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Charm quark mass
from lattice QCD

* Charm quark plushie by The Particle Zoo


https://www.particlezoo.net/products/charm-quark?srsltid=AfmBOor6VFZjW81sfirFNVWEMDdxtkS6iis44D2rIx8o5zgO8u0unYyK
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L OCD determinations: [FLAG 2024, arXiv:2411.04268]
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https://arxiv.org/abs/2411.04268
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M

quark masses. m MS and m /m [FLAG 2024, arXiv:2411.04268]
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https://arxiv.org/abs/2411.04268
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Charm mass determination

pheno quantity lattice QCD
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Charm mass determination

pheno quantity

lattice QCD
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» Measure meson mass vs
input bare quark mass

» Tune m, to match exp.
value of meson mass

® Challenge: simulating am,, to reach M*PC

— fermion action, lattice spacing
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Charm mass determination

pheno quantity lattice QCD
OMS(y) = m Zy(am, ap)  {O)**"(am)
renormalisation
perturbative

» Lattice perturbation theory [Capitani Phys. Rept. 382 (2003) 113

non-perturbative

4 Rome—Southampton method [Martinelli et al NPB 445 (1995)]

regularisation-independent (RI) momentum-subtraction (MOM) scheme

» Variations: RI/MOM’, RI/SMOM, RI/IMOM...[Sturm et al PRD 80 (2009), Garron et al PRD 108 (2023)]

» Other NPR schemes: [Liischer et al NPB 384 (1992), Sint NPB 421 (1994), Tomii et al PRD 94 (2016)] ...
Gradient flow (Matthew's talk!)


https://www.sciencedirect.com/science/article/pii/055032139290466O?via=ihub
https://www.sciencedirect.com/science/article/pii/0550321394902283?via=ihub
https://doi.org/10.1103/PhysRevD.94.054504
https://www.sciencedirect.com/science/article/abs/pii/S0370157303002114?via=ihub
https://www.sciencedirect.com/science/article/pii/055032139500126D?via=ihub
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.80.014501
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014509

Charm mass determination

pheno quantity continuum limit lattice QCD
Oy = RS (w) N Ziam,ap)  (0)*(am)
matching renormalisation
perturbative

» Lattice perturbation theory [Capitani Phys. Rept. 382 (2003) 113]

non-perturbative

» Rome-Southampton method [Martinelii et al NPB 445 (1995)]

regularisation-independent (RI) momentum-subtraction (MOM) scheme

» Variations: RI/MOM’, RI/SMOM, RI/IMOM.. .[Sturm et al PRD 80 (2009), Garron et al PRD 108 (2023)]

» Other NPR schemes: [Liischer et al NPB 384 (1992), Sint NPB 421 (1994), Tomii et al PRD 94 (2016)] ...
Gradient flow (Matthew's talk!)


https://www.sciencedirect.com/science/article/pii/055032139500126D?via=ihub
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.80.014501
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.014509
https://www.sciencedirect.com/science/article/pii/055032139290466O?via=ihub
https://www.sciencedirect.com/science/article/pii/0550321394902283?via=ihub
https://doi.org/10.1103/PhysRevD.94.054504
https://www.sciencedirect.com/science/article/abs/pii/S0370157303002114?via=ihub

Charm mass determination

pheno quantity lattice QCD
M) = Zg(am,ap)  (O)**(am)

renormalisation

® Challenge: PT convergence
— higher-loop matching
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Charm mass determination

lattice QCD
(0" (am)

pheno quantity
My = R (k)

matching iserfion

® Challenge: heavy quarks suffer
large discretisation effects

what we want what we have
limé < 0(a?) m<u<<a a=0.12fm - amP 0.9
a—0

a=0.04fm w amR° %~ 0.3

® Typically massless NPR schemes are used: Zg(a,u) defined foram <« 1

STRATEGY: define a scheme S where Zg absorbs & in lima — 0 .



A massive NPR scheme
for heavy quark observables

Phys.Rev.D 110 (2024)

L Del Debbio, F Erben, J Flynn, RM, J T Tsang
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%SQ@ University of
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https://doi.org/10.1103/PhysRevD.95.054505
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.110.054512

RI/mS MOM [Boyle et al PRD 95 (2017)]

» NPR scheme for fermion bilinears

v Massive ward identities satisfied
v Z-tactors in continuum limit similar to MS

v Valid beyond the regime am < 1


https://doi.org/10.1103/PhysRevD.95.054505
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RI/mS MOM [Boyle et al PRD 95 (2017)]

» NPR scheme for fermion bilinears QT

v Massive ward identities satisfied
v Z-tactors in continuum limit similar to MS

v Valid beyond the regime am < 1

» Renormalisation conditions imposed at some finite mass

RISMOM:  1im Zy (p3] 6" | p,) e = (p3] Ol P2, Zp = Zolap)

mp—0

RI/mMSMOM:  lim Z,{p;| O |P2) 22 = (P3| Otree | P2). Zs = Zg(au, am)

Mp—>Mpg

® Can tune 7, to absorb discretisation effects in Z4(0)


https://doi.org/10.1103/PhysRevD.95.054505

Numerical implementation
renormalised charm quark mass

» In RI/MSMOM scheme

m, g(u, mg) = im Z, (au, am) m,

a—0

» Using 6 RBC/UKQCD domain wall fermion ensembles
3 lattice spacings @ = 0.11 — 0.08 fm [PRD84(2011), PRDI3(2016), PRD110(2024)]


https://arxiv.org/abs/1012.4178
https://arxiv.org/abs/1411.7017
https://arxiv.org/abs/2404.02297
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Numerical implementation
renormalised charm quark mass

» In RI/MSMOM scheme

m, g(u, mg) = im Z, (au, am) m,

a—0

RN S
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Reference scales m, x(us i) = lim Z, (ap, ait) m,

a—(0




Reference scales me(u, ) = lim Z, (ay, ai) m

a—0

choose M ®choose M




Continuum extrapolation
renormalised charm quark mass

Step 1. Choose (M, u, M)
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Continuum extrapolation
renormalised charm quark mass

Step 1. Choose (M, u, M)
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Step 2. Extrapolate to physical charm scale
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Absorption of lattice artefacts
SMOM vs mSMOM

M=0.6M"%, M=0.7M;P°
i |

I mSMOM(p-val:0.82) 3
_ 0554 K4 SMOM (p-val:0.93) [ )
% |
— 0.54 1|
& I
IS I
g I
?g 0539 1 i o massive
- | m
S . @
I 0.52 9 ®
3
= : (U,
S |

0.51 o %
! 1 1 1
0.0 0.1 0.2 0.3
a’[GeV~2]

A flatter approach to the continuum using the massive scheme
— reduction in discretisation effects



Absorption of lattice artefacts

tuning mSMOM reference mass using M
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Matching to MS
renormalised charm quark mass

Step 3: Perturbative matching to MS using (u, i1ig)
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Matching to MS
renormalised charm quark mass

Step 3: Perturbative matching to MS using (u, i1ig)
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Matching to MS
renormalised charm quark mass ™

NEW
UPDATE
v

Phys. Lett. B 871 (2025) 140001

Contents lists available at ScienceDirect

Physics Letters B

journal homepage: www.elsevier.com/locate/physletb

Three-loop QCD mass relation between the MS and symmetric-momentum | &
subtraction scheme away from the chiral limit

Long Chen ‘®%* Marco Niggetiedt P

2 School of Physics, Shandong University, Jinan, Shandong, 250100, China
b Max-Planck-Institut fiir Physik, Boltzmannstrafe 8, 85748, Garching, Germany



https://www.sciencedirect.com/science/article/pii/S0370269325007592?via=ihub

Final results

renormalised charm quark mass

v Full error budget with statistical + systematic + PT matching error

mM3(2 GeV) = 1.115(7)(12)(4) GeV
mM3(3 GeV) = 1.008(6)(11)(4) GeV

mMS(mMS) = 1.292(5)(10)(4) GeV
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Main takeaways

» Massive renormalisation accounts for am,_-sized discretisation effects

» RI/mSMOM scheme: renormalised charm quark mass
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Reduced discretisation effects Can tune scheme mass for optimal
using the massive scheme reduction in discretisation error
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Renormalised quark masses using gradient flow

Matthew Black

In collaboration with:
R. Harlander, A. Hasenfratz, A. Rago, O. Witzel

Higgs-Maxwell Workshop, 11th February 2026

THE UNIVERSITY
of EDINBURGH

Matthew Black



https://arxiv.org/abs/2506.16327

Introduction 2

» Charm physics is in a precision era on the lattice

Renormalized quark masses using GF Matthew Black
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Introduction 2

» Charm physics is in a precision era on the lattice

» Heavy quarks come with discretisation effects O(am,)

w Modern lattices have fine enough a to keep these mostly under control for charm, am, < 0.6

» Approximation of massless renormalisation is poor for charm physics...
(Oui) (am, ap) = (O)uy(m, 1) [1 + 8(am, ap)

w Need to define a massive renormalisation scheme S to absorb §

» Matching of lattice renormalisation to MS suffers from ‘window problem’
m< pu <K a !

w Can we find a renormalisation procedure with an easier matching window?

Renormalized quark masses using GF Matthew Black



Gradient Flow

Renormalized quark masses using GF Matthew Black



Gradient Flow (GF)

» Introduced by
w Scale setting (1/81%), RG [-function, A parameter

» Introduce auxiliary dimension, flow time 7 as a way to regularise the UV

» Well-defined damping of UV fluctuations

7/a% = 0.00 - 7/a? = 16.00

1
0.99998 d

0.99996 - _ .
0.99994

0.99992 -

0.9999

0.99988
30

Renormalized quark masses using GF Matthew Black



https://arxiv.org/abs/hep-th/0601210
https://arxiv.org/abs/1006.4518
https://arxiv.org/abs/1302.5246

Gradient Flow (GF)

» Introduced by
w Scale setting (1/81%), RG [-function, A parameter

» Introduce auxiliary dimension, flow time 7 as a way to regularise the UV

» Well-defined damping of UV fluctuations

» Extend gauge and fermion fields in flow time and express dependence with first-order differential
equations:

atBﬂ(T? l‘) - DV(T) GV#(T> x)? BH(Oﬂ ‘T) - #(ZE),
Oix (7, 7) = D*(1)x(7, 2), x(0, z) = q(2).

Renormalized quark masses using GF Matthew Black
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Gradient Flow (GF)

» Introduced by
w Scale setting (1/81%), RG [-function, A parameter

» Introduce auxiliary dimension, flow time 7 as a way to regularise the UV

» Well-defined damping of UV fluctuations

» Extend gauge and fermion fields in flow time and express dependence with first-order differential
equations:

atBﬂ(Tv Jj) - DV(T) GV#(T> x)v BH<07 ‘T) - M(I)v
Oix (7, 7) = D*(1)x(7, 2), x(0, z) = q(2).

» For use in renormalisation:

w Flowed gauge fields automatically renormalised

= Flowed fermionic fields require additional multiplicative wavefunction renormalisation factor Z,

= Automatically a massive renormalisation procedure

= Flowed matrix elements of composite operators automatically renormalised (up to Z,)
= appropriately chosen ratios will cancel Z,

Renormalized quark masses using GF Matthew Black


https://arxiv.org/abs/hep-th/0601210
https://arxiv.org/abs/1006.4518
https://arxiv.org/abs/1302.5246

Gradient Flow — Short-Flow-Time Expansion

» Well-studied for e.g. energy-momentum tensor

hadronic vacuum polarisation
parton distribution functions
four-quark operators

and more...

» Re-express effective Hamiltonian in terms of 'flowed’ operators:

Heff = Z Onon = Z E(n(T)(Bn(T)

Renormalized quark masses using GF Matthew Black
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Gradient Flow — Short-Flow-Time Expansion

» Well-studied for e.g. energy-momentum tensor

hadronic vacuum polarisation
parton distribution functions
four-quark operators

and more...

» Re-express effective Hamiltonian in terms of 'flowed’ operators:

Heff = Z Onon = Z E(n(T)(B’/l(T)

» Relate to regular operators in 'short-flow-time expansion’:

q,v,b

rp.c

On(T) = Cum(7)Om + O(7)
'flowed’ MEs calculated on Iattice"j

renormalised along flow time

Renormalized quark masses using GF Matthew Black
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Gradient Flow — Short-Flow-Time Expansion

» Well-studied for e.g. energy-momentum tensor

hadronic vacuum polarisation
parton distribution functions
four-quark operators

and more...

» Re-express effective Hamiltonian in terms of 'flowed’ operators:

Heff = Z Onon = Z E(n(T)(B’/l(T)

» Relate to regular operators in 'short-flow-time expansion’:

q,v,b

rp.c

On(T) = Cum(7)Om + O(7)
'flowed’ MEs calculated on Iattice"j

renormalised along flow time

> b O () = (O (1)
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Gradient Flow — Short-Flow-Time Expansion

» Well-studied for e.g. energy-momentum tensor

hadronic vacuum polarisation
parton distribution functions
four-quark operators

and more...

» Re-express effective Hamiltonian in terms of 'flowed’ operators:

Heff = Z Onon = Z E(n(T)(B’/l(T)

» Relate to regular operators in 'short-flow-time expansion’:

q,v,b

T, p.C
Ou(7) = Gl O + O(7)

A/j "
'flowed’ MEs calculated on lattice

renormalised along flow time

> b O () = (O (1)

» Corrections O(7", (m27)") appear = keep 7 small

» Flow-time logarithms log™(1127) cancelled to perturbative order n = 7 cannot be too small

Renormalized quark masses using GF Matthew Black
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Gradient Flow — Short-Flow-Time Expansion

& (O)r)
0.0 0.1 0.2 0.3 0.4 0.5
7 [GeV ™7

» Measure flowed matrix element (O)(7) on the lattice
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Gradient Flow — Short-Flow-Time Expansion

T L LL L

$
0.0 0.1 0.2 0.3 0.4 0.5
7 [GeV ™7

» Calculate perturbative matching coefficients (5 (11, 7)
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Gradient Flow — Short-Flow-Time Expansion

$
0.0 0.1 0.2 0.3 0.4 0.5
7 [GeV ™7

» Combine for ‘matched’ operator dependent on flow time 7 and renormalisation scale u
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Gradient Flow — Short-Flow-Time Expansion

T L LL L

T effects

o o extrapolate to 7 =0 \

¢¢$$$$¢$$¢$$¢$¢$¢¢$¢¢$1

EEE e b g g4
— Gol7) ¥ GO0
) (kl(T)
0.0 0.1 0.2 0.3 0.4 0.5
7 [GeV ™7

» Larger systematic effects at extremities

Renormalized quark masses using GF Matthew Black


https://arxiv.org/abs/1403.4772
https://arxiv.org/abs/1808.09837
https://arxiv.org/abs/2007.01057
https://arxiv.org/abs/2510.26738
https://arxiv.org/abs/2409.18891

Gradient Flow — Short-Flow-Time Expansion

T L LL L

T effects

\

Mwwwww

— Go(w7) & GoO)m)
7 — 0 extrapolation * <0>m(u)
(O
0.0 0.1 0.2 0.3 0.4 0.5

» Take 7 — 0 result = (O)M5(y)
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Analysis and Results

L T a'/GeV amP™ amP™ M,/MeV srcs X Neons

Cl 24 64 1.7848 0.03224 0.64 340 32 x 101
C2 24 64 1.7848 0.03224 0.64 433 32 x 101

M1 32 64 23833 0.02477 0.45 302 32 x 79
M2 32 64 23833 0.02477 0.45 362 32 x 89
M3 32 64 2.3833 0.02477 0.45 411 32 X 68

FIS 48 96 2.785 0.02167 0.37 267 24 x 98
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|dea: Extracting Flowed Quark Masses 0

» Functional form of GF lattice two-point correlation function:

00 (O (1)(Oh) (7 =0)
oM

(O,4(t;7) Of(t=0;7 = 0))

for pseudoscalar meson PS containing quarks 7 and s
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|dea: Extracting Flowed Quark Masses 0

» Functional form of GF lattice two-point correlation function:

0 (0O (T =0)

Ot T OTt:O;T:O
< J( ) I( )> 2M1§TSS)

for pseudoscalar meson PS containing quarks 7 and s

» Recall matrix elements of pseudoscalar (P = ¢175¢2) and axial-pseudoscalar (A = ¢;7975¢2) currents:

s rs) 2
Za frs Mis)

Ze(OIPIPS) = 2 o+ m

Z4(0]A°|PS) = f52) M)
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|dea: Extracting Flowed Quark Masses 0

» Functional form of GF lattice two-point correlation function:

00 (0,)(T){O}) (1 = 0)
oM

(O4(t;7) O}(t =0;7=0))

for pseudoscalar meson PS containing quarks 7 and s

» Recall matrix elements of pseudoscalar (P = ¢175¢2) and axial-pseudoscalar (A° = ¢,7975¢) currents:
s rs) 2
f(GF?PS(T)MlgS)
mgp(7) + mGp(r)

= in GF, only explicit renormalisation factor is Z,

Z,(0| Par(T)[PS) = Z (0] A%p(T)|PS) = f5)os (7) MES)
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|dea: Extracting Flowed Quark Masses 0

» Functional form of GF lattice two-point correlation function:

00 (0,)(T){O}) (1 = 0)
oM

(O4(t;7) O}(t =0;7=0))

for pseudoscalar meson PS containing quarks 7 and s

» Recall matrix elements of pseudoscalar (P = ¢175¢2) and axial-pseudoscalar (A° = ¢,7975¢) currents:
s rs) 2
f(GF?PS(T)MlgS)
mgp(7) + mGp(r)

= in GF, only explicit renormalisation factor is Z,

Z,(0| Par(T)[PS) = Z (0] A%p(T)|PS) = f5)os (7) MES)

» Form ratios to extract quark mass:

T s TS . . A° thOt:()vT:O s
(mEbir) + mighi) = MERr) with  R(r) = im ~ L D IU= R =)

= ratio can be chosen for either O = A°, P

= require GF smearing radius /87 < ¢ to not destroy signal
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Extract ratios R(7/a?)

» In practice, finite lattices cause time-dependence in ratio, so form double ratio to cancel it:

(A%t 7) A0t = 0;7 = 0)) s (A°(t;7) P(t = 0;7 = 0)) s
(P(t;7) A%t =0;7 =0))ps (P(t;7) P(t=0;7 =0))s

RAP(1) = lim

t—00
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Extract ratios R(7/a?)

» In practice, finite lattices cause time-dependence in ratio, so form double ratio to cancel it:

RAP(2) = 1i \/(Ao(t; T) A%t = 0;7 = 0))rs (A°(6,7) P(E = 0;7 = 0)) s
° (P(t;7) A%t =0;7 = 0))rs (P(t;7) P(t=0;7 = 0))

t—00

0'8 [ T T T T
;! ***;;;;;;;;;4;;;;;;;;;;***********“ """"""
****** ¥
07+ ¥ *,“n““wn““““n“w““w
- |
. -1 _ —~
» Ens: F1S, ¢ = 2.785 GeV < 06 ; |
= 2 n 1=
» Stat errors smaller than symbols g 3 Y R(/a%=3.50)=0.79937(32)
= o5 = * R(/a2=3.00)=0.78331(33) -
(&]
» Correlated fits for ¢ € (36,46) X I * R(/a?=2.50)=0.76467(33)
04l M t  R@/a2=2.00)=0.74251(33) |
» Repeat for each ensemble : ¢ R(r/a?=1.50)=0.71536(33)
4 R(r/a?=1.00)=0.68053(32)
0.3F R(r/a2=0.50)=0.63174(32) |
*
0 10 20 30 40

time slice t/a

Renormalized quark masses using GF Matthew Black



Continuum limit

-~
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N

~
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o

748

-
N
o

744

742

740

7=0.297 GeV?
[ R (1) My /2 =747.5(3.4)MeV

| x?/dof =0.26, p=91%

0.015

1 1 1

706 —
7=0.181 GeV?
704 | R_(r) M, /2 =699.3(3.2)MeV
S | s 3
2 /dof =0.22, p=92% 2
o o
a” 700 o’
= =
£ 698 . 1=
3 c1 3
© 696 $ 2 | &
> wm3
694 . .
0 0.005 0.01 0.015
aZ[fm?]
= 900
» Most discretisation effects quickly 2 800
absorbed at t > 0 N
. _ _ a” 700
» GF defines renormalised trajectory s
. -~ 600
w take ¢ — 0 for 7 > 0 with no <
additional renormalisation xc” 500
0

0.4 0.6
7[GeV 2]

0.8 1
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Continuum limit

-~
al
N

~
al
o

748

-
N
o

744

742

740

7=0.297 GeV2
I R () MDSIZ =747.5(3.4)MeV 1
| x?/dof =0.26, p=91% J
H ¥ A 3
» M3
0 0.005 0.01 0.015

1 1

1 1

706
7=0.181 GeV?
704 | R_(r) M, /2 =699.3(3.2)MeV
S | s 3
2 /dof =0.22, p=92% 2
o o
a” 700 o’
= =
T 698 . Iz
3 c1 3
© 696 $ 2 | &
694 . .
0 0.005 0.01 0.015
aZ[fm?]
= 900
» Most discretisation effects quickly 2 800
absorbed at t > 0 N
. ] ) a” 700
» GF defines renormalised trajectory s
. -~ 600
w take ¢ — 0 for 7 > 0 with no <
additional renormalisation xc” 500
0

0.2 0.4

0.6 0.8 1

7[GeV 2]

» This is a fully renormalised quark mass, using the scale 7 instead of p
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Short-Flow-Time Expansion (SFTX)

po®0T%] mmm“’wmwmmmm
mmmmm
lattice
& PT
limits |
» GF renormalised quark masses can be related to W ™ effects
MS scheme using SFTX : 1 .
¥ extrapolate to 7 = \
o — i —1 Qgtﬁ‘t&@@@@g
mygs(pov) Pﬂ% CAP(MUV’ 7) mar(7) — Gl 3 GaOm)
—_— TﬁUexuapolmion (O
3 (O
0.0 0.1 0.2 0.3 0.4 0.5
7 [CeV ]
11 NNLO 41, =2
_ . . NNLO =6
» (,p calculated in perturbation theory to NNLO fov
NNLO ;=10
T 09
» Combine and take 7 — 0 limit!
0.7
0.5
0 0.1 0.2 0.3

0.5
r[GeV 2

Renormalized quark masses using GF Matthew Black


https://arxiv.org/abs/2311.16799

Zero-flow-time extrapolation

700 — : :
» Consider NLO and NNLO matching i NLO | ;
— A NNLO | i
» Choose two fit ansatze: > 650 1t | } :
= ‘
= \ \ \
fl(T) = (CQ log(/fT) + Cl) T+ Co 9 \ ‘ ‘
fQ(T) = 627_2 + a1+ ¢ 8 600 r 1T } } :
E \ \ 1
= \ \
» Pick SFTX ‘valid’ region N 1L \ -._...-l-------i}uum:f
0 g o \ \
= some freedom + plenty data f %;; gizﬁl } i
Tamin € (0.08,0.2) GeV™?; Thayx = 0.3 GeV ™2 £ 500 V } tt;#ttttA“Aﬁﬁﬁg
Tiax € (0.25,0.35) GeV ™2} Tyax = 0.14 GeV ™2 | N.=4, ., 3.0 GeV, a_=0.25515
[ I I
» Quark mass scales O(m27) may 450 0 0.1 0.2 03

contaminate for some flow times .
7 [GeV 2]
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Zero-flow-time extrapolation

700 — : :
» Consider NLO and NNLO matching i NLO | ;
— A NNLO | i
» Choose two fit ansatze: > 650 1t | } :
= ‘
= \ \ \
fl(T) = (CQ log(/fT) + Cl) T+ Co 9 \ ‘ ‘
fQ(T) = 627_2 + a1+ ¢ 8 600 r 1T } } :
E \ \ 1
= \ \
» Pick SFTX ‘valid’ region N 1L \ -._...-l-------i}uum:f
0 g o \ \
= some freedom + plenty data f %;; gizﬁl } i
Tamin € (0.08,0.2) GeV™?; Thayx = 0.3 GeV ™2 £ 500 V } tt;#ttttA“Aﬁﬁﬁg
Tiax € (0.25,0.35) GeV ™2} Tyax = 0.14 GeV ™2 | N.=4, ., 3.0 GeV, a_=0.25515
[ I I
» Quark mass scales O(m27) may 450 0 0.1 0.2 03

contaminate for some flow times .
7 [GeV 2]

Can we improve this extrapolation?
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Flowed RG Running

0 0.1 0.2 0.3 0.4 0.5
7[GeV 7]

Renormalized quark masses using GF Matthew Black


https://arxiv.org/abs/2311.16799
https://arxiv.org/abs/2201.09740

Flowed RG Running

» Define a flow-time RGE:

1.1

NNLO /LUVZZ
NNLO g, =6
= o8 NNLO p,,,, =10
© L
~a
~ 9 <
O )
wr
0.7
0.5 L L L
0 0.1 0.2 0.3 0.4 0.5
r[GeV 2
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Flowed RG Running

» Define a flow-time RGE:

1.1 NNLO /LUVZZ
NNLO 4, =6
NNLO =10
T 09f
~ . ~ %
70:0(7) = Y(as(p), L) O(7) ~
0.7t
» We can resum GF logs in (4p:
. imp -1 05 ‘ ‘ ‘
myis(puy) = 112%( I (MUV,T;L)) mar(T) 0 0.1 0.2 0.3 0.4 0.5
7[GeV 7]
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Flowed RG Running

» Define a flow-time RGE:

1.1 NNLO /LUVZZ
NNLO 4, =6
NNLO =10
T 09f
~ N ~ %
70.0(7) = Y(as(p), L )O(7) ~
0.7Ff
» We can resum GF logs in (4p:
. imp -1 05 ‘ ‘ ‘
mys(puv) = ll_ffg)( up (ov, 7)) map(T) 0 0.1 0.2 0.3
imp -1
( AP (NUVaTu)) =

0.4 05
7[GeV 2]
T GF( 1
CAP(’UUV’TH) X exp <—/ dT/%L—m>

7—/
» Pick 7, = 772 /242, GF logs — 0

GF

» perturbative GF anomalous dimension .

= can be calculated on the lattice
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Flowed RG Running

» Define a flow-time RGE:

7-87'@(7—) - ’?(GS(M), L[L’T')@(T)
» We can resum GF logs in (4p:

. im -1
mm(qu) - }_E}% ( APp(MU\U T/L)) mGF(T)

( zi4H]13p<uUV7 TH)) -

T GF (1
Cap(puv, Tu) X exp —/ dr’%L_(T)

7—/
1%

» Pick 7, = 772 /242, GF logs — 0

» perturbative GF anomalous dimension v&¥

m

= can be calculated on the lattice

NNLO g, =10
= 09
o
k%
0.7
0.5
0 0.2 0.3 0.4 0.5
7[GeV 7]
I
111 } .......... NLO g1, =2 NNLO =2
\ NLO p1,,,=6 NNLO y1,,,=6
\
o

)i

(Gar

1.1

NNLO /LUVZZ
NNLO p,,,=6
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RG-improved zero-flow-time extrapolation

700 ‘ i ;
" NLO \ \
— ¢ NLOimp \ i
> 650 | A NNLO | |
=3 @ NNLOimp \ i
» Less flow-time curvature S \ \ \
& 600 | 1t ! ‘ !
= contaminating logs are now 0 ® | | J—
g 08 I \ |y g m W EE
3 \ punEEE i
= | B .
» O(m?) effects more suppressed at 7, S 550 R | i |
n |
i ' € COESEEESFELEESESE83000
= compatible final results show O(m?27) ; %531@ %gaggt‘“““; |
b T T AAAAAL 4
under control ¢/ ° ! Seeqls AAAAA
g 500 ! MR A L TP
\ : !
| Nf=4, ,uUV=4.O GeV, a5=0.22959
450 ‘ L 1 1
0 0.1 0.2 0.3

r[GeV 2]
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RG-improved zero-flow-time extrapolation

700 ‘ i ;
" NLO \ \
— ¢ NLOimp \ [
o 650 f A NNLO } |
_ =3 ® NNLOimp | i
» Less flow-time curvature S \ \ \
& 600 | 1t | | |
= contaminating logs are now 0 ® | | p—_——.
&8 L | --‘-.---..q‘uu
= \ e by \ }
» O(m?) effects more suppressed at 7, S 550 % L g™ | i ]
' i = SHESSESEIEESSEEEEE4000D
= compatible final results show O(m?T) ; s %ggggt‘ttt‘tt} }
b T T AXAAa ;
under control ¢/ ° , ! ®eeels AAAAA,
E 500 ! ! """!-o-i
\ : :
| Nf=4, ,uUV=4.O GeV, a5=0.22959
450 L * *
0 0.1 0.2 0.3
r[GeV 2]
= ¢ NLOimp quad
> Vary poy = 2,3,4,5,6GeV $ 0 4 wo i o 1
uv T = ® NNLO imp quad
. Tl (ep] . .
= run back to = 3 GeV in MS @ 4-loop Iy ¢ NNLO imp lin-log
S 550+ .
» Take correlated average from results at e’ s s 3
puv = 3,4,5 GeV ;u R 58 3% 58 o
500 Il Il Il Il Il
2 3 4 5 6
iy [GeVl
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Analysing 7). and 7, correlators

105 1150 T
. — ¢ NLO imp quad

= 9 NLOimp quad % 4 NLO imp lin-log
g 100} & NO imp lin-log =3 1100 ¢ © NNLO imp quad
oy ©  NNLO imp quad < ® NNLO imp lin-log
> o ¢ NNLO imp lin-log & 1050 r
o | ™
) i ST T . Y B
S, 0 §4 of &g 88 3 = 1000 | g g et |
E constant a — 0 extrapolation 950 ‘ ‘ ‘ ‘ ‘

e S

linear a — 0 extrapolation oy [GeV]
I T
0 8% - g _ %I %I
o == 2 L + L] > (= 3GeV) = 999(14) MeV
2 3 4 5 6
oy [GeV]
M,

> (me+ my)/2(pn = 3GeV) = 527(4) MeV >~ =121(4)
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Strange and charm quark masses

— 105 T T T T T T T I I I :
S
2 100 - |
S o t ¥ P eos
) 4 s
o 90 i |
> s (u = 2 GeV) = 89(3) MeV Iy }
= 85 N =2+1 N¢=2+1+1 l
£
80 | | | | | | | | | | | |
PRI R S N S v
< &L I o3 S &N S L&
o7 W @SN SR
» 9 N
QO \%
& \g
&
. 1.1 T T T T T T T T T T T T T T
S i N =2+1 Ni=2+1+1 I
> ml(n=3GeV) = 999(14) MeV & 182 f f % :
> 104} % ]
> mD(u = 3GeV) =TS MY § O ]
T Lp e b b1y '
Me S !
> T _19.1(4) © 098 f i T ]
m = el ?
0.96 |b( 1 1 | Ib | I0 | | | | | Ib‘
VPV RPN
N \%
T WS VLN
& <&
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Summary
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Summary

» GF+4+SFTX is a powerful concept and we are just starting to leverage its potential

» Simple prescription to obtain renormalised quark masses
w Automatically a massive renormalisation scheme

w |mproves discretisation effects; no gauge fixing; easily attainable matching window

Gradient Flow Workshop

12t — 15" May, 2026 @ Higgs Centre
Bringing together experts from both lattice and perturbation theory
Higgs Colloquium on «; determinations from Martin Liischer

Talks by Robert Harlander, Anna Hasenfratz, Alberto Ramos, more...

Y Y Y VY Y

This is a growing topic — come along, learn more, join in!

https://indico.ph.ed.ac.uk/e/gradientflow26
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