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Introduction

The design of new quantum algorithms remains an unintuitive and elusive area that has lagged behind the rest of the developments of quantum comput-

ing[6]. Despite decades of research, wehave developed very fewquantum techniques, in part due to the lack of a unifying framework to aid our understand-

ing of existing quantum algorithms and to facilitate the design of new ones.

The community still only relies on a small number of fundamental primitives. These primitives all fall within three classes.

Periodicity finding - like Shor’s factoring algorithm.

Searching - algorithms providing a quadratic improvement to optimisation or search problems, like Grover’s algorithm.

Quantum Physics Simulations - Feynman’s procedure for speeding up quantum simulations using a quantum computer.

Since 1995, no new classes of quantum algorithms have been discovered

Grover’s algorithm plays a central role for unstructured search, serving as a building block for many modern quantum techniques within this class. Devel-

oping a unifying framework to understand the success of algorithms in this class, or others, and to discover new ones, would therefore be highly valuable.

Grover’s Algorithm Overview

Suppose we have a set ofN = 2n objects labelled by a unique binary string of lengthN . Let B be the set of objects we are intersted in finding anbd let

f (x) act as a quantum oracle such that

f (x) =

{
0 x /∈ B
1 x ∈ B

.

Start by preparing an initial state |ψ0〉 = 1√
N

∑N−1
k=0 |x〉.

Define the operatosD(α) = eiαψ0 andUf (β) = eiβHf , where α, β ∈ R and

ψ0 = |ψ0〉〈ψ0|, Hf =
∑
x∈B

|x〉

The state wewish to obtain is

|ψ∗〉 = 1√
|B|

∑
x∈B

|x〉.

Grover’s algorithm achieves an approximation to |ψ∗〉 byN applications ofGk(αk, βk) = −D(αk)Uf (βk). Namely, we get

N∏
k=1

Gk(αk, βk)|ψ0〉 ≈ |ψ∗〉.

Different choices of αk, βk correspond ot different ways of implementing Grover’s algorithm. Originally, Grover used αk = π = βk[5], but other more

optimal choices have been found since.

A diiferent Perspective to Grover’s Algorithm

A natural framework to understand Grover’s search algorithm is provided by optimisation on Riemannian manifolds. More specifically, we can show that

Grover explicitly arises by optimising a least-squares cost function on the unitary manifold via a Riemannian steepest descent algorithm.

AsHf is a projector operator, we can obtain our solution state |ψ∗〉 using imaginary-time evolution (ITE).

|ψ∗〉 = lim
τ→∞

eτHfψ0〉∣∣∣eτHf |ψ0〉
∣∣∣

The novel framework of Double Bracket Quantum Algorithms (DBQAs)[4] allows us uncover in more detail how Grover’s algorithm relates to ITE. This

framework first recognises that ITE is a solution to

∂Ψ(τ )
∂τ

=
[[

Ψ(τ ), Hf
]
,Ψ(τ )

]
,

whereΨ(τ ) = |Ψ(τ〉〈Ψ(τ )|. By discretising the differential equation, we obtain the first order approximation |ψs〉 = es
[
Hf ,ψ0

]
|ψ0〉 + O(s2).

AsHf is a projector, we can show that there exists sτ , for any τ , such that

eτHfψ0〉∣∣∣eτHf |ψ0〉
∣∣∣ = esτ

[
Hf ,ψ0

]
|ψ0〉.

By employing a product formula approximation[3] for the exponentiation of the commutator, es
[
Hf ,ψ0

]
= eit2Nψ0 . . . eit3Hfeit2ψ0eit1Hf + O(sm/2), for a

certainm ∈ Z+ and tk = ck
√
s. It follows that, we recover Grover’s algorithm up to a factor of (−1)N .

es
[
Hf ,ψ0

]
|ψ0〉 ≈ (−1)N

N∏
k=1

Gk(t2k, t2k−1)ψ0〉

Grover’s Link to Riemannian Optimisation

From the previous section we can see that Grover’s algorithm arises by approximating es
[
Hf ,ψ0

]
. This expression corresponds to the steepest descent

direction of the cost function f : U(n) → R defined as

f (W ) = 〈ψ0|W †HfW |ψ0〉.

Taking into account that ITE traces a geodesic on U(n) between |ψ0〉 and |ψ∗〉, we can interpret Grover a product formula approximation of the geodesic.

This geometric interpretation allows us to recover key properties of Grover’s algorithm, such as its query complexity.

A question that arises is whether optimising the cost function through other Riemannian optimisation algorithms can uncover more details about current

quantum algorithms or even help us design new ones. A natural next step is to consider a conjugate gradient algorithm.

Starting at, say, W0 = I and choosing an initial state |ψ0〉, we keep updating the state via

|ψk+1〉 = e−µSk|ψ0〉, where we choose µ such that f (e−µSk) is minimised and Sk corresponds
to the algorithm’s search direction.

Steepest Descent (SD): Sk =
[
Hf , ψk

]
.

ConjugateGradient (CG): Sk =
[
Hf , ψk

]
+ γkSk−1, where it is interesting to consider differ-

ent choices for γk.
Currently, the focus is on determining benchmark properties such as inwhat cases is CGbet-

ter than SD and whether, as is the case for Nesterov acceleration for optimisation problems

onRn[2], an optimal algorithm exists onU(n).
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