξP)2 + 2ξP ⋅ q + q2

In Breit frame, suppose parton  carries a fraction  of proton momentumq ξ

• After scattering it has a momentum p′￼q = ξP + q
• Before scattering (ξP)2 ≃ m2

q

⇒ ξ =
−q2

2P ⋅ q
=

Q2

2P ⋅ q
≡ x

Identify Bjorken  with the proton momentum fraction carried by the Partonx
Photon ‘sees’ partons are quasi-free inside the proton
• Write DIS cross section in terms of the 

‘partonic’  cross sectionse−q → e−q d ̂σ
dQ2

=
4πα2Q2

q

Q4

1
2 [1 + (1 − ̂y)2]



Ken Mimasu STFC HEP school 2025 Fabio MaltoniFabio MaltoniGGI Florence - 2017

p
⇠p short distance

long distance

The space-time picture suggests the possibility of separating short- and long-distance physics 
⇒ factorization! Turned into the language of Feynman diagrams DIS looks like:

d2�

dxdQ2
=

Z 1

0

d⇠

⇠

X

i

fi(⇠)
d2�̂

dxdQ2
(
x

⇠
, Q2)

where
is the probability to find a 
parton with flavor i in an 
hadron h carrying a light-
cone momentum ξp+

is the cross section for 
electron-parton scattering

d2�̂

dxdQ2

DIS: The parton model

120

Factorisation

46

Defining analogous  &  variables for  scatterinĝx ̂y eq

̂x =
Q2

2ξP ⋅ q
=

x
ξ

̂y =
ξP ⋅ q
ξP ⋅ k

= y

<latexit sha1_base64="VqooczaPFOG6/xetkbU2RKf4/q0="></latexit>

�q2

q(⇠P )

e�(k)

q(⇠P + q)

e�(k0)

dσDIS

dxdQ2
= ∫

1

0

dξ
ξ ∑

i

fi(ξ)
d ̂σi

d ̂xdQ2 ( ̂x, Q2)

d ̂σ
d ̂xdQ2

Parton-photon double differential 
scattering cross section

fi(ξ) Probability for finding parton  in the 
proton with momentum fraction 

i
ξ

⇒
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Compare our two expressions for dσDIS

d ̂σi

d ̂xdQ2
=

4πα2Q2
i

Q4

1
2 [1 + (1 − y)2]δ( ̂x − 1)

dσ
dxdQ2

= ∫
1

0

dξ
ξ ∑

i

fi(ξ)
d ̂σi

d ̂xdQ2 ( ̂x, Q2)

d2σ
dQ2dx

=
4πα2

Q4 ([1 + (1 − y)2] F1(x, Q2) +
1 − y

x [F2(x, Q2) − 2xF1(x, Q2)])

F1(x, Q2) =
1
2 ∑

i=q,q̄

Q2
i fi(x) F2(x, Q2) = 2xF1(x, Q2)

⇐
ξ = x

a)

b)

Get structure functions in terms of parton distribution functions fi(x)

• Independent of  ( Bjorken scaling)Q2

Callan-Gross relation: 
consequence of partons 
being spin-1/2 quarks

• Probability to find (anti-)quark in the proton with momentum fraction x

= 0!

Fabio MaltoniFabio MaltoniGGI Florence - 2017

Scaling
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energy loss 
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recoil mass
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W 2 = (P + q)2 = M2 +
1� x
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Q2

d�elastic

dq2
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✓
d�

dq2

◆

point

· F 2
elastic(q

2) �(1� x) dx

d�inelastic

dq2
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✓
d�

dq2

◆

point

· F 2
inelastic(q

2, x) dx

What should we expect for F(q2,x)?
11
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Evidence that quarks are 
point-like proton constituents

Measuring the Structure Functions

Prof. M.A. Thomson Michaelmas 2011 186

!To determine     and    for a given and       need 
measurements of the differential cross section at several different
scattering angles and incoming electron beam energies (see Q13
on examples sheet)
Example: electron-proton scattering F2 vs. Q2 at fixed x

J.T.Friedm
an + H

.W
.K

endall,
A

nn. R
ev. N

ucl. S
ci. 22 (1972) 203

" Experimentally it is observed that both      and        are (almost) 
independent of

Bjorken Scaling and the Callan-Gross Relation

Prof. M.A. Thomson Michaelmas 2011 187

!The near (see later) independence of the structure functions on Q2 is
known as Bjorken Scaling, i.e.

•It is strongly suggestive of scattering from point-like constituents
within the proton

!It is also observed that        and
are not independent but satisfy the 
Callan-Gross relation

•As we shall soon see this is exactly what is
expected for scattering from spin-half quarks.

•Note if quarks were spin zero particles we would 
expect the purely magnetic structure function to 
be zero, i.e.

spin ½

spin 0

Evidence that quarks are 
spin-1/2 particles!  

Callan-Gross relationScaling: -independence of structure functionsQ2
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The sea is NOT SU(3) flavor symmetric.  

The gluon is huge at small x  

There is an asymmetry between the ubar 
and dbar quarks in the sea. 

Note that there are uncertainty bands!!

Comments:

Quark and gluon distribution functions

124 Fabio MaltoniFabio MaltoniGGI Florence - 2017

Probed at scale Q, sea contains all quarks flavours with mq less than Q.  
For Q ∼1 we expect

And experimentally one finds 

Thus quarks carry only about 50% of proton’s momentum. The rest is carried by gluons.  
Although not directly measured in DIS, gluons participate in other hard scattering 
processes such as large-pt and prompt photon production.

DIS: The parton model

123
Fabio MaltoniFabio MaltoniGGI Florence - 2017

Probed at scale Q, sea contains all quarks flavours with mq less than Q.  
For Q ∼1 we expect

And experimentally one finds 

Thus quarks carry only about 50% of proton’s momentum. The rest is carried by gluons.  
Although not directly measured in DIS, gluons participate in other hard scattering 
processes such as large-pt and prompt photon production.

DIS: The parton model

123

Quarks carry only 50% of the proton momentum


Evidence for gluons!
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 collision at a CM energy pp S

• Partonic centre of mass energy   ̂s = sx1x2 ⇒ τ ≡ ̂s/s

Colliding partons carry momentum fractions  and , respectivelyx1 x2

• Momentum imbalance in lab frame  net longitudinal momentum⇒ y =
1
2

log
x1

x2

x1 = τey x2 = τe−y see exercises⇒ dx1 dx2 = dy dτ

dσpp→X = ∑
ab

dx1 dx2 (fa(x1)fb(x2) + a ↔ b) dΦX

ℳab→X
2

F
(2π)2δ(4)(pa + pb − pX)

• Partonic collision , ab → X ̂s = (pa + pb)2 = d ̂σab( ̂s, pX)
 (massless)F = 2 ̂s



Ken Mimasu STFC HEP school 2025

Parton luminosity

51

dσpp→X = ∑
ab

dx1 dx2 (fa(x1)fb(x2) + a ↔ b) d ̂σab(sx1x2, pX)

σpp→X = ∑
ab

∫
1

0

dτ
τ

τ
̂s ∫

1

τ

dx
x (fa(x)fb(τ/x) + a ↔ b) ( ̂s ̂σab)

σpp→X = ∑
ab

∫
1

0

dτ
τ

⋅ ℒab(s, τ) ⋅ [ ̂s ̂σab ]

ℒab =
1
s

dLab

dτ
≡

τ
̂s

1
1 + δab ∫

1

τ

dx
x (fa(x)fb(τ/x) + fa(τ/x)fb(x))Define parton luminosity:

• Dimensions of a cross section

dx1dx2 → dτdx1

: ‘luminosity’ of partonic initial 
state as function of , for a given 
ℒab

τ s

: Dimensionless factor, 
approximately determined by couplings
[ ̂s ̂σab]
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σpp→X = ∑
ab

∫
1

0

dτ
τ

⋅ ℒab(s, τ) ⋅ [ ̂s ̂σab ]

Gluon-gluon luminosity dominates 
at lower  (low )̂s x

 and  cross over around ℒqq̄ ℒgg
̂s ∼ 1 TeV

Single production of a particle with 
mass, MX

̂σab→X( ̂s) → ̂σab→X(M2
X) δ( ̂s − M2

X)
e.g. Higgs boson
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DIS experiments show that virtual photon scatters off massless, free, 
point like, spin-1/2 quarks 


One can factorise the short- and long-distance physics entering this 
process. Long-distance physics absorbed in PDFs. Short distance 
physics described by the hard scattering of the parton with the virtual 
photon. 


Phase-space integral Parton density functions Parton-level cross section

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s)
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Phase-space integral Parton density functions Parton-level cross section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

Universal:

~Probabilities of finding 
given parton with given 
momentum in proton

Extracted from data

Important 
aspect of a 
Monte Carlo 
generator

Subject of huge efforts in 
the LHC theory community 
to systematically improve 
this

Master formula for LHC physics
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Real

Virtual

Anatomy of a NLO calculation

σ
NLO =

∫
R

|Mreal|
2
dΦ3 +

∫
V

2Re (M0M
∗

virt) dΦ2 = finite!

∫
ddk

(2π)d
. . .

The KLN theorem states that divergences appear because some of the final state are physically 
degenerate but we treated them as different. A final state with a soft gluon is nearly degenerate 
with a final state with no gluon at all (virtual).

65

σNLO = σLO + ∫R
|Areal |

2 dΦ3 + ∫V
2Re [ABorn A*vir] dΦ2

O(gS)

O(g2
S)

O(g2
S) O(g2

S)

Real emission

Virtual (loop)  
correction

Born
<latexit sha1_base64="XQLdxQSUUMw4C67YYD7s4L8+vnU="></latexit>

v(p̄)

ū(p)

i�µ
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p̄, j

p, i

k, a

p̄, j

p, i

k, a

γ∗, Z γ∗, Z

A = ū(p)̸ϵ(−igs)
−i

̸p + ̸k
Γµv(p̄)ta + ū(p)Γµ

i

̸p̄ + ̸k
(−igs)̸ϵv(p̄)ta

= −gs

[

ū(p)̸ϵ(̸p + ̸k)Γµv(p̄)

2p · k
−

ū(p)Γµ(̸p̄ + ̸k)̸ϵv(p̄)

2p̄ · k

]

ta

The denominators                              give singularities for collinear (cos θ →1) or soft (k0 →0)  
emission. By neglecting k in the numerators and using the Dirac equation, the amplitude simplifies 
and factorizes over the Born amplitude:

2p · k = p0k0(1 − cos θ)

ABorn = ū(p)Γµv(p̄)Asoft = −gst
a

(

p · ϵ

p · k
−

p̄ · ϵ

p̄ · k

)

ABorn

Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) 
process. Soft emission is universal!!

Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation
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A = ū(p)̸ϵ(−igs)
−i

̸p + ̸k
Γµv(p̄)ta + ū(p)Γµ
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(
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−
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ABorn

Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) 
process. Soft emission is universal!!

Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation

66

What are those denominators? 

p ⋅ k = p0k0(1 − cosθ)

What happens when the gluon is soft ( ) or collinear ( ) to the quark?k0 → 0 θ → 0

Real corrections:
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ū(p)Γµ(̸p̄ + ̸k)̸ϵv(p̄)

2p̄ · k

]

ta

The denominators                              give singularities for collinear (cos θ →1) or soft (k0 →0)  
emission. By neglecting k in the numerators and using the Dirac equation, the amplitude simplifies 
and factorizes over the Born amplitude:

2p · k = p0k0(1 − cos θ)
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Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) 
process. Soft emission is universal!!

Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation

66

What happens when the gluon is soft ( ) or collinear ( ) to the quark?k0 → 0 θ → 0

Very important property of QCD & QED


Factorisation of long-wavelength (soft) emission from the short-distance 
(hard) scattering! 


Soft emission factor is universal!

k ≪ p

Asoft = − gs [ta]ij( p ⋅ ϵ
p ⋅ k

−
p̄ ⋅ ϵ
p̄ ⋅ k ) Aij

Born
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p̄, j
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Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) 
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Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation

66

How does it contribute to the NLO cross-section?

Areal ≃ − gs [ta]ij( p ⋅ ϵ
p ⋅ k

−
p̄ ⋅ ϵ
p̄ ⋅ k ) Aij

Born

σNLO = σLO + ∫R
|Areal |

2 dΦ3 + ∫V
2Re [ABorn A*vir] dΦ2

∑
λg,λq

|Areal |
2 = ∑

λg

g2
s 3CF ( p ⋅ ϵp ⋅ ϵ*

(p ⋅ k)2
−

p̄ ⋅ ϵp ⋅ ϵ* + (p ↔ p̄)
(p̄ ⋅ k)(p ⋅ k)

+
p̄ ⋅ ϵp̄ ⋅ ϵ*

(p̄ ⋅ k)2 ) | ĀBorn |2 ∑
λg

ϵμϵ*ν = − gμν

σqq̄g
real = CF g2

s σqq̄
Born ∫

d3 ⃗k
2k0(2π)3

2p ⋅ p̄
(p ⋅ k)(p̄ ⋅ k)

= CF
αS

2π
σqq̄

Born ∫ dcos θ
dk0

k0

4
(1 − cos θ)(1 + cos θ)
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k, a

γ∗, Z γ∗, Z
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ABorn = ū(p)Γµv(p̄)Asoft = −gst
a

(

p · ϵ

p · k
−

p̄ · ϵ

p̄ · k

)

ABorn

Factorization: Independence of long-wavelength (soft) emission form the hard (short-distance) 
process. Soft emission is universal!!

Let’s consider the real gluon emission 
corrections to the process e+e- →qq. 
The full calculation is a little bit tedious, 
but since we in any case interested in the 
issues arising in the infra-red, we already 
start in that approximation.

Anatomy of a NLO calculation

66

Soft divergence Collinear divergence

σqq̄g
real = CF g2

s σqq̄
Born ∫

d3 ⃗k
2k0(2π)3

2p ⋅ p̄
(p ⋅ k)(p̄ ⋅ k)

= CF
αS

2π
σqq̄

Born ∫ dcos θ
dk0

k0

4
(1 − cos θ)(1 + cos θ)

Real emission diagrams: IR singularities

• Infrared divergences arise from interactions that happen a long time after 
the creation of the quark/antiquark pair.


• When distances become comparable to the hadron size of ~1 Fermi, 
quasi-free partons of the perturbative calculation are confined/hadronized 
non-perturbatively. 

How do we proceed with our calculation? 
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Real

Virtual

Anatomy of a NLO calculation

σ
NLO =

∫
R

|Mreal|
2
dΦ3 +

∫
V

2Re (M0M
∗

virt) dΦ2 = finite!

∫
ddk

(2π)d
. . .

The KLN theorem states that divergences appear because some of the final state are physically 
degenerate but we treated them as different. A final state with a soft gluon is nearly degenerate 
with a final state with no gluon at all (virtual).

65

Divergent!

Also divergent!
Cancellation of IR divergences in R is not a miracle. It follows directly from 
unitarity provided the measurement is inclusive enough 

Infrared finiteness

In the infrared region real and virtual are kinematically equivalent but for a 
(-1) from unitarity

Compute and regulate real and virtual separately, until a cancelation of 
divergences is achieved 

In practice: regularise both 
divergences (with either dimensional 
regularisation or mass regulator)

Fabio MaltoniFabio MaltoniGGI Florence - 2017

Anatomy of a NLO calculation

Summary:

�REAL + �VIRT = 1�1 =?

Solution: regularize the “intermediate” divergences, by giving a gluon a mass (see later) or going to 
d=4-2ε dimensions.

Z 1 1

1� x
dx = � log 0

regularization!
Z 1 (1� x)�2✏

1� x
dx = � 1

2✏

lim
✏!0

(�REAL + �VIRT) = CF
3

4

↵S

⇡
�Born

R1 = R0

(

1 +
αS

π

)

as presented before

�REAL = �BornCF
↵S

2⇡

✓
2

✏2
+

3

✏
+

19

2
� ⇡2

◆

�VIRT = �BornCF
↵S

2⇡

✓
� 2

✏2
� 3

✏
� 8 + ⇡2

◆

This gives:
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Finite!

(p + k)2 → 2p ⋅ k + λ2Mass regulator :(λ)
send  at the endλ2 → 0

Dimensional regularisation (ϵ = d − 4)
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KLN Theorem

Kinoshita-Lee-Nauenberg theorem: Infrared singularities in a massless theory cancel 
out after summing over degenerate (initial and final) states 


61

Kinoshita-Lee-Nauenberg theorem: Infrared singularities in a massless 
theory cancel out after summing over degenerate (initial and final) states 

KLN Theorem

Physically a hard parton can not be distinguished from a hard parton plus a 
soft gluon or from two collinear partons with the same energy. They are 
degenerate states. 
Hence, one needs to add them to get a physically sound observable

Hence, one needs to add all degenerate states to get a physically sound observable 

• hard parton can’t be distinguished from a hard parton plus a soft gluon 

• …or from two collinear partons with the same energy.

• final state with a soft gluon is nearly degenerate with a final state with no gluon at all (virtual)

Physically…
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Infrared safety

whenever one of the  becomes soft or  and  are collinear ki/kj ki kj

62

An observable     is infrared and collinear safe if

Infrared safety: definition 

On+1(k1, k2, . . . , ki, kj , . . . kn)� On(k1, k2, . . . ki + kj , . . . kn)

whenever one of the ki/kj becomes soft or ki and kj are collinear 

O

i.e. the observable is insensitive to emission of soft particles or to collinear 
splittings

 3

Consequently…

• These observables are determined by hard, short-distance physics

• Long distance effects suppressed by an inverse power of a large momentum scale. 

We need to pick observables which are insensitive to soft/collinear radiation.

Schematically for an IR safe observable
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Which observables are infrared safe?
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‣ energy of the hardest particle in the event

‣ multiplicity of gluons 

‣ momentum flow into a cone in rapidity and angle

‣ cross-section for producing one gluon with E > Emin and θ > θmin

‣ jet cross-sections

Infrared safety: examples 

 4

Infrared safe ? 

NO
NO
YES
NO

DEPENDS

Only for infrared safe quantities is a comparison of data and theory well 
defined to all orders in perturbation theory See exercises!

‣ energy of the hardest particle in the event

‣ multiplicity of gluons 

‣ momentum flow into a cone in rapidity and angle

‣ cross-section for producing one gluon with E > Emin and θ > θmin

‣ jet cross-sections

Infrared safety: examples 

 4

Infrared safe ? 

NO
NO
YES
NO

DEPENDS

Only for infrared safe quantities is a comparison of data and theory well 
defined to all orders in perturbation theory 

NO


NO


YES


DEPENDS
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BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

QCD CRUCIAL FEATURE #1: ASYMPTOTIC FREEDOM

R ⌘ �(e+e� ! hadrons)

�(e+e� ! µ+µ�)

<latexit sha1_base64="/65xKvOFFYY+R1VKV7E+wNLHJWk="></latexit>

‣ One of the first tests of QCD was the measurement of the R-ratio, defined as 

‣ Second order QCD correction (NNLO = next-to-neat-to-leading order)

‣ UV divergences do not cancel => Renormalisation procedure: the UV divergence is dealt 
with renormalisation of bare coupling   

↵S(µ) = ↵bare
S + b0 log

✓
M2

UV

µ2

◆
(↵bare

S )2

<latexit sha1_base64="z2Y5p0EanWV15pG23I6gu8mLglQ="></latexit>

µ2 d↵S(µ)

µ2
= �b0↵

2
S(µ) + ...

<latexit sha1_base64="WJC0XSfi181X6qcTVoITLCYN53w=">AAACI3icbZDLSsNAFIYn9VbrrerSzWARKmJISkURhKIblxXtBZo0TCaTdujkwsxEKKHv4sZXceNCKW5c+C5O0wraemDg5//O4cz53ZhRIQ3jU8stLa+sruXXCxubW9s7xd29pogSjkkDRyzibRcJwmhIGpJKRtoxJyhwGWm5g5sJbz0SLmgUPshhTOwA9ULqU4ykspzipRUk3Yrlc4RTz0Is7iPnvqzM41GaodHVqesYP6RbyRg80XXdKZYM3cgKLgpzJkpgVnWnOLa8CCcBCSVmSIiOacTSThGXFDMyKliJIDHCA9QjHSVDFBBhp9mNI3ikHA/6EVcvlDBzf0+kKBBiGLiqM0CyL+bZxPyPdRLpX9gpDeNEkhBPF/kJgzKCk8CgRznBkg2VQJhT9VeI+0jlJVWsBRWCOX/yomhWdLOqn91VS7XrWRx5cAAOQRmY4BzUwC2ogwbA4Am8gDfwrj1rr9pY+5i25rTZzD74U9rXN4zdouU=</latexit>

R(2) = R(0)

✓
1 +

↵S

⇡
+

⇣↵S

⇡

⌘2
✓
c+ ⇡b0 log

✓
M2

UV

Q2

◆◆◆
b0 =

11Nc � 4nfTR

12⇡

<latexit sha1_base64="EvOZ40A5ilxmqQ+cGuFAa5N/hfY="></latexit>

Fabio MaltoniFabio MaltoniGGI Florence - 2017

e-

e+

γ*,Z

Let us consider the process: 
e-e+ → hadrons and for a Q2 >> ΛS2.  
At this point (though we will!) we don’t 
have an idea how to calculate the details of 
such a process. 
So let’s take the most inclusive approach 
ever: we just want to count how many 
events with hadrons in the final state there 
are wrt to a pair of muons.  

First improvement:  e+ e- → qq at NLO 
Already a much more difficult calculation!  
There are real and virtual contributions. 
There are: 
* UV divergences coming from loops  
* IR divergences coming from loops and 
real diagrams. Ignore the IR for the moment 
(they cancel anyway) We need some kind of 
trick to regulate the divergences. Like 
dimensional regularization or a cutoff M.  
At the end the result is VERY SIMPLE:

R1 = R0

(

1 +
αS

π

)

No renormalization is needed! Electric charge is left untouched by strong interactions!
45

Ren. group and asymptotic freedom

_
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Second improvement: e+ e- → qq at NNLO 
Extremely difficult calculation!  
Something new happens:

R2 = R0

(

1 +
αS

π
+

[

c + πb0 log
M2

Q2

]

(αS

π

)2
)

The result is explicitly dependent on the 
arbitrary cutoff scale. We need to perform 
normalization of the coupling and since QCD 
is renormalizable we are guaranteed that this 
fixes all the UV problems at this order. αS(µ) = αS + b0 log

M2

µ2
α2

S

e-

e+

γ*,Z

Let us consider the process: 
e-e+ → hadrons and for a Q2 >> ΛS2.  
At this point (though we will!) we don’t 
have an idea how to calculate the details of 
such a process. 
So let’s take the most inclusive approach 
ever: we just want to count how many 
events with hadrons in the final state there 
are wrt to a pair of muons.  

46

Ren. group and asymptotic freedom

_

No divergences! 

What happens at higher orders? 
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UV divergences don’t cancel! We need renormalisation! 


Renormalising the bare coupling we have: 
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Comments: 

1. Now R2 is finite but depends on an arbitrary scale µ, directly and through αs. We had to 
introduce µ because of the presence of M. 

2. Renormalizability guarantees than any physical quantity can be made finite with the SAME 
substitution. If a quantity at LO is AαsN then the UV divergence will be N A b0 log M2 αsN+1. 

3. R  is a physical quantity and therefore cannot depend on the arbitrary scale µ!!  One can show 
that at order by order: 

which is obviously verified by Eq. (1).  Choosing µ ≈ Q the logs ...are resummed!
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d

dµ2
Rren = 0 ⇒ Rren(αS(µ),

µ2

Q2
) = Rren(αS(Q), 1)

b0 =
11Nc − 2nf

12π

Rren

2 (αS(µ),
µ2

Q2
) = R0

(

1 +
αS(µ)
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Ren. group and asymptotic freedom

Finite but scale dependent!renormalisation scaleμ =

 (cutoff regulator)MUV → ∞
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Asymptotic freedom
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Asymptotic freedom
Among QFT theories in 4 dimension only the non-Abelian gauge theories are “asymptotically 
free”.  

It becomes then natural to promote the global color SU(3) symmetry into a local symmetry where 
color is a charge.  

This also hints to the possibility that the color neutrality of the hadrons could have a dynamical 
origin

Q2

αs Perturbative region

In renormalizable QFT’s scale invariance is broken by the renormalization procedure and couplings 
depend logarithmically on scales.

14
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QCD CRUCIAL FEATURE #1: ASYMPTOTIC FREEDOM

Roughly speaking, quark loop diagrams contribute with Nf negative terms in b0, while the 
gluon loop, diagram gives a positive contribution proportional to Nc, which is dominant 
and make the overall beta function negative.
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β(αS) ≡ µ2
∂αS

∂µ2
= −b0α

2

S ⇒
4.  From (2) one finds that:

αS(µ) =
1

b0 log µ2

Λ2

This gives the running of αS.  Since b0 > 0, this expression make sense for all scales µ>Λ.  
In general one has:

dαS(µ)

d log µ2
= −b0α

2
S(µ) − b1α

3
S(µ) − b2α

4
S(µ) + . . .

where all bi  are finite (renormalization!).  At present we know the bi up to b3 (4 loop calculation!!). 
b1and b2 are renormalization scheme independent. Note that the expression for αS( µ) changes 
accordingly to the loop order.  At two loops we have:

αS(µ) = αS + b0 log
M2

µ2
α2

S b0 =
11Nc − 2nf

12π
(2) >0

αS(µ) =
1

b0 log µ2

Λ2

[

1 −

b1

b2
0

log log µ2/Λ2

log µ2/Λ2

]
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Ren. group and asymptotic freedom
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Ren. group and asymptotic freedom

1-loop

2-loop
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Roughly speaking, quark loop diagram (a) contributes a negative Nf  term in b0, while the 
gluon loop, diagram (b) gives a positive contribution proportional to the number of colors Nc, 
which is dominant and make the overall beta function negative.

b0 =
11Nc − 2nf

12π
>0     ⇒  β(αS)<0 in QCD

b0 = −

nf

3π
<0     ⇒  β(αS)>0 in QED

αEM (µ) =
1

b0 log µ2

Λ2
QED

Perturbative regionPerturbative region
αEM

Why is the beta function negative in QCD? 

49

QCD
QED
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Running of αs
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THE STRONG COUPLING CONSTANT

‣ In pQCD all theoretical  
predictions are expressed in 
terms of the renormalised 
coupling 𝛂S(µ2R), a function 
of unphysical 
renormalization scale µR. 

‣ When one takes µR close to 
the scale of the momentum 
transfer Q in a given 
process, then 𝛂S(Q2) is 
indicative of the effective 
strength of the strong 
interaction in that process

Measurements of the running coupling

Summarizing:

• overall consistent picture: αs from very 
different observables compatible

• αs is not so small at current scales  

• αs decreases slowly at higher energies 
(logarithmic only) 

• higher order corrections are and will 
remain important 

World average

 13

↵s(MZ) = 0.1181± 0.0011

Many measurements at different scales all leading to very consistent results once 
evolved to the same reference scale, MZ. 
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Going back to the Master formula

67

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s)

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s, μR)
???
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QCD improved parton model
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At HERA scaling violations were observed!

first ep collider

Scaling violations
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At HERA scaling violations were observed!

first ep collider

Scaling violations
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The parton model predicts scaling. Experiment shows:
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We got a long way without even invoking QCD. Let’s do it now. 

The first diagram to consider is the same as in the parton model: 

At NLO we find again both real and virtual corrections:

Our experience so far: have to expect IR divergences!  
In order to make the intermediate steps of the calculation finite, we introduce a 
regulator, which will be removed at the end. 

Dimensional regularization is the best choice to perform serious calculations. 
However for illustrative purposes other regulators (that cannot be easily used beyond 
NLO) are better suited. We’ll use here a small quark/gluon mass.

αS corrections to the LO process        photon-gluon fusion

DIS in QCD

127

What are we missing? 

Scaling violation
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Scaling

cms energy2 

momentum transfer2 

scaling variable 

energy loss 

rel. energy loss 

recoil mass

s = (P + k)2

Q2 = �(k � k0)2

x = Q2/2(P · q)
⌫ = (P · q)/M = E � E0

y = (P · q)/(P · k) = 1� E0/E

W 2 = (P + q)2 = M2 +
1� x

x
Q2

d�elastic

dq2
=

✓
d�

dq2

◆

point

· F 2
elastic(q

2) �(1� x) dx

d�inelastic

dq2
=

✓
d�

dq2

◆

point

· F 2
inelastic(q

2, x) dx

What should we expect for F(q2,x)?
11
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We got a long way without even invoking QCD. Let’s do it now. 

The first diagram to consider is the same as in the parton model: 

At NLO we find again both real and virtual corrections:

Our experience so far: have to expect IR divergences!  
In order to make the intermediate steps of the calculation finite, we introduce a 
regulator, which will be removed at the end. 

Dimensional regularization is the best choice to perform serious calculations. 
However for illustrative purposes other regulators (that cannot be easily used beyond 
NLO) are better suited. We’ll use here a small quark/gluon mass.

αS corrections to the LO process        photon-gluon fusion

DIS in QCD

127

What do we expect?

Given the computation of R at NLO, we expect IR divergences


We need to regulate these, and hope that they cancel! 
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Once we compute the diagrams we indeed find that UV and soft divergences all cancel, 
but for a collinear divergence arising when the emitted gluon becomes collinear to the 
incoming quark: 

= e2

qx

[

δ(1 − x) +
αS

4π

[

Pqq(x) log
Q2

m2
g

+ Cq
2
(x)

]]

d2σ̂

dxdQ2
|F2

≡ F̂
q
2

d2σ̂

dxdQ2
|F2

≡ F̂
g
2

=
∑

q

e2

qx

[

0 +
αS

4π

[

Pqg(x) log
Q2

m2
q

+ C
g
2
(x)

]]

The presence of large logs is a clear sign that we have a 
residual infrared sensitivity that we have to deal with! 

IR cutoff

DIS in QCD

128

̂Fq
2 = e2

q x[δ(1 − x) +
αs

4π
Pqqlog Q2

m2
g

+ Cq
2 (x)] ̂Fg

2 = e2
q x[0 +

αs

4π
Pqglog Q2

m2
g

+ Cg
2 (x)]

Soft and UV divergences cancel but a collinear divergence arises: 
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QCD improved parton model
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We got a long way without even invoking QCD. Let’s do it now. 

The first diagram to consider is the same as in the parton model: 

At NLO we find again both real and virtual corrections:

Our experience so far: have to expect IR divergences!  
In order to make the intermediate steps of the calculation finite, we introduce a 
regulator, which will be removed at the end. 

Dimensional regularization is the best choice to perform serious calculations. 
However for illustrative purposes other regulators (that cannot be easily used beyond 
NLO) are better suited. We’ll use here a small quark/gluon mass.

αS corrections to the LO process        photon-gluon fusion

DIS in QCD
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̂Fq
2 = e2

q x[δ(1 − x) +
αs

4π
Pqqlog Q2

m2
g

+ Cq
2 (x)] ̂Fg

2 = e2
q x[0 +

αs

4π
Pqglog Q2

m2
g

+ Cg
2 (x)]

Soft and UV divergences cancel but a collinear divergence arises: 

IR cut-of
What are functions  and ?Pqq Pqg

Splitting functions : they give the probability of parton j splitting 
into parton i which carries momentum fraction  of the original parton 

Pij(x)
x
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 The process factorizes in the collinear limit. This procedure it universal! 
 

61

2a
b

c
θ

Mn+1 θ ➞ ×
b

c

a
2a

Mn

|Mn+1|2d�n+1 ' |Mn|2d�n
dt

t
dz

d�

2⇡

↵S

2⇡
Pa!bc(z)

Pg!qq(z) = TR

⇥
z2 + (1� z)2

⇤
, Pg!gg(z) = CA


z(1� z) +

z

1� z
+

1� z

z

�
,

Pq!qg(z) = CF


1 + z2

1� z

�
, Pq!gq(z) = CF


1 + (1� z)2

z

�
.

Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization
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These functions are universal for each type of splitting

Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions
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What does this collinear divergence mean?

Residual long-distance physics, not disappearing once real and virtual corrections 
are added. These appear along with the universal splitting functions. 

Can a physical observable be divergent? 

No, as the physical observable is the hadronic structure function: 

72
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So the natural question is: what is it that is going wrong? Do we have IR sensitiveness in a 
physical observable? Well not yet!! 

To obtain the physical cross section we have to convolute our partonic results with the 
parton densities, as we have learned from the parton model.  

For instance: 

And now comes the magic:  as long as the divergences are universal and do not depend on 
the hard scattering functions but only on the partons involved in the splitting, we can 
reabsorb the dependence on the IR cutoff (once for all!) into fq,0(x):

“Renormalized” parton densities: we have factorized the IR collinear physics into a 
quantity that we cannot calculate but it is universal. So how does the final result looks like?

F q
2
(x, Q2) = x

∑

i=q,q̄

e2

q

[

fi,0(x) +
αS

2π

∫ 1

x

dξ

ξ
fi,0(ξ)

[
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x

ξ
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Q2

m2
g

+ Cq
2
(
x

ξ
)

]]

fq(x, µf ) ≡ fq,0(x) +
αS

2π

∫ 1

x

dξ

ξ
fq,0(ξ)Pqq(

x

ξ
) log

µ2
f

m2
g

+ zqq

DIS in QCD
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We can absorb the dependence on the IR cutoff into the PDF: 

Renormalised PDFs! 
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Factorisation
Structure function is a measurable object and cannot depend on scale 
at all orders (renormalisation group invariance)

73

Long distance physics is universally factorised into the PDFs, which now depend 
on . PDFs are not calculable in perturbation theory. PDFs are universal, they 
don’t depend on the process. 


Factorisation scale   acts as a cut-off, emissions below  are included in the 
PDFs. 

μf

μf μf
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F q
2
(x, Q2) = x

∑

i=q,q̄

e2

q

∫ 1

x

dξ

ξ
fi(ξ, µ

2

f )

[

δ(1 −

x

ξ
) +

αS(µr)

2π

[

Pqq(
x

ξ
) log

Q2

µ2

f

+ (Cq
2
− zqq)(

x

ξ
)

]]

Questions: 

1. Can we exploit the fact that physical quantities have to be scale 
independent to gain information on the pdfs? 

2. What exactly have we gained in hiding the large logs in the 
redefined pdf’s?  Aren’t we just hiding the problem?

Factorization

132
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LHC Master Formula
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�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s)

∑
a,b

∫ dx1dx2 dΦPS fa(x1)fb(x) ̂σ( ̂s, μR)

Parton model

Renormalisation

QCD improved parton model
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DGLAP
We can’t compute PDFs in perturbation theory but we can predict their evolution 
in scale: 


Universality of splitting functions: we can measure pdfs in one process and use 
them as an input for another process 

75

DGLAP equation

µ2 ⇧f(z, µ2)
⇧µ2

=
⇤ 1

x

dz

z

�s

2⇤
P (z)f

�x

z
, µ2

⇥

Master equation of QCD: we can not compute parton densities, but we 
can predict how they evolve from one scale to another

Universality of splitting functions: we can measure pdfs in one process 
and use them as an input for another process

 Altarelli, Parisi; Gribov-Lipatov; Dokshitzer ’77 

x

 30

Fabio MaltoniGGI Florence - 2017

Non-perturbative information that is fitted from a wealth of experimental data 

• The pdf is parametrised at a given low scale in terms of an analytic or NN 
function and momentum sum rules are imposed. 

• They are evolved through the DGLAP equations:

LO (1974) NLO (1980) NNLO (2004)

PDFs

149

Splitting functions improved in 
perturbation theory!

LO Dokshitzer; Gribov, Lipatov; Altarelli, Parisi (1977) 
NLO Floratos,Ross,Sachrajda; Floratos, Lacaze, Kounnas, 
Gonzalez-Arroyo,Lopez,Yndurain; Curci,Furmanski 
Petronzio, (1981) 
NNLO - Moch, Vermaseren, Vogt, 2004 
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PDF evolution
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Hadronic scale:
global fit of PDFs

High scale:
input to the LHC

Perturbative QCD

fi(x, µ)
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pQCD

fi(x, µ)
<latexit sha1_base64="lU5j/KcQHF6dfAFFaeIfQpG1Nes=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfuB7VKyabYNTbJLkhXL0n/hxYMiXv033vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTR0litAGiXik2gHWlDNJG4YZTtuxolgEnLaC0c3Ubz1SpVkk7804pr7AA8lCRrCx0kPYY+Wns65ITnvFkltxZ0DLxMtICTLUe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcSCaj+dXTxBJ1bpozBStqRBM/X3RIqF1mMR2E6BzVAvelPxP6+TmPDKT5mME0MlmS8KE45MhKbvoz5TlBg+tgQTxeytiAyxwsTYkAo2BG/x5WXSrFa884p7d1GqXWdx5OEIjqEMHlxCDW6hDg0gIOEZXuHN0c6L8+58zFtzTjZzCH/gfP4ArHWQQQ==</latexit>
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PDF extraction

We can’t compute PDFs in perturbation theory but we can extract them from data, and use 
DGLAP equations to evolve them to different scales.

• Choose experimental data to fit and include all info on correlations 

Theory settings: perturbative order, EW corrections, intrinsic heavy quarks, , quark 
masses value and scheme 


• Choose a starting scale Q0 where pQCD applies 


• Parametrise independent quarks and gluon distributions at the starting scale 


• Solve DGLAP equations from initial scale to scales of experimental data and build up 
observables 


• Fit PDFs to data

• Provide PDF error sets to compute PDF uncertainties 

αs

77



Ken Mimasu STFC HEP school 2025

Data for PDF determination
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x-dependence: from data

Up to O(𝛼s) corrections
DISENTANGLING PDFS WITH EXPERIMENTAL DATA
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LHC kinematics

For the production of a particle of mass M:

79Fabio MaltoniFabio MaltoniGGI Florence - 2017

We describe the collision in terms of parton 
energies 

E1= x1 Ebeam 
E2= x2 Ebeam 

Obviously the partonic c.m.s. frame will be in  
general boosted. Let us say that the two partons 
annihilate into a particle of mass M.   

M
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pp kinematics
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See exercises!
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Data complementarity
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LHC KINEMATICS
 Inclusive jets and dijets  
         (medium/large x) 
 Isolated photon and γ+jets  
         (medium/large x) 
 Top pair production (large x) 
 High pT V(+jets) distribution  
          (small/medium x) 
  
 High pT W(+jets) ratios  
         (medium/large x) 
 W and Z production  
         (medium x) 
 Low and high mass Drell-Yan  
         (small and large x) 
 Wc (strangeness at medium x) 

 Low and high mass Drell-Yan  
 WW production
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From. M. Ubiali
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Modern PDFs
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MODERN PDF SETS
• Post- Run I now exist from three major global fitters 

CT18 MSTH20 NNPDF3.1

• LHC data also playing key role in ABM fits 
• ATLAS/CMS keep providing their own PDF 
analyses based on more restricted PDF 
parametrizations (XFitter) 

Different collaborations, predictions usually computed with different PDFs 
to extract an uncertainty envelope. 
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Impact of PDF uncertainties
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PHENO IMPLICATION OF PDF UNCERTAINTIES
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Progress in PDFs!
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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
• Starting point for further simulation.
• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 45/81

Fixed order computations

83

p
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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
• Starting point for further simulation.
• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.
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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
• Starting point for further simulation.
• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 45/81

Resolution

Need to introduce resolution t0, e.g. a cutoff in p?. Prevent us
from the singularity at q ! 0.

Emissions below t0 are unresolvable.

Finite result due to virtual corrections:

+ = finite.

unresolvable + virtual emissions are included in Sudakov form
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 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Matrix elements

• Perturbation theory/Feynman diagrams give us (fairly
accurate) final states for a few number of legs (O(1)).

• OK for very inclusive observables.
• Starting point for further simulation.
• Want exclusive final state at the LHC (O(100)).
• Want arbitrary cuts.
• ! use Monte Carlo methods.
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Fixed order computations
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We need to add real and virtual corrections to the hard scattering 
dealing with singularities

Relatively straightforward at NLO (automated), complicated at NNLO (tens of 
processes), extremely hard at NNNLO (handful of processes known)
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Structure of an NLO calculation

85
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Elements of a NLO computation

NLO contributions have three parts

Virtual part

�NLO
=

Z

m
d(d)�V +

z }| {

Real emission part

Z

m+1
d(d)�R+

Z

m
d(4)�B

Born

Loops have been for long the bottleneck of NLO computations
Virtuals and Reals are each divergent and subtraction scheme need to be used (Dipoles, FKS, 
Antenna’s)
A lot of work is necessary for each computation

45

Difficulties: 


• Loop calculations: tough and time consuming


• Divergences: Both real and virtual corrections are divergent


• More channels, more phase space integrations

Difficulty
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How to deal with NLO in practice?

NLO corrections involve divergences: Divergences are bad for 
numerical computations

86

MCnet Beijing Hua-Sheng Shao51

NLO SUBTRACTION

�NLO =

Z
d�(n)B +

Z
d�(n)V +

Z
d�(n+1)R

• Master formula:

• The subtraction counterterm S should be chosen:
• It exactly matches the singular behaviour of  real ME
• It can be integrated numerically in a convenient way
• It can be integrated exactly in d dimension
• It is process independent (overall factor times Born ME)

• In gauge theory, the singular structure is universal

Friday, June 11, 21

Subtraction:
finite finite
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Subtraction techniques at NLO

Dipole subtraction

• Catani, Seymour hep-ph/9602277

• Automated in MadDipole, Sherpa, HELAC-NLO

FKS subtraction

• Frixione, Kunszt, Signer hep-ph/9512328

• Automated in MadGraph5_aMC@NLO and Powheg/Powhel

87

Detailed discussion of these could be another lecture course!
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A note about NLO

88
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Calling a code  “a NLO code” is an abuse of language and can be confusing.
A NLO calculation always refers to an IR-safe observable, when the genuine αS corrections to 
this observable on top of the LO estimate are known.

An NLO code will, in general, be able to produce results for several quantities and 
distributions, only some of which will be at NLO accuracy.

☞  Total cross section, σ(tt)

☞  PT >0 of one top quark

☞  PT >0 of the tt pair

☞  PT >0 of the jet

☞  tt invariant mass, m(tt)

☞  ΔΦ(tt)>0

LO

Virt

Real

-

..............  ✓
   .................. ✓

................................... ✗

......................... ✗

................... ✓

47

Predictions at NLO Warning!

Example:  Suppose we use the NLO code for pp → ttExample: top pair production Which observables do we compute at NLO?

NLO

Total cross-section


pT of a top quark


pT of top pair


pT of hardest jet


tt invariant mass


It is certain observables which are computed at NLO
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Need for higher-orders

89

Reminder: 


Level of experimental precision 
demands precise theoretical predictions


Theorists are not simply having fun!!!



Ken Mimasu STFC HEP school 2025

Higher order computations

90

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 

BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

THE PARTONIC CROSS SECTION

From Gavin Salam’s lectures  
Quy Nhon Vietnam 2018 

Complexity rises a lot with each N!
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Status of hard scattering cross-sections

LO automated

NLO automated

NNLO: Several processes known (VV production, top pair production, all  processes)


NNNLO: only a handful of processes!

• Higgs in gluon fusion (Anastasiou et al, arXiv:1602.00695)

• Higgs in VBF (Dreyer et al, arXiv:1811.07906) 

• Higgs in bottom annihilation (Duhr et al, arXiv:1904.09990)

• Drell-Yan (Duhr et al, arXiv:2001.07717, 2007.13313) 

2 → 1

91
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Progress in higher-order computations

92
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PARTONIC CROSS SECTION COMPUTATION: STATE OF THE ART

• LO: almost all processes 
• NLO: most processes (automated calculations) 
• NNLO: all 2 → 1, most 2→2 (explosion of calculations in the past few years) 
• N3LO: five processes so far 
• No time to mention very important pheno linked with resummation of large logs

A. Huss, QCD@LHC-X 2020
A. Huss, QCD@LHC-X 2020 
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Hard scattering cross-section
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Perturbative expansion

• The parton-level cross section can be computed as a series in perturbation 
theory, using the coupling constant as an expansion parameter 

16
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NkLO, for k = 0, .., 3. The bands are obtained by varying the perturbative scales by a factor
of 2 around the central scale µcent. = mH/2. We see that, as expected, the scale dependence
�(scale) is reduced considerably as the perturbative order is increased, reaching a few percent
at N3LO. Moreover, we observe a nice convergence of the perturbative series, with the scale
variation band at N3LO strictly contained within the NNLO band. We stress, however, that
this convergent behaviour depends on the choice of the hard scale [6, 7].

In the right panel of figure 1 we show the NCDY cross section at di↵erent orders normal-
ized to the N3LO prediction as a function of the invariant mass Q of the produced lepton
pair. Similar to the case of Higgs production, we observe a considerable reduction of the
dependence on the perturbative scales as the order is increased. At the same time, we find
that the bands obtained from scale variation at NNLO and N3LO do not overlap for invariant
masses 60 GeV . Q . 400 GeV, and this conclusion is independent of the choice of the cen-
tral scale. This clearly shows that care is needed when interpreting scale variation as a tool
to estimate the size of the missing higher orders, especially at high orders in perturbation
theory where we aim for precision predictions.

In order to investigate the relevance and the impact of N3LO computations, we summarize
in table 1 the results for the inclusive production cross section for various 2 ! 1 processes.
All results are obtained for the LHC with

p
S = 13 TeV, and we fold partonic cross sections

with the pdf4lhc15_nnlo_mc set [26]. We show results for the K-factors from NNLO to
N3LO, and we observe that in all cases the N3LO corrections can change the value of the
predictions by a few percent, up to 5% depending on the invariant mass Q considered. We
also show the uncertainty �(scale) on the cross section from varying the perturbative scales
by a factor of 2 up and down around the central scale µcent. = Q/2. We see that in all
cases the residual scale dependence at N3LO is of the order of a few percent. Based on these
results, we conclude that N3LO predictions for hadron collider observables are highly desired
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Figure 1: The left panel shows the Higgs boson production cross section in gluon fusion
as a function of the LHC energy through di↵erent orders in perturbation theory. The right
panel shows the invariant-mass distribution ⌃(Q) of the Drell-Yan production process at the
LHC with

p
S = 13 TeV at di↵erent orders in perturbation theory.
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Dilepton production



Ken Mimasu STFC HEP school 2025

Uncertainties in theory predictions
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BUSSTEPP@50 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

µ0 = MH

<latexit sha1_base64="lj4scN0hx8Jtl6lCeNXr178Uw+o=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKRS9C0UsvQgX7AdtlyabZNjSbLMmsUEp/hhcPinj113jz35i2e9DWBwOP92aYmRelghtw3W+nsLa+sblV3C7t7O7tH5QPj9pGZZqyFlVC6W5EDBNcshZwEKybakaSSLBONLqb+Z0npg1X8hHGKQsSMpA85pSAlfxekoUuvsH3YSMsV9yqOwdeJV5OKihHMyx/9fqKZgmTQAUxxvfcFIIJ0cCpYNNSLzMsJXREBsy3VJKEmWAyP3mKz6zSx7HStiTgufp7YkISY8ZJZDsTAkOz7M3E/zw/g/g6mHCZZsAkXSyKM4FB4dn/uM81oyDGlhCqub0V0yHRhIJNqWRD8JZfXiXti6pXq14+1Cr12zyOIjpBp+gceegK1VEDNVELUaTQM3pFbw44L86787FoLTj5zDH6A+fzB6BAkC4=</latexit>

 Not so good perturbative convergence until N3LO for  𝛍0 =  MH 

N3LO: GLUON FUSION INTO HIGGS

How do we estimate 
uncertainties?


Vary the renormalisation and 
factorisation scale


Typically pick some central scale 
 and vary the scale up and 

down by a factor of 2
μ0

Aim to capture unknown 
higher order corrections, 
not exact science!

All order result should be  independentμ
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How do we actually compute all of these?

95

Monte Carlo
Theory

Experiment
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Example: 3 jet production in pp collisions

1. Know the Feynman rules (SM or BSM)

2. Find all possible Subprocesses

97 processes with 781 diagrams generated in 2.994 s

Total: 97 processes with 781 diagrams

3. Compute the amplitude


4. Compute  for each subprocess, sum over spin and colour

5. Integrate over the phase space

|M |2

Focusing on LO

96
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LO calculation of a cross-section

97

How many subprocesses?


Amplitude computation (Feynman diagrams)


Square the amplitude, sum over spin and colour


Integrate over the phase space 

Difficulty

Complexity increases with


• number of particles in the final state 


• number of Feynman diagrams for the process (typically organise these in 
terms of leading couplings: see tutorial)
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Structure of an automated MC generator

I. Input Feynman rules

II. Define initial and final state

III. Automatically find all subprocesses

IV. Compute matrix element (including tricks like helicity amplitudes)

V. Integrate over the phase space by optimising the PS 

parametrisation and sampling 

VI. Unweight and write events in the Les Houches format

98

Next: Shower+Hadronisation 
Detector simulation and reconstruction
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Output of LO MC generators

99

PDG Momenta Mass

All Information needed to pass to parton shower is included in the event

Example: gg>ZZ
LHE event format
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Available public MC generators

100

Matrix element generators (and integrators): 

• MadGraph/MadEvent

• Comix/AMEGIC (part of Sherpa)

• HELAC/PHEGAS

• Whizard

• CalcHEP/CompHEP 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Is Fixed Order enough?

Fixed order computations can’t give us the full picture of what we see 
at the LHC

101

Studied so far Reality
p
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Master formula for the LHC
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An LHC event

102
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1. High-Q  Scattering2 2. Parton Shower 

3. Hadronization 4. Underlying Event 

Sherpa artist

53
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Is fixed order enough?

103
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Limits of fixed-order predictions

?
• Particle multiplicity?
• Jet structure?
• Hadrons?

• Fixed order calculations involve 
only a few partons 


• Not what we see in detectors


• Need Shower and Hadronisation
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A multiscale story

High-  scattering: process 
dependent, systematically improvable 
with higher order corrections, where 
we expect new physics 

Parton Shower: QCD, universal, soft 
and collinear physics

Hadronisation: low , universal, 
based on different models

Underlying event: low , involves 
multiple interactions

Q2

Q2

Q2

104

Colliders, Higgs and the strong interaction — MPG PKS, July 2021Gavin Salam 46

schematic view of key 
components of QCD 

predictions and Monte 
Carlo event simulation
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pattern of particles in 
MC can be directly 

compared to pattern in 
experiment@G.Salam
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Parton Shower

• Dress partons with radiation with an arbitrary number of branchings


• Preserve the inclusive cross-section: unitary 


• Needs to evolve in scale from Q~1TeV (hard scattering) down to ~GeV


• ..at which point hadronisation takes place
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Basics of parton shower
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small angle=collinear
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 The process factorizes in the collinear limit. This procedure it universal! 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�
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Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization
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2
a

b

c
θ

Mn+1θ ➞ 0

Collinear factorization

• Consider a process for which two particles are separated by a small angle θ.

• In the limit of θ  ➞ 0 the contribution is coming from a single parent particle 
going on shell: therefore its branching is related to time scales which are very 
long with respect to the hard subprocess.

• The inclusion of such a branching cannot change the picture set up by the hard 
process: the whole emission process must be writable in this limit as the simpler 
one times a branching probability.

• The first task of Monte Carlo physics is to make this statement quantitative.
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going on shell: therefore its branching is related to time scales which are very 
long with respect to the hard subprocess.

• The inclusion of such a branching cannot change the picture set up by the hard 
process: the whole emission process must be writable in this limit as the simpler 
one times a branching probability.

• The first task of Monte Carlo physics is to make this statement quantitative.
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θ ➞ 0 ×
b

c

a

2a

Mnθ ≪

• Time scale associated with splitting much longer than the one of the hard scattering


• This kind of splitting should be described by a branching probability


• The parton shower will quantify the probability of emission 

Collinear factorisation: 

Starting with one splitting

Factorisation!
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Collinear factorisation and splitting functions
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 The process factorizes in the collinear limit. This procedure it universal! 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Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization

•  is the evolution variable


•  tends to zero in the collinear limit (this factor is singular)


•  energy fraction transferred from parton a to parton b in splitting (  in the soft limit) 


•  azimuthal angle 

t
t

z z → 1
ϕ

The branching probability has the same form for all quantities 


• transverse momentum 


• invariant mass 

∝ θ2

k⊥ ∼ z2(1 − z)2θ2E2

Q2 ∼ z(1 − z)θ2E2

a

b

c
θ

dθ2

θ2
=

dk2
⊥

k2
⊥

=
dQ2

Q2

t ∈ {θ2, k2
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Altarelli-Parisi Splitting functions
Branching has a universal form given by the Altarelli-Parisi splitting 
functions (as we saw in DIS)
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 The process factorizes in the collinear limit. This procedure it universal! 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Notice that what has been roughly called ‘branching probability’ is actually a 
singular factor, so one will need to make sense precisely of this definition.
At the leading contribution to the (n+1)-body cross section the Altarelli-Parisi 
splitting kernels are defined as:

Collinear factorization

These functions are universal for each type of splitting
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Plan for the lectures

• Basics of collider physics

• Basics of QCD


• DIS and the Parton Model

• Higher order corrections 

• Asymptotic freedom

• QCD improved parton model


• State-of-the-art computations for the LHC

• Monte Carlo generators


• Parton Shower

• Hadronisation


• Jet algorithms

• Aspects of LHC phenomenology


• Higgs phenomenology

• Top phenomenology

• Searching for New Physics: EFT
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Multiple emissions
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Multiple emission

• Now consider Mn+1 as the new core process and use the recipe we used for the 
first emission in order to get the dominant contribution to the (n+2)-body cross 
section: add a new branching at angle much smaller than the previous one: 
 
 

• This can be done for an arbitrary number of emissions. The recipe to get the leading 
collinear singularity is thus cast in the form of an iterative sequence of emissions 
whose probability does not depend on the past history of the system: a ‘Markov 
chain’. No interference!!!
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We can generalise this for an arbitrary number of emissions


Iterative sequence of emissions which does not depend on the history 
(Markov Chain)
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Multiple emissions

111
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Multiple emission
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Multiple emission

• The dominant contribution comes from the region where the subsequently emitted 
partons satisfy the strong ordering requirement: θ ≫ θ’ ≫ θ’’... 
For the rate for multiple emission we get 
 
 
 
 
where Q is a typical hard scale and Q0 is a small infrared cutoff that separates 
perturbative from non perturbative regimes.

• Each power of αs comes with a logarithm. The logarithm can be easily large, and 
therefore it can lead to a breakdown of perturbation theory.
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Dominant contribution comes from subsequent emissions which satisfy strong ordering 



For  emissions the rate takes the form:

θ ≫ θ′￼ ≫ θ′￼′￼

k

•  is the hard scale and  is an infrared cut off (separating non-perturbative regime)

• Each power of  comes with a logarithm (breakdown of perturbation theory when large) 

Q Q0
αs

a

b

c
θ b

d

e
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Basics of PS

• Collinear factorisation allows subsequent branchings from the hard 
process scale down to the non-perturbative regime


• Different legs and subsequent emissions are uncorrelated

• No interference effects

• Captures leading contributions 

• Resummed calculation

• Bridge between fixed order and hadronisation
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Sudakov form factor
We need to take the survival probability into account, i.e. a parton can split at 
scale  if it has not branched at 


The probability of branching between scale  and  (with no emission before) 
is:


The no-splitting probability between scale  and   is 


The probability of no emission between  and  is:

t t′￼ > t
t t + dt

t t + dt 1 − dp(t)
Q2 t
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Sudakov form factor

The differential probability for the branching a ⟶ bc between scales t and t+dt 
knowing that no emission occurred before: 
 

The probability that a parton does NOT split between the scales t and t+dt is 
given by 1-dp(t).

Probability that particle a does not emit between scales Q2 and t

67
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Δ(Q2,t) is the Sudakov form factor

Property: Δ(A,B) = Δ(A,C) Δ(C,B)
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Sudakov form factor

Sudakov form factor
Note that

sall = s2 +s>2 = s2 +s2

✓
1

D2(t0, t)
�1

◆
,

) D2(t0, t) =
s2

sall
.

Two jet rate = D2 = P
2(No emission in the range t ! t0) .

Sudakov form factor = No emission probability .

Often D(t0, t) ⌘ D(t).
• Hard scale t, typically CM energy or p? of hard process.
• Resolution t0, two partons are resolved as two entities if

inv mass or relative p? above t0.
• P

2 (not P), as we have two legs that evolve independently.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 62/81
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Sudakovs

The Sudakov is used to create the branching tree of a parton

The probability of  ordered splittings from a leg at given scale is



The shower selects the  scales for the splitting randomly but weighted 
with no emission probability (before or after)

k
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Parton shower

68

The Sudakov form factor is the heart of the parton shower. It gives the 
probability that a parton does not branch between two scales
Using this no-emission probability the branching tree of a parton is generated.
Define dPk as the probability for k ordered splittings from leg a at given scales 
 
 
 
 

Q02 is the hadronization scale (~1 GeV). Below this scale we do not trust the 
perturbative description for parton splitting anymore.
This is what is implemented in a parton shower, taking the scales for the splitting 
ti randomly (but weighted according to the no-emission probability).

dP1(t1) = �(Q2, t1) dp(t1)�(t1, Q2
0),

dP2(t1, t2) = �(Q2, t1) dp(t1) �(t1, t2) dp(t2) �(t2, Q2
0)⇥(t1 � t2),

... = ...

dPk(t1, ..., tk) = �(Q2, Q2
0)

k�

l=1

dp(tl)⇥(tl�1 � tl)

ti
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Unitarity

• The parton shower has to be unitary (the sum over all branching trees 
should be 1). We can explicitly show this by integrating the probability 
for k splittings: 
 
 

• Summing over all number of emissions  
 
 

• Hence, the total probability is conserved

69
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Unitarity

The parton shower is unitary. Sum of all possibilities should be 1.

Probability of k ordered splittings:


Integrating this gives us: 


Summing over all possible numbers of emissions (0 to ):∞
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1
k!

�⌅ Q2

Q2
0

dp(t)

⇥k

= �(Q2, Q2
0) exp

�⌅ Q2

Q2
0

dp(t)

⇥
= 1 Probability is conserved
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Evolution parameter in parton shower
A parton shower is constructed: 

• Within the simplest collinear approximation, the splitting functions are universal, and fully 

factorised from the “hard” cross section 

• Within the simplest approximation, decays are independent (apart from being ordered in a 

decreasing sequence of scales)

Other variables can be used as evolution parameter:
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Collinear limit

Universal DGLAP splitting kernels for collinear limit:

ds = s0 Â
jets

dq 2

q 2
aS

2p
P(z)dz

Note: Other variables may equally well characterize the colline-
ar limit:

dq 2

q 2 ⇠ dQ
2

Q2 ⇠
dp

2
?

p2
?

⇠ dq̃
2

q̃2 ⇠ dt

t

whenever Q
2,p2

?, t ! 0 means “collinear”.
• q : HERWIG

• Q
2: PYTHIA  6.3, SHERPA.

• p?: PYTHIA � 6.4, ARIADNE, Catani–Seymour showers.
• q̃: Herwig++.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 57/81

Collinear limit

Universal DGLAP splitting kernels for collinear limit:

ds = s0 Â
jets

dq 2

q 2
aS

2p
P(z)dz

Note: Other variables may equally well characterize the colline-
ar limit:

dq 2

q 2 ⇠ dQ
2

Q2 ⇠
dp

2
?

p2
?

⇠ dq̃
2

q̃2 ⇠ dt

t

whenever Q
2,p2

?, t ! 0 means “collinear”.
• q : HERWIG

• Q
2: PYTHIA  6.3, SHERPA.

• p?: PYTHIA � 6.4, ARIADNE, Catani–Seymour showers.
• q̃: Herwig++.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 57/81

Same collinear behaviour, differences in the soft limit 
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Ordered branchings

117

Angular ordering

Radiation from parton i is
bound to a cone, given by the
colour partner parton j.

i

j

Results in angular ordered
parton shower and suppresses
soft gluons viz. hadrons in a jet.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 70/81

I
I P

I
I

t � t � t � t t � t 0

I t > t > t > t t > t 0

t
t

t

t

t 0

Shower is based on ordered splittings

I
I P

I
I

t � t � t � t t � t 0

I t > t > t > t t > t 0

t
t

t

t

t 0

Emission with smaller and smaller angles


I

I

I
✓

I
e+e�

Inside the cones partons emit as independent 
charges, outside radiation is coherent as if coming 
directly from the initial colour charge

θ1 > θ2 > θ3 θ > θ4

Note:
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Hadronisation
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S�`iQMb ǳ+HQb2 iQǴ 2�+? Qi?2` ?�/`QMBx2 +Q?2`2MiHvX

h?2`2 �`2 irQ K�BM b+?QQHb Q7 i?Qm;?i Q7 r?�i ǳ+HQb2 iQǴ K2�Mb,

*Hmbi2` ?�/`QMBx�iBQM
◦ +`2�i2 +Hmbi2`b 7`QK +QHQ`@

+QMM2+i2/ T�`iQMb U;HmQMb #`�M+?
iQ irQ [m�`FbV

◦ BMpQFBM; +QHQ` T`2+QM}M2K2Mi

ai`BM; ?�/`QMBx�iBQM
◦ +`2�i2 bi`BM;b 7`QK +QHQ` bi`BM;-

rBi? ;HmQMb ǳbi`2i+?BM; i?2 bi`BM;Ǵ
HQ+�HHv

◦ BMpQFBM; MQM@T2`im`#�iBp2 BMbB;?ib

LQi2 �H`2�/v ?2`2, `2�H@HB72 KQ/2Hb #Q``Qr i`�Bib �M/ T?2MQK2M� 7`QK #Qi? Ĝ
/2T2M/BM; 2X;X QM �p�BH�#H2 T?�b2bT�+2 7Q` ?�/`QMbX dR f 3e

• Colourless hadrons observed in detectors, not partons.


• Hadronisation describes creation of hadrons in QCD at low scales where 


• Requires non perturbative input 

• Two models: cluster and string

αs ∼ 𝒪(1)

Color-singlet parton pairs end 
up “close” in phase space. This 
is called preconfinement. 
Involves collecting   pairs into 
color-singlet clusters. 

 


qq̄

Create strings from color 
string, with gluons 
“stretching the string” 
locally. It uses non-
perturbative insights 


S�`iQMb ǳ+HQb2 iQǴ 2�+? Qi?2` ?�/`QMBx2 +Q?2`2MiHvX

h?2`2 �`2 irQ K�BM b+?QQHb Q7 i?Qm;?i Q7 r?�i ǳ+HQb2 iQǴ K2�Mb,

*Hmbi2` ?�/`QMBx�iBQM
◦ +`2�i2 +Hmbi2`b 7`QK +QHQ`@

+QMM2+i2/ T�`iQMb U;HmQMb #`�M+?
iQ irQ [m�`FbV

◦ BMpQFBM; +QHQ` T`2+QM}M2K2Mi

ai`BM; ?�/`QMBx�iBQM
◦ +`2�i2 bi`BM;b 7`QK +QHQ` bi`BM;-

rBi? ;HmQMb ǳbi`2i+?BM; i?2 bi`BM;Ǵ
HQ+�HHv

◦ BMpQFBM; MQM@T2`im`#�iBp2 BMbB;?ib

LQi2 �H`2�/v ?2`2, `2�H@HB72 KQ/2Hb #Q``Qr i`�Bib �M/ T?2MQK2M� 7`QK #Qi? Ĝ
/2T2M/BM; 2X;X QM �p�BH�#H2 T?�b2bT�+2 7Q` ?�/`QMbX dR f 3e

Cluster hadronisation String hadronisation
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Hadronisation

119



Ken Mimasu STFC HEP school 2025

Summary: Parton shower

• A parton shower dresses partons with radiation such that the sum of probabilities is one. 

• Predictions become exclusive.

• General-purpose, process-independent tools

• Based on collinear factorisation and build around the Sudakov form factors provide a 

resummed prediction

• Similar ideas can be used for the initial state shower (need to account for PDFs-

deconstruction of the DGLAP evolution, backwards evolution)

• Full description starting from hard scattering, shower and hadronisation (also underlying event)

• Move to hadronisation at a cut off at which perturbative QCD can’t be trusted

• Hadronisation is also universal and independent of the collider energy

120
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Parton shower programs
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Multi-purpose Event Generators

Current release 
series

Hard matrix 
elements

Shower 
algorithms NLO Matching Multijet merging MPI Hadronization

Shower 
variations

Herwig 7
Internal, 
libraries,

event files
QTilde, Dipoles Internally 

automated
Internally 

automated
Eikonal Clusters, 

(Strings)
Yes

Pythia 8 Internal,
event files

Pt ordered, 
DIRE, VINCIA

External Internal, ME via 
event files

Interleaved Strings Yes

Sherpa 2 Internal, 
libraries

CSShower, 
DIRE

Internally 
automated

Internally 
automated

Eikonal Clusters,
Strings

Yes

Multi-purpose Event Generators

Current release 
series

Hard matrix 
elements

Shower 
algorithms NLO Matching Multijet merging MPI Hadronization

Shower 
variations

Herwig 7
Internal, 
libraries,

event files
QTilde, Dipoles Internally 

automated
Internally 

automated
Eikonal Clusters, 

(Strings)
Yes

Pythia 8 Internal,
event files

Pt ordered, 
DIRE, VINCIA

External Internal, ME via 
event files

Interleaved Strings Yes

Sherpa 2 Internal, 
libraries

CSShower, 
DIRE

Internally 
automated

Internally 
automated

Eikonal Clusters,
Strings

Yes

Herwig and Pythia use 
LHE files e.g. produced 
in MG5_aMC
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What do we see in the detectors?

122

BUSSTEPP 2020 - QUEEN MARY UNIVERSITY OF LONDON, JANUARY 2020    - COLLIDER PHENOMENOLOGY, M. UBIALI

A QUICK OVERVIEW ABOUT JETS

• High-energy collisions ofter results into collimated sprays of particles, called 
jets.

Collimated sprays of particles: Jets! 
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Jets 

123

Fabio MaltoniFabio MaltoniGGI Florence - 2017

q

q

Jets

2-jets 3-jets 4-jets

Jets are in the eye of the beholder!

GavinSalam®

same event!!

101

How do we decide?

Jet algorithms: 


A set of rules to project 
information from the 
hadrons we see in the 
detectors onto a small 
number of parton-like 
objects
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Jet algorithms 
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Fabio MaltoniFabio MaltoniGGI Florence - 2017

Jet algorithms

jet 1 jet 2

LO partons

Jet Def n

jet 1 jet 2

Jet Def n

NLO partons

jet 1 jet 2

Jet Def n

parton shower

jet 1 jet 2

Jet Def n

hadron level

π π

K

p φ

GavinSalam®

Projection to jets must be resilient to QCD effects

A jet definition is a fully specified set of rules for projecting information 
from hundreds of hadrons, onto a handful of parton-like objects. 

In the projection a lot of information is lost. 

102

Procedure needs to be IRC safe!
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Example of jet algorithms

Sequential recombination algorithm 
• Bottom-up: combine particles starting from 

closest ones 

• How? Choose a distance 

measure, iterate recombination 
until few objects left, call them 
jets 


• Usually trivially made IRC safe, but their 
algorithmically complex


• Examples: Jade, kt, Cambridge/ Aachen, 
anti-kt ... 

125

Cone: 

• Top-down approach: find coarse regions of 

energy flow. 

• How? Find stable cones (i.e. their axis 

coincides with sum of momenta of particles in 
it) 


• Can be programmed to be fairly fast, at the 
price of being complex 


• Examples: JetClu, MidPoint, ATLAS cone, 
CMS cone, SISCone 
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IR safety and cone algorithms

126

51

IR safe definition of jets

Observables must be insensitive to modification of final state with respect to soft 
and/or collinear splitting 

Seeded cone algorithms are infrared unsafe! 
Example: Take the hardest constituent of event as seed for jet cone

Assume 3 constituents in event with cone size R=0.5

collinear splitting of 
hardest constituent

1-jet configuration
new seed!!

2-jet configuration

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

R (233)

16

X (223)

Dk!X(µ2
F ) (224)

c⌧ = 87.11 µm (225)

' 35% (226)

Rem =

Pn
i=1 ET,i

p
(⌘i � ⌘cluster)2 + (�i � �cluster)2Pn

i=1 ET,i
(227)

�E12
T =

P
i ET,iP
j ET,j

(228)

~p/T = �

X
~pT (observed) (229)

�E ⇠ (E/m)4 /R (230)

pT (231)

�R = 0.5 (232)

R (233)

16

Example:Take the hardest constituent of event as seed for jet cone 

Sensitive to collinear emission! Not IRC!
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Example of jet algorithm
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inclusive kT algorithm:   

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab
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dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

Distance 
measure

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)
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diB = 1 (170)
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R (162)

σNLO =
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2
F )(σ̂LO
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O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)
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+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
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Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)
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IR-safe sequential jet algorithms
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Steps: 

1. Find the smallest of 

2. If  recombine them

3. If  call  a jet and remove from particles

4. Repeat from I until no particles left
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Minimum distance between jets is R


Number of jets above  is IR safepTj
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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IR-safe sequential jet algorithms
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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jets is R

Only number of jets above pt 
cut is IR safe
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2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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Only number of jets above pt 
cut is IR safe

p

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

p

x

y

0

0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

57

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

58

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

59

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

60

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

61

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

i (172)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

12

py

0

px0

inclusive kT algorithm:   

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

12

anti-kT alg. - distance measure:

O4 = q̄�
Rb�

Lq̄⇥
Lb⇥

R (161)

O5 = q̄�
Rb⇥

Lq̄⇥
Lb�

R (162)

⇥NLO =
�

ab

⇥
d⇤1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(⇥̂LO

ab +⇥̂Virt
ab (µ2

R, µ2
F ))F(p1)⇥(cuts)

(163)

+
�

ab

⇥
d⇤2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )⇥̂remF(p1 + p2)⇥(cuts) (164)

limp1·p2⇥0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

�R2
ij

R2
(166)

diB = p2
Ti (167)

�R2
ij = (yi � yj)2 + (⇤i � ⇤j)2 (168)

dij =
�R2

ij

R2
(169)

diB = 1 (170)

iB (171)

ij (172)

pT < pparton
Tmin (173)

Rmin (174)

�max (175)

pT,min (176)

dij = min(p�2
Ti , p�2

Tj )
�R2

ij

R2
(177)

diB = p�2
Ti (178)

12

IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

Cambridge/Aachen alg. - distance measure:

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

dij =
∆R2

ij

R2
(169)

diB = 1 (170)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

∆R2
ij = (yi − yj)2 + (φi − φj)2 (168)

12

62

Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

12

O4 = q̄α
Rbα

Lq̄β
Lbβ

R (161)

O5 = q̄α
Rbβ

Lq̄β
Lbα

R (162)

σNLO =
∑

ab

∫
dΦ1+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )(σ̂LO

ab +σ̂Virt
ab (µ2

R, µ2
F ))F(p1)Θ(cuts)

(163)

+
∑

ab

∫
dΦ2+elwdx1dx2fa/P (x1, µ

2
F )fb/P (x2, µ

2
F )σ̂remF(p1 + p2)Θ(cuts) (164)

limp1·p2→0F (p1, p2) = F (p1) (165)

dij = min(p2
Ti, p

2
Tj)

∆R2
ij

R2
(166)

diB = p2
Ti (167)

12

1. Find smallest of 
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3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left
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IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

4-jets found! 
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Example of jet algorithms
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Fig. 7 A sample parton-level event (generated with Herwig [112,
113]), together with many random soft “ghosts”, clustered with four
different jet algorithms, illustrating the “active” catchment areas of the

resulting hard jets (cf. Sect. 4.4). For kt and Cam/Aachen the detailed
shapes are in part determined by the specific set of ghosts used, and
change when the ghosts are modified

Figure 7 illustrates the jets that are produced with the four
“choice” IRC-safe algorithms in a simple, parton-level event
(generated with Herwig), showing among other things, the
degree of regularity (or not) of the boundaries of the result-
ing jets and their extents in the rapidity-azimuth place.

3 Computational geometry and jet finding

It takes the human eye and brain a fraction of a second to
identify the main regions of energy flow in a calorimetric
event such as Fig. 7. A good few seconds might be needed
to quantify that energy flow, and to come to a conclusion
as to how many jets it contains. Those are timescales that
usefully serve as a reference when considering the speed of
jet finders—if a jet finder takes a few seconds to classify an
event it will seem somewhat tedious, whereas a few millisec-
onds will seem fast. One can reach similar conclusions by

comparing to the time for a Monte Carlo event generator to
produce an event (from tens of milliseconds to a fraction of a
second), or for a fast detector simulation to process it. Or by
considering the number of CPU hours needed to process a
typical event sample, which might consist of O(107) events.

The time taken for jet finding by computer codes de-
pends strongly on the number of input particles (or tow-
ers, etc.), N . We do not yet know the exact average mul-
tiplicities of LHC events, but rough estimates are given in
Table 3. With the kt algorithm’s “standard” N3 timing, as-
suming about 109 computer operations per second, one ex-
pects a time for clustering a low-luminosity LHC event of
1 s (this is also what one finds in practice). So this is close to
being “tedious,” and becomes dissuasive for high-luminosity
LHC and heavy-ion collisions, or if one wishes to try out
many distinct jet definitions (e.g. several different R values
to see which is best). A more extreme example is the exact
seedless cone algorithm following the method in [21], which

652 Eur. Phys. J. C (2010) 67: 637–686

Fig. 7 A sample parton-level event (generated with Herwig [112,
113]), together with many random soft “ghosts”, clustered with four
different jet algorithms, illustrating the “active” catchment areas of the

resulting hard jets (cf. Sect. 4.4). For kt and Cam/Aachen the detailed
shapes are in part determined by the specific set of ghosts used, and
change when the ghosts are modified

Figure 7 illustrates the jets that are produced with the four
“choice” IRC-safe algorithms in a simple, parton-level event
(generated with Herwig), showing among other things, the
degree of regularity (or not) of the boundaries of the result-
ing jets and their extents in the rapidity-azimuth place.

3 Computational geometry and jet finding

It takes the human eye and brain a fraction of a second to
identify the main regions of energy flow in a calorimetric
event such as Fig. 7. A good few seconds might be needed
to quantify that energy flow, and to come to a conclusion
as to how many jets it contains. Those are timescales that
usefully serve as a reference when considering the speed of
jet finders—if a jet finder takes a few seconds to classify an
event it will seem somewhat tedious, whereas a few millisec-
onds will seem fast. One can reach similar conclusions by

comparing to the time for a Monte Carlo event generator to
produce an event (from tens of milliseconds to a fraction of a
second), or for a fast detector simulation to process it. Or by
considering the number of CPU hours needed to process a
typical event sample, which might consist of O(107) events.

The time taken for jet finding by computer codes de-
pends strongly on the number of input particles (or tow-
ers, etc.), N . We do not yet know the exact average mul-
tiplicities of LHC events, but rough estimates are given in
Table 3. With the kt algorithm’s “standard” N3 timing, as-
suming about 109 computer operations per second, one ex-
pects a time for clustering a low-luminosity LHC event of
1 s (this is also what one finds in practice). So this is close to
being “tedious,” and becomes dissuasive for high-luminosity
LHC and heavy-ion collisions, or if one wishes to try out
many distinct jet definitions (e.g. several different R values
to see which is best). A more extreme example is the exact
seedless cone algorithm following the method in [21], which

652 Eur. Phys. J. C (2010) 67: 637–686

Fig. 7 A sample parton-level event (generated with Herwig [112,
113]), together with many random soft “ghosts”, clustered with four
different jet algorithms, illustrating the “active” catchment areas of the

resulting hard jets (cf. Sect. 4.4). For kt and Cam/Aachen the detailed
shapes are in part determined by the specific set of ghosts used, and
change when the ghosts are modified

Figure 7 illustrates the jets that are produced with the four
“choice” IRC-safe algorithms in a simple, parton-level event
(generated with Herwig), showing among other things, the
degree of regularity (or not) of the boundaries of the result-
ing jets and their extents in the rapidity-azimuth place.

3 Computational geometry and jet finding

It takes the human eye and brain a fraction of a second to
identify the main regions of energy flow in a calorimetric
event such as Fig. 7. A good few seconds might be needed
to quantify that energy flow, and to come to a conclusion
as to how many jets it contains. Those are timescales that
usefully serve as a reference when considering the speed of
jet finders—if a jet finder takes a few seconds to classify an
event it will seem somewhat tedious, whereas a few millisec-
onds will seem fast. One can reach similar conclusions by

comparing to the time for a Monte Carlo event generator to
produce an event (from tens of milliseconds to a fraction of a
second), or for a fast detector simulation to process it. Or by
considering the number of CPU hours needed to process a
typical event sample, which might consist of O(107) events.

The time taken for jet finding by computer codes de-
pends strongly on the number of input particles (or tow-
ers, etc.), N . We do not yet know the exact average mul-
tiplicities of LHC events, but rough estimates are given in
Table 3. With the kt algorithm’s “standard” N3 timing, as-
suming about 109 computer operations per second, one ex-
pects a time for clustering a low-luminosity LHC event of
1 s (this is also what one finds in practice). So this is close to
being “tedious,” and becomes dissuasive for high-luminosity
LHC and heavy-ion collisions, or if one wishes to try out
many distinct jet definitions (e.g. several different R values
to see which is best). A more extreme example is the exact
seedless cone algorithm following the method in [21], which

soft jet 
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hard jet 
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shape independent 
of jet pT

[G. Salam, Towards Jetography]
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G. Salam

KT algorithm


Anti-KT algorithm 


Cambridge/Aachen Fabio MaltoniFabio MaltoniGGI Florence - 2017

kT  algorithm at hadron colliders

Measure (dimensionful):

dij = min(p2ti, p
2
tj)

�R2
ij

R2

diB = p2ti

The algorithm proceeds by searching for the smallest of the dij and the diB.  
If it is a then dij particles i and j  are recombined* into a single new particle.  
If it is a diB then i is removed from the list of particles, and called a jet. 

This is repeated until no particles remain. 

kT algorigthm “undoes” the QCD shower

*a 4-momenta recombination scheme is needed (E-scheme)

GavinSalam®
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Fabio MaltoniFabio MaltoniGGI Florence - 2017

Anti-kT  algorithm

Measure (dimensionful):

dij =
1

max(p2ti, p
2
tj)

�R2
ij

R2

diB =
1

p2ti

Objects that are close in angle prefer to cluster early, but that clustering tends to occur with a hard 
particle (rather than necessarily involving soft particles). This means that jets `grow' in concentric 
circles out from a hard core, until they reach a radius R, giving circular jets. 

Unlike cone algorithms the `anti-kT' algorithm is collinear (and infrared) safe. This has led to be the 
default jet algorithm at the LHC. 

It’s a handy algorithm but it does not provide internal structure information.

GavinSalam®
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Cambridge/Aachen alg. - distance measure:
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Minimum distance between 
jets is R

Only number of jets above pt 
cut is IR safe
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1. Find smallest of 
2. if     recombine them
3. if      call i a jet and remove from list of particles
4. repeat from 1. until no particles left

Distance 
measure
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IR-safe sequential jet algorithms

 [S.D. Ellis & Soper, ’93; Catani et al. ’93]

See exercises!
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Summary so far

• We try to improve cross-section computations by going to higher 
orders: LO, NLO, NNLO etc


• We try to describe collinear radiation with the parton shower

• We identify jets using IRC jet algorithms
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Any room for improvement? 
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Fixed order vs parton shower

Parton shower describes soft and collinear radiation: not appropriate for hard 
emissions 

For hard radiation we need input from the matrix element

Two directions of improving parton shower Monte Carlo

• ME+PS merging: include higher multiplicity (but leading order) matrix 

elements 

• NLO+PS matching: include NLO corrections to the matrix elements to 

reduce theoretical uncertainties and then match to the parton shower
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Parton shower results
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Limits of parton showers

W + jets, LHC 7 TeV.
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Higher jets not covered by parton shower only ! merging.

Stefan Gieseke · Monte Carlos · MCnet Beijing School 2021 · UCAS, 28 June-2 July 2021, Beijing, China 81/81

Parton shower can’t 
describe high multiplicity 
hard jet events 

Need input from the 
matrix element
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Towards LO merging

133

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

Approaches are complementary: merge them!

ME

1. Fixed order calculation
2. Computationally expensive
3. Limited number of particles
4. Valid when partons are hard and 

well separated
5. Quantum interference correct
6. Needed for multi-jet description

Shower MC

1. Resums logs to all orders
2. Computationally cheap
3. No limit on particle multiplicity
4. Valid when partons are collinear 

and/or soft
5. Partial interference through 

angular ordering
6. Needed for hadronization

85

Matrix elements vs. Parton showers

MERGE 
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Double counting 
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Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

Possible double counting
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Parton shower
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• Overlap between ME and PS: double counting 


• Apply a cut in phase space: a merging scale 
 to divide the shower and matrix element 

regions


• Ensure the transition is smooth between them


• The matrix element should look like the parton 
shower at the cutoff


Qc
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Possible double counting
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Parton shower
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...

...

kT < Qc

kT < Qc

kT < Qc

kT < Qc

kT > QckT > Qc

kT > Qc

kT > Qc Poss ible double count ing 
between partons from matrix 
elements and parton shower 
easily avoided by applying a cut 
in phase space
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Example: MLM merging
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• The simplest way to do the Sudakov suppression is to run the 
shower on the event, starting from t0! 
 
 
 
 
 

• If hardest shower emission scale kT1 > tcut, throw the event away, if all 
kT1,2,3 < tcut, keep the event

• The suppression for this is                         so the internal structure 
of the shower history is ignored. In practice, this approximation is still 
pretty good

• Allows matching with any shower, without modifications!

[M.L. Mangano, 2002, 2006] 
[J. Alwall et al 2007, 2008]

91

kT1

kT2

kT3

t0

e-

e+

Q2

MLM matching

(�q(Q
2, tcut))

4

[M.L. Mangano, 2002, 2006] 
 [J. Alwall et al 2007, 2008] 

1. Generate parton configuration from matrix element 


2. Shower the event without any restriction (shower from )


3. Cluster jets with a clustering algorithm 


4. Match partons and jets


5. Reject if not all partons and jets match or if additional jets have been produced

Q0
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Exp vs Theory
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Much better agreement with experiment!
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Summary: LO merging

• Good description of both hard and soft/collinear regimes

• Double counting problem is solved by throwing away events where 

the matrix element partons are too soft or the radiation from the 
parton shower is too hard. 


• Better agreement with data in high-multiplicity regions
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Is LO merging enough?
We have seen the importance of higher-order corrections to predict 
rates and distributions and reduce uncertainties

Need at least NLO to describe the data!
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Quantitative predictions

For precise, quantitative comparisons between 
theory and data, (at least) Next-to-Leading-
Order corrections are a must

4

Page 12 of 29 Eur. Phys. J. C (2013) 73:2339

Fig. 7 Normalised differential tt̄ production cross section in the dilep-
ton channels as a function of the pℓ

T (top left) and ηℓ (top right) of the
leptons, and the pℓ+ℓ−

T (bottom left), and mℓ+ℓ−
(bottom right) of the

lepton pair. The superscript ‘ℓ’ refers to both ℓ+ and ℓ−. The inner

(outer) error bars indicate the statistical (combined statistical and sys-
tematic) uncertainty. The measurements are compared to predictions
from MADGRAPH, POWHEG, and MC@NLO. The MADGRAPH pre-
diction is shown both as a curve and as a binned histogram

rapidity, ηb, are shown. Also shown are predictions from
MADGRAPH, POWHEG, and MC@NLO. Good agreement is
observed between the data and the theoretical predictions
within experimental uncertainties.

For the dilepton channels, the normalised tt̄ differential
cross section as a function of the lepton and b jet kinematic
properties is defined at the particle level for the visible phase
space where the leptons have |ηℓ| < 2.4 and pℓ

T > 20 GeV,
and the b jets from the top-quark decays both lie within the
range |η| < 2.4 and pT > 30 GeV. The b jet at the particle
level is defined as described above for the ℓ + jets analysis.

In Fig. 7, the normalised differential cross section for
the following lepton and lepton-pair observables are pre-
sented: the transverse momentum of the leptons pℓ

T, the
pseudorapidity ηℓ of the leptons, the transverse momen-
tum of the lepton pair pℓ+ℓ−

T , and the invariant mass of the
lepton pair mℓ+ℓ−

. The distributions for the transverse mo-
mentum of the b jets, pb

T, and their pseudorapidity, ηb, are
shown in Fig. 8. Predictions from MADGRAPH, POWHEG,
and MC@NLO are also shown. Good agreement is observed
between data and theoretical predictions within experimen-
tal uncertainties. The MC@NLO and POWHEG predictions,

LO + PS 
accuracy

NLO + PS 
accuracyNLO

LO

Let’s match NLO predictions 
to the parton shower
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Higher orders and PS matching
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Limitations of Fixed Order calculations

• In the small transverse momentum region, this 
calculation breaks down (it’s even negative in the first 
bin!), and anywhere else it is purely a LO calculation for 
V+1j

7

“LO”

“NLO”

transverse momentum [GeV]

Note: Fixed order calculation makes 
no sense in the small  regionpT

NLO has divergences in virtual and real 
corrections


The real emission has to be integrated over 
the full phase-space to cancel the IR poles 
against the virtual corrections


Our trick of introducing a cut (merging scale) 
like we did for LO merging cannot work


We need a new procedure to match NLO 
matrix elements with parton showers
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Double counting @NLO
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Sources of double counting

• There is double counting between the real emission matrix 
elements and the parton shower: the extra radiation can come 
from the matrix elements or the parton shower

• There is also an overlap between the virtual corrections and the 
Sudakov suppression in the zero-emission probability

103

Parton shower

...

...Born+Virtual:

Real emission:

Double counting between the shower 
and the real emission matrix element


Overlap between virtual corrections 
and the Sudakov suppression in the 
zero emission probability

The Sudakov form factor is the no-emission probability, defined as 
  where  is the probability of branching


That means  contains contributions from the virtual corrections                                   

Δ = 1 − P P

Δ
Double counting
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NLO+PS

Two main methods: 

MC@NLO: Frixione, Webber 2002

POWHEG: Nason 2004


also

KRKNLO, Vincia, Geneva

141
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MC@NLO matching

To remove the double counting add and subtract the same term to m 
and m+1 configurations

142
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MC@NLO procedure

• To remove the double counting, we can add and subtract the 
same term to the m and m+1 body configurations 
 
 
 
 
 
 
Where the MC are defined to be the contribution 
of the parton shower to get from the m body Born 
final state to the m+1 body real emission final state

14

Frixione & Webber (2002)

d�MC@NLO

dO
=

"
d�m(B +

Z

loop
V +

Z
d�1MC)

#
I
(m)
MC (O)

+

"
d�m+1(R�MC)

#
)I(m+1)

MC (O)

MC are the contributions of the PS to go from m body Born final state to the m+1 real 
emission final state: Shower subtraction terms
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MC@NLO features

Good features of including the subtraction counter terms

• Double counting avoided: The rate expanded at NLO coincides with the total NLO cross 

section 

• Smooth matching: MC@NLO coincides (in shape) with the parton shower in the soft/

collinear region and it agrees with the NLO in the hard region 

• Stability: weights associated to different multiplicities are separately finite. The MC term 

has the same infrared behaviour as the real emission. 

Not so nice feature: 

• Parton shower dependence: the form of the MC terms depends on what the parton 

shower does exactly. Need special subtraction terms for each parton shower to which we 
want to match: updates in showers might not be compatible with MC terms 
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Summary: NLO+PS

Higher order computations matched to parton showers allow us to 
have useful features from both!

MC@NLO: subtraction term avoids double counting between NLO and 
parton shower

Other NLO+PS method: 

POWHEG: overall k-factor and modification of first emission to fill hard 
region of phase-space based on the real emission matrix elements

144
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Showered results
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Higgs boson production

• Powheg: original: F=1, 
default F={1 for pT(H) < mH, 0 for pT(H) > mH} 

• Not only an impact at large pT, but also at 
small pT. Higher order terms in shower are 
large, hence can easily be tuned.
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Figure 5: Comparisons of the Higgs-boson transverse momentum and rapidity distributions
from the KrkNLO, MC@NLO and POWHEG methods implemented in Herwig 7 for Higgs-
boson production in gluon–gluon fusion at the LHC, see text for details.

ever, MC@NLO and POWHEG (Default), by construction, converge to the NLO results,
departing from the NNLO predictions. On the other hand, POWHEG (Original) is closer
to the NNLO predictions but for larger pH

T
values is much harder than both the KrkNLO

and NNLO predictions, as can also be seen in Fig. 5.
In Fig. 7 we show the results of the KrkNLO method obtained for di↵erent modern MS

PDF sets: CT10nlo (used as our default PDF set), CT14lo, HERAPDF20, MMHT2014lo and
NNPDF30lo. We can see that the distributions can vary even by up to 40%. The biggest
di↵erences are observed at low transverse momenta and large rapidities. In Appendix A we
compare all the di↵erent PDFs in the MS and MC schemes and show that the di↵erences at
the level of parton distribution functions, see Fig. 9, are commensurate to those observed
in Fig. 7 for the di↵erential cross sections. Further studies of systematic e↵ects due to
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from the KrkNLO, MC@NLO and POWHEG methods implemented in Herwig 7 for Higgs-
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departing from the NNLO predictions. On the other hand, POWHEG (Original) is closer
to the NNLO predictions but for larger pH
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values is much harder than both the KrkNLO

and NNLO predictions, as can also be seen in Fig. 5.
In Fig. 7 we show the results of the KrkNLO method obtained for di↵erent modern MS

PDF sets: CT10nlo (used as our default PDF set), CT14lo, HERAPDF20, MMHT2014lo and
NNPDF30lo. We can see that the distributions can vary even by up to 40%. The biggest
di↵erences are observed at low transverse momenta and large rapidities. In Appendix A we
compare all the di↵erent PDFs in the MS and MC schemes and show that the di↵erences at
the level of parton distribution functions, see Fig. 9, are commensurate to those observed
in Fig. 7 for the di↵erential cross sections. Further studies of systematic e↵ects due to

11

Plot from Jadach et al. (2016)

herwig7 herwig7

.JOJNJIÚKE����NN

LOGOTYPFÄRGER
Lunds universitets logotyp får bara förekomma i följande 
färgvarianter: brons/blå, svart eller vit (negativ). Färgvariant 
brons/blå är den rekommenderade och ska användas överallt 
där det är möjligt. 
 
LOGOTYPSTORLEK
Lunds universitets logotyp får inte göras för liten. Detta för 
att säkerställa läsbarhet och tydlighet. Logotypen (oavsett 
version) får därför inte göras mindre än att sigillet i logotypen 
har en höjd på minst 10 mm (se illustration ovan). 

3FLPNNFOEFSBE�GÊSHWBSJBOU

4WBSU 7JU�OFHBUJW

.JOJNJIÚKE����NN

LUNDS UNIVERSITET | GRAFISK MANUAL | BASREGLER | LOGOTYPFÄRGER OCH LOGOTYPSTORLEK  10

.JOJNJIÚKE����NN

.JOJNJIÚKE����NN

Damped powheg

• Inclusion of beyond-NLO terms can be varied by 
changing F 

• Should this be considered an uncertainty or a tuning 
parameter?

31

following form

F =
h2

p2
T + h2

. (4.6)

The resulting transverse-momentum distribution at the LHC, for a Higgs boson mass of

400 GeV, is shown in fig. 19 for h → ∞ (standard POWHEG), h = 120 GeV and h = 400 GeV.

One can see that it is not difficult to get distributions that undershoot the MC@NLO one in

Figure 19: Comparison of the predictions of MC@NLO, standard POWHEG (h → ∞) and POWHEG with
two different values of the parameter h (h = 120 GeV and h = mH = 400 GeV) in the function F
of eq. (4.6), for the transverse-momentum distributions of a Higgs boson, at the LHC pp collider.

the intermediate range of pT. We also observe that, with this procedure, no undesired

features of other distributions appear. In particular, the distribution in the rapidity of the

hardest jet, and in the rapidity difference between the hardest jet and the Higgs boson

remain qualitatively the same, as shown in fig. 20.

4.4 Next-to-leading logarithmic resummation

As explained in section (4.4) of ref. [9], one can reach next-to-leading logarithmic (NLL)

accuracy of soft gluon resummation if the number of coloured partons involved in the hard

scattering is less or equal to three. This can be obtained by replacing the strong coupling

constant in the Sudakov exponent with [29]
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Higgs production in gluon fusion: 0812.0578
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Original Powheg was giving too hard tails


Improved Powheg very close to MC@NLO
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Merging@NLO

146

To improve both high multiplicity regions and rates 

Two main methods of merging@NLO

• FxFx

• MEPS@NLO


Make MC@NLO calculation exclusive in more jets by vetoing additional radiation and 
resumming the dependence on the merging scale

• CKKW-L approach (i.e. Sudakov rejection based on shower kernels) 

Used in Sherpa’s “MEPS@NLO” 

CKKW from hard scale down to the scale of the softest jet not affected by veto; 

• MLM-type rejection from there down to merging scale 


Used in MadGraph5_aMC@NLO with Pythia or Herwig: “FxFx merging” 
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Merging@NLO

147

Fabio MaltoniFabio MaltoniInvisibles School 2015 - Miraflores (Madrid) 

• Differential jet rates

• Matching up to 2 jets at NLO : consistent with up 
to 1 more jet.

• Method works for ttbar+jets and W+jets equally 
well.

Figure 6: As in fig. 3, with N = 2.

to disappear, and the merging-parameter dependence reduced, when pcut
T

becomes large.

We finally turn to discussing the case of the N = 2, sharp-D function, Sudakov-

reweighted merging; that is, we increase the largest multiplicity by one unit w.r.t. what

was done before. The settings are the same as in the N = 1 case, and figs. 6, 7, and 8 are
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• Jet rates

• Up to 3 extra jets at NLO

• Various approaches give consistent results

W + jets: up to 3-jets@NLO
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• Differential jet rates
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to 1 more jet.

• Method works for ttbar+jets and W+jets equally 
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Differential jet rate


Very mild merging scale dependence
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Is this progress relevant?
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Impressive improvement in description of data!
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LHC status

149

Exploring & refining the SM Searching for the unknown

Good agreement with the SM
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Higgs phenomenology

150

Generates mass for all fundamental particles

(DμH)†(DμH) ⊃ (gv)2 VμVμ , g2vh VμVμ , g2hh VμVμ

In the SM, the Higgs field plays the role of EWSB

H =
1

2 ( 0
v + h)V(H) = − μ2H†H + λ(H†H)2 ⇒ v2 =

μ2

λ
Re[H0]

Im[H0]

yf F̄LHfR ⊃ yfvf̄f , yfhf̄f

• Higgs boson  couplings are proportional to mass(h)

V(H) ⊃ λv2h2 , λvh3 , λh4

∼ m2
V /v ∼ m2

V /v2

∼ mf /v

∼ m2
V

∼ mf

∼ m2
h ∼ m2

h /v ∼ m2
h /v2

Gauge

Yukawa

Potential

Not necessarily the 
case in BSM theories, 
important to test!
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Custodial symmetry

151

 as a consequence of  gauge symmetryV(H†H) SU(2)L

V(H) = − μ2H†H + λ(H†H)2

H = (ϕ0 + iϕ1

ϕ2 + iϕ3) ⇒ H†H = ∑
i=0…3

ϕ2
i = | (ϕ0, ϕ1, ϕ2, ϕ3) |2  

symmetry
O(4) ≃ SU(2) × SU(2)

 symmetry broken by ,O(4) ⟨ϕ0⟩ = v
• EW vacuum has residual  symmetryO(3) ≃ SU(2)

⃗v = × RO(3) = ⃗v

<latexit sha1_base64="CWpcSf511XUUd7Xlrsj5Ql0idEI="></latexit>0

BB@

�0 = v
�1 = 0
�2 = 0
�3 = 0

1

CCA

Make  manifest by using bi-doublet notation for Higgs fieldSU(2) × SU(2)

ℋ ≡ (iσ2H*, H) = ( H*0 H+

−H*+ H0) ⇒
V(H) = −

μ2

2
Tr[ℋ†ℋ] +

λ
4

Tr[ℋ†ℋ]2

Tr[ℋ†ℋ] = 2H†H
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Custodial symmetry
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 transformation under :ℋ SU(2)L × SU(2)R

V(ℋ) = −
μ2

2
Tr[ℋ†ℋ] +

λ
4

Tr[ℋ†ℋ]2

ℋ → ULℋU†
R

•  invariant under this global transformationV(ℋ)

⟨ℋ†ℋ⟩ = v2 (1 0
0 1)

• Vacuum preserves  subgroup where SU(2)V UL = UR U⟨ℋ†ℋ⟩U† = ⟨ℋ†ℋ⟩

SM: global  gauge symmetries→
• Completely gauge  but only gauge  :SU(2)L T3

R Dμℋ = ∂μℋ − igWI
μσIℋ − i

g′￼

2
Bμℋσ3

• If ,    all have the same massesg′￼ = 0 SU(2)V ⇒ Wi
μ

W1
W2
W3
B

: MV =

m2
W 0 0 0

0 m2
W 0 0

0 0 m2
W 0

0 0 0 0

• Form a triplet of  custodial symmetrySU(2)V

•  modifies the picture in a particular wayU(1)Y
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Custodial symmetry
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Suppose we completely gauged SU(2)R

V(H) = −
μ2

2
Tr[ℋ†ℋ] +

λ
4

Tr[ℋ†ℋ]2

• 3 identical mass + 3 massless gauge bosons

D̃μℋ = ∂μℋ − igWI
μσIℋ − ig′￼BI

μℋσI

(Wi

Bi ) : MV =
v2

2 ( g2 gg′￼

gg′￼ g′￼2) , λi =
v2

2 (g2 + g′￼2 ,0)•  manifestSU(2)V

In the SM we partly gauge  of T3
R SU(2)R

W1
W2
W3
B

: MV =
v2

2

g2 0 0 0
0 g2 0 0
0 0 g2 gg′￼

0 0 gg′￼ g′￼2

=

m2
W 0 0 0

0 m2
W 0 0

0 0 m2
Zc2

W m2
ZcWsw

0 0 m2
ZcWsw m2

Zs2
W

•  &  have opposite chargeH0 H+

SU(2)V ≃ O(3)

•  imposes SU(2)V m2
W = m2

Zc2
W

ρtree =
m2

W

m2
Z cW

≃ 1 Very strong prediction that we can use to test for BSM!
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Custodial symmetry
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Yukawa sector of the SM explicitly breaks custodial symmetry

ρtree =
m2

W

m2
Z cW

≃ 1

ℒf ∼ yFF̄LℋFR ≠ yfdF̄LHf d
R + yf uF̄LH̃f u

R

• Right handed fermions do not form a doublet

FL = (
f u
L

f d
L) , FR = (

f u
R

f d
R)

• Loops of SM fermions modify  (LEP)ρ = 1 + ΔρSM ≈ 1.0004 ± 0.0002

We can test the SM by searching for deviations ΔρBSM

• e.g. new EW scalar multiplets that get a vev
ρtree =

∑j |vj |
2 [Tj(Tj + 1) − Y2

j ]
2∑j |vj |

2 Y2
j

yf u = yfd

yf u ≠ yfd

• Higgs boson loops proportional to  also contribute to g′￼ ΔρSM

• Doublets always give ρtree = 1

 or 
only specific 
representations 
allowed

vi ≪ vSM
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Higgs production @ hadron colliders
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HESEP - July 2018          Fabio Maltoni47

Higgs production at the LHC

HESEP - July 2018          Fabio Maltoni

Higgs production channels

49

b
_

b

bbH

tHj t

W
W

b

mh = 125 GeV
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Gluon fusion
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Higgs boson coupling to gluons induced by quark loops

<latexit sha1_base64="PiBTu4RWt07x7Tj0f5jjqN0SKWI="></latexit>

qh

g

g

•  amplitude is finite at LO (one-loop)gg → h

̂σgg→h =
GF α2

s

288 2π ∑
q

Aq(τq)
2

Aq(τ) =
3
2

τ[1 + (1 − τ)f(τ)] f(τ) =
arcsin2 1/ τ τ ≥ 1

1
2 [log

1 + 1 − τ

1 − 1 − τ
− iπ]

2

τ < 1
τq =

4m2
q

m2
h

• No tree-level  interaction  no local counter term to absorb divergence, must be finite!ggh ⇒

Small  limit: , mq τ → 0 A(τ) → 0

Large  limit: , mq τ → ∞ A(τ) → 1
• Dominated by heavy quark loops e.g. top (bottom)

• Non-decoupling behaviour!

Coupling  mass∝
mq → ∞ ⇔ yq → ∞

Precise  measurement used 
to rule out 4th generation of quarks 

that gets mass from EWSB!

gg → h
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Higgs decay
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Tree level: Higgs decays into pairs of SM fermions & W/Z bosons

<latexit sha1_base64="dBalCoPflBUqVHytCC+FAwe7tl0="></latexit>

h

V

V
<latexit sha1_base64="9kh+XWI2AjSsK5I1d9Fge/ANLEQ="></latexit>

h

f

f̄

• For , off shell contributions can be relevantmh < 2mV

<latexit sha1_base64="Pjtn2zMhOTL9jROw38CIinKcOnw="></latexit>

V ⇤
h

f̄

f

V

Loop level: decays to massless gauge bosons

• ,  & gg γγ Zγ

• c.f. gluon fusion & non-decoupling behavior
<latexit sha1_base64="PiBTu4RWt07x7Tj0f5jjqN0SKWI="></latexit>

qh

g

g <latexit sha1_base64="q99p0lFi7Iwe160RVsvJuLUbSV4="></latexit>

fh

V

V
<latexit sha1_base64="YmpxtVivRzGcam3f+ilwbjwv3uY="></latexit>

Wh

V

V

h → gg h → γγ/Zγ +

2
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Higgs branching fractions
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HESEP - July 2018          Fabio Maltoni

Higgs decays

30

• Wealth of decay channels for 125 
GeV, rich phenomenology


• Very narrow! 


• Diphoton and  final state 
are the cleanest signatures


• Hadronic channels are hard at the 
LHC because of the backgrounds, 
but accessible through boosted 
techniques!

Γ ∼ 4 MeV

ZZ* → 4ℓ
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Higgs measurements
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‘Signal strengths’ μi = σexp./σth.
SM μprod

tot = 1.002 ± 0.057
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Characterising the Higgs boson
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We measure combinations of Higgs production modes & decay channels

• Use narrow width approximation (c.f.  boson discussion)Z
σpp(ii → h → ff ) ≃ σpp(ii → h) × BR(h → ff ) + O(Γ2

h/m2
h)

= σpp(ii → h) × Γ(h → ff )/Γh

• Define ‘modifiers’ for SM Higgs couplings, :κi = yi/ySM
i

σii→h = κ2
i σSM

ii , Γff = κ2
f ΓSM

h→ff,

⇒ σpp(ii → h → ff ) = σSM
pp (ii → h → ff ) ⋅

κ2
i ⋅ κ2

f

κ2
h

μii→ff =
σii→ff

σSM
ii→ff

=
κ2

i ⋅ κ2
f

κ2
h

Γh = κ2
h ΓSM

h
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Characterising the Higgs boson

161

BSM interpretations: Higgs-scalar mixing
• Scalar singlet with Higgs portal coupling

Effective  
coupling modifiers

gg/γγ/Zγ κ2
g(κt, κb) =

Γh→gg

ΓSM
h→gg

=
̂σgg→h

̂σSM
gg→h

κ2
γ/Zγ(κt, κb, κZ, κW) =

Γh→γγ/Zγ

ΓSM
h→γγ/Zγ

• Can be considered independent or determined by tree level ’sκi

• two-Higgs-Doublet Model (2HDM)

μS S0 (H†H) → μS v S0 h0

(h
S) = (cos α −sin α

sin α cos α ) (h0

S0)
⇒ κi = cos α < 1

κu = κd = κl = cos(β − α)/tan β + sin(β − α)
κV = sin(β − α)

κu = cos(β − α)/tan β + sin(β − α)
κV = sin(β − α)

κd = κl = sin(β − α) − cos(β − α) tan β

‘Type I’

‘Type II’
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Knowns and Unknowns

162

u,d,s,e?

A? H+/-?
H?

X?

h?

[ATLAS; 2207.00092]
[CMS; 2207.00043]
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Correlations

163

[CMS; 2504.13081][ATLAS; 2207.00092]

κt,b,c,… = κF κZ,W = κV
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Bound on new scalars
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[ATLAS; 2402.05742]2HDMSinglet

κi = cos α
μi = cos2α

μprod
tot = 1.002 ± 0.057

(BRs unchanged)

sin α ≲ 0.2⇒
Independent of mass of new states
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Beyond kappa-framework?

165

Incompleteness

Pros
• Simple 

• Intuitive

Cons
• Incomplete 

• Theoretically ill-defined

Can we do better?
• More model-independent

• Can be mapped to wide class of BSM

• Restricted to SM couplings only

• No exotic Higgs production or decays into BSM states

• Defined in terms of on-shell Higgs production & decay

• Only predicts modified total rates: LHC has much 

more differential information to offer
<latexit sha1_base64="rqoFbJGycEhJIimW573F4SHTesg="></latexit>

h⇤

V

V

g

g<latexit sha1_base64="uvXVKs55m3ltUrWgcQe0C0BSUHw="></latexit>

h

X

X
<latexit sha1_base64="hiv16GWF3iI9aglI4MJtq3PHwUw="></latexit>

V 0

h

Vexotic off-shell

BSM coupling structures

hVμVμ hVμνVμν?

hVμνṼμν?

e.g. heavy quark loop
<latexit sha1_base64="R0ppdWrEjko/iBXnaGuP4WXt9G4="></latexit>

Q0h

g

g

f(q2, M2
Q) ⋅ h GA

μνG
μν
A

SM:
BSM:

CPV:

⇒
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Beyond kappa-framework?
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Theoretical consistency
• Its not a theory! no Lagrangian, Feynman rules

Lets try…

ℒκ = ∑
f

κf
mf

v
h f̄L fR + ∑

V=W,Z

κV
m2

V

v
h VμVμ + ∑

X=g,γ,Zγ

κX

v
h XμνXμν

Modifies couplings that exist after EWSB: not  gauge invariantSU(2)
• EW loop corrections not possible

• Breaking relations between masses & couplings 

 unitarity violation

•  have enhanced momentum dependence  

 beyond total rates

⇒
κX
⇒

<latexit sha1_base64="eaBHO53H3lzWOxbIuXpHeFZLY3I="></latexit>

h

VL

VL

VL

VL
<latexit sha1_base64="UIQh/aoqcFsmHsQgKffFcKbVjQo="></latexit>

VL

VL

VL

VL
<latexit sha1_base64="4KCX9XrIP0HUplPKXEDq6Agx/2E="></latexit>

VL

VL

VL

VL

+ + ∝ s

Need EFT framework, see later
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Differential measurements
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Hadron colliders scan partonic invariant mass: 0 ≤ ̂s ≤ s

σpp→X = ∑
ab

∫
1

0

dτ
τ

⋅ ℒab(s, τ) ⋅ [ ̂s ̂σab( ̂s, pX) ]

• Measure energy dependence of scattering • Angular dependence  spin information⇒

E

dσ
dE

[ATLAS; 2212.05833]
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Simplified Template Cross Sections (STXS)
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Intermediate stage between -framework & fully differential measurementsκ
• Probe differential rates: , , jet multiplicity & kinematicsph

T pV
T

• Unified theoretical definitions  global combination across production & decay modes⇒
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STXS
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STXS
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[ATLAS-CONF-2020-027] Correlation information crucial!
Interpret beyond ’s e.g. EFTκ
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Higgs self-couplings

171

HESEP - July 2018          Fabio Maltoni19

[Frederix et al. ‘14]

�H = 55 pb

�HH = 44 fb

�HHH = 110 ab

At 14 TeV from gg fusion:

As in single Higgs many  channels contribute in principle.
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Cross sections for HH(H) increase by a factor of 20(60) at a FCC. 

Phase I : Higgs self-couplingHiggs potential: V(H) =
1
2

m2
hh2 + λhhhvh3 +

1
4

λhhhhh4

Fixed values in the SM

λhhh = λhhhh =
m2

h

2v2

• Measuring  tests the SM: How?λhhh, λhhhh
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Cross sections for HH(H) increase by a factor of 20(60) at a FCC. 

Phase I : Higgs self-couplingMulti-Higgs production λhhh

× 10−3

× 10−3

SM: not enough  events for HL-LHC (3 )hhh ab−1
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How to extract the Higgs self-coupling
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Dolan et al arXiv:1206.5001

�(HH)

Grazzini et al arXiv:1803.02463
[fb]

SM cross sections

Frederix et al. arxiv:1401.7340

Need for differential information

⇒

σHH(κλ, κt, κg)

Interference effects 
between triangle & 
box diagrams
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Measuring di-higgs production

173

: large QCD backgroundsbb̄

: clean but very small BRγγ

• Boosted (jet substructure) 
techniques at high ph

T

: clean leptonic  decayWW W
• Missing energy from neutrinos

: complicated decaysττ
• Leptonic (neutrinos) or hadronic

Best: / / /bb̄γγ bb̄ττ bb̄WW bb̄bb̄
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How to extract the Higgs self-coupling
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�(HH)

Grazzini et al arXiv:1803.02463
[fb]

SM cross sections

Frederix et al. arxiv:1401.7340

July 3rd, 2022Luca Cadamuro (IJCLab - CNRS/IN2P3) Experimental summary and outlook

The (near) future
Run 2 (~140 fb-1) 
■ Expect ~2.5 ⨉ SM per experiment 

⟹ 1.7 ⨉ SM ATLAS + CMS

■ Interest expressed to pursue a Run 2 combination

□ may prove that the self-coupling exists (κλ > 0), tight 

bounds on many BSM models


■ Extensive discussion on plans and action items to 
develop this idea / exercise for future comb.


Run 3 (~400 fb-1) 
■ 95% CL UL sensitivity at ~1 ⨉ SM  (ATLAS + CMS)

■ We can plan ahead! Better triggers, more refined 

analyses, new object ID… 
→ a first hint/evidence for HH in Run 3?


■ Clear target for a ATLAS+CMS combination
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1 10 210
SMσ/σ = µ95% CL upper limit on 

)νlνbbVV(l

bbZZ(4l)

Multilepton

bbbb

bbbb resolved

bbbb boosted

ττbb

γγbb

41 (29)

30 (37)

22 (20)

5.4 (8.1)

3.9 (7.8)

9.9 (5.1)

4.7 (3.9)

3.3 (5.2)

4.2 (5.7)

8.4 (5.5)

 (2020) 135145801 PLB

CMS-PAS-HIG-20-004

CMS-PAS-HIG-21-002

ATLAS-CONF-2022-035

arXiv:2202.09617

CMS-PAS-B2G-22-003

ATLAS-CONF-2021-030

CMS-PAS-HIG-20-010

arXiv:2112.11876

 (2021) 25703 JHEP

ATLAS CMS

Summary of 
Run 2 results 

■
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The HL-LHC prospects
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Figure 3. Left: Projected combined HL-LHC sensitivity to Higgs trilinear coupling from direct search channels. Right:
sensitivity to BSM Higgs bosons, in the H/A ! tt channel. From Ref. [2].

self-coupling l , ATLAS and CMS project a sensitivity to the HH signal of approximately 3 s.d. per experiment, leading to
a combined observation sensitivity of 4 s.d. These analyses, which make use also of the HH mass spectrum shape, result in
the likelihood profile as a function of kl shown in Fig. 3 (left). An important feature of these analyses is the presence of the
secondary minimum in the likelihood lineshape, due to the degeneracy in the total number of HH signal events for different kl
values. We note that at the HL-LHC the secondary minimum can be excluded at 99.4% CL, with a constraint on the Higgs
self-coupling of 0.5 < kl < 1.5 at the 68% CL. The results on HH production studies are statistics limited, therefore a dataset
of at least 6 ab�1 (ATLAS and CMS combined) is essential to achieve this objective.

Higgs studies at HL-LHC will enhance the sensitivity to BSM physics, exploiting indirect probes via precision measurements,
and a multitude of direct search targets, ranging from exotic decays of the 125 GeV Higgs boson (e.g. decays including light
scalars, light dark photons or axion-like particles, and decays to long-lived BSM particles) to the production of new Higgs
bosons, neutral and charged, at masses above or below 125 GeV. As an example, Fig. 3 (right) shows a summary of the MSSM
regions of parameter space that will be probed by ATLAS and CMS. The expected exclusion limit for H/A ! tt is presented
in black-dashed and compared to the present limit (in red and green for ATLAS and CMS, respectively). The HL-LHC will
have access to new Higgs bosons as heavy as 2.5 TeV for tanb > 50. In the figure, we also present the expected bound coming
from Higgs precision coupling measurements which excludes Higgs bosons with masses lower than approximately 1 TeV over
a large range of tanb .

Precision measurements provide an important tool to search for BSM physics associated to mass scales beyond the LHC
direct reach. The EFT framework, where the SM Lagrangian is supplemented with dimension-6 operators Âi ciO

(6)
i

/L2, allows
one to systematically parametrise BSM effects and how they modify SM processes. Figure 2 (right) shows the results of a global
fit to observables in Higgs physics, as well as diboson and Drell-Yan processes at high energy. The fit includes all operators
generated by new physics that only couples to SM bosons. These operators can either modify SM amplitudes, or generate new
amplitudes. In the former case, the best LHC probes are, for example, precision measurements of Higgs branching ratios. In the
case of the operator OH , for example, the constraints in Fig. 2 (right) translate into a sensitivity to the Higgs compositeness
scale f > 1.6 TeV, corresponding to a new physics mass scale of 20 TeV for an underlying strongly coupled theory. The effects
associated with some new amplitudes grow quadratically with the energy. For example, Drell-Yan production at large mass can
access, via the operators O2W,2B, energy scales of order 12 TeV (Fig. 2).

2.1 Production of multiple EW gauge bosons
The measurement of production of pairs or triplets of EW gauge boson will be of great importance to test the mechanism of EW
symmetry breaking, since it can signal the presence of anomalous EW couplings, and of new physics at energy scales beyond
the reach of direct resonance production. First observations of EW multiboson interactions have recently been achieved in
vector boson scattering (VBS) of WW and WZ and we expect a fuller picture to be accessible at HL-LHC, by statistics, but also
through improved detector instrumentation and acceptance in the forward direction. Table 1 summarizes the expected SM yields,
quoting the expected precision and significance for several HL-LHC measurements. In particular, the extraction of individual
polarization contributions to same-sign WW scattering will yield a > 3 s.d. evidence for WLWL production, combining ATLAS
and CMS results.

3

Nan Lu (USTC) HH prospects at HL-LHC

Snowmass ATLAS HH→bbττ+bbγγ combination

12

Significance [�] Combined signal

Uncertainty scenario bb̄�� bb̄⌧+⌧� Combination strength precision [%]

No syst. unc. 2.3 4.0 4.6 �23/+ 23

Baseline 2.2 2.8 3.2 �31/+ 34

Theoretical unc. halved 1.1 1.7 2.0 �49/+ 51

Run 2 syst. unc. 1.1 1.5 1.7 �57/+ 68

ATL-PHYS-PUB-2022-005

Uncertainty scenario Likelihood scan 1� CI Likelihood scan 2� CI

No syst. unc. [0.6, 1.5] [0.3, 2.1]

Baseline [0.5, 1.6] [0.0, 2.7]

Theoretical unc. halved [0.2, 2.2] [�0.4, 5.6]

Run 2 syst. unc. [0.1, 2.5] [�0.7, 5.7]

• constraint on κλ

• SM HH significance and 
measurement of signal strength

Snowmass update by ATLAS and CMS

5σ significance from a naive combination 

New production and decay modes

European strategy (YR 2018)

4σ significance on SM HH 

50% precision on κλ (68% CL)

Prospects improve as we refine our current analyses : prospects for discovery at HL-LHC

A challenge even for the HL-LHC
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Higgs width

45

•Summing up all partial widths one obtains a total width of about 4 MeV. 
Very narrow! How can the width be measured?

2. On-shell/Off-shell : gg→ZZ→4leptons 

• On-shell:

• Above:

beware: model dependent

Higgs width
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Higgs width

45

•Summing up all partial widths one obtains a total width of about 4 MeV. 
Very narrow! How can the width be measured?

2. On-shell/Off-shell : gg→ZZ→4leptons 

• On-shell:

• Above:

beware: model dependent

The SM Higgs width is 4MeV. How can we measure it?

EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-EP-2021-272
2022/02/15

CMS-HIG-21-013

First evidence for off-shell production of the Higgs boson
and measurement of its width

The CMS Collaboration*

Abstract

The first evidence for off-shell Higgs boson production is reported in the final state
with two Z bosons decaying into either four charged leptons (muons or electrons),
or two charged leptons and two neutrinos, and a measurement of the Higgs boson
width is performed. Results are based on data from the CMS experiment at the LHC
at a center-of-mass energy of 13 TeV, corresponding to an integrated luminosity of up
to 140 fb�1. The total rate of off-shell Higgs boson production beyond the Z boson
pair production threshold, relative to its standard model expectation, is constrained
to the interval [0.0061, 2.0] at 95% confidence level. The scenario with no off-shell pro-
duction is excluded at 99.97% confidence level (3.6 standard deviations). The width
of the Higgs boson is extracted as GH = 3.2+2.4

�1.7 MeV, in agreement with the stan-
dard model expectation of 4.1 MeV. The data are also used to set new constraints on
anomalous Higgs boson couplings to W and Z boson pairs.

Submitted to Nature Physics

© 2022 CERN for the benefit of the CMS Collaboration. CC-BY-4.0 license

*See Appendix A for the list of collaboration members
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BSM Higgs decays
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What if the Higgs couples to other particles that are lighter than ?mh

• e.g. Higgs portal  or dark matter 2mS < mh h → χχ

• Light scalar or vector : mX < mH − mZ h → ZX

Higgs is a natural portal to new physics: |H |2 gauge invariant
mass-dimension 2

• No symmetries to prevent BSM coupling via portal |H |2 𝒪BSM ( = χχ̄, SS, …)

For  we have a nice kinematic constraint: h → XY m2
XY = m2

H

• If light new physics exists, there is a good chance that the Higgs might decay into it

• Dark sector or long lived particles  missing energy⇒
• Rich programme of searches under way

See e.g. overview in 
[ATLAS; 2405.04914]
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Invisible/unobserved Higgs decays

177

What if we cant observe the decay channel directly?
• Completely invisible Higgs decay into e.g. DM

• Some yet unobserved final state: too high background or simply not yet searched for

Partial width contributions will still modify the Higgs width Γh = ΓSM
h + Γunobs.

• If nothing else about the Higgs couplings is modified

⇒ Global reduction of μi ∝
ΓSM

h

Γh
= 1 − BRunobs.

μprod
tot = 1.002 ± 0.057

BRunobs. ≲ 0.08
Strong assumption!
•  is degenerate with a universal coupling modifier BRunobs. κuniv. μi = κ4

univ. ⋅ (1 − BRunobs.)
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Indirect constraints
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 combinationμi

invisibleh →
unobservedh →

Fix Bi,u = 0 Float  with theoretical assumption:Bi,u ≠ 0
κZ,W < 0

 upper bounds⇐

Moderate impact 
on other κi

Not possible otherwise
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Invisible Higgs decays

179

Purely invisible Higgs decay is a distinct phenomenological signature

pp → X + (h → MET)

• Requires something  for the Higgs to recoil against(X)

• Tag  and measure missing transverse energy (MET)X
VBF: [CMS; 2201.11585]

[ATLAS; 2301.10731]
BRinv. < 0.113 @ 95% C.L.
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Searching for the invisible

180

Important 
Dark Matter 
implications

Simplest extension of the SM: 
The Higgs portal 

A window to the Dark Sector

Immediate 
implications for 
any model with 
particles of mass 
m<mH/2

M.McCullough HL-LHC

Casas et al arXiv:1701.08134
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LHC is a top factory

181

Rich phenomenology:  

                         pair production

                          associated 
                          production

                          top loops

connection to Higgs physics

single 

4 tops
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Top physics
 Why study the top quark ? 

182

1. Heaviest known particle: Strong coupling to the Higgs 

2. Portal to new physics: e.g. EWSB, composite Higgs 

3. LHC is a top factory: precise access to top properties through a lot 
of production channels 
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Top has a special place in the Universe
Stability of the vacuum

Higgs potential:

183
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The future of the Universe
The fate of the Universe depends on 1GeV in mt  

yt(Mt) = 0.93587 + 0.00557

✓
Mt

GeV
� 173.15

◆
. . .± 0.00200th

[Degrassi, et al.  ‘12] 

!131

It’s the Yukawa that enters in this calculation.
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Vacuum stability

!129

The one-loop renormalization group equation (RGE) for λ(µ) is

dλ(µ)

d logµ2
=

1

16π2

[

12λ2 +
3

8
g4 +

3

16

(

g2 + g′2
)2 −3h4

t − 3λg2 −
3

2
λ
(

g2 + g′2
)

+ 6λh2
t

]

where

mt =
htv√
2

m2
H = 2λv2

This equation must be solved together with the one-loop RGEs for the gauge and Yukawa
couplings, which, in the Standard Model, are given by

dg(µ)
d log µ2

=
1

32π2

(

−

19
6
g3
)

dg′(µ)
d log µ2

=
1

32π2

41
6
g′3

dgs(µ)
d log µ2

=
1

32π2

(

−7g3s
)

dht(µ)
d log µ2

=
1

32π2

[

9
2
h3

t −

(

8g2s +
9
4
g2 +

17
12

g′2
)

ht

]

here gs is the strong interaction coupling constant, and the MS scheme is adopted.

Solving this system of coupled equations with the initial condition

λ (mH) =
m2

H

2v2
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The future of the Universe
The fate of the Universe depends on 1GeV in mt  

yt(Mt) = 0.93587 + 0.00557

✓
Mt

GeV
� 173.15

◆
. . .± 0.00200th

[Degrassi, et al.  ‘12] 

!131

It’s the Yukawa that enters in this calculation.

V (H) =
1

2
M

2
H
H

2 + �HHHvH
3 +

1

4
�HHHHH

4

Need  to be positive (and remain positive)!λ
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Vacuum stability
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Vacuum stability

!129
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here gs is the strong interaction coupling constant, and the MS scheme is adopted.

Solving this system of coupled equations with the initial condition
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H

2v2

Top Yukawa!

Degrassi et al arXiv:1205.6497
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Top quark is a special quark
Spin Correlations

The top decays before hadronising


Spin information is preserved!


Top Spin effects 

184
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  The top is special

!101

Thanks to its large mass it is the only quark that decays 
before hadronising 

τhad ≈ h/ΛQCD ≈ 2•10-24 s 
τtop ≈ h/ Γtop =1/(GF mt3 |Vtb|2/8π√2) ≈ 5•10-25 s 
(with h=6.6 10-25 GeV s) 

(Compare with τb ≈ (GF2 mb5 |Vbc|2 )-1 ≈ 10-12 s)

t

b

W

LAL - Cours d’Automne 2019             Fabio Maltoni!117

t

b

ℓ+, d̄

W+

ν, u

One can easily show that for the top, the lepton+ (or 
the d), in the top rest frame,  tends to be emitted in 
the same direction of the top spin.

Note that this has nothing to do with W polarization! 
In particular one studies spin correlations between 
the top and anti-top in ttbar production and the spin 
of the top in single top. 

Results depend on the degree of polarization (p) of 
the tops themselves and from the choice of the “spin-
analyzer” ki.

1

Γ

dΓ

d cos θ
=

1 + p ki cos θ

2

Spin correlations
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t

b

ℓ+, d̄

W+

ν, u

One can easily show that for the top, the lepton+ (or 
the d), in the top rest frame,  tends to be emitted in 
the same direction of the top spin.

Note that this has nothing to do with W polarization! 
In particular one studies spin correlations between 
the top and anti-top in ttbar production and the spin 
of the top in single top. 

Results depend on the degree of polarization (p) of 
the tops themselves and from the choice of the “spin-
analyzer” ki.

1

Γ

dΓ

d cos θ
=

1 + p ki cos θ

2

Spin correlations

Spin analysing power

We can check how the top is produced!

Lepton+ or d emitted in the top spin direction

ki
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Weak interaction and W polarisation

185
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W polarisation

!115

The SM vertex of the top decay implies that
it’s only the tL that takes part to the interaction.

This has straightforward consequences on the
possible helicity states of the on-shell W produced
in the decay.

Neglecting mb, this implies that the W can be only either longitudinally polarised or with 
negative helicity. In general:

How do we measure it??  The W polarisation is inherited by its decay products, which 
“remember it” in their angular distributions. 

Only left-handed tops in the decay!

Helicities of W bosons
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W polarisation

!115

The SM vertex of the top decay implies that
it’s only the tL that takes part to the interaction.

This has straightforward consequences on the
possible helicity states of the on-shell W produced
in the decay.

Neglecting mb, this implies that the W can be only either longitudinally polarised or with 
negative helicity. In general:

How do we measure it??  The W polarisation is inherited by its decay products, which 
“remember it” in their angular distributions. 

longitudinal left-handed right-handed

−i
g

2
Vtqγμ 1

2
(1 − γ5)

? ??
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Weak interaction and W polarisation

186
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W polarisation

!116

Fraction of  longitudinal W’s  (basically the 
only ones we see in a pp collider!)

• The formula above is already not trivial since it says 
that  W polarisations  don’t  interfere!  (This  is  true 
only for 1dim distributions!)

• Longitudinal  polarisation  come  from  the  Higgs 
doublet (charged component).

• cos(θ), which is defined in a specific frame, can be 
related to m(lepton,bottom) or pt(lepton) , ergo

• no top momentum reconstruction necessary!
• Rather “easy measurement” .

f0 =
m2

t

2m2
W

+ m2
t

= 70%

1

N

dN(W → lν)

dcosθ
= K

[

f0 sin2 θ + fL(1 − cos θ)2 + fR(1 + cos θ)2
]

LAL - Cours d’Automne 2019             Fabio Maltoni

W polarisation

!116

Fraction of  longitudinal W’s  (basically the 
only ones we see in a pp collider!)

• The formula above is already not trivial since it says 
that  W polarisations  don’t  interfere!  (This  is  true 
only for 1dim distributions!)

• Longitudinal  polarisation  come  from  the  Higgs 
doublet (charged component).

• cos(θ), which is defined in a specific frame, can be 
related to m(lepton,bottom) or pt(lepton) , ergo

• no top momentum reconstruction necessary!
• Rather “easy measurement” .

f0 =
m2

t

2m2
W

+ m2
t

= 70%

1

N

dN(W → lν)

dcosθ
= K

[

f0 sin2 θ + fL(1 − cos θ)2 + fR(1 + cos θ)2
]

Check of Wtb interaction!

Extract W polarisation by looking at the W decay products: 

fL =
2m2

W

2m2
W + m2

t
∼ 30 %f0 =

m2
t

2m2
W + m2

t
∼ 70 % fR ∼ 0 %

LAL - Cours d’Automne 2019             Fabio Maltoni

W polarisation

!116

Fraction of  longitudinal W’s  (basically the 
only ones we see in a pp collider!)

• The formula above is already not trivial since it says 
that  W polarisations  don’t  interfere!  (This  is  true 
only for 1dim distributions!)

• Longitudinal  polarisation  come  from  the  Higgs 
doublet (charged component).

• cos(θ), which is defined in a specific frame, can be 
related to m(lepton,bottom) or pt(lepton) , ergo

• no top momentum reconstruction necessary!
• Rather “easy measurement” .
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m2

t

2m2
W
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= 70%
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N

dN(W → lν)

dcosθ
= K

[

f0 sin2 θ + fL(1 − cos θ)2 + fR(1 + cos θ)2
]

for mb = 0

Angular distribution of :l+
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t̄t� 8 20.2 fb�1 � = 139 ± 7 ± 17 fb � = 151 ± 25 fb (MadGraph+PRD 83 (2011) 074013) JHEP 11 (2017) 086
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Very precise measurements!


In some cases:


ΔEXP < ΔTH
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New Physics searches at the LHC

188

New particles New Interactions of SM particles 

Model-dependent Model-Independent
SUSY, 2HDM… simplified models,EFT

anomalous couplings, EFT

Deviations in tails
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EFT: What is it all about?

189

SM

Λ

New Physics
Energy

Z’

We have integrated out the Z’

A Taylor expansion
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EFT: What is it all about?

190

Energy

SM

New Physics

Λ=M

c/Λ2 can be linked to High Scale physics: 
Matching and Running
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EFT for New Physics 

191

The way to probe New Physics in the absence of light states

Modified interactions suppressed 
by the scale of New Physics

Low Energy Effective Theory without the Z’

Rate

M

New Interaction

The first sign of new 
physics from precision 

measurements

EFT region
Z

Z’

Energy
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Does the effective theory work?

192

n ! p+ e� + ⌫̄e Fermi formulated his theory in the 1930’s 
It described β-decay data very well

An example of a successful EFT:

1983 Discovery of W-boson at CERN UA1 and UA2 
Mw=80 GeV >> Qβ

Energy of β-decay: ~MeV
n

p

e�

⌫̄e

Energy borrowed from the vacuum
A virtual W-boson exchange

⌫̄e

e�

But this is not the full theory: cross-section rising with energy, 
violating unitarity

W

d u
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Low energy weak interactions
Muon Decay

193
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gμν

M2
W

q2 ≪ M2
W

Effective Lagrangian for µ decay

L = �
4GF
p

2
(ē �µ PL ⌫e) (⌫̄µ �µ PL µ) +O

 
1

M4
W

!
,

Gives the standard result for the muon lifetime at lowest order,

�µ =
G2

F m5
µ

192⇡3 f

 
m2

e
m2

µ

!

EFT gives the full dependence on low energy parameters.

f (⇢) = 1 � 8⇢ + 8⇢3
� ⇢4

� 12⇢2 ln ⇢, ⇢ =
m2

e
m2

µ

The advantages of EFT show up in higher order calculations

Aneesh Manohar (UC San Diego) 29 Jun 2015 / HiggsTools 28 / 37
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Full dependence on low energy parameters: agreement with full theory up to  10−6
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General EFT considerations

• EFT is a field theory, the low-energy limit of a full theory

• Same IR behaviour as the full theory (but different UV behaviour)

• It can make quantitative predictions (without knowing the full theory)

• Predictions can be improved in a systematic way (higher order corrections to 

matching, running and mixing)

• Eventually need full theory to go beyond the low energy region (unitarity violation)

Power counting: Systematic expansion in a small parameter 

Locality: Factorise quantities into short distance parameters (Wilson coefficients) and 
long distance operator matrix elements

(We are integrating out heavy fields: in practice done with the path integral see for example arXiv:1804.05863)

p/M

194
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Why use an effective theory?

Top-bottom: We know the full theory but it’s too complicated

EFT simplifies the calculation by only including the relevant interactions

It focuses on the relevant scale

Examples: SCET, HQEFT


Bottom-up: We don’t know the full theory, we are trying to describe measurements 
and guess the full theory

Efficient to characterise new physics

Examples: SMEFT, Fermi Theory (when formulated in the 1930’s)


195
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SMEFT for New Physics

196

• Focus on SMEFT:  
• only SM fields 
• respecting SM symmetries 
• valid below scale Λ 

• Gauge invariant 
• Higher-order corrections: renormalisable order by order in 1/Λ 

• Complete description 
• Model Independent (apart from symmetries and no new light states)

✔

✔

✔

✔

✔
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Let’s take a tour of SMEFT

197

SM Effective Field Theory

Leff = L(4) +
∑

D>4

∑

i

c
(D)
i

ΛD−4
O(D)

i

• Most general Lagrangian with the SM gauge symmetries

SU(3)C ⊗ SU(2)L ⊗ U(1)Y

• Light (m≪ Λ ≡ ΛNP) SM fields only

• The SM Lagrangian corresponds to D=4

• c(D)
i contain information on the underlying dynamics:

L
NP

=̇ g
X
(q̄Lγ

µqL)Xµ

g 2
X

M2
X

(q̄Lγ
µqL) (q̄LγµqL)

• Assumes that H(125) belongs to an SU(2)L doublet

EFT A. Pich – 2020 19

Processes and observables

Sensitivity Measurements Constraints

UVHuge effort to improve each one of these steps!
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SMEFT dimension-5

198
HiggsTools School - June 2015 Fabio Maltoni

• Consider the SM@dim5. There is only one such operator that can be added:

When the Higgs fields acquires a vev this term give rise to a Majorana neutrino mass

If I now calculate  the amplitude vv → hh 

MAJORANA NEUTRINOS

21

m⌫ = c
v2

⇤

⇒ ⇒ min mass for the neutrino ⇒ upper bound for Λ

⇒ grows with energy 

= unitarity violations

Majorana neutrino mass implies New Physics before 1015 GeV 

L =
c

⇤
(LT ✏�)C(�T ✏L) + h.c.

Weinberg (1979) 
 

HiggsTools School - June 2015 Fabio Maltoni

• Consider the SM@dim5. There is only one such operator that can be added:

When the Higgs fields acquires a vev this term give rise to a Majorana neutrino mass

If I now calculate  the amplitude vv → hh 

MAJORANA NEUTRINOS

21

m⌫ = c
v2

⇤

⇒ ⇒ min mass for the neutrino ⇒ upper bound for Λ

⇒ grows with energy 

= unitarity violations

Majorana neutrino mass implies New Physics before 1015 GeV 

L =
c

⇤
(LT ✏�)C(�T ✏L) + h.c.

Majorana neutrino mass

Neutrino masses of 0.01-0.1eV imply  TeV!!!Λ ∼ 1015

One lepton number violating operator at dim-5

Possible UV completion: see-saw model

HiggsTools School - June 2015 Fabio Maltoni

• An UV completion of the dim=5 operator  (there are few) is well known: the see-saw model

with a Dirac mass term and a Majorana one (vR is a singlet of SU(2)). One can diagonalise the 
mass matrix and obtains two mass eingenstates

and the amplitude vv → hh does not grow anymore because the last term is not present. 
anymore

22

MAJORANA NEUTRINOS

ν ∼ νL mν ∼ m2
D/MR

N ∼ νR MR

Not relevant for LHC physics
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SMEFT@dim-6

59(2499) operators at dim-6:                                

199

Buchmuller, Wyler Nucl.Phys. B268 (1986) 621-653   

Grzadkowski et al arxiv:1008.4884 

Warsaw basis of dimension-6 operators
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SMEFT@dim6
59 operators in flavour universal scenario

2499 if fully general


200

Is there any hope?

• Not all operators enter in all observables

• Many observables available

• We can make “reasonable” assumptions

no B,L violation

Flavour (universality, MFV…) 

CP conservation


<100 operators for the LHC
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Examples of operators

201

Dimension-6 operators of the SMEFT:

Higgs-fermion (Yukawa)

gauge-fermion (Z,W)

dipole

four fermion

ttH

ttZ production, Wtb, single top

ttZ, ttA, WtB (ttVH)
top pair production, single top, ttH, 
ttV, tttt

Interaction ImpactX
3 : ✏IJKW

I
µ⌫ W

J,⌫⇢
W

K,µ
⇢ X

2
H

2 : ('†
')2Ga

µ⌫G
µ⌫
a

H
6 : ('†

')3 H
4
D

2 : ('†
D

µ
')⇤('†

D
µ
')

 
2
H

3 : ('†
')2(q̄i uj '̃)  

2
XH : (q̄i �

µ⌫
uj '̃)Bµ⌫

 
2
H

2
D : ('†$

Dµ ')(q̄i �
µ
qj)  

4 : (q̄i �
µ
qj)(q̄k �µ ql)

<latexit sha1_bas e64="f7qwm3FwlUoM83a4Ir0RTd54tEM="></latexit>
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Warsaw ExampleClass

Assuming i = j = 3
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From Operators to Observables

Operators have different impact on particle interactions

1) Modification of SM vertices

2) New Lorentz structures

(3) Indirect effect due to impact on input parameters and canonical 
normalisation of fields

202

What is next? Study particular processes and observables to maximise 
sensitivity on different operators


Fit data to extract EFT coefficients
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SMEFT in practice

203

EFT has a global character

VBS

Higgs

Top Weak

ttH

tH/Zj
VH/VBF

4-tops

CPV

HH

HH

ttH

VV

tj

ttV

ttV

H

HH+j

EWPO

HH
H+j

tH/Zj

VBS
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EFT pathway to New Physics

204

ΔObsn = ObsEXP
n − ObsSM

n = ∑
i

c6
i (μ)
Λ2

a6
n,i(μ) + 𝒪 ( 1

Λ4 )

Precise experimental measurements

Precise EFT predictions

Precise SM predictions c6
i (μ)
Λ2
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EFT interpretations

205

LHC EFT WG effort:


https://indico.cern.ch/category/12671/

Inclusive (fiducial) cross-section


Differential parton level


Differential particle level


Detector level

Complexity Information# assumptions
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Theory
Best available prediction for the SM 

NLO QCD for SMEFT

Data
Top pair production and single top 

(differential) 
Associated production with W,Z,H 

W helicity fractions

Global SMEFT fit 
of the top-quark sector

Constraints on the Wilson coefficients 
Fit results can be used to bound 

specific UV complete models

Faithful uncertainty estimate 
Avoid under- and over-fitting 

Validated on pseudo-data (closure test)

Fit Methodology Output
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Top-pair production 
W-helicities, 
asymmetry

Single top t-, s-channel

4 tops, ttbb, top-
pair associated 

production

Data Dataset
Ô

s, L Info Observables ndat Ref

ATLAS_tt_8TeV_ljets 8 TeV, 20.3 fb≠1 lepton+jets d‡/dmtt̄ 7 [46]

CMS_tt_8TeV_ljets 8 TeV, 20.3 fb≠1 lepton+jets 1/‡d‡/dytt̄ 10 [47]

CMS_tt2D_8TeV_dilep 8 TeV, 20.3 fb≠1 dileptons 1/‡d
2
‡/dytt̄dmtt̄ 16 [48]

ATLAS_tt_8TeV_dilep (*) 8 TeV, 20.3 fb≠1 dileptons d‡/dmtt̄ 6 [54]

CMS_tt_13TeV_ljets_2015 13 TeV, 2.3 fb≠1 lepton+jets d‡/dmtt̄ 8 [51]

CMS_tt_13TeV_dilep_2015 13 TeV, 2.1 fb≠1 dileptons d‡/dmtt̄ 6 [53]

CMS_tt_13TeV_ljets_2016 13 TeV, 35.8 fb≠1 lepton+jets d‡/dmtt̄ 10 [52]

CMS_tt_13TeV_dilep_2016 (*) 13 TeV, 35.8 fb≠1 dileptons d‡/dmtt̄ 7 [56]

ATLAS_tt_13TeV_ljets_2016 (*) 13 TeV, 35.8 fb≠1 lepton+jets d‡/dmtt̄ 9 [55]

ATLAS_WhelF_8TeV 8 TeV, 20.3 fb≠1
W hel. fract F0, FL, FR 3 [49]

CMS_WhelF_8TeV 8 TeV, 20.3 fb≠1
W hel. fract F0, FL, FR 3 [50]

ATLAS_CMS_tt_AC_8TeV (*) 8 TeV, 20.3 fb≠1 charge asymmetry AC 6 [57]

ATLAS_tt_AC_13TeV (*) 8 TeV, 20.3 fb≠1 charge asymmetry AC 5 [58]

Table 3.1. The experimental measurements of inclusive top-quark pair production at the LHC
considered in the present analysis. For each dataset we indicate the label, the center of mass energy
Ô

s, the integrated luminosity L, the final state or the specific production mechanism, the physical
observable, the number of data points ndat, and the publication reference. Measurements indicated
with (*) were not included in [7]. We also include in this category the W helicity fractions from top
quark decay and the charge asymmetries.

di�erential distributions based on luminosities larger than L ƒ 36 fb≠1 are not available yet:
the statistical precision of the data, and consequently their constraining power, remain there-
fore limited. For instance, the ATLAS fully hadronic final state measurement [61] is available,
but it exhibits larger uncertainties than in the cleaner lepton+jets and dilepton final states.
Furthermore, some measurements are not reconstructed at the parton level, as required in our
analysis. This is the case of the ATLAS and CMS measurements at high top-quark transverse
momentum [61, 62], that are based on reconstructing boosted topologies, and of the dilepton
distributions from ATLAS [63], that are restricted to the particle level.

Concerning theoretical calculations, the SM cross-sections are evaluated at NLO using
MadGraph5_aMC@NLO [64] and supplemented with NNLO K-factors [65, 66]. The input PDF
set is NNPDF3.1NNLO no-top [67], to avoid possible contamination between PDF and EFT
e�ects.2 The EFT cross-sections are evaluated with MadGraph5_aMC@NLO [64] combined with
the SMEFT@NLO model [39]. Unless otherwise specified, the same EFT settings will be used
also for the other processes considered in this analysis. Specifically, NLO QCD e�ects to the

2See [68, 69] for a detailed discussion of the interplay between PDF and EFT fits.
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Dataset
Ô

s, L Info Observables Ndat Ref

CMS_ttbb_13TeV 13 TeV, 2.3 fb≠1 total xsec ‡tot(tt̄bb̄) 1 [70]

CMS_ttbb_13TeV_2016 (*) 13 TeV, 35.9 fb≠1 total xsec ‡tot(tt̄bb̄) 1 [79]

ATLAS_ttbb_13TeV_2016 (*) 13 TeV, 35.9 fb≠1 total xsec ‡tot(tt̄bb̄) 1 [78]

CMS_tttt_13TeV 13 TeV, 35.9 fb≠1 total xsec ‡tot(tt̄tt̄) 1 [71]

CMS_tttt_13TeV_run2 (*) 13 TeV, 137 fb≠1 total xsec ‡tot(tt̄tt̄) 1 [76]

ATLAS_tttt_13TeV_run2 (*) 13 TeV, 137 fb≠1 total xsec ‡tot(tt̄tt̄) 1 [77]

CMS_ttZ_8TeV 8 TeV, 19.5 fb≠1 total xsec ‡tot(tt̄Z) 1 [72]

CMS_ttZ_13TeV 13 TeV, 35.9 fb≠1 total xsec ‡tot(tt̄Z) 1 [73]

CMS_ttZ_ptZ_13TeV (*) 13 TeV, 77.5 fb≠1 total xsec d‡(tt̄Z)/dp
Z
T 4 [81]

ATLAS_ttZ_8TeV 8 TeV, 20.3 fb≠1 total xsec ‡tot(tt̄Z) 1 [74]

ATLAS_ttZ_13TeV 13 TeV, 3.2 fb≠1 total xsec ‡tot(tt̄Z) 1 [75]

ATLAS_ttZ_13TeV_2016 (*) 13 TeV, 36 fb≠1 total xsec ‡tot(tt̄Z) 1 [80]

CMS_ttW_8_TeV 8 TeV, 19.5 fb≠1 total xsec ‡tot(tt̄W ) 1 [72]

CMS_ttW_13TeV 13 TeV, 35.9 fb≠1 total xsec ‡tot(tt̄W ) 1 [73]

ATLAS_ttW_8TeV 8 TeV, 20.3 fb≠1 total xsec ‡tot(tt̄W ) 1 [74]

ATLAS_ttW_13TeV 13 TeV, 3.2 fb≠1 total xsec ‡tot(tt̄W ) 1 [75]

ATLAS_ttW_13TeV_2016 (*) 13 TeV, 36 fb≠1 total xsec ‡tot(tt̄W ) 1 [80]

Table 3.2. Same as Table 3.1, now for the production of top quark pairs in association with heavy
quarks and with weak vector bosons.

the initial state of the reaction, see [93] for details. The NNLO QCD K-factors in the 5FNS
are obtained from the calculation of [94].

Associated single top-quark production with weak bosons. Finally, in Table 3.4 we
consider the experimental measurements on the associated production of single top-quarks
together with a weak gauge boson V . The dataset in this category that was already part of
our original analysis [7] consisted in the total inclusive cross-sections for tW production by
ATLAS and CMS at 8 TeV [95, 96] and at 13 TeV [97, 98], as well as in the ATLAS and CMS
measurements of the tZ total cross-sections at 13 TeV [99, 100], in the latter case restricted
to the fiducial region in the Wb¸+¸≠q final state.

In addition to these datasets, we include here several new measurements of tW and tZ
production. First of all, we include a new total cross-section measurement of tW production
by ATLAS at 8 TeV [101]. This measurement is carried out in the single lepton channel,
and thus does not overlap with [95], which instead was obtained in the two leptons with one
central b-jet channel. Then we include the ATLAS measurement of the fiducial cross-section
for tZ production [102] using the t¸+¸≠q final state (in the tri-lepton channel) based on the
full Run II luminosity of L = 139 fb≠1. In this analysis, the cross-section measurement
di�ers from the background-only hypothesis (dominated by tt̄Z and dibosons) by more than
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Dataset
Ô

s, L Info Observables Ndat Ref

CMS_t_tch_8TeV_inc 8 TeV, 19.7 fb≠1
t-channel ‡tot(t), ‡tot(t̄) 2 [83]

ATLAS_t_tch_8TeV 8 TeV, 20.2 fb≠1
t-channel d‡(tq)/dyt 4 [85]

CMS_t_tch_8TeV_dif 8 TeV, 19.7 fb≠1
t-channel d‡/d|y

(t+t̄)
| 6 [84]

CMS_t_sch_8TeV 8 TeV, 19.7 fb≠1
s-channel ‡tot(t + t̄) 1 [87]

ATLAS_t_sch_8TeV 8 TeV, 20.3 fb≠1
s-channel ‡tot(t + t̄) 1 [86]

ATLAS_t_tch_13TeV 13 TeV, 3.2 fb≠1
t-channel ‡tot(t), ‡tot(t̄) 2 [88]

CMS_t_tch_13TeV_inc 13 TeV, 2.2 fb≠1
t-channel ‡tot(t), ‡tot(t̄) 2 [90]

CMS_t_tch_13TeV_dif 13 TeV, 2.3 fb≠1
t-channel d‡/d|y

(t+t̄)
| 4 [89]

CMS_t_tch_13TeV_2016 (*) 13 TeV, 35.9 fb≠1
t-channel d‡/d|y

(t)
| 5 [91]

Table 3.3. Same as Table 3.1, now for inclusive single t production both in the t- and the s-channels.

five sigma and thus corresponds to an observation of this process. We also consider the
corresponding measurement from CMS, where the observation of tZ associated production is
reported by reconstructing the t¸+¸≠q final state [103] based on a luminosity of L = 77.4 fb≠1.
No di�erential distributions for tZ have been reported so far. The settings of the theoretical
calculations for these ndat = 9 data points are the same as of [7].

In addition to these measurements, both ATLAS and CMS have measured di�erential
distributions in tW production at 13 TeV based on a luminosity of L = 35.9 fb≠1 [104, 105].
However, these measurements are reported at the particle rather than at the parton level,
and therefore they are not suitable for inclusion in the present analysis, which is restricted to
top-quark level observables. We also note that CMS has reported on the EFT interpretation
of the associated production of top-quarks, including with vector bosons, in an analysis based
on a luminosity of L = 41.5 fb≠1 [106].

Combining the four categories discussed above, the present analysis contains ndat = 150
top-quark cross-sections, to be compared with ndat = 103 in [7]. In Sect. 5.3 we will quantify
the impact of the new top-quark measurements by comparing two fits, one based on the
dataset of [7] and one based on the extended top-quark dataset included here.

3.2 Higgs production and decay
We now turn to the Higgs boson production and decay measurements. We consider first
inclusive cross-section measurements, presented as signal strengths normalised to the SM
predictions, and then di�erential distributions and STXS measurements.

Signal strengths. First of all, we consider the inclusive Higgs boson production signal
strengths µf

i
measured by ATLAS and CMS from LHC Run I and Run II. These signal

strengths are defined for each combination of production and decay channels in terms of
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Dataset
Ô

s, L Info Observables Ndat Ref

ATLAS_tW_8TeV_inc 8 TeV, 20.2 fb≠1
inclusive

‡tot(tW )
1

[95]
(dilepton)

ATLAS_tW_inc_slep_8TeV (*) 8 TeV, 20.2 fb≠1
inclusive

‡tot(tW )
1

[101]
(single lepton)

CMS_tW_8TeV_inc 8 TeV, 19.7 fb≠1 inclusive ‡tot(tW ) 1 [96]

ATLAS_tW_inc_13TeV 13 TeV, 3.2 fb≠1 inclusive ‡tot(tW ) 1 [97]

CMS_tW_13TeV_inc 13 TeV, 35.9 fb≠1 inclusive ‡tot(tW ) 1 [98]

ATLAS_tZ_13TeV_inc 13 TeV, 36.1 fb≠1 inclusive ‡tot(tZq) 1 [100]

ATLAS_tZ_13TeV_run2_inc (*) 13 TeV, 139.1 fb≠1 inclusive ‡fid(t¸+
¸

≠
q) 1 [102]

CMS_tZ_13TeV_inc 13 TeV, 35.9 fb≠1 inclusive ‡fid(W b¸
+

¸
≠

q) 1 [99]

CMS_tZ_13TeV_2016_inc (*) 13 TeV, 77.4 fb≠1 inclusive ‡fid(t¸+
¸

≠
q) 1 [103]

Table 3.4. Same as Table 3.1, now for single top quark production in association with electroweak
gauge bosons.

cross-section ‡i and the branching fraction Bf as

µf

i
©

‡i ◊ Bf

(‡i)SM ◊ (Bf )SM
= µi · µf =

A
‡i

(‡i)SM

BA
Bf

(Bf )SM

B

, (3.1)

that is, as the ratio of the experimentally measured production cross-sections in specific
decay channels to the corresponding (state-of-the-art) SM predictions. These inclusive signal
strengths can also be expressed as

µf

i
=

A
‡i

(‡i)SM

BA
�(h æ f)

�(h æ f)
--
SM

BA
�(h æ all)

�(h æ all)
--
SM

B≠1

, (3.2)

in terms of the partial and total decay widths. The measurements of signal strengths that
we consider in the present analysis are collected in Table 3.5. In contrast to the di�erential
distributions and STXS discussed below, these signal strengths are typically extrapolated to
the full phase space and do not include selection or acceptance cuts.

For the LHC Run I, we take into account the inclusive measurements of Higgs boson
production and decay rates from the ATLAS and CMS combination based on the full 7 and
8 TeV datasets [107]. Specifically, we include the 20 measurements presented in Table 8
of [107]. These measurements correspond to five di�erent production channels (ggF, VBF,
Wh, Zh, tth) for five final states (““, ZZ, WW , ·· , bb̄), excluding those combinations that
are either not measured with a meaningful precision or not measured at all. We account for
the experimental correlations between the measured signal strengths using the information
provided in [107]. In addition to these ATLAS+CMS combination results from Run I, we also
include two more signal strengths measurements from Run I, namely the ATLAS constraints
on the Z“ and µµ decays from [108].
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 tW, tZ

Dataset
Ô

s, L Info Observables ndat Ref.

ATLAS_CMS_SSinc_RunI (*) 7+8 TeV, 20 fb≠1 Incl. µ
f
i

ggF, VBF, V h, tt̄h
20 [114]

h æ ““, V V, ··, bb̄

ATLAS_SSinc_RunI (*) 8 TeV, 20 fb≠1 Incl. µ
f
i h æ Z“, µµ 2 [115]

ATLAS_SSinc_RunII (*) 13 TeV, 80 fb≠1 Incl. µ
f
i

ggF, VBF, V h, tt̄h
16 [116]

h æ ““, W W, ZZ, ··, bb̄

CMS_SSinc_RunII (*) 13 TeV, 36.9 fb≠1 Incl. µ
f
i

ggF, VBF, W h, Zh tt̄h
24 [117]

h æ ““, W W, ZZ, ··, bb̄

Table 3.5. Same as Table 3.1 now for the measurements of the inclusive signal strenghts, Eq. (3.2),
in Higgs production and decay from the LHC Run I and Run II.

For the LHC Run II, we consider the ATLAS measurement of signal strengths correspond-
ing to an integrated luminosity of L = 80 fb≠1 [116], and the CMS measurement corresponding
to an integrated luminosity of L = 35.9 fb≠1 [117]. As in the case of the Run I signal strengths,
we keep into account correlations between the various production and final state combina-
tions. The ATLAS combination contains 16 signal strengths for the ggF, VBF, V h and tt̄h
production channels and the ““, ZZ, WW , ·· and bb̄ final states. As in the case of Run I,
measurements are sometimes not available for all final states for a given production channel,
for example the h æ bb̄ decay is not available for ggF while ·· is not provided in the case
of V h associate production. The CMS analysis contains 24 signal strengths measurements
in the ggF, VBF, Wh, Zh, and tt̄h production channels for the same final states as in the
ATLAS case. Results for the WW , ZZ and““ final states are available for all production
channels, while for the other final states, µµ, ·· , and bb̄, signal strength measurements are
only available for specific production channels. In total, we have ndat = 62 measurements of
Higgs inclusive signal strengths from Runs I and II.

Concerning the theoretical calculations corresponding to these measurements, the SM
production cross-sections and decay branching fractions are obtained from the associated
experimental publications. In turn, these represent the most updated available predictions,
and are provided in the LHC Higgs Cross-Section Working Group (HXSWG) reports [118–
120]. As in the case of top-quark production processes, EFT calculations are obtained at NLO
QCD using MadGraph5_aMC@NLO [71] with the SMEFT@NLO model. Additional details about
the implementation of EFT corrections to the Higgs signal strengths are provided in App. B.

Di�erential distributions and STXS. Table 3.6 summarizes the experimental measure-
ments of di�erential distributions and STXS for Higgs boson production and decay at the LHC
considered in the present analysis. Whenever one has a potential double counting between
a signal strength measurement and the corresponding di�erential distribution or STXS mea-
surement, we always select the latter, which provides more information on the EFT parameter
space due to its enhanced kinematical sensitivity.

To being with, we consider the ATLAS and CMS di�erential distributions in the Higgs
boson kinematic variables obtained from the combination of the h æ ““, h æ ZZ, and (in
the CMS case) h æ bb̄ final states at 13 TeV based on L = 36 fb≠1 [121, 122]. Specifically, we
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Dataset
Ô

s, L Info Observables Ndat Ref

CMS_H_13TeV_2015 (*) 13 TeV, 35.9 fb≠1
ggF, VBF, V h, tt̄h

d‡/dp
h
T 9 [121]

h æ ZZ, ““, bb̄

ATLAS_ggF_13TeV_2015 (*) 13 TeV, 36.1 fb≠1
ggF, VBF, V h, tt̄h

d‡/dp
h
T 9 [122]

h æ ZZ(æ 4l)

ATLAS_Vh_hbb_13TeV (*) 13 TeV, 79.8 fb≠1
W h, Zh

d‡
(fid)

/dp
W
T 2

[123]
d‡

(fid)
/dp

Z
T 3

ATLAS_ggF_ZZ_13TeV (*) 13 TeV, 79.8 fb≠1
ggF, h æ ZZ ‡ggF(ph

T , Njets) 6 [116]

CMS_ggF_aa_13TeV (*) 13 TeV, 77.4 fb≠1
ggF, h æ ““ ‡ggF(ph

T , Njets) 6 [124]

Table 3.6. Same as Table 3.1 for di�erential distributions and STXS for Higgs production and decay.

consider the di�erential distributions in the Higgs boson transverse momentum ph

T
. These dis-

tributions are particularly sensitive probes of new physics, for instance through new particles
circulating in the gluon-fusion loop.

We also include the ATLAS measurement of the associated production of Higgs bosons,
V h, in the h æ bb̄ final state at 13 TeV [123]. These measurements, performed in kinematic
fiducial volumes defined in the simplified template cross-section framework, correspond to an
integrated luminosity of L = 79.8 fb≠1. Specifically, here we include the data corresponding
to the 5-POI (parameters of interest) category, which refers to three cross-sections for Zh
production in the bins 75 < pZ

T
< 150 GeV, 150 < pZ

T
< 250 GeV, and pZ

T
> 250 GeV,

and two cross-sections for Wh production, one for 150 < pW

T
< 250 GeV and the other for

pW

T
> 250 GeV. Gauge bosons are reconstructed by means of their leptonic decays.
Then we also include selected di�erential measurements presented in the ATLAS Run II

Higgs combination paper [116]. Specifically, we include the measurements of Higgs production
in gluon fusion, gg æ h, in di�erent bins of ph

T
and in the number of jets in the event. These

measurements are presented as ‡i ◊ BZZ/B(SM)
ZZ

, since the ZZ branching fraction is used to
normalise the data. We include the 0-jet cross-section, the 1-jet cross-section for ph

T
< 60

GeV, 60 Æ ph

T
Æ 120 GeV, and 120 Æ ph

T
Æ 200 GeV, and the Æ 1 jet and Æ 2 jet cross-sections

for ph

T
Ø 200 GeV and ph

T
< 200 GeV respectively.

Furthermore, we consider the di�erential Higgs boson production measurements presented
by CMS at 13 TeV based on an integrated luminosity of L = 77.4 fb≠1 and corresponding to
the final state ““ [124]. The STXS measurements associated to di�erent final-state topologies
and kinematic values such as ph

T
are presented. These inclusive measurements are dominated

by the gluon-fusion production channel. Note that the CMS diphoton measurement of [124]
supersedes [125], which was based on the 2016 dataset only.

Whenever available, the information on the experimental correlated systematic uncer-
tainties is included. As mentioned above, the SM theoretical predictions are taken from
the HXSWG reports [118–120]. In total, we include ndat = 35 measurements of di�erential
cross-sections and STXS on Higgs production and decay from the LHC Run II.

25

Dataset
Ô

s, L Info Observables Ndat Ref

LEP2_WW_diff (*) [182, 296] GeV LEP-2 comb d
2
‡(W W )/dEcmd cos ◊W 40 [128]

ATLAS_WZ_13TeV_2016 (*) 13 TeV, 36.1 fb≠1 fully leptonic d‡
(fid)

/dm
W Z
T 6 [129]

ATLAS_WW_13TeV_2016 (*) 13 TeV, 36.1 fb≠1 fully leptonic d‡
(fid)

/dmeµ 13 [130]

CMS_WZ_13TeV_2016 (*) 13 TeV, 35.9 fb≠1 fully leptonic d‡
(fid)

/dp
Z
T 11 [131]

Table 3.7. Same as Table 3.1 for the di�erential distributions of gauge boson pair production from
LEP-2 and the LHC.

We note that additional Higgs production and decay measurements have been recently
presented by ATLAS and CMS based on the full Run II luminosity of L = 139 fb≠1. Two
examples of these are the CMS measurement of the ph

T
distribution in the h æ WW fully

leptonic final state [126] and the updated ATLAS measurement of V h associated production in
the bb̄ final state [127]. These measurements are however not expected to modify significantly
the results of the present analysis, since the constraints they provide on the EFT parameter
space are already covered by other measurements, and their inclusion is left for future work.

3.3 Diboson production from LEP and the LHC
We complement the constraints provided by the Higgs data with those provided by diboson
production cross-sections measured by LEP and the LHC. The dataset is summarised in Ta-
ble 3.7. To begin with, we consider the LEP-2 legacy measurements of WW production [128].
Specifically, we include the cross-sections di�erential in cos ◊W in four di�erent bins in the
center of mass energy, from

Ô
s = 182 GeV up to

Ô
s = 206 GeV. Here ◊W is defined as the

polar angle of the produced W ≠ boson with respect to the incoming electron beam direction.
Each set of bins with a di�erent center-of-mass energy correspond to a di�erent integrated
luminosity, ranging between L = 163.9 pb≠1 and 630.5 pb≠1. For each value of

Ô
s, there are

10 bins in cos ◊W , adding up to a total of ndat = 40 data points. The theoretical calculations
of the SM predictions, which include higher-order electroweak but not NLO QCD corrections,
are also taken from [128]. For this process, the squared terms in the EFT proportional to
cicj/�≠4 are small and will be neglected.

Concerning the LHC datasets, we include measurements of the di�erential distributions
for W ±Z production at 13 TeV from ATLAS [132] and CMS [131] based on a luminosity
of L = 36.1 fb≠1. In both cases, the two gauge bosons are reconstructed by means of the
fully leptonic final state, whereby events of the type WZ æ ¸+¸≠¸(Õ)± are selected. The
di�erent leptonic final states are then combined into an inclusive measurement. For the
ATLAS measurement three fiducial distributions are presented, respectively di�erential in
pW

T
, pZ

T
and mW Z

T
. As indicated in Table 3.7, in this analysis, our baseline choice will be to

include the mW Z

T
distribution, which extends up to transverse masses of mW Z

T
= 600 GeV. In

the case of the corresponding CMS measurement, normalised di�erential distributions in pZ

T
,

mW Z , pW

T
, and pjet,lead

T
are available. Here the baseline will be the pZ

T
distribution.

In addition to these measurements, we also consider the di�erential distributions for
WWproduction from ATLAS at 13 TeV based on a luminosity of L = 36.1 fb≠1 [130]. Events
are selected by requiring one electron and one muon in the final state, corresponding to the

26

Category Processes ndat

Top quark production

tt̄ (inclusive) 94
tt̄Z, tt̄W 14

single top (inclusive) 27
tZ, tW 9

tt̄tt̄, tt̄bb̄ 6
Total 150

Higgs production
Run I signal strengths 22

and decay
Run II signal strengths 40

Run II, di�erential distributions & STXS 35
Total 97

Diboson production
LEP-2 40
LHC 30
Total 70

Baseline dataset Total 317

Table 3.8. The number of data points ndat in our baseline dataset for each of the categories of
processes considered here.

Dependence on the EFT coe�cients. In order to interpret the results of the global
EFT analyses which will be presented in Sect. 5, it is useful to collect the dependence of the
various datasets described in this section with respect to the degrees of freedom defined in
Sect. 2. Table 3.10 indicates which EFT coe�cients contribute to the theoretical description
of each of the processes considered in this analysis. Recall that the 16 coe�cients listed in
Eq. (2.4) are related among them by the EWPO relations, and that only two of them are
independent.

In Table 3.10 we display from top to bottom the coe�cients associated to the two-light-
two-heavy, four-heavy, four-lepton, two-fermion plus bosonic, and purely bosonic dimension-
six operators. The Higgs measurements are separated between the Run I and Run II datasets,
and in the latter case also between signal strengths and di�erential distributions and STXS.
A check mark outside (inside) brackets indicates that a given process constrains the corre-
sponding coe�cients starting at O(�≠2) (O(�≠4)) at LO. Entries labelled with (b) indicate
that the sensitivity to the associated coe�cients enters via bottom-initiated processes, which
arise due to contributions from the b-PDF in the 5FNS adopted here.

Several observations can be drawn from this table. First of all, we observe that the
four-heavy coe�cients are constrained only by the tt̄QQ̄ production data, either tt̄tt̄ or tt̄bb̄.
Such measurements also depend on the 2-light-2-heavy operators, as well as on ctG, although
in practice this correlation is small. Furthermore, the four-heavy coe�cients are essentially
left undetermined at O

!
�≠2"

, and can only be meaningfully constrained only the quadratic
corrections are accounted for. One can also note how the two-light-two-heavy operators are
constrained by top-quark pair production (inclusive and in association with vector bosons)
as well as by the tt̄h production measurements. As will be shown below, by far the dominant
constraints on these coe�cients arise from the di�erential distributions in inclusive top quark
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Diboson

Higgs differential
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Full fit: individual
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Ellis, Madigan, Mimasu, Sanz, You arXiv:2012.02779

Individual: only one non-zero 
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Full fit: marginalised
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Ellis, Madigan, Mimasu, Sanz, You arXiv:2012.02779



Ken Mimasu STFC HEP school 2025

What do we learn from global fits?
Bounds on new physics scale vary from 0.1 TeV 
(unconstrained) to 10s of TeV. Bounds depend 
on

• the operator 

• assumption of a strongly or weakly coupled 

theory

• individual or marginalised bounds (reality is 

somewhere in-between)

• linear or quadratic bounds 

210

∏

M

∏

M
Exc

l.

Non-pert.

M
>

E

Valid

constraint:
c6

i (μ)
Λ2

=
λ2

M2
< X

AllowedExc
lud

ed
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From EFT to the UV

211

• EFT bounds translate to constraints on parameters of 
UV models 

• Simplest case: single-field extensions of the SM

Z’
W’

VLL

VLQ

Scalars

VLQ

VLL

Tree-level matching dictionary
de Blas et al. JHEP 03 (2018) 109

Matching
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From EFT to UV
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1.6�
1.6�
1.6�2

⌅ < 1.1⇥ 10�2(TeV2)

|yS1 |2 < 1.6⇥ 10�2

|�⌃|2 < 4.5⇥ 10�2

|�Q7 |2 < 0.14

|�⌃1 |2 < 2.7⇥ 10�2

|��1 |2 < 1.7⇥ 10�2

1.2�

|�T1 |2 < 0.22

|ĝ�B1
|2 < 6.9⇥ 10�3

g2BB1
< 0.92

|�D|2 < 3.8⇥ 10�2

|�Q1Q7 |2 < 0.88

Z6 cos� < 0.995

|�U |2 < 7.2⇥ 10�2

|�E |2 < 2.2⇥ 10�2

|�T2 |2 < 0.099

|�Q5 |2 < 0.24

|��3 |2 < 2.9⇥ 10�2

2
S < 1.7 (TeV2)

(stL)
2 < 0.04

|ĝ�W1
|2 < 8.6⇥ 10�2

|�N |2 < 3.8⇥ 10�2

Ellis, Madigan, Mimasu, Sanz, You arXiv:2012.02779

• EFT bounds translate to constraints on parameters of UV models 
• Simplest case: single-field extensions of the SM

Z’
W’

VLL

VLQ

Scalars

VLQ

VLL

M(λ = 1) λ(M = 1 TeV)

Fix coupling and set bound on mass or the other way round
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THANK YOU


