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• A new era of gravitational observations!

‣ LIGO-Virgo-KAGRA:  O1,2,3: ~100 binary mergers  
                                 O4: ~250 events

‣ Upcoming GW observatories in the 2030s  
will increase sensitivity and frequency range: 
 
Advanced LIGO (ground-based), Cosmic Explorer  
(ground-based), Einstein Telescope (underground),  
LISA (space-based)

• Need ever more precise theoretical predictions

‣ Higher perturbative orders (in Newton’s constant G)

‣ Modifications due to the spin of the black holes

‣ Deformations of Einstein-Hilbert theory

‣ LSC Observational White Paper

Credit: Contemporary Physics Education Project 

Credit: ESA

                Motivation



• Treat black holes/neutron stars as effectively pointlike

‣ Describe their structure and interactions using Effective Field Theory

‣ Use modern amplitude methods in the perturbative regime (inspiral phase) 

Credit: Tim Pyle (LIGO)Credit: CMS/CERN
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Figure 1: The physical e↵ect of the GW polarizations h+ and h⇥. In the illustration, a sinusoidal GW travels through the z
axis or perpendicular to the page and the e↵ect over the ring of particle that lay in the xy plane or over the page is to stretch
and to squeeze the separation distance between them.

C. Gravitational Waves from Inspiral Binary Systems

The first two direct observations of GW signals recently reported by the LIGO team (GW150914 and GW151226)
were produced by the coalescence of two stellar-mass black holes [13, 14]. In these systems, the two objects gradually
spirals inwards while GW are emitted. In this process, the system evolves in three di↵erent phases, inspiral, merger
and ringdown (Figure 2).

In the inspiral phase the two objects are orbiting and approaching each other while the orbital frequency increases.
At this stage, post-Newtonian approximations to general relativity analytically model the evolution of the system
and thus, high accurate signals can be computed [22]. The resulting GW waveform is a chirp signal, i.e., a sinusoid
increasing in frequency and amplitude up to a limit. The merger phase initiates when the separation distance between
the two objects reaches the so-called innermost stable circular orbit (ISCO). In consequence, the objects collide and
plunge into one. The system is dynamically unstable which leads to a highly complex non-linear system of the Einstein
equations where no analytical solution exits. Therefore, numerical relativity is needed to compute the GW signal [23].
Finally, the ringdown phase stars after the collision and the resulting object, a black hole, relaxes to a stationary
state. In this process, the perturbation theory can used to analytically solve the Einstein equations. This leads to
the quasi-normal modes of the final Kerr black hole where the GW signal is described by well-modeled exponentially
damped sinusoidal oscillations [24]. These three stages in the life of a compact binary system are known as Compact
Binary Coalescence (CBC).
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Figure 2: The three phases in the temporal evolution of a binary system. In the inspiral phase the two object are orbiting and
approaching each other. In the merger phase the two objects fuse into one. In the ringdown phase the resulting object relaxes
to a stationary state.

This work focuses in the detection of GW from the inspiral phase using LIGO data. To accomplish this, we need
the analytical model of the GW. The masses of the two astrophysical objects are m1 and m2, they are separated
a distance a and are orbiting in their common center of mass. The reference frame of the source (Figure 3) is the
Cartesian coordinate system (x, y, z) where the origin is the center of the binary, and the GW is observed at point

Why amplitudes? 

EFT

from Antelis and Moreno 
           1610.03567

• Merger of 2 BHs:

‣ Inspiral

‣ Merger

‣ Ringdown



• Conservative: scattering angles

‣ From four-point amplitudes 
 
 
 
 

• Dissipative: waveforms

‣ From five-point amplitudes 
 

Binary dynamics from amplitudes



• Classical limit and Post-Minkowskian (PM) expansion

• Introducing the N-operator         

‣ Radial action from matrix elements of the N-operator in  
Impact Parameter Space (IPS)  

• The Magnus expansion in relativistic quantum field theory

‣ Magnus amplitudes, or matrix elements of the N-operator 

‣ Applications to  theory 

• Classical limit

‣ Loops from trees? 

S = eiN

ϕ3

Menu



• Classical limit

‣ Naive expansion parameter is  for ! Is this a problem?

• Amplitude eikonal exponentiation in impact parameter space 
(Glauber; Levi & Sucher;  Amati, Ciafaloni & Veneziano;  Muzinich & Soldate; Kabat & Ortiz) 
 
 

                                   

‣  is the eikonal phase, from which one extracts the deflection angle

‣    hence expansion parameter is  

‣  in early inspiral phase for typical LIGO event  

• Combine: 

GM2/ℏ ∼ 1076 M∼Msun

δ = δ0 + δ1 + ⋯

δn+1/δn ∼GM/b GM/b∼RS /b

GM/b∼1/6

Classical limit and expansions
 

ℏ
M

≪ GM ≪ b
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(2ω)D→2
eiq·b ε(2p1 · q)ε(2p2 · q)A(q)with
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• Scattering processes vs bound orbits

‣ Unbound / highly eccentric orbits

‣ Bound trajectories obtained via analytic continuation (Kälin, Porto + Cho) 

‣ Bound orbits incompatible with  in late inspiral phase

• Post-Minkowskian (PM) expansion

‣ Exact in velocities, maintains Lorentz invariance at every steps

‣
‣ amplitude methods avoid errors from evaluating many separately  

non gauge-invariant Feynman diagrams

• Contrast with the Post-Newtonian (PN) expansion

‣ An expansion in velocity v

‣ Virial theorem relates the two expansion (bound orbits): 

b ≫ GM

n PM = Gn
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• 1 PM   

• 2 PM   

• 3 PM   

• 4 PM   

• 5 PM   

• 6 PM   

G (1 + v2 + v4 + v6 + v8 + ⋯)
G2(1 + v2 + v4 + v6 + v8 + ⋯)
G3(1 + v2 + v4 + v6 + v8 + ⋯)
G4(1 + v2 + v4 + v6 + v8 + ⋯)
G5(1 + v2 + v4 + v6 + v8 + ⋯)
G6(1 + v2 + v4 + v6 + v8 + ⋯)

PM vs PN expansions

New
ton (

16
87

)

1 P
N (1

91
7,1

93
8)

2 P
N (1

98
0)

3 P
N (2

00
0)

4 P
N (2

00
7-2

01
9)

5 P
N (2

01
9…

) 

6 P
N (2

02
0…

)

<latexit sha1_base64="3CSkKqxsOroR78fL5Jtk+B7ZFmE=">AAAB/3icdVDLSgMxFM34rPVVFdy4CRahbsrMOLR1V3TjSirYB/RFJk3b0CQzJJlCGbvwV9y4UMStv+HOvzHTVlDRAxcO59zLvff4IaNK2/aHtbS8srq2ntpIb25t7+xm9vZrKogkJlUcsEA2fKQIo4JUNdWMNEJJEPcZqfujy8Svj4lUNBC3ehKSNkcDQfsUI22kbuZQxC3JYeV6CluKcpgbd9zTjjGydv68VHC9ArTztl10XCchbtE786BjlARZsEClm3lv9QIccSI0ZkippmOHuh0jqSlmZJpuRYqECI/QgDQNFYgT1Y5n90/hiVF6sB9IU0LDmfp9IkZcqQn3TSdHeqh+e4n4l9eMdL/UjqkII00Eni/qRwzqACZhwB6VBGs2MQRhSc2tEA+RRFibyNImhK9P4f+k5uadQt678bLli0UcKXAEjkEOOKAIyuAKVEAVYHAHHsATeLburUfrxXqdty5Zi5kD8APW2yefJJU5</latexit>

nPN ⇠ (v2)n



• From elastic scattering of two heavy (pointlike!) particles

‣ Connection to amplitudes suggested by Yoichi Iwasaki in 1971  
 
 
 
 

‣ Classical correction at  from one-loop Feynman diagrams 

‣ Iwasaki pointed out the “erroneous belief” that only tree diagrams contribute 
to classical processes, e.g. R.P. Feynman,  Acta Phys. Polon. 24 (1963), 697 
 

‣ He also noted that  
 
“…in spite of the unrenormalisability we can obtain a finite physically     
  meaningful potential”

O(G2)

  Newton potential from amplitudes
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Progress of Theoretical Physics, Vol. 46, No. 5, November 1971 

Quantum Theory of Gravitation vs. Classical Theory*) 

--Fourth-Order Potential--

Y oichi IWASAKI 

Research Institute for Fundamental Physics, Kyoto University, Kyoto 

(Received May 18, 1971) 

The perihelion-motion of Mercury depends on the fourth-order potential in quantum field 
theory; it is a "Lamb shift ". In spite of the unrenormalizability of the theory, we have 
extracted a finite and physically meaningful quantity, a fourth-order potential, from fourth-
order graphs. We have also discussed briefly renormalization of the Newtonian potential in 
the fourth-order perturbation. 

The Hamiltonian obtained is the same as the classical one and so it cannot explain the 
Dicke-Goldenberg experiment. 

We have calculated fourth-order potential also in Q.E.D. 

§ 1. Introduction 

In constructing a quantum theory of gravitation there are two main problems: 
One is to formulate it consistently and the other is to describe gravitational pheno-
mena correctly by it. 

The former includes, for example, maintaining unitarity, Lorentz invariance 
and gauge invariance, and the removal of divergences. In the covariant forma-
lism1)'2),S) which we use in this paper this problem has been resolved except for 
the removal of divergences. Since the quantum theory of gravitation is unrenor-
malizable by standard criteria, almost nothing is known about how to remove the 
divergences. 

Concerning the latter problem, before predicting new effects quantatively we 
should first describe correctly classical phenomena including three famous tests. 
Here by classical phenomena is meant the phenomena which we can describe 
correctly even in the limit h-'>0. In this paper we want to discuss particularly 
the perihelion motion of Mercury in the framework of quantum theory, since the 
other two tests have been much discussed elsewhere and can be easily explained 
in the framework of quantum theory .4) 

As will be discussed in § 2, the perihelion motion depends on fourth-order 
gravitational potential. In other words it is a kind of "Lamb shift" and in the 
case of Mercury the magnitude of the energy shift .JE/ E is of the order I0-8

• 

*> Some of the material of this article has been discussed briefly in a recent letter [Y. Iwasaki, 
Lett. Nuovo Cim. 1 (1971), 783]. We will repeat a few points here, in order that the present article 
be completely self-contained. 

D
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Fig. 1. Some of the fourth-order diagrams. The wavy line represents the graviton and the solid 
line matter. 

then 

(p2q2!VIp1q1) = (2n)Bo<3)(Pl+ql-p2-q2) J V(r)eik'Y'd 3r. Ck=p1-p2) 

If we write the S-matrix obtained from a Feynman graph as 

S= 1-i(2n)4o<4) CP1 + ql-P2 -q2) T(k), 

then we obtain from Eqs. (3 ·17) and (3 ·19) 

V(r) =-1- Jr(k)e-ik'Y'd 3k 
(2n)3 ' 

for the contribution from each graph except graph a. 

(3 ·18) 

(3 ·19) 

(3·20) 

(3·21) 

To obtain the contribution from graph a, we must subtract from Eq. (3 · 20) 
the second Born term, the third term of Eq. (3 ·17) where V is of the order te2

• 

3. 3 Second order potential 
In order to calculate the second order momentum-dependent potential we must 

take note of the remark made in the second paragraph of this section. As is 
stated in Appendix 3, the use of the Coulomb gauge for calculating the Green-
function in Q.E.D. is equivalent to assuming 

1 1 1 k. (pl + p2) k. (ql + q2) 
k2 = k 2 + 4mlm2c2 • (k2Y (3. 22) 

D
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• Two-to-two scattering:

‣   momentum transfer

‣  (COM frame) 
 

• Static potential from elastic amplitude: 
 
 
 

‣ Potential depends on the choice of coordinates,  
observables (e.g. scattering angles) better quantities to compute

⃗q = ⃗p2 − ⃗p′ 2

E1 = E′ 1, E2 = E′ 2

<latexit sha1_base64="/7NhX3ve5JGnGgcKV5U/Dx8o2j0="></latexit>

V (ωx) =
i

4m1m2

∫
d3q

(2ε)3
eiωq·ωx A(ωq)

From the amplitude to the potential

m2

m1

couplings as they appear in the low-energy effective action of the bosonic string. In

the spinless case, one has

MI1(p, k
++
1 , k++

2 )
∣∣
a=0

= →4i
(ω
2

)4
3!

[1 2]4

q2
(p·k1)(p·k2) ,

MI2(p, k
++
1 , k++

2 )
∣∣
a=0

=
i

2
3!
(ω
2

)4 [1 2]4

q2

[(
p·(k1 → k2)

)2
+m2(k1·k2)

]
,

MI1(p, k
±±
1 , k→→

2 )
∣∣
a=0

= MI2(p, k
±±
1 , k→→

2 )
∣∣
a=0

= 0 .

(2.24)

3 One-loop spinning amplitudes from leading singu-

larities

In this section we study the two-to-two scattering process of Kerr black holes in
the presence of cubic deformations of gravity. There is no tree-level contribution

to this process, hence the leading term requires a one-loop computation. Here we
will perform this calculation using leading singularities, in two ways: first, using the

approach of [32, 138], slightly adapted here to the spinning case;10 we will then revisit
the computation using the parameterisation of [139], which offers certain advantages
compared to the previous one.

3.1 Kinematics

Our spinning particles have masses m1 and m2 and spin vectors a1 and a2,

p1 = p̄1 →
q

2

p2 = p̄2 +
q

2
p′2 = p̄2 →

q

2

p′1 = p̄1 +
q

2

(3.1)

with

p21 = (p′1)
2 = m2

1 , p22 = (p′2)
2 = m2

2 . (3.2)

It is often convenient to introduce the barred variables [9, 147]

p1 = p̄1 →
q

2
, p′1 = p̄1 +

q

2
,

p2 = p̄2 +
q

2
, p′2 = p̄2 →

q

2
,

(3.3)

10See also [121] for the case of two spinning/two non-spinning particles.

– 9 –

p1

p2 p2′ 

p1′ 
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• Static limit:   

• Static potential:  

‣ Finally using                                          we get 
 
 
 
 

• Single-graviton exchange gives Newton potential 

• Higher orders in G arise from loops  

‣  (classical) limit receives contributions from loops

‣ The loop expansion is not an  expansion!

s ≃ (m1 + m2)2 , t = − ⃗q 2,

ℏ → 0

ℏ

eVstatic(~q) := i
A(~q)

4m1m2
<latexit sha1_base64="LOgiqnexsPuJTufraANBvv0BEU4="></latexit>

Vstatic = �Gm1m2

r
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• The loop expansion is not an  expansion

‣ Itzykson-Zuber, chapter 6.2.1: 

‣ “The loopwise perturbative expansion, i.e. the expansion 
according to the increasing number of independent loops of 
connected Feynman diagrams, may be identified with an 
expansion in powers of … 

‣ …we leave aside the factor of  that gives the mass term a 
correct dimension. In other words,  
        
      the Klein-Gordon equation should read  
 

‣ ….indicating that the mass is of quantum origin.  
This phenomenon is disregarded in the sequel.”

ℏ

ℏ

ℏ


⇤+

⇣mc

~

⌘2
�
� = 0
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Classical physics from loops                                       
(Donoghue & Holstein; Iwasaki…)

QuantumFieldTheory



• Propagator:  

‣ k is the wave four-vector, so that the loop momentum is  

‣ factors of  from masses spoil naïve counting! 

• Example: triangle with one internal mass  
 
 
 
 

‣ Second term is O( ) compared to the first: classical and quantum

‣  classical,      quantum

ℓ = ℏ k

ℏ

ℏ

−q2 log (−q2)

h0|T
�
�(x)�(0)

�
|0i =

Z
d4k

(2⇡)4
e�ik·x i ~

k2 �
�
mc
~
�2

+ i✏
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(mc/~)
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�k212
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+O(

q
k212)
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p2 = ~ k2
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1
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(
mc
⊋
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)(k → k1)2(k + k2)2

p1

p2
p1

p2

m

p2
1 = p2

2 = m2c4



• Long-range physics from non-analytic terms

‣ GR is non-renormalisable! However…

‣ focus on IR theory:  low-energy gravitons that propagate long distances

‣ From momentum space to position space:  
  
 
 
 

‣ Non-analytic terms cannot be reabsorbed with a local counterterm,  
i.e. they cannot be modified by any high-energy modification to the theory

• Goal: find non-local/non-analytic terms

‣ Arise from long-range propagation of massless particles at low energy

‣ Ideal for unitarity-based techniques. That is when amplitudes come in!

<latexit sha1_base64="BiO6NveVTmde6kPEDgtdeVuYpp0="></latexit>
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What can be reliably computed

❲not interested in this!



• We are (only!) interested in classical physics

‣ Take  limit as soon as possible 

‣ Write external/internal momenta of massless particles and momentum 
transfers, ,  in terms of wave-vectors , to be kept fixed:   
              
                

‣ Reinstate  in couplings:    and    

‣ Massive particles’ momenta and masses are kept fixed

• Example: four-point amplitude 

‣ Amplitude scales as                                           disconcerting at first? 

‣ Newton’s potential: 

ℏ → 0

(k, ℓ, q) ( ̂k, ̂ℓ, ̂q)

ℏ κ / ℏ G/ℏ (κ2 :=32π G)

Extracting the classical limit
(Kosower, Maybee, O’Connell)

A4 ∼ κ2/q2 → ℏ−3κ2/q2

q

αe.m. = e2

4πε0 ℏc

<latexit sha1_base64="k3odUPKaKL2A37jDFSt4ra0J2r4="></latexit>
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• Eikonal phase vs radial action 

‣ Eikonal:               logarithm of the matrix  
                                                                     element

‣ Radial action:       matrix element of the  
                                                                     logarithm of the S-matrix 

‣ From the radial action one can extract classical observables  
(Gonzo & Shi; Kim, Kim, Lee) 
 
 

• Deflection angle  in binary encounter: 

‣ Eikonal:                                      vs radial action 

‣ Deceptively similar! Disagree beyond one loop 
 

iδ ∼ log(⟨p′ 1p′ 2 |S |p1, p2⟩IPS)

iIr ∼ ⟨p′ 1p′ 2 | log(S) |p1, p2⟩IPS

χ
<latexit sha1_base64="qF7WRa/4Ti4l2NSQqdmF8Rm4qQ0="></latexit>

ω = → ε

εJ
Ir
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2 sin
ω

2
= → ε

εJ
Re(ϑ)

Observables from the S-matrix
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• Evidence that   
    

‣ Deflection angle at two loops from velocity cuts (Damgaard, Planté, Vanhove)  

and Heavy-mass EFT (HEFT) (Brandhuber, Chen, GT,  Wen)

‣ Related work with three-loop angle (Bern, Parra-Martinez, Roiban, Ruf,  Shen, Solon, & Zeng)

‣ N is hermitian (since S is unitary) hence  is real (unlike the eikonal!)

‣ Need a tool to compute the N-operator directly 

• Magnus expansion of the N-operator

‣ Important work of Kim, Kim, Kim & Lee  
applied to Worldline QFT (WQFT)

‣ We discuss applications to relativistic quantum field theories

‣ emergence of “Murua coefficients”

Ir

Radial action = HOLY GRAIL!

Credit: Indiana Jones

with
<latexit sha1_base64="jgOzymifxpVKIIbh0/i3jnLHMqg="></latexit>

Ir
IPS→↑ ↓p→1p→2|N |p1, p2↔ S = eiN



• Derive N-operator from the S-matrix:  
 
 
 

‣ is free of hyper-classical terms,  limit is trivial, however…. 

‣ Amplitudes  contains hyper-classical terms that need to cancel in 

‣ hyper-classical terms (more dominant than classical in ) are iterations  
of lower loops

‣ Lots of cancellation, and in addition RHS is actually quite complicated! 

• Can we do better?  We need Magnus without Dyson! 

ℏ → 0

T (i) N(i)

ℏ

Magnus from Dyson

<latexit sha1_base64="a+6izA6Vo3F8sV0XssLtIErmdhE="></latexit>

S = 1 + i
T

⊋ = ei
N
⊋

<latexit sha1_base64="1UEZnkAwnEqmQPtYrldIsm0bLac="></latexit>

N (1) = T (1)

N (2) = T (2) → i

2⊋ (T
(1))2

N (3) = T (3) → i

2⊋
(
T (1)T (2) + T (2)T (1)

)
→ 1

3⊋2 (T
(1))3

(Damgaard, Hansen, Planté & Vanhove)



• Schrödinger equation in the interaction picture

‣                              

‣  

• Evolution operator and S-matrix

‣    with 

‣ Volterra equation of the 2nd type

• S-matrix:  

• Dyson’s expansion for the S-matrix (Dyson, 1949) 

iℏ∂t | t⟩I = HI(t) | t⟩I

H = H0 + V , HI(t) = e
iH0t

ℏ Ve− iH0t
ℏ

| t⟩I = U(t, t0) | t0⟩I

   Dyson vs Magnus 1.
Freeman Dyson

<latexit sha1_base64="2wrBVIrgQ0dNhHE97sAg19/t7UI="></latexit>

S = lim
t→+↑
t0→↓↑

U(t, t0)
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U(t, t0) = 1→ i

⊋

∫ t

t0

dt
→
HI(t

→)U(t→t)
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S = 1 +
→∑

n=1

1

n!

(
→
i

⊋

)n ∫
dx1 · · · dxn T

{
HI(x1) · · ·HI(xn)

}



• ,  with , e.g. 
 
 
 
 

• Pros

‣ Beautiful closed formula: Time-ordered products, Feynman propagators

‣ Easy to deal with time-ordered products (Wick theorem, Feynman diagrams)

• Cons

‣ Unitarity not manifest unless we sum all perturbative orders

‣ Convergence not ideal

‣ As mentioned earlier, T-matrix elements contain hyper-classical terms

S = 1+ i
ℏ T T = T(1) + T(2) + ⋯

<latexit sha1_base64="N1BhHQw/bO+e/1HSdeVHmZGTHjY=">AAACCnicdVDLSgMxFM34rONr1KWbaBHqpmSKjO1CKLrpsoJ9QDsMmTRtQzMPkoxYhq7d+CtuXCji1i9w59+YaStU0QOBk3Pu5d57/JgzqRD6NJaWV1bX1nMb5ubW9s6utbfflFEiCG2QiEei7WNJOQtpQzHFaTsWFAc+py1/dJX5rVsqJIvCGzWOqRvgQcj6jGClJc86MrsBVkOCeVqbeAxewIV/4c5jp56VR0Wk4TgwI3YZ2ZpUKuVSqQLtqYVQHsxR96yPbi8iSUBDRTiWsmOjWLkpFooRTidmN5E0xmSEB7SjaYgDKt10esoEnmilB/uR0C9UcKoudqQ4kHIc+Loy21P+9jLxL6+TqH7ZTVkYJ4qGZDaon3CoIpjlAntMUKL4WBNMBNO7QjLEAhOl0zN1CN+Xwv9Js1S0naJzfZavXs7jyIFDcAwKwAbnoApqoA4agIB78AiewYvxYDwZr8bbrHTJmPccgB8w3r8ARAaaCQ==</latexit>

Hi = H(xi)
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iT (1) = →i

∫
d4x1 H1 ,

iT (2) =
(→i)2

2!

1

⊋

∫
d4x1d

4x2 T
{
H1H2 }

iT (3) =
(→i)3

3!

1

⊋2

∫
d4x1d

4x2d
4x3 T {H1H2H3}



• Magnus: write  and solve for N (Magnus, 1954) 
 
 
 

• Advantages: 

‣  unitarity maintained at each order in perturbation theory

‣ Faster resummation, particularly useful when Hamiltonian is not small  
or interaction does not switch off adiabatically

• Cons

‣ General solution (e.g. Chen-Strichartz) more involved than Dyson’s 

‣ Leads to advanced/retarded propagators rather than Feynman 

S = e i
ℏ N

N = N†,

   Dyson vs Magnus 2.

Wilhelm Magnus

COMMUNJCATIONS ox PURE AND APPLIED MATHEMATICS, VOL. VII, 649-673 (1954) 

On the Exponential Solution of Differential 
Equations for a Linear Operator* 

B y  W I L H E L M  M A GNU S  

Introduction and Summary 

The present investigation was stimulated by a recent paper of K. 0. 
Friedrichs 113, who arrived at  some purely algebraic problems in connection 
with the theory of linear operators in quantum mechanics. In  particuIar, 
Friedrichs used a theorem by which the Lie elements in a free associative ring 
can be characterized. This theorem is proved in Section I1 of the present 
paper together with some applications which concern the addition theorem of 
the exponential function for non-commuting variables, the so-called Baker- 
Hausdorff formula. Section I contains some algebraic preliminaries. It is of 
a purely expository character and so is part of Section 111. Otherwise, Section 
111 deals with the following problem, also considered by Friedrichs: Let A( t )  
be a linear operator depending on a real variable 1. Let Y(t)  be a second operator 
satisfying the differential equation 

(1) d Y / d t  = A Y  
and the initial condition Y(0) = I ,  where I denotes the identity operator. The 
problem is to define, in terms of A ,  an operator Q(t)  such that Y = exp Q. 
Feynman 121, using a symbolic interpretation of 

(2) exp l’ A d t  

has derived a solution of (1) in the infinite series form obtained when (1) is 
solved by iteration. The expression for fl obtained in the present paper is also 
an infinite series but i t  satisfies the condition that the partial sums of this series 
become Hermitian after multiplication by i if iA is a Hermitian operator. This 
formula for t2 is the continuous analogue of the Baker-HausdorfT formula. All 
of these results are essentially algebraic; they are supplemented in Section IV 
by a proof of Zassenhaus’ formula, which may be described as the dual of 
Hausdorff’s formula. 

The simplest instance of an equation of type (1) is given by a finite system 
of linear differential equations. In this case, A( t )  is the matrix of the coefficients 
of the system, and the convergence of the infinite series for D(t) can be discussed. 

*This research was supported in part by the United States Air Force, through the 
Office of Scientific Research of the Air Research and Development Command. 
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• Several applications in physics and chemistry 

‣ atomic and molecular physics, applications to NMR

‣ key in Average Hamiltonian Theory for analysing time-dependent spin dynamics

‣ Magnus expansion allows to compute the Floquet effective Hamiltonian  
(Floquet-Magnus expansion for systems subject to periodic Hamiltonians)  

• Connections to mathematics   

‣ S-matrix can be seen as an infinite sequence of steps 

‣ Rewriting these as an exponential is the continuous generalisation of the  
Baker-Campbell-Hausdorff formula

‣ naturally gives rise to nested commutators  
 
 

e−iHI(t)Δt

<latexit sha1_base64="RYAAt2qFo3+XGivkja/rtUyAWX8="></latexit>

eXeY = exp
(
X + Y + 1

2 [X,Y ] + 1
12 [X, [X,Y ]] + 1

12 [Y, [Y,X]]→ 1
24 [Y, [X, [X,Y ]]] + · · ·

)



• Expanding  
 
 
 
 
 
 
 

‣ , Lorentz invariance less manifest 

‣   assuming 

‣ No hyper-classical terms, hence taking the classical limit is very simple! 

N = N(1) + N(2) + ⋯

θij = θ(ti − tj)

[H1, [H2, […, [Hn−1, Hn]…]]]/ℏn−1 ∼ O(ℏ0) [Hi , Hi+1] ∼ ℏ

Solution (Magnus, 1954)
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iN (1) = →i

∫
d4x1 H1 ,

iN (2) =
(→i)2

2

1

⊋

∫
d4x1d

4x2 ω12 [H1,H2] ,

iN (3) =
(→i)3

6

1

⊋2

∫
d4x1d

4x2d
4x3 ω12ω23 ([H1, [H2,H3]] + [H3, [H2,H1]])

iN (4) =
(→i)4

12

1

⊋3

∫
d4x1d

4x2d
4x3d

4x4 ω12ω23ω34
(
[H1, [H2, [H3,H4]]]

+ [H4, [H3, [H1,H2]]] + [H2, [H3, [H4,H1]]] + [H1, [H4, [H3,H2]]]
)



• Second-order term  
 
 

‣ For   timelike, invariance is manifest

‣ the sign of the time component of a timelike vector is Lorentz invariant 

‣ For  spacelike we must assume that operators commute 

• functions  retarded/advanced propagators  
 
 
 

x12 = x1−x2

x12

θ− ⟶

Relativistic invariance

<latexit sha1_base64="+E0pyFzKRDiKjdBWYt244YBm+C0=">AAACC3icdVDLSgMxFM34rOOr6tJNaBFcSMkMUtuFUHTTZQX7gOkwZNJMG5p5kGSEMnTvxl9x40IRt/6AO//GTFuhih4InJxzL/fe4yecSYXQp7Gyura+sVnYMrd3dvf2iweHHRmngtA2iXksej6WlLOIthVTnPYSQXHoc9r1x9e5372jQrI4ulWThLohHkYsYAQrLXnFkmk6/RCrEcE8a0496wwuf233EnnFMqogjWoV5sSqIUuTer1m23VozSyEymCBllf86A9ikoY0UoRjKR0LJcrNsFCMcDo1+6mkCSZjPKSOphEOqXSz2S1TeKKVAQxioV+k4Exd7shwKOUk9HVlvqf87eXiX56TqqDmZixKUkUjMh8UpByqGObBwAETlCg+0QQTwfSukIywwETp+Ewdwvel8H/SsStWtVK9OS83rhZxFMAxKIFTYIEL0ABN0AJtQMA9eATP4MV4MJ6MV+NtXrpiLHqOwA8Y718Q+5nZ</latexit>

[H1,H2] = 0
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iN (2) =
(→i)2

2

∫
d4x1d

4x2 ω12 [H1,H2]



• Compute Magnus amplitudes (N-matrix elements):

‣ without expressing them in terms of T-matrix elements (amplitudes) 

‣ in a relativistic quantum field theory

‣ take the classical limit and apply to gravity 

• Toy model: 

‣

• Universality

‣ Not so toy! Can express results in a general theory in terms of integrals  
in a cubic theory

‣ Main novelties: changes in  prescriptions, Murua coefficients 

ℒ = 1
2 (∂ϕ)2 − 1

2 m2 − λ
3! ϕ3

iε

Magnum goal

<latexit sha1_base64="x+1NRHTGlvhG30XpYzz4EU3FxjU="></latexit>

Ir
IPS→↑ ↓p→1p→2|N |p1, p2↔



• Wick theorem 

‣ Wightman functions 

‣

• Commutation/anti-commutation functions: 

‣ Pauli-Jordan: 

‣ Hadamard: 

‣ Odd/even solutions to the homogeneous Klein-Gordon equation 

• Propagators 

‣ Retarded:            

‣ Advanced            

Δ(+)
ij (x) = − Δ(−)

ij (−x)

iΔR(x) = iΔ(x) θ(x0)

iΔA(x) = − iΔ(x) θ(−x0)

Cast of characters

in perspective demonstrates that each term of (2.21) is Lorentz invariant despite
containing ω-functions, as each contour can be seen as an analytic continuation [47,
48] of Euclidean correlators (Schwinger functions) [49]. As a whole, the Magnus
expansion is therefore also Lorentz invariant, implying that all the ω-functions have
to be combined into manifestly Lorentz-invariant objects. In Sections 4 and 5 we
will demonstrate this explicitly through multiple examples.

3 Field commutators and propagators

Compared to the Dyson series, the Magnus series forgoes the time ordering in favour
of imposing a fixed ordering among the ti variables. Specifically, it features nested
commutators of Hamiltonians instead of their time-ordered products. As a conse-
quence, when evaluating matrix elements of the N -operator we need to use a version
of Wick’s theorem for products of fields, rather than time-ordered products.4 The
main relation, taking as an example the case of a single real scalar field ε, is

ε(xi)ε(xj) =:ε(xi)ε(xj) : +ε(xi)ε(xj) , (3.1)

where the Wick contraction, or pairing, of the two fields is5

ε(xi)ε(xj) = →0|ε(xi)ε(xj)|0↑ := i!(+)(xi ↓ xj) = i!(+)
ij

. (3.2)

Here we have introduced the abbreviated notation !(±)
ij

= !(±)(xi ↓ xj). In the case
of many operators this relation extends to

ε(x1) · · ·ε(xn) =:ε(x1) · · ·ε(xn) : + :ε(x1)ε(x2) · · ·ε(xn) : + · · ·

+ :ε(x1) · · ·ε(xn) : + :ε(x1)ε(x2)ε(x3)ε(x4) · · ·ε(xn) : + · · · .
(3.3)

As usual in Wick’s theorem for time-ordered products, when dealing with products of
normal-ordered operators, contractions between operators within the same normal-
ordered product are excluded.

In the following, we introduce a number of functions we will need which describe
commutators and anticommutators of two fields, as well as various Green’s functions.
For the sake of completeness we now review these quantities in some detail.

3.1 Wightman commutation functions

We start with the standard mode expansion of a real, massive scalar field:

ε(x) = ε
(+)(x) + ε

(→)(x) =

ˆ
d
3
p

(2ϑ)32E(ϖp)

[
a(ϖp)e→ip·x + a

†(ϖp)eip·x
]
, (3.4)

4This is in fact a simpler version of Wick’s theorem for time-ordered products, but it is not
usually spelled out in textbooks. See for instance [50] for extensive discussions.

5An expression for the function i!(+)(x) will be given in (3.8) below.
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where the positive/negative frequency parts ω
(±)(x) by definition contain the lower-

ing/raising operators, with

[a(εp), a†(εq)] = (2ϑ)32E(εp)ϖ(3)(εp→ εq) . (3.5)

The Wightman commutation function !(+)(x) that has appeared in (3.2) and the
related one !(→)(x) are defined as6

i!(±)
ij

= i!(±)(xi → xj) := [ω(±)(xi),ω
(↑)(xj)] , (3.6)

and satisfy

!(±)(→x) = →!(↑)(x) . (3.7)

Explicit expressions for !(±)(x) are

i!(±)(x) = [ω(±)(x) , ω(↑)(0)]

= ±
ˆ

d
3
k

(2ϑ)3(2E(εk))
e
↑iE(ωk)x0+iωk·ωx

= ±
ˆ

d
3
k

(2ϑ)3(2E(εk))
e
↑ik·x

∣∣∣∣∣
k2=m2

= ±
ˆ

d
4
k

(2ϑ)4
e
→ik·x (2ϑ)ϖ(k2 →m

2)ϱ(±k0) ,

(3.8)

so that in momentum space the Wightman functions are

i!(±)(k) = ±(2ϑ)ϖ(k2 →m
2)ϱ(±k0) . (3.9)

3.2 Pauli-Jordan and Hadamard functions

Next we introduce the commutator of two fields (also known as Pauli-Jordan func-
tion) as well as the anticommutator (sometimes called Hadamard function):

i!ij = i!(xi → xj) := [ω(xi),ω(xj)] = i!(+)
ij

+ i!(→)
ij

, (3.10)

and

!(1)
ij

= !(1)(xi → xj) :=
{
ω(xi),ω(xj)

}
= i!(+)

ij
→ i!(→)

ij
, (3.11)

with

!ji = →!ij , !(1)
ji

= !(1)
ij

. (3.12)

6Our conventions are almost identical to those of Appendix C of Bjorken and Drell (BaD) [51].
We depart from theirs in that !(→)

US (x) = →!(→)
BaD(x).
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• Goal: compute   

‣ Compute the operator at tree level from Magnus’s expansion:  
 
 

‣    with   
 
 
 

• Unwanted functions

‣ Must disappear, by Lorentz invariance

‣ They do upon relabelling integration variables! 

i N(3)
5 = ⟨0 | iN(3) |ϕ(p1)⋯ϕ(p5)⟩

N(3) = N123 + N321

θ−

Example: five-point tree level

<latexit sha1_base64="GPeesujcCx13uy8L1jkJqThgzE0="></latexit>

iN123 =
(→i)3

6

∫
d4x1d

4x2d
4x3 (i!R

23)
1

(2!)2

[
(i!R

12) :ω
2
1ω2ω

2
3 : +ε12(i!

R
13) :ω

2
1ω

2
2ω3 :

]

iN321 =
(→i)3

6

∫
d4x1d

4x2d
4x3 (i!R

12)
1

(2!)2

[
(i!R

23) :ω
2
1ω2ω

2
3 : +ε23(i!

R
13) :ω1ω

2
2ω

2
3 :

]
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iN (3) =
(→i)3

6

∫
d4x1d

4x2d
4x3 ω12ω23 ([H1, [H2,H3]] + [H3, [H2,H1]])



• Can represent with pictures: 

‣ First unwanted term is 
 

‣ Multiplies  , symmetric under exchange 

‣ Can relabel:      
 

• Result:   
 
 

‣ Similar relabelling trick led to the introduction of time-ordered products 

‣ Unusual coefficients 1/3, 1/6…what are they?

:ϕ2
1ϕ2

2ϕ3 : 1 ↔ 2

additional (red) directed edges. We treat the rightwards horizontal direction as
time, so that if an edge goes from j to i then ti > tj, and we introduce the notation

j i
= i!R

ij
,

j i
= ωij . (4.25)

Note that since we are only working with ε
3 theory, we can omit the leftover fields

as they can be recovered by looking at the number of fields at each vertex. Applying
these diagrammatic rules to the second term in (4.23), we have

(i!R

23) (i!
R

13)ω12 =
3

2

1

. (4.26)

In this notation, each set of contractions, viewed as an arrowed graph, results in a
directed acyclic graph (DAG), with black edges representing retarded propagators
and red edges representing leftover ω-functions.12 Moving forward, we will omit the
labels on the nodes, as the positions are integrated over. The e!ect of symmetrising
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The ω-function simplification proceeds as above, in this case via
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Combining terms, we have found that14
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12The directedeness of our graphs arises because we have advanced and retarded propagators.
Their acyclic nature is due to the fact that a loop (cycle) corresponds to a closed time-like loop,
which is vanishing.

13Our notation for the final graph in (4.27) and similar ones is inspired by [? ? ].
14This expression will reappear in a one-loop context, see (5.22).
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additional (red) directed edges. We treat the rightwards horizontal direction as
time, so that if an edge goes from j to i then ti > tj, and we introduce the notation
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where we have also used !R

ij
= !A

ji
and relabelled xi in order to collect terms. This

corresponds to one diagram topology, with all possible routings of advanced and
retarded propagators weighted di!erently.

Finally taking the matrix element ↓0| · · · |ω(p1) · · ·ω(p5)↔, we generate several
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with all other diagrams being obtained from relabelings in (4.31). Performing the

14This expression will reappear in a one-loop context, see (5.22).
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• Recast as 
 
 

• Murua coefficients!  
 
 
 

‣ Important work of Kim3 & Lee extending to non-rooted trees in WQFT

‣ Connected, directed trees  appear

• Symmetry factors:

‣  = # of permutations of vertices (with the attached edges) that leave  
 invariant (respecting edges’s orientations)
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where for convenience we always pair up powers of the operator ε
n

i
with a factor of

1/n!. As before, we omitted the terms that do not contribute to tree-level matrix
elements. For each tree ϑ , we have also separated out explicit symmetry factors ϖ(ϑ),
for example:

ϖ ( ) = ϖ ( ) = 1 , ϖ

( )
= ϖ

( )
= 2! . (6.2)

At tree level, ϖ(ϑ) is defined as the number of permutations of the vertices (with
their attached edges) that leave ϑ invariant, taking also into account the orientation
of edges. The remaining symmetry factors can be read o! from (6.1). The results in
(6.1) correspond respectively to (4.3), (4.11), (4.30) and (4.57), and there we have
determined by explicit calculation that the ω coe"cients have the following values:17

ω ( ) = 1 , (6.3a)

ω ( ) =
1

2
, (6.3b)

17Note that although all the Murua coe!cients below are positive, this does not continue for
higher numbers of vertices.
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Crucially, and as anticipated in Section 4, these numerical weighting factors ω are
examples of Murua coe!cients.18 We have not proven in full generality that the
weighting factors arising from a quantum field theory calculation are Murua coe!-
cients, but we have checked it up to n = 7 internal vertices, using the new formula
for the Magnus expansion given in (2.20). We will discuss this general structure of
Murua coe!cients at tree-level and beyond in Section 6.4.

Murua provided in [? ] a direct recursive relationship for the ω coe!cients (6.3),
which we refer to as Murua’s formula, from which one may extract their numerical
values (we have provided their values here up to four vertices). Murua’s original
formula applies only to rooted trees, and this formula was extended to non-rooted
trees in [? ], to which we also refer the interested reader for a review of the explicit
construction of Murua’s formula.19

The practical usefulness of Murua’s formula is that, with these coe!cients known,
one does not need to explicitly compute N -matrix elements as we did in Section 4;
instead, one may simply assemble all possible Feynman diagrams as in (6.1), and
then “weight” with Murua coe!cients to build up a final result [? ? ]. Building up
the N -operator in this way is simpler than manually collapsing the εij coe!cients as
we did in Section 4. However, as Murua’s formula only applies directly at tree level,
this will not be the case for generic loop-level examples and so we fall back on the
Magnus series.

Let us also emphasise that Murua’s formula applies to N -matrix elements, in
addition to the N -matrix itself. Summarising our results, we have found that

iN
(1)
3 = (→i)1ω

( )
, (6.4a)

18The Murua coe!cients stated here di"er from those in [? ? ? ] by a factor of (→1)n→1 where
n is the number of vertices.

19The authors of [? ] also provided a Mathematica code, which may be used to produce explicit
values of Murua coe!cients beyond those given here.
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Abstract. We present an approach that allows performing computations related
to the Baker–Campbell–Haussdorff (BCH) formula and its generalizations in an
arbitrary Hall basis, using labeled rooted trees. In particular, we provide explicit
formulas (given in terms of the structure of certain labeled rooted trees) of the con-
tinuous BCH formula. We develop a rewriting algorithm (based on labeled rooted
trees) in the dual Poincaré–Birkhoff–Witt (PBW) basis associated to an arbitrary
Hall set, that allows handling Lie series, exponentials of Lie series, and related series
written in the PBW basis. At the end of the paper we show that our approach is
actually based on an explicit description of an epimorphism ν of Hopf algebras from
the commutative Hopf algebra of labeled rooted trees to the shuffle Hopf algebra and
its kernel ker ν.
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• N-operator expansion:   
 
 
 
 
 
 
 
 

• Murua coefficients: 
 
 
 

Everything from Murua (tree level)
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where for convenience we always pair up powers of the operator ε
n

i
with a factor of

1/n!. As before, we omitted the terms that do not contribute to tree-level matrix
elements. For each tree ϑ , we have also separated out explicit symmetry factors ϖ(ϑ),
for example:

ϖ ( ) = ϖ ( ) = 1 , ϖ

( )
= ϖ

( )
= 2! (6.2)

At tree level, ϖ(ϑ) is defined as the number of permutations of the vertices (with
their attached edges) that leave ϑ invariant, taking also into account the orientation
of edges. The remaining symmetry factors can be read o! from (6.1). The results in
(6.1) correspond respectively to (4.3), (4.11), (4.30) and (4.57), and there we have
determined by explicit calculation that the ω coe"cients have the following values:17

17Note that although all the Murua coe!cients below are positive, this does not continue for
higher numbers of vertices.
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Crucially, and as anticipated in Section 4, these numerical weighting factors ω are
examples of Murua coe!cients.18 We have not proven in full generality that the
weighting factors arising from a quantum field theory calculation are Murua coe!-
cients, but we have checked it up to n = 7 internal vertices, using the new formula
for the Magnus expansion given in (2.20). We will discuss this general structure of
Murua coe!cients at tree-level and beyond in Section 6.4.

Murua provided in [? ] a direct recursive relationship for the ω coe!cients (??),
which we refer to as Murua’s formula, from which one may extract their numerical
values (we have provided their values here up to four vertices). Murua’s original
formula applies only to rooted trees, and this formula was extended to non-rooted
trees in [? ], to which we also refer the interested reader for a review of the explicit
construction of Murua’s formula.19

The practical usefulness of Murua’s formula is that, with these coe!cients known,
one does not need to explicitly compute N -matrix elements as we did in Section 4;
instead, one may simply assemble all possible Feynman diagrams as in (6.1), and
then “weight” with Murua coe!cients to build up a final result [? ? ]. Building up
the N -operator in this way is simpler than manually collapsing the εij coe!cients as
we did in Section 4. However, as Murua’s formula only applies directly at tree level,
this will not be the case for generic loop-level examples and so we fall back on the
Magnus series.

Let us also emphasise that Murua’s formula applies to N -matrix elements, in
addition to the N -matrix itself. Summarising our results, we have found that

iN
(1)
3 = (→i)1ω

( )
, (6.4a)

18The Murua coe!cients stated here di"er from those in [? ? ? ] by a factor of (→1)n→1 where
n is the number of vertices.

19The authors of [? ] also provided a Mathematica code, which may be used to produce explicit
values of Murua coe!cients beyond those given here.
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• N-matrix elements  (Magnus amplitudes) 
 
 
 
 
 
 
 
 

‣ Amplitudes Murua coefficients same as  
for N-operator (depend only on internal  
propagators).  E.g. 

‣ Symmetry factor for amplitudes all equal to 1  
at tree level (different than N-operator.  
Same as for i T vs matrix elements of i T ). E.g.: 

⟨0 |N |ϕ(p1)⋯ϕ(pn)⟩
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(6.4a)

where the sum is over the set of inequivalent permutations of the external momenta.
By this we mean that each graph labelled with external momenta should not appear
more than once. We see precisely the same Murua coe!cients (??) appearing in
(4.5), (4.15), (4.33) and (4.58), corresponding with the three-, four-, five- and six-
point matrix elements of N , respectively. Murua coe!cients depend only on the
internal vertices and propagators of a graph, so for example:

ω





p1

p2

p5
p3

p4




= ω( ) . (6.5)

For clarity, from now now we will call ε and g a tree before and after contractions
with external states (corresponding to diagrams appearing in the N -operator and
N -matrix elements, respectively). We can then say that

ω(g) = ω(ε) , (6.6)
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where ω describes the internal propagators of the graph g. Conversely, symmetry
factors for trees in the two spaces are di!erent due to the presence of external lines.
This is familiar from the Dyson expansion where the symmetry factors for graphs
appearing in the operator iT are distinct from those appearing in matrix elements
→0|iT |

∏
i
ε(pi)↑. For example,

1 = ϑ





p1

p2

p5
p3

p4




↓= ϑ

( )
= 2 .

Note that, due to the labelled external legs, all symmetry factors ϑ(g) are equal to
1 at tree level. Thus, we may assemble tree-level N -matrix elements exactly as one
would assemble tree-level scattering amplitudes, the only di!erence being that we
weight contributions carrying retarded and advanced propagators with the Murua
coe"cients, and appropriate symmetry factors (which do appear beyond tree level).

6.2 Some properties of Murua coe!cients

Let us note a few simple properties of the Murua coe"cients. First: due to the fact
that N = N

†, it is clear that coe"cients must equal those with all internal causality
arrows reversed. Secondly, a very useful relationship discussed in [? ] is the edge
contraction rule. This states that the sum of two graphs which di!er only by a
single internal edge, where that edge contains both routings of propagators, equals
the “collapsed” graph where that edge is deleted:

ϖ
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 A B



+ ϖ
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 A B



 = ϖ


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

 . (6.7)

One can easily check that this applies to all the examples in (??). An important
consequence of the edge contraction rule, which is also discussed in [? ], is the sum
rule ∑

ω→A(ε)

ϖ(ω) = 1 , (6.8)

where ϱ is an undirected graph with n vertices and A(ϱ) is the set of all 2n↑1 graphs
generated by applying all possible retarded and advanced arrows to the edges of ϱ.
For example,

A ( ) = { , , , } , (6.9)

so that the sum rule gives

2ϖ ( ) + ϖ

( )
+ ϖ

( )
= 1 , (6.10)
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sum over the set of  
inequivalent permutations  
of the external momenta  
(each graph with external  
momenta should not appear  
more than once)
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where the sum is over the set of inequivalent permutations of the external momenta.
By this we mean that each graph labelled with external momenta should not appear
more than once. We see precisely the same Murua coe!cients (??) appearing in
(4.5), (4.15), (4.32) and (4.57), corresponding with the three-, four-, five- and six-
point matrix elements of N , respectively. Murua coe!cients depend only on the
internal vertices and propagators of a graph, so for example:
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For clarity, from now now we will call ε and g a tree before and after contractions
with external states (corresponding to diagrams appearing in the N -operator and
N -matrix elements, respectively). We can then say that

ω(g) = ω(ε) , (6.6)
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• Example: 

‣ Tree level:  with n vertices

‣ One loop:   with n vertices

‣ Bubble 
 
 
 
 

‣ Hadamard function is a cut 
 
 

(ΔR)n−1

(ΔR)n−1Δ(1)

One-loop

recall (4.10), and then note that in order to get the one-loop bubble we need to
perform one more Wick contraction. This leads to
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We can extend the tree-level diagrammatic notation in (4.25) to include now the
Hadamard function !(1)

ij
introduced in (3.15):

j i
= !(1)

ij
, (5.4)

which allows us to represent (5.3) as
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where the terms omitted do not contribute to the matrix element N (2)
2 . We then use

that

↓0| : ω(x1)ω(x2) : |ω(p1)ω(p2)↔ = e
→i(p1·x1+p2·x2) + e

→i(p1·x2+p2·x1) , (5.7)
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In this derivation we have used that i!R(x) = ε(x0)i!(x), and changed integration
variables x1 ↗ x2 in the term containing e

→i(p1·x2+p2·x1). Thus we conclude that
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Three important comments are in order here.
1. First, a key feature of (5.10) is that it represents a cut integral, since !(1)(q) =

(2ε) ω(q2 →m
2). Consequently, we are e!ectively performing a phase-space integral

over a tree-level quantity. Note that this representation di!ers from Feynman tree
theorem representation of the T -matrix [31, 32] (since there one has to sum over
multiple cuts as well) and the Q-cuts of [37].

2. Furthermore, and importantly, we will see that for a one-loop n-point Magnus
amplitude, what we are actually integrating is an (n + 2)-point tree-level Magnus
amplitude, where by this we mean the sum of all the tree-level Magnus diagrams at
n+ 2 points. This correspondence is already manifest by comparing (5.6) to (4.11).
In fact, we can go from the first to the second by simply performing the replacement

: ϑ2
1ϑ

2
2 :↓ 2!(1)

12 : ϑ1ϑ2 : . (5.10)

We will see a similar relation between the five-point tree amplitude and the one-loop
triangle later in Section 5.2, and will discuss this further in Sections 7.1.2 and 7.2.

3. Finally, it is instructive to perform a comparison with the Dyson series. The
di!erence between Magnus and Dyson matrix elements for the process at hand is:
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This precisely corresponds to the expected relation [21]
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between Magnus and T -matrix elements, since16
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5.2 The three-point triangle and bubble topologies

We now compute the Magnus matrix element

N
(3)
3 = ↔0|N (3)|ϑ(p1)ϑ(p2)ϑ(p3)↗ , (5.14)

16The factor of 1/2 in (5.13) arises due to the presence of identical particles.
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• N-operator:  
 
 
 
 
 
 
 

• Key feature: all diagrams have one cut line: loops from trees

‣ Similar in spirit (but different from) Feynman tree theorem (Feynman, 1963) 

and the loop-tree duality (Catani, Gleisber, Krauss, Rodrigo, Winter) 

Everything at one loop

so that the sum rule gives
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= 1 , (6.11)

which is easily confirmed from the explicit factors in (??). This rule implies that (at
tree-level) when we ignore causality prescriptions the N -matrix elements agree with
fully connected T -matrix elements. Other sum rules for Murua coe!cients can be
found in [? ].

6.3 One-loop Murua coe!cients

Let us now explore the N -operator at one loop, and the coe!cients that weight the
diagrams presenting its expansion before and after contraction with external states.
We will soon discover the appearance of one-loop Murua coe!cients which weight
diagrams in a manner analogous, in fact closely related, to tree level. The main
di"erence is that we may now also include cut lines. At one-loop order, we can
represent the elements of the N operator in a similar manner to tree-level:
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where the dots denote further Wick contraction that do not contribute at one loop.
For each possible routing of propagators, which now generically includes a single
cut propagator, we introduce a corresponding Murua coe!cient ω. Using our ex-
plicit Magnus-based calculations in Section 5, in particular the numerical coe!cients
appearing in (5.10), (5.28) and (5.30), we have been able to determine that
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• One-loop Murua coefficients (from Wick contractions):  
 
 
 
 

‣ Cfr tree level: 

• One loop Murua = 1/2 tree Murua!  

‣ General relation:  

‣ Factor of 2 from definition of  Δ(1)(k) = 2π δ(k2 − m2)
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As in the tree-level case, diagrams where all retarded/advanced propagators are
reversed are equal to their counterparts: again, a consequence of N being hermitian.
Importantly, we also immediately observe a relationship with the tree-level Murua
coe!cients listed in (??):
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We will explain the precise origin of this relationship (6.14) in Section 7, and see how
it generalises also to higher loop orders. In words: the loop coe!cient is one half
of the corresponding tree-level coe!cient, with the cut line deleted.20 As a natural
consequence, the edge contraction rule (6.8) for retarded/advanced propagators will
also hold for the one-loop Murua coe!cients.

As in the tree-level case, Murua coe!cients can also be used to write down
matrix elements of N ,
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where the sum is over the set of inequivalent permutations of the external momenta.
Again, as at tree level, the Murua coe!cients only depend on the internal propagator

20The factor of 1/2 is due to the fact the Hadamard function (3.15) is twice a cut propagator.
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Crucially, and as anticipated in Section 4, these numerical weighting factors ω are
examples of Murua coe!cients.18 We have not proven in full generality that the
weighting factors arising from a quantum field theory calculation are Murua coe!-
cients, but we have checked it up to n = 7 internal vertices, using the new formula
for the Magnus expansion given in (2.20). We will discuss this general structure of
Murua coe!cients at tree-level and beyond in Section 6.4.

Murua provided in [? ] a direct recursive relationship for the ω coe!cients (6.3),
which we refer to as Murua’s formula, from which one may extract their numerical
values (we have provided their values here up to four vertices). Murua’s original
formula applies only to rooted trees, and this formula was extended to non-rooted
trees in [? ], to which we also refer the interested reader for a review of the explicit
construction of Murua’s formula.19

The practical usefulness of Murua’s formula is that, with these coe!cients known,
one does not need to explicitly compute N -matrix elements as we did in Section 4;
instead, one may simply assemble all possible Feynman diagrams as in (6.1), and
then “weight” with Murua coe!cients to build up a final result [? ? ]. Building up
the N -operator in this way is simpler than manually collapsing the εij coe!cients as
we did in Section 4. However, as Murua’s formula only applies directly at tree level,
this will not be the case for generic loop-level examples and so we fall back on the
Magnus series.

Let us also emphasise that Murua’s formula applies to N -matrix elements, in
addition to the N -matrix itself. Summarising our results, we have found that

iN
(1)
3 = (→i)1ω

( )
, (6.4a)

18The Murua coe!cients stated here di"er from those in [? ? ? ] by a factor of (→1)n→1 where
n is the number of vertices.

19The authors of [? ] also provided a Mathematica code, which may be used to produce explicit
values of Murua coe!cients beyond those given here.
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Crucially, and as anticipated in Section 4, these numerical weighting factors ω are
examples of Murua coe!cients.18 We have not proven in full generality that the
weighting factors arising from a quantum field theory calculation are Murua coe!-
cients, but we have checked it up to n = 7 internal vertices, using the new formula
for the Magnus expansion given in (2.20). We will discuss this general structure of
Murua coe!cients at tree-level and beyond in Section 6.4.

Murua provided in [? ] a direct recursive relationship for the ω coe!cients (??),
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values (we have provided their values here up to four vertices). Murua’s original
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construction of Murua’s formula.19

The practical usefulness of Murua’s formula is that, with these coe!cients known,
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then “weight” with Murua coe!cients to build up a final result [? ? ]. Building up
the N -operator in this way is simpler than manually collapsing the εij coe!cients as
we did in Section 4. However, as Murua’s formula only applies directly at tree level,
this will not be the case for generic loop-level examples and so we fall back on the
Magnus series.

Let us also emphasise that Murua’s formula applies to N -matrix elements, in
addition to the N -matrix itself. Summarising our results, we have found that
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As in the tree-level case, diagrams where all retarded/advanced propagators are
reversed are equal to their counterparts: again, a consequence of N being hermitian.
Importantly, we also immediately observe a relationship with the tree-level Murua
coe!cients listed in (??):

ω



 A B



 =
1

2
ω



 A B



 (6.14)

We will explain the precise origin of this relationship (6.14) in Section 7, and see how
it generalises also to higher loop orders. In words: the loop coe!cient is one half
of the corresponding tree-level coe!cient, with the cut line deleted.20 As a natural
consequence, the edge contraction rule (6.8) for retarded/advanced propagators will
also hold for the one-loop Murua coe!cients.

As in the tree-level case, Murua coe!cients can also be used to write down
matrix elements of N ,

iN
(2)
2 = (→i)2

[
ω

( )
+ ω

( ) ]
(6.15a)

iN
(3)
3 =

∑

perms

(→i)3
[
ω

( )
+ ω

( )

+ω

( )
+ ω

( ) ]

+
∑

perms

(→i)3
[
ω

( 
+ ω

( 

+ω

( 
+ ω

(  
, (6.15b)

where the sum is over the set of inequivalent permutations of the external momenta.
Again, as at tree level, the Murua coe!cients only depend on the internal propagator

20The factor of 1/2 is due to the fact the Hadamard function (3.15) is twice a cut propagator.
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• One-loop Magnus amplitudes:  
 
 
 
 
 
 

‣ As at tree level, amplitudes’s Murua  
coefficients same as for N-operator,  
i.e. coefficients only depend on the  
internal propagator structure and  
external lines can be neglected. E.g. 

‣ Symmetry factors not the same  
as for operator (as a tree level): 
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Again, as at tree level, the Murua coe!cients only depend on the internal propagator
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structure so that external lines can be neglected, for example:

ω




p3

p2p1



= ω

( )
=

1

2
ω

( )
,

after using (6.14) in the final equality. Finally, notice that the symmetry factors of
g di!er from those of ε ,

1 = ϑ




p3

p2p1



→= ϑ

( )
= 2 . (6.16)

A more thorough discussion on symmetry factors is given in Appendix D.
This means that, as for tree level, at one loop we can produce N -matrix elements

just as for scattering amplitudes, taking care to weight graphs appropriately. So
far we have shown this explicitly at tree and one-loop level, and in the following
subsection we give an outline of the general diagrammatic structure of the N -operator
and Magnus amplitudes. A detailed description of the loop level structure will be
presented in Section 7.

6.4 General diagrammatic structure of the N-operator and
its matrix elements

As we have done above for tree level and one loop, we can express higher-loop pieces
of the N -operator and N -matrix elements by summing over graphs with Murua
coe"cients and symmetry factors. Explicitly at any loop order we can write:

iN
(n) =

∑

|ω |=n

ω(ε)

ϑ(ε)
I(ε) , (6.17)

where the sum is taken over all possible non-isomorphic connected graphs ε with
|ε |=n vertices and edges corresponding to !R, !A or !(1). The specifics of what kind
of edges can appear at L-loops will be discussed in Section 7.1, and are summarised
in Appendix A. The above equation appears in [? ? ] for tree-level graphs, but here
we wish to generalise it to multi-loop graphs. We define the symmetry factor ϑ(ε) in
the same way as the Dyson expansion except that we must also preserve propagator
prescriptions (see Appendix D for more details). Thus, we will consider (6.18) as the
definition of ω(ε) for multiloop graphs ε , which we will continue to refer to as Murua
coe"cients. The expanded form of (6.18) can be seen in (6.1) at tree level and in
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• One-loop Magnus amplitudes from forward limits of trees!  
 
 
 
 

‣ Example:   
 

<latexit sha1_base64="4Lr10lj6EjLawAOpNi0PtC5cDjo="></latexit>

A(1) =
1

4

∫
d4p

(2ω)4
(2ω)ε(p2 →m2)A(0)

FL

Now, to extend this statement to the full T (0) and T
(1), we must repeat the steps

above for any choice of ωa and ωb in the normal-ordered product : ωaωb

∏
i
ωci :. How-

ever, in the T
(0) case, swapping a and b relates two inequivalent terms, depending on

which field contracts with ω(p) and which with ω(→p); on the other hand, to com-
pute T

(1) we must consider each unordered pair (ωa,ωb) only once, and furthermore
replace it with a single (1/2)!(1)

ab
(with this last factor of 1/2 due to the fact that the

Hadamard function is twice a cut propagator). This leads to a two-to-one mapping,
so that

T
(1) =

1

4

ˆ
d̂
4
p ε̂(p2 →m

2)T (0)
FL . (7.31)

Note that T
(0)
FL will also produce tadpoles, i.e. terms where ω(p) and ω(→p) are con-

tracted at the same vertex ω
3
i
. On the other hand, tadpoles never appear in T

(1)

because all operators at a point xi are normal ordered. Therefore, (7.31) is valid up
to tadpoles.

Finally, since (7.31) is valid for all terms T (0) and T
(1) in the tree-level and one-

loop matrix elements A(0) and A(1), we have established the relation for Magnus
amplitudes

A(1) =
1

4

ˆ
d̂
4
p ε̂(p2 →m

2)A(0)
FL , (7.32)

still valid up to tadpoles, where A(0)
FL is the pn+1↑p, pn+2↑→ p limit of the tree-level

matrix element A(0).
One specific example of this relation is

p1 p2

FL12

, (7.33)

with other relabellings of the tree-level graph giving di!erent forward-limit ampli-
tudes.

7.2.2 Beyond one loop

We can also repeat the same steps for ϑ loops. Consider the ϑ-loop Magnus matrix
element A(ω), and define

A(ω,C) := A(ω)
∣∣
(!(1))C

, (7.34)

i.e. A(ω,C) is the part of the ϑ-loop matrix element proportional to (!(1))C . In partic-
ular, we already know from the normal-ordered contractions that A(ω,ω) is the only
part we may hope to reproduce from the tree-level matrix element. We then con-
sider ϑ forward limits, such that each pair of fields (ω(pk),ω(→pk)), with k = 1, . . . , ϑ,
produces a !(1) term upon performing the phase-space integral

´
d̂
4
pkε̂(p2k → m

2).
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• General structure of Wick contractions: 

‣ Wick-contract  with  within  
 
 
 
 

• Key observations  

‣  flips bracket  into ,   preserves it, and    

‣   !

‣ V vertices:  commutators and  (I=# internal lines, L =# loops)

• Tree level redone:  

‣  contractions must flip  commutators hence 

ϕk ϕk′ 

Δ [ ⋅ ] { ⋅ } Δ(1)

: [ ⋅ ] := 0

V−1 L = I−V+1

V−1 V−1 ΔV−1(Δ(1))0

where nk,k→ is a combinatorial factor depending on the specifics of Hk and Hk→ and
the superscript in H

(1)
k

and C(1) are reminders that there is one field missing from
Hk and C. In principle, one superscript label is needed for each species of particle
appearing in Hk, since each will give rise to independent Wick contractions, but for
simplicity we present expressions limited to one single type of field, e.g. Hk = ω

n

k
/n!.

The second term in (7.2) will result in a similar expression, except for the fact that
the order of Hk→ and Hk is inverted and therefore so are the indices of !(+)

ij
,

Ck+1...nHk →↑ nk,k→i!
(+)
k→k C

(1)
k+1...nH

(1)
k

. (7.4)

Importantly, the numerical factor nk,k→ is the same. Using (3.10)-(3.12), we can
rewrite the !(+)

ij
functions in terms of !ij and !(1)

ij
,

i!(+)
kk→ =

1

2

(
i!kk→ +!(1)

kk→

)
, i!(+)

k→k =
1

2

(
→i!kk→ +!(1)

kk→

)
. (7.5)

Putting all this together, we find that

[Hk, Ck+1...n] →↑ nkk→

(
i!(+)

kk→ H
(1)
k

C(1)
k+1...n → i!(+)

k→k C
(1)
k+1...nH

(1)
k

)

=
nkk→

2

(
i!kk→{H(1)

k
, C(1)

k+1...n}+!(1)
kk→ [H

(1)
k

, C(1)
k+1...n]

)
. (7.6)

This means that, overall for the big nested commutator C1...n, after doing one Wick
contraction, we get

C1...V ↑ nkk→

2
i!kk→

[
H1,

[
· · ·

{
H(1)

k
,

[
· · ·

[
H(1)

k→ , · · · [HV→1,HV ] · · ·
]
· · ·

]
· · ·

}
· · ·

]
· · ·

]

+
nkk→

2
!(1)

kk→

[
H1,

[
· · ·

[
H(1)

k
,

[
· · ·

[
H(1)

k→ , · · · [HV→1,HV ] · · ·
]
· · ·

]
· · ·

]
· · ·

]
· · ·

]

We can run this argument again for the case where we start from {Hk, Ck+1...n} instead
of [Hk, Ck+1...n] in (7.2). All the steps are identical, but in this case, !(1)

kk→ leaves the
anticommutator structure unchanged, and !kk→ turns it back into a commutator. We
then arrive at two simple rules that extend the usual Wick contractions to nested
commutators:

1. When contracting k and k
↑ in a nested commutator (with k

↑ appearing further
in than k), two terms are produced, one proportional to i!kk→ and the other to
!(1)

kk→ .

2. The term proportional to i!kk→ swaps [Hk, · · · ] ↓ {Hk, · · · }, whereas the term
proportional to !(1)

kk→ leaves the bracket structure unchanged.

With these Wick contractions, we can now explicitly see that the natural contrac-
tion basis for nested commutators consists of !ij and !(1)

ij
. Directly applying these
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7 From trees to loops

In Section 6 we have discussed Murua’s formula and how it can be used to obtain tree-
level Magnus amplitudes without the need to perform Wick contractions. Although
Murua’s formula does not apply at loop level, we find that we can still use it to fix
diagram coe!cients at one-loop due to (6.13). In this section we will generalise this
to higher loops. We also make precise the structure of allowed graphs at loop level.

To do so, we present a new approach for Wick contractions of the N -operator
in Section 7.1, and use it to derive a relation between its tree-level and loop-level
components. In Section 7.2 we use this relation to show that Magnus amplitudes with
L+ ω loops and C+ ω cuts are equal to ω forward limits of Magnus amplitudes with L

loops and C cuts, as shown in (7.33). This implies that ω-loop ω-cut amplitudes can
be obtained from tree-level amplitudes, hence inheriting their Murua coe!cients.

We also present a summary of the diagrammatic rules for the Magnus expansion
in Appendix A.

7.1 Wick contraction rules

In the previous sections, we have seen many examples of matrix elements of the N -
operator, both at tree and loop level. In particular, at one loop we have seen the
emergence of the !(1)

ij
function from an additional Wick contraction compared to

tree level. Unlike for the !ij functions, this was not immediate from the structure of
the nested commutator, as it required combining various terms. Motivated by this
imbalance, we will now define a new set of Wick contraction rules that treat both
!ij and !(1)

ij
on the same footing.

To this end, we return to the new formula for the Magnus expansion in (2.20),
as this provides a general expression for N

(n) valid for any order n in perturbation
theory. To this end, consider the right-nested commutator

C1...V =
[
H1,

[
H2, · · · [HV→1,HV ] · · ·

]]
(7.1)

Suppose we would like to do a Wick contraction between two fields labeled by k

and k
↑. Without loss of generality, we can pick k

↑
> k. We now look at the nested

commutator C1...n and zoom in until we arrive at the commutator starting with Hk,
[
Hk, · · ·

[
Hk→ , · · · [Hn→1, Hn] · · ·

]
· · ·

]
= [Hk, Ck+1...n] = HkCk+1...n → Ck+1...nHk .

(7.2)

If we perform one Wick contraction on the first of the two terms above, we get

HkCk+1...n →↑nk,k→i!
(+)
kk→ H

(1)
k

[
Hk+1, · · · [H(1)

k→ , · · · [Hn→1, Hn] · · · ] · · ·
]

:=nk,k→i!
(+)
kk→ H

(1)
k

C(1)
k+1...n ,

(7.3)
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• One loop redone: 

‣  contractions must flip  
 commutators  hence  

• Higher loops:

‣ L = 2m loops:  has  cuts                  (even L  even # cuts)      

‣ L =  loops  has   cuts     (odd  L  odd # cuts)

‣ max number of cuts is the number of loops, L 

‣ L-loop L-cut diagram Murua coefficients  from tree level!

‣ Example: 

‣ lower number of cuts from  Wick contraction

V
V−1 ΔV−1(Δ(1))1

2m,2m − 2,…,0 Δ(1) →

2m + 1 2m + 1,2m − 1,…,1 Δ(1) →

that is,

iN
(2)
2 = ω̂

(4)(p1 + p2) · (→i)2 · 1
2

ˆ
d
4
q

(2ε)4
!(1)(q)↑ 1

2

(
i!R + i!A

)
(q → p1)

= ω̂
(4)(p1 + p2)

(→i)2

2




1

2
+

1

2





Three important comments are in order here.
1. First, a key feature of (5.10) is that it represents a cut integral, since !(1)(q) =

(2ε) ω(q2 →m
2). Consequently, we are e!ectively performing a phase-space integral

over a tree-level quantity. Note that this representation di!ers from Feynman tree
theorem representation of the T -matrix [31, 32] (since there one has to sum over
multiple cuts as well) and the Q-cuts of [37].

2. Furthermore, and importantly, we will see that for a one-loop n-point Magnus
amplitude, what we are actually integrating is an (n + 2)-point tree-level Magnus
amplitude, where by this we mean the sum of all the tree-level Magnus diagrams at
n+ 2 points. This correspondence is already manifest by comparing (5.6) to (4.11).
In fact, we can go from the first to the second by simply performing the replacement

: ϑ2
1ϑ

2
2 :↓ 2!(1)

12 : ϑ1ϑ2 : . (5.10)

We will see a similar relation between the five-point tree amplitude and the one-loop
triangle later in Section 5.2, and will discuss this further in Sections 7.1.2 and 7.2.

3. Finally, it is instructive to perform a comparison with the Dyson series. The
di!erence between Magnus and Dyson matrix elements for the process at hand is:

iN
(2)
2 → iT

(2)
2 =

1

2
· 1
2
·
ˆ

d
4
x1d

4
x2 e

→i(p1·x1+p2·x2)
[
(i!(+)

12 )2 + (i!(→)
12 )2

]
. (5.11)

This precisely corresponds to the expected relation [21]

iN
(2) = iT

(2) +
1

2
T

(1)
T

(1)
, (5.12)

between Magnus and T -matrix elements, since16

↔0|T (1)
T

(1)|ϑ(p1)ϑ(p2)↗ =
1

2

ˆ
d
4
x1d

4
x2 e

→i(p1·x1+p2·x2)
[
(i!(+)

12 )2 + (i!(→)
12 )2

]
. (5.13)

5.2 The three-point triangle and bubble topologies

We now compute the Magnus matrix element

N
(3)
3 = ↔0|N (3)|ϑ(p1)ϑ(p2)ϑ(p3)↗ , (5.14)

16The factor of 1/2 in (5.13) arises due to the presence of identical particles.
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


1

6
+

1

12
+

1

12
+

1

6




.

(5.27)

Now we can come back to the second type of term in (5.15), corresponding to graphs
with a bubble on an external leg. The computation is analogous to the case of
the triangle, so we just quote the final result for the matrix element. We have
N

(3)
3

∣∣
bub

= N
(3)
3

∣∣
bub,12

+N
(3)
3

∣∣
bub,23

+N
(3)
3

∣∣
bub,31

, where

iN
(3)
3

∣∣
bub,12

=
(→i)3

6

ˆ
d
4
x1d

4
x2d

4
x3 e

→i(p1+p2)·x1→ip3·x3

·!(1)
23

[
(i!R

12)(i!
R

23) + (i!A

12)(i!
A

23) +
1

2

(
(i!R

12)(i!
A

23) + (i!A

12)(i!
R

23)
)]

,

(5.28)

and the terms N
(3)
3

∣∣
bub,23

and N
(3)
3

∣∣
bub,31

are obtained from N
(3)
3

∣∣
bub,12

by permuting
(p1, p2, p3). Again we note that the result is expressed a cut integral, and furthermore
the same peculiar factors in front of the !R ↑!A +!A ↑!R and !R ↑!R +!A ↑
!A combinations appear as in the triangle case (and in the five-point tree-level
amplitude). The momentum space expression is

iN
(3)
3

∣∣
bub,12

= (→i)3ω̂(4)(p1 + p2 + p3)

[
1

6

p3
+

1

12

p3

+
1

12

p3
+

1

6

p3
]
. (5.29)

It should be noted that these graphs are pathological, as due to the bubble on the
external line, the internal propagator is on-shell and thus gives 1/0. We comment fur-
ther on the e!ect of these types of graphs on the Magnus expansion in Section 7.2.4.

6 Tree-level and one-loop results from Murua

At this point, we have computed many examples of Magnus amplitudes at both tree-
and one-loop level. We have also seen that computing these amplitudes is quite simi-
lar to computing S-matrix elements. The main additional subtlety is the presence of
di!erent types of propagators – retarded, advanced, Pauli-Jordan and Hadamard –
appearing in the results. A key question is therefore how one should “weight” contri-
butions to the same integrand appearing with di!erent types of internal propagators.
At tree level, the answer to this problem is provided by Murua’s formula [18], and
its extension [16]. In this section we shall see how these tree-level coe"cients carry
over into loop level.
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replace it with a single (1/2)!(1)
ab

(with this last factor of 1/2 due to the fact that the
Hadamard function is twice a cut propagator). This leads to a two-to-one mapping,
so that

T
(1) =

1

4

ˆ
d̂
4
p ω̂(p2 →m

2)T (0)
FL . (7.28)

Note that T
(0)
FL will also produce tadpoles, i.e. terms where ε(p) and ε(→p) are con-

tracted at the same vertex ε
3
i
. On the other hand, tadpoles never appear in T

(1)

because all operators at a point xi are normal ordered. Therefore, (7.28) is valid up
to tadpoles.

Finally, since (7.28) is valid for all terms T (0) and T
(1) in the tree-level and one-

loop matrix elements A(0) and A(1), we have established the relation for Magnus
amplitudes

A(1) =
1

4

ˆ
d̂
4
p ω̂(p2 →m

2)A(0)
FL , (7.29)

still valid up to tadpoles, where A(0)
FL is the pn+1↑p, pn+2↑→ p limit of the tree-level

matrix element A(0).
One specific example of this relation is

p1 p2

FL12

, (7.30)

with other relabellings of the tree-level graph giving di!erent forward-limit ampli-
tudes.

7.2.2 Beyond one loop

We can also repeat the same steps for ϑ loops. Consider the ϑ-loop Magnus matrix
element A(ω), and define

A(ω,C) := A(ω)
∣∣
(!(1))C

, (7.31)

i.e. A(ω,C) is the part of the ϑ-loop matrix element proportional to (!(1))C . In partic-
ular, we already know from the normal-ordered contractions that A(ω,ω) is the only
part we may hope to reproduce from the tree-level matrix element. We then con-
sider ϑ forward limits, such that each pair of fields (ε(pk),ε(→pk)), with k = 1, . . . , ϑ,
produces a !(1) term upon performing the phase-space integral

´
d̂
4
pkω̂(p2k → m

2).
Repeating all the steps above, we then get

Ã(ω,ω) =
1

ϑ! 22ω

ˆ ω∏

k=1

(
d̂
4
pkω̂(p

2
k
→m

2)
)
A(0,0)

ω→FL, (7.32)

where the prefactor can be derived as follows: ϑ normal-ordered contractions each
produce (1/2)!(1)

ij
; an additional 2ω factor compensates an overcounting due to each
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L-cut diagrams (the first column in Figure 1). We find that the exact relation is:

ω(ε (L,L)) =
ω(ε (0,0))

2L
, (7.34)

where ε
(L,L) is an L-loop L-cut diagram (with or without external legs) and ε

(0,0) is
the corresponding tree diagram with the L cuts removed. This reduces to (6.13) at
one loop. The factor of 2L above comes from the fact that each cut appears as !(1)

/2

in the Wick contraction rules (??). Since the Wick contractions above always build
on tree-level (which is fully connected) when we remove the cuts from a digram it
remains fully connected. As an example of the above

ω







 =
ω

( )

22
=

1
12

4
=

1

48
, (7.35)

where, as stated previously, the Murua coe!cient ω depends only on the graph with
the external legs removed. The prefactor of a specific L-loop L-cut graph for an
N -matrix element is the product of a symmetry factor and the Murua coe!cient,
see the general formula (6.17). At two loops and above, N -matrix graphs can have
non-trivial symmetry factors. Recall the symmetry factor is calculated in the same
was as the usual Dyson expansion (keeping external legs fixed), except that one must
also preserve the propagator prescriptions. As some examples

ϑ







 = 2 , ϑ








= 4 . (7.36)

Note that a factor of 2 in each example appears from swapping the two cut prop-
agators. A more detailed discussion of symmetry factors is given Appendix D. In
summary, we can apply Murua’s formula to derive the coe!cients of any L-loop
L-cut diagram.

Beyond the maximal cut pieces of Magnus amplitudes we can also consider re-
lations between terms with fewer cuts (the second column and beyond in Figure 1).
Again these terms are related to each other using the forward limit (7.33). This, in
turn, leads to an observed relation between their Murua coe!cients, which gener-
alises (7.34)

ω(ε (L,C)) =
ω(ε (L→C,0))

2C
, (7.37)

where ε
(L,C) is an L-loop, C-cut diagram and ε

(L→C,0) is an (L → C)-loop 0-cut
diagram (the terms in the red boxes in Figure 1). We have checked this relation at
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• Edge contraction rule 

‣ the sum of two graphs which differ only by a single internal edge, where that 
edge contains both routings of propagators, equals the “collapsed"graph 
where that edge is deleted: 
 
 
 
 
 

‣ Example:  
 

where ω describes the internal propagators of the graph g. Conversely, symmetry
factors for trees in the two spaces are di!erent due to the presence of external lines.
This is familiar from the Dyson expansion where the symmetry factors for graphs
appearing in the operator iT are distinct from those appearing in matrix elements
→0|iT |

∏
i
ε(pi)↑. For example,

1 = ϑ





p1

p2

p5
p3

p4




↓= ϑ

( )
= 2 .

Note that, due to the labelled external legs, all symmetry factors ϑ(g) are equal to
1 at tree level. Thus, we may assemble tree-level N -matrix elements exactly as one
would assemble tree-level scattering amplitudes, the only di!erence being that we
weight contributions carrying retarded and advanced propagators with the Murua
coe"cients, and appropriate symmetry factors (which do appear beyond tree level).

6.2 Some properties of Murua coe!cients

Let us note a few simple properties of the Murua coe"cients. First: due to the fact
that N = N

†, it is clear that coe"cients must equal those with all internal causality
arrows reversed. Secondly, a very useful relationship discussed in [16] is the edge
contraction rule. This states that the sum of two graphs which di!er only by a
single internal edge, where that edge contains both routings of propagators, equals
the “collapsed” graph where that edge is deleted:

ϖ



 A B



+ ϖ



 A B



 = ϖ



 A B



 . (6.7)

One can easily check that this applies to all the examples in (??). An important
consequence of the edge contraction rule, which is also discussed in [16], is the sum
rule ∑

ω→A(ε)

ϖ(ω) = 1 , (6.8)

where ϱ is an undirected graph with n vertices and A(ϱ) is the set of all 2n↑1 graphs
generated by applying all possible retarded and advanced arrows to the edges of ϱ.
For example,

A ( ) = { , , , } , (6.9)

so that the sum rule gives

2ϖ ( ) + ϖ

( )
+ ϖ

( )
= 1 , (6.10)
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Crucially, and as anticipated in Section 4, these numerical weighting factors ω are
examples of Murua coe!cients.18 We have not proven in full generality that the
weighting factors arising from a quantum field theory calculation are Murua coe!-
cients, but we have checked it up to n = 7 internal vertices, using the new formula
for the Magnus expansion given in (2.20). We will discuss this general structure of
Murua coe!cients at tree-level and beyond in Section 6.4.

Murua provided in [18] a direct recursive relationship for the ω coe!cients (??),
which we refer to as Murua’s formula, from which one may extract their numerical
values (we have provided their values here up to four vertices). Murua’s original
formula applies only to rooted trees, and this formula was extended to non-rooted
trees in [16], to which we also refer the interested reader for a review of the explicit
construction of Murua’s formula.19

The practical usefulness of Murua’s formula is that, with these coe!cients known,
one does not need to explicitly compute N -matrix elements as we did in Section 4;
instead, one may simply assemble all possible Feynman diagrams as in (6.1), and
then “weight” with Murua coe!cients to build up a final result [16, 18]. Building up
the N -operator in this way is simpler than manually collapsing the εij coe!cients as
we did in Section 4. However, as Murua’s formula only applies directly at tree level,
this will not be the case for generic loop-level examples and so we fall back on the
Magnus series.

Let us also emphasise that Murua’s formula applies to N -matrix elements, in
addition to the N -matrix itself. Summarising our results, we have found that

18The Murua coe!cients stated here di"er from those in [16, 18, 52] by a factor of (→1)n→1 where
n is the number of vertices.

19The authors of [16] also provided a Mathematica code, which may be used to produce explicit
values of Murua coe!cients beyond those given here.
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1/3           +          1/6     =   1/2

Relations among Murua coefficients 



• Sum rule:

‣  = all directed graphs generated by applying all possible retarded and 
advanced arrows to the edges of an undirected graph   

‣ Example:  for  
 
 
 

• From Magnus to Feynman:

‣ Consequence of sum rule: at tree level, ignoring causality prescriptions  
(the ’s), N-matrix elements agree with connected T-matrix elements 

A(ρ)
ρ

iε

where ω describes the internal propagators of the graph g. Conversely, symmetry
factors for trees in the two spaces are di!erent due to the presence of external lines.
This is familiar from the Dyson expansion where the symmetry factors for graphs
appearing in the operator iT are distinct from those appearing in matrix elements
→0|iT |

∏
i
ε(pi)↑. For example,

1 = ϑ





p1

p2

p5
p3

p4




↓= ϑ

( )
= 2 .

Note that, due to the labelled external legs, all symmetry factors ϑ(g) are equal to
1 at tree level. Thus, we may assemble tree-level N -matrix elements exactly as one
would assemble tree-level scattering amplitudes, the only di!erence being that we
weight contributions carrying retarded and advanced propagators with the Murua
coe"cients, and appropriate symmetry factors (which do appear beyond tree level).

6.2 Some properties of Murua coe!cients

Let us note a few simple properties of the Murua coe"cients. First: due to the fact
that N = N

†, it is clear that coe"cients must equal those with all internal causality
arrows reversed. Secondly, a very useful relationship discussed in [16] is the edge
contraction rule. This states that the sum of two graphs which di!er only by a
single internal edge, where that edge contains both routings of propagators, equals
the “collapsed” graph where that edge is deleted:

ϖ



 A B



+ ϖ



 A B



 = ϖ



 A B



 . (6.7)

One can easily check that this applies to all the examples in (??). An important
consequence of the edge contraction rule, which is also discussed in [16], is the sum
rule ∑

ω→A(ε)

ϖ(ω) = 1 , (6.8)

where ϱ is an undirected graph with n vertices and A(ϱ) is the set of all 2n↑1 graphs
generated by applying all possible retarded and advanced arrows to the edges of ϱ.
For example,

A ( ) =
{

, , ,

}
,

(6.9)
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where ω describes the internal propagators of the graph g. Conversely, symmetry
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( )
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we get 



• Strategy:

‣ 1. Derive Murua coefficients from various relations/codes  
   (or Wick contractions when other routes not available) 

‣ 2. From each Feynman diagram, generate Magnus amplitudes  
by changing ’s and multiplying by Murua coefficients  

‣ 3. Compute integrals with retarded/advanced propagators  
(with Henn’s differential equation approach, this amounts to  
changing boundary conditions) 

iε

From Feynman to Magnus!



• So far everything applied to the full quantum theory

‣ Now take  limit and find which diagrams survive 

• Conjecture 

‣ Only diagrams with L cuts at L loops survive in the classical limit

‣ Can all be obtained from trees:  

‣ Classical N-matrix from tree N-matrix!

• Comments

‣ Parallels the WQFT (Kälin, Porto; Mogull, Plefka, Steinhoff) where all diagrams are trees

‣ Connection to the Heavy-mass EFT (HEFT) expansion (for those who  
know it!) (Brandhuber, Chen, GT, Wen)  but details to be understood

ℏ → 0

On to the classical limit! 

<latexit sha1_base64="erdK/fR80wTROSe5QO5+QzR2g3s="></latexit>

A(L,L) =
1

ω! 22L

∫ L∏

k=1

[
dDpk
(2ε)D

(2ε)ϑ(p2k →m2)

]
A(0,0)

L→FL



• Toy “gravity” model  

‣ Same scalar integrals as GR

‣ WQFT counterpart:  
(Capatti, Zeng)

‣ Radial action for 2-to-2 scattering at : 
 
 
 
 
 
 

‣ Radial action from  WQFT:  
 

‣ Results in agreement, hence correct classical limit

O(λ2)

One-loop example 

while the radial action from (8.2) is, mutatis mutandis [16, 57],

Ir = lim
⊋→0

WQFT→0|NWQFT|0↑WQFT . (8.4)

Note that NQFT and NWQFT are the N -operators of the two respective theories.
Now we can consider the classical contributions from both theories in more detail.

In (8.4), the classical part is simply given by tree-level diagrams in the propagating
fields h(x) and z

µ(ω) (see e.g. [57]). For example, we can list the classical diagrams
at one loop,

, , , (8.5)

where the dotted lines represent the background worldlines, the solid lines are z
µ

propagators and the wavy lines are h propagators. The direction of the arrows
determines whether the propagators are retarded or advanced. Note that we omitted
all arrows on the h lines since in this case they cannot go on shell, and hence the
propagator prescription is irrelevant.28

Now we can consider the one-loop Magnus diagrams contributing to (8.3). We
know from Section 7.1.2 that one-loop matrix elements always have one cut, so we
can first consider diagrams with a cut ε propagator,
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In this case the cut line represents a !(1) and the arrow direction distinguishes
between retarded and advanced propagators. As before, we have omitted arrows on
h propagators since in this case too one can show they cannot go on shell. The
diagrams above look very similar to their worldline counterparts, and in fact we find
that they agree in the ⊋ ↓ 0 limit. More specifically, each box and crossed-box

28A delta function of the form ε(v ·ω), arises from the dotted vertices, with ω being the momentum
of the exchanged h particle. Going to the rest frame of v one gets ω0 = 0 and hence ω can never go
on shell.
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from the Dyson expansion. The second are divergent loop integrals which can appear
from the forward limit of loops on external legs.

We do not yet have a general argument as to why these pathological loop integrals
should always be dropped (à la LSZ for the Dyson expansion) other than the simple
fact that they are divergent and appear from the forward limit of external leg bubbles.
We leave this, and a more detailed analysis of LSZ reduction of N -matrix elements,
to later work.

8 Classical limit

Here we present a conjecture for the classical limit of Magnus matrix elements.
Namely, we find evidence that the (!(1))L part of an L-loop matrix element, easily
obtained from the trees through (7.32), contains all the classical information.

To this end, we begin by considering a scalar quantum field theory appropriate
to discuss classical limits,

SQFT =

ˆ
d
4
x

(
1

2
(ωµε)(ω

µ
ε)→m

2
ε
2 +

1

2
(ωµh)(ω

µ
h) +

ϑ

2
ε
2
h

)
, (8.1)

where a massive scalar ε interacts with a massless scalar h. This theory is a useful
toy model to study massive scalars coupled to electromagnetism or gravity. This is
because all diagrams in this model also exist in the latter two theories, where the
massless scalar h is simply replaced by the photon Aµ or the graviton hµω , and all
three share the same Murua coe!cients.26

It is well-understood that the classical limit of amplitudes from (8.1) agrees with
the following worldline theory [53],

SWQFT =
1

2

ˆ
d
4
x(ωµh)(ω

µ
h)→ m

2

ˆ
dϖ

(
ẋ
2 + ϑh(x)

)
. (8.2)

Here x
µ(ϖ) = b

µ + v
µ
ϖ + z

µ(ϖ), where b
µ and v

µ are constant vectors acting as a
background, whereas zµ(ϖ) are the worldline excitations, i.e. the propagating degrees
of freedom.27

Let us focus on the two-to-two scattering of massive scalars ε. In this case, classi-
cal observables such as the scattering angle, can be computed from the radial action
Ir, which is obtained from the four-point matrix elements of the N -operator [21].
Namely, the radial action from (8.1) is given by

Ir = lim
⊋→0

↑ε(p↑1)ε(p↑2)|NQFT|ε(p1)ε(p2)↓, (8.3)

26Note that the converse is not true, for example there are diagrams in gravity that involve the
three-graviton vertex and hence have no analogue in (8.1). This could be fixed by adding an h3

vertex to the toy model, but this goes beyond the scope of this work.
27See [54–56] for further work exploring the connection between field theory amplitudes and the

worldline formalism for scalars coupled to electromagnetism and gravity.
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while the radial action from (8.2) is, mutatis mutandis [16, 57],

Ir = lim
⊋→0

WQFT→0|NWQFT|0↑WQFT . (8.4)

Note that NQFT and NWQFT are the N -operators of the two respective theories.
Now we can consider the classical contributions from both theories in more detail.
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In this case the cut line represents a !(1) and the arrow direction distinguishes
between retarded and advanced propagators. As before, we have omitted arrows on
h propagators since in this case too one can show they cannot go on shell. The
diagrams above look very similar to their worldline counterparts, and in fact we find
that they agree in the ⊋ ↓ 0 limit. More specifically, each box and crossed-box

28A delta function of the form ε(v ·ω), arises from the dotted vertices, with ω being the momentum
of the exchanged h particle. Going to the rest frame of v one gets ω0 = 0 and hence ω can never go
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from the Dyson expansion. The second are divergent loop integrals which can appear
from the forward limit of loops on external legs.

We do not yet have a general argument as to why these pathological loop integrals
should always be dropped (à la LSZ for the Dyson expansion) other than the simple
fact that they are divergent and appear from the forward limit of external leg bubbles.
We leave this, and a more detailed analysis of LSZ reduction of N -matrix elements,
to later work.

8 Classical limit

Here we present a conjecture for the classical limit of Magnus matrix elements.
Namely, we find evidence that the (!(1))L part of an L-loop matrix element, easily
obtained from the trees through (7.32), contains all the classical information.
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where a massive scalar ε interacts with a massless scalar h. This theory is a useful
toy model to study massive scalars coupled to electromagnetism or gravity. This is
because all diagrams in this model also exist in the latter two theories, where the
massless scalar h is simply replaced by the photon Aµ or the graviton hµω , and all
three share the same Murua coe!cients.26
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µ(ϖ), where b
µ and v

µ are constant vectors acting as a
background, whereas zµ(ϖ) are the worldline excitations, i.e. the propagating degrees
of freedom.27

Let us focus on the two-to-two scattering of massive scalars ε. In this case, classi-
cal observables such as the scattering angle, can be computed from the radial action
Ir, which is obtained from the four-point matrix elements of the N -operator [21].
Namely, the radial action from (8.1) is given by

Ir = lim
⊋→0

↑ε(p↑1)ε(p↑2)|NQFT|ε(p1)ε(p2)↓, (8.3)

26Note that the converse is not true, for example there are diagrams in gravity that involve the
three-graviton vertex and hence have no analogue in (8.1). This could be fixed by adding an h3
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• Exponential representation of the S-matrix,  

‣ Free of hyper-classical terms 

‣ Radial action from N-matrix element 

• Magnus expansion for the N-operator 

‣ Murua coefficients, advanced, retarded and cut propagators  

‣ Relations intertwining loop orders, classical limit from just trees? 

• What’s next? 

‣ Classical limit for GR,  connection to Worldline QFT (WQFT),  
spin (Magnusian?), gravitational wave emission

‣ Further applications (not only) to gravity

‣ Anomalous dimensions & IR divergences in QFT….  

‣ …Wilson lines/loops….integrability…?

S = eiN

Conclusions

Thank you!



Extra slides



• Chen-Strichartz formula (Strichartz, 1987) 
 
 
 
 

‣ descent of the permutation , where 

‣  is the “descent set”

‣ Example: for the set , 
 

  and  
 

‣ CS formula contains  terms

dσ = |Dσ | σ

Dσ = {i | σ(i) > σ(i + 1),1 ≤ i < n}
{1,2,3,4}

D4213 = {1,2} , D3124 = {1} , D4321 = {1,2,3} , D2413 = {2}

d4213 = 2, d3124 = 1 , d4321 = 3 , d2413 = 1

n!

Closed-form solution

<latexit sha1_base64="3+Gdf4UaanagmZoydCI+Hm0xHp0="></latexit>

iN =
∑

n→1

∑

ω↑Sn

1

⊋n↓1

(→1)dω

n2
(n↓1

dω

)
∫

d4x1 · · · d
4xn ω12ω23 · · · ωn↓1n

[
Hω(1),

[
Hω(2), · · · [Hω(n↓1),Hω(n)] · · ·

]]



• New formula:   
 
 
 

‣ sum over the set of permutations of n objects with descent set 
 (and hence with ascent set ,  

such that 

‣ Example: for the set :

• Comments  

‣ Only one ordering of Hamiltonians appear

‣ Sum over descent sets, not permutations

‣ Fewer terms (  compared to  of the CS formula)

 

D = {i1, …, ik} A = {j1, …, j(n−1)−k}
A ∪ D = {1,…, n − 1}

{1,2,3,4}

2n−1 n!

<latexit sha1_base64="9bF2HPv90k5hS1YrJ7Q7+wENawc="></latexit>

iN (n) =

∫
d4x1 · · · d

4xn

[
H1,

[
H2, · · · [Hn→1,Hn] · · ·

]] ∑

D↑{1,...,n→1}

(→1)|D|

n2
(n→1
|D|

)!D

<latexit sha1_base64="CBzf4iOj46xtM+X7IrNCvLc3UZU="></latexit>

!D =
∑

ω→SD
n

ω↑1(ε12 · · · εn↑1 n) =
( ∏

i→D

εi+1 i

)( ∏

j→A

εj j+1

)

d Dω ω !D

0 {} 1234 ε12ε23ε34

1
{1} 2134, 3124, 4123 ε21ε23ε34

{2} 1324, 1423, 2314, 2413, 3412 ε12ε32ε34

{3} 1243, 1342, 2341 ε12ε23ε43

2
{1, 2} 3214, 4213, 4312 ε21ε32ε34

{1, 3} 2143, 3142, 3241, 4132, 4231 ε21ε23ε43

{2, 3} 1432, 2431, 3421 ε12ε32ε43

3 {1, 2, 3} 4321 ε21ε32ε43

Table 1: Permutations ω → S4 grouped by descent set Dω. The final column shows
the corresponding value of !D as given by (2.19).

[
Hω(1),

[
Hω(2), · · · [Hω(n→1),Hω(n)] · · ·

]]

:=
∑

D

(↑1)|D|

n2
(
n→1
|D|

)CS(n)
D

. (2.15)

For the case of n = 4, the grouping of permutations is shown in Table 1. For
concreteness, focus on the set of permutations with D = {1} and n = 4. Reading
from the table, these are 2134, 3124, 4123. Suppressing the integrations,

CS{1}
4 = ε12ε23ε34 ([H2, [H1, [H3, H4]]] + [H3, [H1, [H2, H4]]] + [H4, [H1, [H2, H3]]]) .

(2.16)
Since the variables x1, . . . , x4 are integrated over, we are allowed to relabel variables
as we please. In particular, we can relabel them in such a way that at the end the
term is proportional to the 1234 nested commutator,

CS{1}
4 ↓ (ε21ε13ε34 + ε23ε31ε14 + ε23ε34ε41) [H1, [H2, [H3, H4]]]

= ε21ε23ε34[H1, [H2, [H3, H4]]] , (2.17)

where we have repeatedly used the ε-function identities

εxaεab + εxbεba = εxaεxb εabεbx + εbaεax = εaxεbx . (2.18)

This can be done for every descent set, and the results are tabulated in the final
column of Table 1 above. Interestingly, we see that the final ε-functions correspond
to the original ordered ε12ε23ε34, with some of the ε-functions flipped εij ↓ εji. The
location of these flips exactly coincides with the values of the descent set, in the sense
that for D = {1, 2}, the first and second ε-functions are flipped, and so on.

We see this pattern appearing for any n, with explicit checks up to and including
n = 8. In general, if we sum over the set of permutations of n objects with descent

– 10 –



• Third-order term

‣ For  and  timelike (  automatically timelike since  and   
are future pointing): invariance is manifest 

‣ For  spacelike and  timelike: first use Jacobi 
 

‣ Then relabel integration variables  
 
 
 

‣  For  timelike, invariance is manifest.  For  spacelike

‣ Finally, when  are all spacelike, all commutators vanish

x12 x23 x13 x12 x23

x12 x23

x13 x13

x12, x23, x13

<latexit sha1_base64="JewxnWiKIjdIdAFmT3LUt0FD4J8="></latexit>

iN (3) =
(→i)3

6

∫
d4x1d

4x2d
4x3 ω12ω23ω13 ([H1, [H2,H3]] + [H3, [H2,H1]])

<latexit sha1_base64="z8vq+kjIHVFOtkRrCNnjR+Oot+4=">AAACCXicdVDLSgMxFM3UV62vUZdugkVwISVTZWwXQtFNlxVsK0yHIZNm2tDMgyQjlKFbN/6KGxeKuPUP3Pk3ZtoKVfRA4OSce7n3Hj/hTCqEPo3C0vLK6lpxvbSxubW9Y+7udWScCkLbJOaxuPWxpJxFtK2Y4vQ2ERSHPqddf3SV+907KiSLoxs1Tqgb4kHEAkaw0pJnQqcXYjUkmGfNiXd6sviz3AtU8swyqiAN24Y5sWrI0qRer1WrdWhNLYTKYI6WZ370+jFJQxopwrGUjoUS5WZYKEY4nZR6qaQJJiM8oI6mEQ6pdLPpJRN4pJU+DGKhX6TgVF3syHAo5Tj0dWW+qPzt5eJfnpOqoOZmLEpSRSMyGxSkHKoY5rHAPhOUKD7WBBPB9K6QDLHAROnw8hC+L4X/k061YtkV+/qs3Licx1EEB+AQHAMLnIMGaIIWaAMC7sEjeAYvxoPxZLwab7PSgjHv2Qc/YLx/AYmrmZw=</latexit>

[H3,H1] = 0

<latexit sha1_base64="+I1ebaFhu2OzOAxQCZI3f+eiGSc="></latexit>

[H1, [H2,H3]] + [H3, [H2,H1]] = [H1, [H2,H3]] = →[H2, [H3,H1]]→ [H3, [H1,H2]] = →[H2, [H3,H1]]

0 0

<latexit sha1_base64="T72VgCv1ST2OQj4MHvSfOXgeGcc="></latexit>

ω12ω23ω13[H2, [H3,H1]] →
1

2
ω23ω13

(
ω12[H2, [H3,H1]] + ω21[H1, [H3,H2]]

)
=

1

2
ω23ω13[H2, [H3,H1]]

Symmetrise by relabelling integration variables  x1 ↔ x2

More on Lorentz invariance


