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What we will discuss

 Charm
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 Goal: understand where the second-order charm master rate sum rule comes from.

 U-spin ( )d ↔ s  Weak Decays

sum of CF and DCS CKM-free rates
sum of SCS CKM-free rates

= 1 + 𝒪(ε2)



What do ,  mean?𝒪(ε) 𝒪(ε2)
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 At the fundamental level, -spin breaking comes from quark-mass differenceU

Δm ≡ ms − md , ε ≡
Δm

(some energy scale)
∼ 30 %
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 At the fundamental level, -spin breaking comes from quark-mass differenceU

Δm ≡ ms − md , ε ≡
Δm

(some energy scale)
∼ 30 %

𝒪(ε) ∼ 30 % , 𝒪(ε2) ∼ 10 %

 Then, typically, one assumes



What do ,  mean?𝒪(ε) 𝒪(ε2)
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 At the fundamental level, -spin breaking comes from quark-mass differenceU

Δm ≡ ms − md , ε ≡
Δm

(some energy scale)
∼ 30 %

𝒪(ε) ∼ 30 % , 𝒪(ε2) ∼ 10 %

𝒪(ε) ∝ Δm 𝒪(ε2) ∝ Δm2

 Then, typically, one assumes

 In this talk, however,

Precise meaning can depend 
on the process and specific 

observable considered!



Formal Setup
• We assume that all external particles and the weak Hamiltonian transform in irreducible 

representations of U-spin.
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I1 ⊗ I2 ⊗ ⋯ ⊗ Ir ⊗ IH

- : irreps in the external states

- : irrep in the Hamiltonian


I1, …, Ir
IH

Note: mixed states and direct-sum 
Hamiltonians are not included in this setup.
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• Channels are labeled by the corresponding -QNs
m
A(m1, …, mr, mH)
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Formal Setup
• We assume that all external particles and the weak Hamiltonian transform in irreducible 

representations of U-spin.
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I1 ⊗ I2 ⊗ ⋯ ⊗ Ir ⊗ IH

• Channels are labeled by the corresponding -QNs
m
A(m1, …, mr, mH)

- : irreps in the external states

- : irrep in the Hamiltonian


I1, …, Ir
IH

Note: mixed states and direct-sum 
Hamiltonians are not included in this setup.

• Under U-spin conjugation ( ), all -QNs flip sign:d ↔ s m
A(m1, …, mr, mH) ⟶ A(−m1, …, − mr, − mH)

These two channels form a U-spin pair.



Trivial Sum Rules at 𝒪(ε)
 Define schematically
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Aα ≡ A(m1, …, mr, mH), Aα ≡ A(−m1, …, − mr, − mH)

Γα = ∫ dΠ |Aα |2 , Γα = ∫ dΠ |Aα |2

Aα = Aα

 then in the symmetry limit
Note that in the symmetry limit 

dΠ = d Π

 Trivial sum rules at 𝒪(ε)

Gronau, arXiv: hep-ph/0008292
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Trivial Sum Rules at 𝒪(ε)
 Define schematically
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Aα ≡ A(m1, …, mr, mH), Aα ≡ A(−m1, …, − mr, − mH)

Γα = ∫ dΠ |Aα |2 , Γα = ∫ dΠ |Aα |2

Aα = Aα |Aα |2 = |Aα |2 Γα = Γα

 then in the symmetry limit
Note that in the symmetry limit 

dΠ = d Π

 Trivial sum rules at 𝒪(ε)

 Are there more (non-trivial) rate sum rules in the symmetry limit?
Gronau, arXiv: hep-ph/0008292



Shmushkevich method
• developed for symmetry-limit isospin relations in strong hadronic scattering


• derives relations directly for observables 

• no explicit Clebsch-Gordan decomposition

∝ |A |2
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pure  representation theory  apply to -spinSU(2) ⇒ U

Charge-Independent Theory
=
Isospin-symmetric Theory



Shmushkevich method

 Define an observable proportional to the amplitude squared:
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I1 ⊗ ⋯ ⊗ Ir ⊗ IH

Γ(m1, …, mr, mH) ∝ |A(m1, …, mr, mH) |2

Shmushkevich (1955); Dushin, Shmushkevich 
(1956); Pinski, MacFarlane, Sudarshan (1965)



Shmushkevich method
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I1 ⊗ ⋯ ⊗ Ir ⊗ IH

Γi(mi) ≡ ∑
{mj}j≠i

Γ(m1, …, mr, mH)

 Fix one irrep  and its -QN , and sum over all other -QNs:Ii m mi m

“Inclusive rate”

Shmushkevich (1955); Dushin, Shmushkevich 
(1956); Pinski, MacFarlane, Sudarshan (1965)

Γ(m1, …, mr, mH) ∝ |A(m1, …, mr, mH) |2



Shmushkevich method

 Define an observable proportional to the amplitude squared:
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I1 ⊗ ⋯ ⊗ Ir ⊗ IH

 Fix one irrep  and its -QN , and sum over all other -QNs:Ii m mi m

“Inclusive rate”

Γi(−Ii) = Γi(−Ii + 1) = … = Γi(Ii)

 Shmushkevich master equation yields  sum rules2Ii

Shmushkevich (1955); Dushin, Shmushkevich 
(1956); Pinski, MacFarlane, Sudarshan (1965)

Γ(m1, …, mr, mH) ∝ |A(m1, …, mr, mH) |2

Γi(mi) ≡ ∑
{mj}j≠i

Γ(m1, …, mr, mH)



Symmetry Argument

• analytic near 

• symmetric under flavor exchange:

md = ms = mav
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 at 𝒮(md, ms) = 0 md = ms = mav

Consider an abstract symmetry-limit -spin relation U

𝒮(md, ms) = 𝒮(ms, md) (d ↔ s)

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



Symmetry Argument
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Expand around -spin limitU

Δm ≡ ms − md, md = mav −
Δm
2

, ms = mav +
Δm
2

𝒮(mav −
Δm
2

, mav +
Δm
2 ) = 𝒮(mav, mav) +

Δm
2 (∂ms

− ∂md) 𝒮
sym

+ O(Δm2)

 at 𝒮(md, ms) = 0 md = ms = mav
𝒮(md, ms) = 𝒮(ms, md)

MG, Y. Grossman, S. Schacht, arXiv:2602.22320
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Symmetry Argument
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Expand around -spin limitU

Δm ≡ ms − md, md = mav −
Δm
2

, ms = mav +
Δm
2

𝒮(mav −
Δm
2

, mav +
Δm
2 ) = 𝒮(mav, mav) +

Δm
2 (∂ms

− ∂md) 𝒮
sym

+ O(Δm2)

d ↔ s ⟹ Δm → − Δm, 𝒮 → 𝒮

 at 𝒮(md, ms) = 0 md = ms = mav
𝒮(md, ms) = 𝒮(ms, md)

Now, exchange  and d s 0

by the definition 
of Δm

by our choice 
of 𝒮

𝒮(md, ms) = O(Δm2)
MG, Y. Grossman, S. Schacht, arXiv:2602.22320



Symmetry Argument

 Any symmetric -spin-limit relation 
survives to second order

U
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𝒮(md, ms) = O(Δm2)

For any  such that


•  at ,


• ,

𝒮(md, ms)
𝒮(md, ms) = 0 md = ms = mav
𝒮(md, ms) = 𝒮(ms, md)

we have

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



 For a decay channel  and its U-spin-conjugate channel α α
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MG, Y. Grossman, S. Schacht, arXiv:2602.22320

Γα(md, ms) = Γα(ms, md)

 So we can build a symmetric combination

Σα(md, ms) ≡ Γα(md, ms) + Γα(md, ms) = Γα(md, ms) + Γα(ms, md)

Aα ≡ A(m1, …, mr, mH), Aα ≡ A(−m1, …, − mr, − mH)

Γα = ∫ d Π |Aα |2 , Γα = ∫ d Π |Aα |2

Recipe for rate sum rules

Note that for these combinations of 
rates to be symmetric, the rates 
have to be normalized by CKM



Recipe for rate sum rules
 For a decay channel  and its U-spin-conjugate channel α α
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MG, Y. Grossman, S. Schacht, arXiv:2602.22320

Aα ≡ A(m1, …, mr, mH), Aα ≡ A(−m1, …, − mr, − mH)

Γα = ∫ d Π |Aα |2 , Γα = ∫ d Π |Aα |2

Γα(md, ms) = Γα(ms, md)

 So we can build a symmetric combination

Σα(md, ms) ≡ Γα(md, ms) + Γα(md, ms) = Γα(md, ms) + Γα(ms, md)

 Therefore, if a symmetry-limit sum rule is built from such combinations, it is symmetric 
under , and hence holds to second order.d ↔ s

∑
α

cαΣα = 𝒪(ε) ∑
α

cαΣα = 𝒪(ε2)

Note that for these combinations of 
rates to be symmetric, the rates 
have to be normalized by CKM



Shmushkevich + symmetry argument
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I1 ⊗ ⋯ ⊗ Ir ⊗ IH

Γi(−Ii) = Γi(−Ii + 1) = … = Γi(Ii − 1) = Γi(Ii)

 Fix one irrep  and its -QN , and sum over all other -QNs:Ii m mi m Γi(mi) ≡ ∑
{mj}j≠i

Γ(m1, …, mr, mH)

 Then for each  we can write  Shmushkevich sum rules:Ii 2Ii

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



Shmushkevich + symmetry argument

 Take combinations symmetric under  exchanged ↔ s
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I1 ⊗ ⋯ ⊗ Ir ⊗ IH

Γi(−Ii) = Γi(−Ii + 1) = … = Γi(Ii − 1) = Γi(Ii)

 Fix one irrep  and its -QN , and sum over all other -QNs:Ii m mi m Γi(mi) ≡ ∑
{mj}j≠i

Γ(m1, …, mr, mH)

 Then for each  we can write  Shmushkevich sum rules:Ii 2Ii

Γ(Ii) + Γ(−Ii), Γ(Ii − 1) + Γ(−Ii + 1), …

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



Shmushkevich + symmetry argument

 Take combinations symmetric under  exchanged ↔ s
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I1 ⊗ ⋯ ⊗ Ir ⊗ IH

Γi(−Ii) = Γi(−Ii + 1) = … = Γi(Ii − 1) = Γi(Ii)

 Fix one irrep  and its -QN , and sum over all other -QNs:Ii m mi m Γi(mi) ≡ ∑
{mj}j≠i

Γ(m1, …, mr, mH)

 Then for each  we can write  Shmushkevich sum rules:Ii 2Ii

Γ(Ii) + Γ(−Ii), Γ(Ii − 1) + Γ(−Ii + 1), …

 Therefore, for integer :Ii > 1/2
 While, for half-integer :Ii > 1/2

Γ(Ii) + Γ(−Ii) = Γ(Ii − 1) + Γ(−Ii + 1) = ⋯ = 2Γ(0) + O(ε2)

Γ(Ii) + Γ(−Ii) = Γ(Ii − 1) + Γ(−Ii + 1) = ⋯ = Γ( 1
2 ) + Γ(− 1

2 ) + O(ε2)

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



Shmushkevich + symmetry argument
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MG, Y. Grossman, S. Schacht, arXiv:2602.22320



Hadronic charm decays
 Up to relative corrections of , the weak charm Hamiltonian is a -spin triplet𝒪(λ4) U
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ℋU−spin limit
eff = f1,1H1

1 + f1,0H1
0 + f1,−1H1

−1

f1,1 = V*cdVus ∼ λ2 f1,0 =
V*csVus − V*cdVud

2
∼ λ , f1,−1 = − V*csVud ∼ − 1

H1
1 = (ūs)(d̄c), H1

0 =
(ūs)(s̄c) − (ūd)(d̄c)

2
, H1

−1 = − (ūd)(s̄c)

(CF)(SCS)(DCS)



Hadronic charm decays
 Up to relative corrections of , the weak charm Hamiltonian is a -spin triplet𝒪(λ4) U
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ℋU−spin limit
eff = f1,1H1

1 + f1,0H1
0 + f1,−1H1

−1

f1,1 = V*cdVus ∼ λ2 f1,0 =
V*csVus − V*cdVud

2
∼ λ , f1,−1 = − V*csVud ∼ − 1

H1
1 = (ūs)(d̄c), H1

0 =
(ūs)(s̄c) − (ūd)(d̄c)

2
, H1

−1 = − (ūd)(s̄c)

 Therefore all weak hadronic charm decay systems have the group-theoretical structure:

(I1 ⊗ ⋯ ⊗ Ir) ⊗ IH, IH = 1

(CF)(SCS)(DCS)

can apply the  master sum rule to 𝒪(ε2) IH



One Sum to Rule Them All
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all hadronic 
charm decays

one  sum rule𝒪(ε2)

 Master sum rule for integer :Ii > 1/2 Γ̂(Ii) + Γ̂(−Ii) = Γ̂(Ii − 1) + Γ̂(−Ii + 1) = ⋯ = 2Γ̂(0) + O(ε2)

(I1 ⊗ ⋯ ⊗ Ir) ⊗ IH

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



One Sum to Rule Them All

 Apply the  master sum rule to the Hamiltonian triplet, 𝒪(ε2) IH = 1
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all hadronic 
charm decays

one  sum rule𝒪(ε2)

 Master sum rule for integer :Ii > 1/2 Γ̂(Ii) + Γ̂(−Ii) = Γ̂(Ii − 1) + Γ̂(−Ii + 1) = ⋯ = 2Γ̂(0) + O(ε2)

(I1 ⊗ ⋯ ⊗ Ir) ⊗ IH

Γ̂H(1) + Γ̂H(−1) = 2 ×
1
2

Γ̂H(0) + 𝒪(ϵ2)
(CF) (SCS)(DCS)

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



One Sum to Rule Them All

 Apply the  master sum rule to the Hamiltonian triplet, 𝒪(ε2) IH = 1
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all hadronic 
charm decays

one  sum rule𝒪(ε2)

 Master sum rule for integer :Ii > 1/2 Γ̂(Ii) + Γ̂(−Ii) = Γ̂(Ii − 1) + Γ̂(−Ii + 1) = ⋯ = 2Γ̂(0) + O(ε2)

(I1 ⊗ ⋯ ⊗ Ir) ⊗ IH

Γ̂H(1) + Γ̂H(−1) = 2 ×
1
2

Γ̂H(0) + 𝒪(ϵ2)
(CF) (SCS)(DCS)

CKM-normalized 
rates

MG, Y. Grossman, S. Schacht, arXiv:2602.22320
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all hadronic 
charm decays

one  sum rule𝒪(ε2)

One Sum to Rule Them All

sum of CF and DCS CKM-free rates
sum of SCS CKM-free rates

= 1 + 𝒪(ϵ2)

MG, Y. Grossman, S. Schacht, arXiv:2602.22320



Testing the Sum Rules

• symmetry-limit test

35

Γ̂(i → f )
Γ̂(ī → f̄ )

= 1 + O(ϵ)

RH(U − spin system) ≡
∑CF,DCS Γ̂

∑SCS Γ̂
= 1 + O(ϵ2)

• second-order test



Fully measured systems
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D0 → P−P+

D0 → P−V+

D− → P+P−P−
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Fully measured systems

exp status: NLO sum rule

exp status: LO sum rules

symmetry limit

D0  P- P+ D0  P- V+ D-  P+ P- P-
0.1

0.5

1

5

10
D0  P- P+ D0  P- V+ D-  P+ P- P-

0.1

0.5

1

5

10

MG, Y. Grossman, S. Schacht, arXiv:2602.22320Grossman & Robinson (2013)



Systems with missing data
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D0 → V−P+

C+
b → L+

b P+P−

 Second-order master sum rule allows to derive prediction for the missing BR:  ℬ(D0 → ρ−K+) = (2.08 ± 0.30) × 10−4



Systems with missing data
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1
2

⊗
3
2

⊗ 1

Two irreps    two  sum rules!> 1/2 ⟶ 𝒪(ε2)



Takeaway

• Second-order master sum rule in charm follows 
from a few simple, general observations

• These ideas can be applied beyond charm, 

beyond U-spin, beyond weak decays 
• In data second-order sum rules can work 

strikingly well, even when symmetry-limit 
relations appear badly broken
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sum of CF and DCS CKM-free rates
sum of SCS CKM-free rates

= 1 + 𝒪(ε2)

exp status: NLO sum rule

exp status: LO sum rules

symmetry limit

D0  P- P+ D0  P- V+ D-  P+ P- P-
0.1

0.5

1

5

10
D0  P- P+ D0  P- V+ D-  P+ P- P-

0.1

0.5

1

5

10



Outlook

• Accumulate more second-order sum rules 
→ study patterns in symmetry breaking


• Learn from data 
→ possible probes of underlying dynamics, perhaps even new physics


• Crucial open question: what do ,  actually mean?𝒪(ε) 𝒪(ε2)

41








