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Quantum sensors characterised by a qubit/bosonic system with manipulable states
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What are we hoping to achieve?
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We want to detect new physics with small energy deposition

Quantum sensors characterised by a qubit/bosonic system with manipulable states

Resonant Cavity

|0⟩

|TE/Mmnp⟩

|g⟩

|e⟩

Atomic/Nucl. Clock NMR

| ↓ ⟩

| ↑ ⟩Many more not shown here…
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What am I hoping to achieve?

3

I want someone to detect new physics with small energy deposition

Many experiments using a variety of quantum-limited sensors operating already

Can we maximise the use-case of those sensors?

Can we kick-start development towards large-scale devices?
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Quantum Sensor Zoology
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What does your BSM target couple to? Ĥint

What is the sensor? Ĥsensor
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How do you read out the sensor? Ĥreadout

Ĥoptomech. ≃ g ̂x ( ̂a† + ̂a) ĤJC ≃ g′￼( ̂a† + ̂a) ( ̂S+ + ̂S−)ĤI/O ≃ iℏ∫
∞

−∞
dω κ(ω)[b̂†

ω ̂a − b̂ω ̂a†]
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ĤAA0 = ✏m
2
A0

Z

V
A ·A0

<latexit sha1_base64="Qn/pE+SX68ZCAoPR0sYrCxxori0="></latexit>
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Quantum Noise
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Cooling below about  difficult for macroscopic systemsT ∼ 0.01K
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Thermal noise typically dominant 
in low-mass EM experiments
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Spin Sensor Noise

6

Exception to the previous statement is spin systems
n↑

n↓
= eΔE/Ts

Macroscopic spin systems with B-field applied:

⟨Ms.p.
x (t)2⟩ ≃

J(J + 1)nγ2

6V
1

1 + T2
2(ω − ω0)2

Spin projection noise (QM origin) independent of Ts

M0 = nγJℬJ ( γB0

Θs ) →
nγ
2

tanh ( γB0

2Θs )
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Spin signals from an interaction Ĥint = γ ̂SzB(t)

What is the signal  here?B(t)
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rise to a real magnetic field
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Applied magnetic field acts as a 
Magnetic Weber Bar
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Applied magnetic field acts as a 
Magnetic Weber Bar

PRL 134 (2025) 23, 231401 
V. Domcke SARE, N. L. Rodd
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Spin Signals — Importance of the Box
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Standard conductive shielding used in typical 
experiments has σ ≳ 106 S/m ∼ 100 eV

Skin depth of a signal at frequency  in terms of 

DC conductivity is 

ω

δs =
2

ωμσ

Which boundary is relevant in an experiment will 

depend on shielding factor η ≃
|Bin |
|B0 |
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Spin Signals — Importance of the Box

8

Standard conductive shielding used in typical 
experiments has σ ≳ 106 S/m ∼ 100 eV

Skin depth of a signal at frequency  in terms of 

DC conductivity is 

ω

δs =
2

ωμσ

Which boundary is relevant in an experiment will 

depend on shielding factor η ≃
|Bin |
|B0 |

PRD 113, 092004 (2026) 
L. Badurina, D. Blas, J. Ellis, SARE

For , a copper shield ensures the 
box provides the relevant BCs.

m
DM

≳ 10−10 eV



Durham — Sept 8 2026Sebastian A. R. Ellis — Fun with Spin Sensors

The box is the Box: CASPEr
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CASPEr-wind searches for  
with a hyper-polarised spin sample in a box

Ĥint = − 2 gN ∇a ⋅ ̂S

P. Graham and S. Rajendran (2013) 
D. Budker, P. Graham, M. Ledbetter, 

S. Rajendran, A. Sushkov (2014) 
D. Jackson-Kimball et al (2017) 

…
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The box is the Box: CASPEr

9

CASPEr-wind searches for  
with a hyper-polarised spin sample in a box

Ĥint = − 2 gN ∇a ⋅ ̂S

P. Graham and S. Rajendran (2013) 
D. Budker, P. Graham, M. Ledbetter, 

S. Rajendran, A. Sushkov (2014) 
D. Jackson-Kimball et al (2017) 

…

Hyper-polarisation achieved by applying a big 
magnetic field…
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Spin Signals — the box is the Box: CASPEr
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Box acts as a driven cavity, whose EoMs are



Durham — Sept 8 2026Sebastian A. R. Ellis — Fun with Spin Sensors

Spin Signals — the box is the Box: CASPEr

10

B0

⇣
r2 � "µ @2

t

⌘⇢
E(x, t)
H(x, t)

�
=

⇢
1
" (r⇢e↵ + "µ @tJe↵)

�r⇥ Je↵

�
.

<latexit sha1_base64="EegaH6Cl5fsbnngsdfPq3YvmG5E="></latexit>

Box acts as a driven cavity, whose EoMs are

Axions

Jeff = − gaγγ ∂ta B0
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Box acts as a driven cavity, whose EoMs are

Dark Photons

Jeff = − ϵm2
A′￼

A′￼

Axions

Jeff = − gaγγ ∂ta B0
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The box is the Box: CASPEr
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}Magnetic field larger 
by ωℓ /ω ≫ 1

P. Graham, J. Mardon, S. Rajendran, 
Y. Zhao (2014) 

S. Chaudhuri et al (2015)
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Spin Signals — the box is the Box: CASPEr
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Dark matter is ~uniform across the box 
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The box is the Box: CASPEr
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Dark Photon and Axion signals 
can be disentangled by where the 

signal appears
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Sensitivity for CASPEr-Wind is easily estimated from axion gradient sensitivity
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The box is the Box: CASPEr

14

Sensitivity for CASPEr-Wind is easily estimated from axion gradient sensitivity

Compare sensitivity to  with: 

or

Bgrad ∼ gN(2/γ)∇a

 BDP ∼ ϵm2
A′￼

LA′￼ Baγ ∼ gaγγB0L(∂ta)

gN ≡ cN
m

DM

mπ fπ
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14

Sensitivity for CASPEr-Wind is easily estimated from axion gradient sensitivity

Compare sensitivity to  with: 

or

Bgrad ∼ gN(2/γ)∇a

 BDP ∼ ϵm2
A′￼

LA′￼ Baγ ∼ gaγγB0L(∂ta)

gN ≡ cN
m

DM

mπ fπ

Arrive at

ϵ ∼ 10−16cN ( γHe

γ ) ( 10 cm
L ) cγ ∼ cN ( 10 T

B0 ) ( γHe

γ ) ( 10 cm
L )

gaγγ ≡ cγ
αEM m

DM

2π mπ fπ
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The box is the Box: CASPEr
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More careful analysis requires solving the Bloch equations

Ṁ = M⇥ �H�
Mxx̂+Myŷ

T2
� (Mz �M0)ẑ

T1

<latexit sha1_base64="kYYJfaVGHbGYF7iqc3tfVdtf/bo="></latexit>
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 and  directions coupled, so work in  basisx y M± =
1

2 (Mx ± iMy)

Time domain solution is simple: M+(t) = iγM0 ∫
t

0
dt′￼e−(t−t′￼)/T2e−iω0(t−t′￼)H+

DM(t′￼)
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Signal 2-pt function is non-zero for DM signals

⟨M+(t)2⟩ ∝ (γM0T2)2⟨H+
DM(t)2⟩

SNR comes from comparing this signal to spin-
projection noise

The box is the Box: CASPEr
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QM already told us the scaling nαγβ

17

Usual spin state is , held fixed by an applied magnetic field| ↑ ⟩⊗N

Suppose the signal is in the -direction, so we measure x ̂Sx | ↑ ⟩⊗N =
Nℏ
2

|N − 1, ↑ ; 1, ↓ ⟩

Spin projection noise arises because           ⊗N⟨ ↑ | ̂S2
x | ↑ ⟩⊗N =

Nℏ2

4
⇒ Var( ̂Sx) ∼ N

Compare the above with the previous slide:  — Standard Quantum Limit scaling HDM ∝ n−1/2γ−1

Recall MV = ∑
i

γsi ∼ NγQuantum Cramér-Rao bound: σ2
θ ≥

1
ν FQ
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PRD 113, L031702 (2026) 
C. Beadle, SARE, J. Leedom, N. L. Rodd

The box is the Box: CASPEr projections
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The box is NOT the Box: Ion Interferometry

19

Below , unless you use a material with high 
magnetic permeability, the box is not the Box

∼ 10−13 eV

Earth’s ionosphere is the Box
M. Fedderke, P. Graham, D. Jackson 

Kimball, S. Kalia (2021)
A. Arza, M. Fedderke, P. Graham, D. 

Jackson Kimball, S. Kalia (2022)

Schumann resonances appear at ωl ≃ l(l + 1)
1

R⊕
≳ 10 Hz

Below 10 Hz, we can treat the Earth-ionosphere Box as 
concentric spherical conductive boundaries
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Aharonov-Bohm: a specific version of a Berry phase
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Engineer a system where  is large using quantum techniques?
dS
dt
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Leverage proposal for rotation sensing made by W. Campbell & P. Hamilton (2017)
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Ion Interferometry with Cat States

21

Leverage proposal for rotation sensing made by W. Campbell & P. Hamilton (2017)

x

y

px

x

| ↓ ⟩ | ↓ ⟩
Start w/ single trapped ion in down state
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Leverage proposal for rotation sensing made by W. Campbell & P. Hamilton (2017)

x

y

px

x

| ↓ ⟩ | ↓ ⟩
Apply  pulse to split statesπ/2

| ↑ ⟩ | ↑ ⟩

Ion Interferometry with Cat States
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Leverage proposal for rotation sensing made by W. Campbell & P. Hamilton (2017)

x

y

px

x

| ↓ ⟩ | ↓ ⟩

Spin-dependent kicks entangle position and spin: 
cat state

| ↑ ⟩ | ↑ ⟩
Δpx = NΔk

Ion Interferometry with Cat States
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A different spin system

24

Leverage proposal for rotation sensing made by W. Campbell & P. Hamilton (2017)

x

y

px

x

| ↓ ⟩

| ↓ ⟩

Non-adiabatic shift in trap centre

| ↑ ⟩

| ↑ ⟩yd
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Leverage proposal for rotation sensing made by W. Campbell & P. Hamilton (2017)

x

y

px

x

| ↓ ⟩

Free evolution of the spin states

| ↑ ⟩

| ↓ ⟩

| ↑ ⟩

Coherence of states in trap dictates , and T Nturns ∼ ωtrapT

Ion Interferometry with Cat States
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Leverage proposal for rotation sensing made by W. Campbell & P. Hamilton (2017)

x

y

px

x

| ↓ ⟩ | ↓ ⟩
Reverse all the above steps and measure state

Ion Interferometry with Cat States
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| ↓ ⟩

| ↑ ⟩

x

y

Ion Interferometry with Cat States

PRD 113, 092004 (2026) 
L. Badurina, D. Blas, J. Ellis, SARE

With one ion, ,  and , yd = 100 μm N = 100 Δk = 4π/355 nm μ ∼ μB
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T

0

dS
dt

⋅ B dt
dS
dt

≃
ydNΔk

mion

Morally equivalent to a motional magnetic moment

μ ∼ μBydNΔk
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Ion Interferometry with Cat States

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

D[ỹd]

<latexit sha1_base64="x4Rf71JfBH6GE0quvhM0bj6PoQk=">AAACFXicbVDJSgNBEO2JW4xb1IvgZTAInsKMRPQY1IPHCGaBzDD09FSSJj0L3TVCGMbf8Ae86h94E6+e/QG/w85yMIkPCh7vVVFVz08EV2hZ30ZhZXVtfaO4Wdra3tndK+8ftFScSgZNFotYdnyqQPAImshRQCeRQENfQNsf3oz99iNIxePoAUcJuCHtR7zHGUUteeUjJ6Q4YFRkt3nXQS4CyEa5F7heuWJVrQnMZWLPSIXM0PDKP04QszSECJmgSnVtK0E3oxI5E5CXnFRBQtmQ9qGraURDUG42+SA3T7USmL1Y6orQnKh/JzIaKjUKfd05vlctemPxP6+bYu/KzXiUpAgRmy7qpcLE2BzHYQZcAkMx0oQyyfWtJhtQSRnq0Oa2+JIOAfOSDsZejGGZtM6rdq16cV+r1K9nERXJMTkhZ8Qml6RO7kiDNAkjT+SFvJI349l4Nz6Mz2lrwZjNHJI5GF+/Hb+f1w==</latexit>

D[�iNk⌘]

<latexit sha1_base64="YLFAzOaU2kz1Ee+0kSULGSU7h+g=">AAACFXicbVDLSgNBEJyNrxhfUS+Cl8EgeDHsiqJHUQ+eJILRQLKE3kknGTL7YKZXCEv8DX/Aq/6BN/Hq2R/wO5zEHDSxoKGo6qa7K0iUNOS6n05uZnZufiG/WFhaXlldK65v3Jo41QKrIlaxrgVgUMkIqyRJYS3RCGGg8C7onQ/9u3vURsbRDfUT9EPoRLItBZCVmsWtRgjUFaCyi0F9X/KrZo83kMBvFktu2R2BTxNvTEpsjEqz+NVoxSINMSKhwJi65ybkZ6BJCoWDQiM1mIDoQQfrlkYQovGz0QcDvmuVFm/H2lZEfKT+nsggNKYfBrZzeK+Z9Ibif149pfaJn8koSQkj8bOonSpOMR/GwVtSoyDVtwSElvZWLrqgQZAN7c+WQEMPaVCwwXiTMUyT24Oyd1g+uj4snZ6NI8qzbbbD9pjHjtkpu2QVVmWCPbAn9sxenEfn1Xlz3n9ac854ZpP9gfPxDU2Cnrk=</latexit>

D[iNk⌘]

<latexit sha1_base64="Kp9oZZFevvdlZ6p+NWaK89/YaeY=">AAACFHicbVDLSgNBEJz1GeMr6sGDl8EgeAq7EtFjUA+eJIJRIVlC76SjQ2YfzPQKYdnf8Ae86h94E6/e/QG/w0myB6MWNBRV3XR3BYmShlz305mZnZtfWCwtlZdXVtfWKxub1yZOtcCWiFWsbwMwqGSELZKk8DbRCGGg8CYYnI78mwfURsbRFQ0T9EO4i2RfCiArdSvbnRDoXoDKzvK25BfdAe8ggd+tVN2aOwb/S7yCVFmBZrfy1enFIg0xIqHAmLbnJuRnoEkKhXm5kxpMQAzgDtuWRhCi8bPxAznfs0qP92NtKyI+Vn9OZBAaMwwD2zk61/z2RuJ/Xjul/rGfyShJCSMxWdRPFaeYj9LgPalRkBpaAkJLeysX96BBkM1sakugYYCUl20w3u8Y/pLrg5pXrx1e1quNkyKiEtthu2yfeeyINdg5a7IWEyxnT+yZvTiPzqvz5rxPWmecYmaLTcH5+AbZvJ6C</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

�t

<latexit sha1_base64="4JGWkbxCfPKpv9j/ONkvYWr7ROg=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BPXiMYB6QLGF20kmGzM4uM71CWHL0B7zqH3gTr36IP+B3OEn2YBILGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoduo3n0AbEalHHMfgh2ygRF9whlZqde5AIqPYLZbcsjsDXSVeRkokQ61b/On0Ip6EoJBLZkzbc2P0U6ZRcAmTQicxEDM+YgNoW6pYCMZPZ/dO6JlVerQfaVsK6Uz9O5Gy0JhxGNjOkOHQLHtT8T+vnWD/2k+FihMExeeL+omkGNHp87QnNHCUY0sY18LeSvmQacbRRrSwJdBsBDgp2GC85RhWSeOi7FXKlw+VUvUmiyhPTsgpOSceuSJVck9qpE44keSFvJI359l5dz6cz3lrzslmjskCnK9f2Q6YFA==</latexit>

D�1[�iNk⌘]

<latexit sha1_base64="jqQAXx+GBXqnrdiXiOt4JWrfuXg=">AAACGnicbVDLSgNBEJz1GeMr6lGEwSB4SdiViB6DevAkCkaFZA29k44OmX0w0yuEZU/+hj/gVf/Am3j14g/4HU5iDhotaCiquunuChIlDbnuhzMxOTU9M1uYK84vLC4tl1ZWL0ycaoENEatYXwVgUMkIGyRJ4VWiEcJA4WXQOxz4l3eojYyjc+on6IdwE8muFEBWapc2WiHQrQCVHeXXWcXLmxXJT9o93kICv10qu1V3CP6XeCNSZiOctkufrU4s0hAjEgqMaXpuQn4GmqRQmBdbqcEERA9usGlpBCEaPxu+kfMtq3R4N9a2IuJD9edEBqEx/TCwnYOjzbg3EP/zmil19/1MRklKGInvRd1UcYr5IBPekRoFqb4lILS0t3JxCxoE2eR+bQk09JDyog3GG4/hL7nYqXq16u5ZrVw/GEVUYOtsk20zj+2xOjtmp6zBBLtnj+yJPTsPzovz6rx9t044o5k19gvO+xfuzqCf</latexit>

D�1[iNk⌘]

<latexit sha1_base64="py9/jX4MPRgnJkl21VnijYRXGsU=">AAACGXicbVDLSgNBEJz1GeMr6lEPg0HwYtiViB6DevAkCiYRkjX0Tjo6ZPbBTK8Qlr34G/6AV/0Db+LVkz/gdziJOfgqaCiquunuChIlDbnuuzMxOTU9M1uYK84vLC4tl1ZWGyZOtcC6iFWsLwMwqGSEdZKk8DLRCGGgsBn0j4Z+8xa1kXF0QYME/RCuI9mTAshKndJGOwS6EaCy4/wq2/HyluSnnT5vI4HfKZXdijsC/0u8MSmzMc46pY92NxZpiBEJBca0PDchPwNNUijMi+3UYAKiD9fYsjSCEI2fjb7I+ZZVurwXa1sR8ZH6fSKD0JhBGNjO4c3mtzcU//NaKfUO/ExGSUoYia9FvVRxivkwEt6VGgWpgSUgtLS3cnEDGgTZ4H5sCTT0kfKiDcb7HcNf0titeNXK3nm1XDscR1Rg62yTbTOP7bMaO2FnrM4Eu2MP7JE9OffOs/PivH61TjjjmTX2A87bJ3lZoGg=</latexit>

D�1[ỹd]

<latexit sha1_base64="NkDenu3Pt9PtoyR8AXkXwU4M5Dg=">AAACGnicbVDJSgNBEO2JW4zbqEcRBoPgxTAjET0G9eAxglkgGUNPTyVp0rPQXSOEYU7+hj/gVf/Am3j14g/4HXaWg0l8UPB4r4qqel4suELb/jZyS8srq2v59cLG5tb2jrm7V1dRIhnUWCQi2fSoAsFDqCFHAc1YAg08AQ1vcD3yG48gFY/CexzG4Aa0F/IuZxS11DEP2wHFPqMivcke0lMna7WRCx/SYdbx3Y5ZtEv2GNYicaakSKaodsyfth+xJIAQmaBKtRw7RjelEjkTkBXaiYKYsgHtQUvTkAag3HT8RmYda8W3upHUFaI1Vv9OpDRQahh4unN0tJr3RuJ/XivB7qWb8jBOEEI2WdRNhIWRNcrE8rkEhmKoCWWS61st1qeSMtTJzWzxJB0AZgUdjDMfwyKpn5Wccun8rlysXE0jypMDckROiEMuSIXckiqpEUaeyAt5JW/Gs/FufBifk9acMZ3ZJzMwvn4BvwuhvQ==</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

y

<latexit sha1_base64="Ou+s6UMfrafMvZ1SnZ8kO0ms1/o=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KolUdFl047IF+4A2lMn0ph06mYSZGyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4seAaHefbKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mn9zO88gdI8ko+YxuCFdCR5wBlFIzXTQbniVJ057HXi5qRCcjQG5Z/+MGJJCBKZoFr3XCdGL6MKORMwLfUTDTFlEzqCnqGShqC9bH7o1L4wytAOImVKoj1X/05kNNQ6DX3TGVIc61VvJv7n9RIMbr2MyzhBkGyxKEiEjZE9+9oecgUMRWoIZYqbW202pooyNNksbfEVnQBOSyYYdzWGddK+qrq16nWzVqnf5REVyRk5J5fEJTekTh5Ig7QII0BeyCt5s56td+vD+ly0Fqx85pQswfr6BQFFlW0=</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

y

<latexit sha1_base64="Ou+s6UMfrafMvZ1SnZ8kO0ms1/o=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KolUdFl047IF+4A2lMn0ph06mYSZGyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4seAaHefbKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mn9zO88gdI8ko+YxuCFdCR5wBlFIzXTQbniVJ057HXi5qRCcjQG5Z/+MGJJCBKZoFr3XCdGL6MKORMwLfUTDTFlEzqCnqGShqC9bH7o1L4wytAOImVKoj1X/05kNNQ6DX3TGVIc61VvJv7n9RIMbr2MyzhBkGyxKEiEjZE9+9oecgUMRWoIZYqbW202pooyNNksbfEVnQBOSyYYdzWGddK+qrq16nWzVqnf5REVyRk5J5fEJTekTh5Ig7QII0BeyCt5s56td+vD+ly0Fqx85pQswfr6BQFFlW0=</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

y

<latexit sha1_base64="Ou+s6UMfrafMvZ1SnZ8kO0ms1/o=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KolUdFl047IF+4A2lMn0ph06mYSZGyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4seAaHefbKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mn9zO88gdI8ko+YxuCFdCR5wBlFIzXTQbniVJ057HXi5qRCcjQG5Z/+MGJJCBKZoFr3XCdGL6MKORMwLfUTDTFlEzqCnqGShqC9bH7o1L4wytAOImVKoj1X/05kNNQ6DX3TGVIc61VvJv7n9RIMbr2MyzhBkGyxKEiEjZE9+9oecgUMRWoIZYqbW202pooyNNksbfEVnQBOSyYYdzWGddK+qrq16nWzVqnf5REVyRk5J5fEJTekTh5Ig7QII0BeyCt5s56td+vD+ly0Fqx85pQswfr6BQFFlW0=</latexit>

yd

<latexit sha1_base64="SZTcyY5FpqFeVadFXb12kNIDfVk=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmgckS5idnSRDZh/M9ArLEvAHvOofeBOv/oo/4Hc4SfZgEgsaiqpuuru8WAqNtv1tFdbWNza3itulnd29/YPy4VFLR4livMkiGamORzWXIuRNFCh5J1acBp7kbW98O/XbT1xpEYWPmMbcDegwFAPBKBrpIe37/XLFrtozkFXi5KQCORr98k/Pj1gS8BCZpFp3HTtGN6MKBZN8UuolmseUjemQdw0NacC1m81OnZAzo/hkEClTIZKZ+ncio4HWaeCZzoDiSC97U/E/r5vg4NrNRBgnyEM2XzRIJMGITP8mvlCcoUwNoUwJcythI6ooQ5POwhZP0THHSckE4yzHsEpaF1WnVr28r1XqN3lERTiBUzgHB66gDnfQgCYwGMILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXg1+WRA==</latexit>

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

D[ỹd]

<latexit sha1_base64="x4Rf71JfBH6GE0quvhM0bj6PoQk=">AAACFXicbVDJSgNBEO2JW4xb1IvgZTAInsKMRPQY1IPHCGaBzDD09FSSJj0L3TVCGMbf8Ae86h94E6+e/QG/w85yMIkPCh7vVVFVz08EV2hZ30ZhZXVtfaO4Wdra3tndK+8ftFScSgZNFotYdnyqQPAImshRQCeRQENfQNsf3oz99iNIxePoAUcJuCHtR7zHGUUteeUjJ6Q4YFRkt3nXQS4CyEa5F7heuWJVrQnMZWLPSIXM0PDKP04QszSECJmgSnVtK0E3oxI5E5CXnFRBQtmQ9qGraURDUG42+SA3T7USmL1Y6orQnKh/JzIaKjUKfd05vlctemPxP6+bYu/KzXiUpAgRmy7qpcLE2BzHYQZcAkMx0oQyyfWtJhtQSRnq0Oa2+JIOAfOSDsZejGGZtM6rdq16cV+r1K9nERXJMTkhZ8Qml6RO7kiDNAkjT+SFvJI349l4Nz6Mz2lrwZjNHJI5GF+/Hb+f1w==</latexit>

Position Space

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

y

<latexit sha1_base64="Ou+s6UMfrafMvZ1SnZ8kO0ms1/o=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KolUdFl047IF+4A2lMn0ph06mYSZGyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4seAaHefbKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mn9zO88gdI8ko+YxuCFdCR5wBlFIzXTQbniVJ057HXi5qRCcjQG5Z/+MGJJCBKZoFr3XCdGL6MKORMwLfUTDTFlEzqCnqGShqC9bH7o1L4wytAOImVKoj1X/05kNNQ6DX3TGVIc61VvJv7n9RIMbr2MyzhBkGyxKEiEjZE9+9oecgUMRWoIZYqbW202pooyNNksbfEVnQBOSyYYdzWGddK+qrq16nWzVqnf5REVyRk5J5fEJTekTh5Ig7QII0BeyCt5s56td+vD+ly0Fqx85pQswfr6BQFFlW0=</latexit>

Momentum Space

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

y

<latexit sha1_base64="Ou+s6UMfrafMvZ1SnZ8kO0ms1/o=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KolUdFl047IF+4A2lMn0ph06mYSZGyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4seAaHefbKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mn9zO88gdI8ko+YxuCFdCR5wBlFIzXTQbniVJ057HXi5qRCcjQG5Z/+MGJJCBKZoFr3XCdGL6MKORMwLfUTDTFlEzqCnqGShqC9bH7o1L4wytAOImVKoj1X/05kNNQ6DX3TGVIc61VvJv7n9RIMbr2MyzhBkGyxKEiEjZE9+9oecgUMRWoIZYqbW202pooyNNksbfEVnQBOSyYYdzWGddK+qrq16nWzVqnf5REVyRk5J5fEJTekTh5Ig7QII0BeyCt5s56td+vD+ly0Fqx85pQswfr6BQFFlW0=</latexit>

�yd

<latexit sha1_base64="oqjmsHk/5n8XEiB4Uor1KWwkuDQ=">AAAB/3icbVDLSsNAFJ3UV62vqks3g0VwY0mkosuiG5cV7APaUCaTm3boZBJmJkIIXfgDbvUP3IlbP8Uf8DuctFnY1gMXDufcy733eDFnStv2t1VaW9/Y3CpvV3Z29/YPqodHHRUlkkKbRjySPY8o4ExAWzPNoRdLIKHHoetN7nK/+wRSsUg86jQGNyQjwQJGic6li3ToD6s1u27PgFeJU5AaKtAaVn8GfkSTEISmnCjVd+xYuxmRmlEO08ogURATOiEj6BsqSAjKzWa3TvGZUXwcRNKU0Him/p3ISKhUGnqmMyR6rJa9XPzP6yc6uHEzJuJEg6DzRUHCsY5w/jj2mQSqeWoIoZKZWzEdE0moNvEsbPEkmYCeVkwwznIMq6RzWXca9auHRq15W0RURifoFJ0jB12jJrpHLdRGFI3RC3pFb9az9W59WJ/z1pJVzByjBVhfv/Calns=</latexit>

D�1[ỹd]

<latexit sha1_base64="NkDenu3Pt9PtoyR8AXkXwU4M5Dg=">AAACGnicbVDJSgNBEO2JW4zbqEcRBoPgxTAjET0G9eAxglkgGUNPTyVp0rPQXSOEYU7+hj/gVf/Am3j14g/4HXaWg0l8UPB4r4qqel4suELb/jZyS8srq2v59cLG5tb2jrm7V1dRIhnUWCQi2fSoAsFDqCFHAc1YAg08AQ1vcD3yG48gFY/CexzG4Aa0F/IuZxS11DEP2wHFPqMivcke0lMna7WRCx/SYdbx3Y5ZtEv2GNYicaakSKaodsyfth+xJIAQmaBKtRw7RjelEjkTkBXaiYKYsgHtQUvTkAag3HT8RmYda8W3upHUFaI1Vv9OpDRQahh4unN0tJr3RuJ/XivB7qWb8jBOEEI2WdRNhIWRNcrE8rkEhmKoCWWS61st1qeSMtTJzWzxJB0AZgUdjDMfwyKpn5Wccun8rlysXE0jypMDckROiEMuSIXckiqpEUaeyAt5JW/Gs/FufBifk9acMZ3ZJzMwvn4BvwuhvQ==</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

y

<latexit sha1_base64="Ou+s6UMfrafMvZ1SnZ8kO0ms1/o=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KolUdFl047IF+4A2lMn0ph06mYSZGyGE+gNu9Q/ciVv/xR/wO5y2WdjWAxcO59zLvff4seAaHefbKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mn9zO88gdI8ko+YxuCFdCR5wBlFIzXTQbniVJ057HXi5qRCcjQG5Z/+MGJJCBKZoFr3XCdGL6MKORMwLfUTDTFlEzqCnqGShqC9bH7o1L4wytAOImVKoj1X/05kNNQ6DX3TGVIc61VvJv7n9RIMbr2MyzhBkGyxKEiEjZE9+9oecgUMRWoIZYqbW202pooyNNksbfEVnQBOSyYYdzWGddK+qrq16nWzVqnf5REVyRk5J5fEJTekTh5Ig7QII0BeyCt5s56td+vD+ly0Fqx85pQswfr6BQFFlW0=</latexit>

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

x

<latexit sha1_base64="tgm4e440JkEfn8ArFw3VItiRrn0=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4hkUcCGzI7NDBhdnYzM2skG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLLg2rvvt5NbWNza38tuFnd29/YPi4VFDR4liWGeRiFQroBoFl1g33AhsxQppGAhsBqO7qd98RKV5JB/MOEY/pAPJ+5xRY6XaU7dYcsvuDGSVeBkpQYZqt/jT6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26IScWaVH+pGyJQ2ZqX8nUhpqPQ4D2xlSM9TL3lT8z2snpn/jp1zGiUHJ5ov6iSAmItOvSY8rZEaMLaFMcXsrYUOqKDM2m4UtgaIjNJOCDcZbjmGVNC7K3mX5qnZZqtxmEeXhBE7hHDy4hgrcQxXqwADhBV7hzXl23p0P53PemnOymWNYgPP1C/+elWw=</latexit>

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

px

<latexit sha1_base64="dw0HUnf8O6XemYFnWaC/dc68HYM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzQOSJcxOJsmQ2dllplcMS8Af8Kp/4E28+iv+gN/hJNmDSSxoKKq66e4KYikMuu63k1tZXVvfyG8WtrZ3dveK+wd1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8HwZuI3Hrk2IlIPOIq5H9K+Ej3BKFrpPu48dYolt+xOQZaJl5ESZKh2ij/tbsSSkCtkkhrT8twY/ZRqFEzycaGdGB5TNqR93rJU0ZAbP52eOiYnVumSXqRtKSRT9e9ESkNjRmFgO0OKA7PoTcT/vFaCvSs/FSpOkCs2W9RLJMGITP4mXaE5QzmyhDIt7K2EDaimDG06c1sCTYccxwUbjLcYwzKpn5W98/LF3Xmpcp1FlIcjOIZT8OASKnALVagBgz68wCu8Oc/Ou/PhfM5ac042cwhzcL5+AZTVlk8=</latexit>

px

<latexit sha1_base64="dw0HUnf8O6XemYFnWaC/dc68HYM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzQOSJcxOJsmQ2dllplcMS8Af8Kp/4E28+iv+gN/hJNmDSSxoKKq66e4KYikMuu63k1tZXVvfyG8WtrZ3dveK+wd1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8HwZuI3Hrk2IlIPOIq5H9K+Ej3BKFrpPu48dYolt+xOQZaJl5ESZKh2ij/tbsSSkCtkkhrT8twY/ZRqFEzycaGdGB5TNqR93rJU0ZAbP52eOiYnVumSXqRtKSRT9e9ESkNjRmFgO0OKA7PoTcT/vFaCvSs/FSpOkCs2W9RLJMGITP4mXaE5QzmyhDIt7K2EDaimDG06c1sCTYccxwUbjLcYwzKpn5W98/LF3Xmpcp1FlIcjOIZT8OASKnALVagBgz68wCu8Oc/Ou/PhfM5ac042cwhzcL5+AZTVlk8=</latexit>

px

<latexit sha1_base64="dw0HUnf8O6XemYFnWaC/dc68HYM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzQOSJcxOJsmQ2dllplcMS8Af8Kp/4E28+iv+gN/hJNmDSSxoKKq66e4KYikMuu63k1tZXVvfyG8WtrZ3dveK+wd1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8HwZuI3Hrk2IlIPOIq5H9K+Ej3BKFrpPu48dYolt+xOQZaJl5ESZKh2ij/tbsSSkCtkkhrT8twY/ZRqFEzycaGdGB5TNqR93rJU0ZAbP52eOiYnVumSXqRtKSRT9e9ESkNjRmFgO0OKA7PoTcT/vFaCvSs/FSpOkCs2W9RLJMGITP4mXaE5QzmyhDIt7K2EDaimDG06c1sCTYccxwUbjLcYwzKpn5W98/LF3Xmpcp1FlIcjOIZT8OASKnALVagBgz68wCu8Oc/Ou/PhfM5ac042cwhzcL5+AZTVlk8=</latexit>

px

<latexit sha1_base64="dw0HUnf8O6XemYFnWaC/dc68HYM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzQOSJcxOJsmQ2dllplcMS8Af8Kp/4E28+iv+gN/hJNmDSSxoKKq66e4KYikMuu63k1tZXVvfyG8WtrZ3dveK+wd1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8HwZuI3Hrk2IlIPOIq5H9K+Ej3BKFrpPu48dYolt+xOQZaJl5ESZKh2ij/tbsSSkCtkkhrT8twY/ZRqFEzycaGdGB5TNqR93rJU0ZAbP52eOiYnVumSXqRtKSRT9e9ESkNjRmFgO0OKA7PoTcT/vFaCvSs/FSpOkCs2W9RLJMGITP4mXaE5QzmyhDIt7K2EDaimDG06c1sCTYccxwUbjLcYwzKpn5W98/LF3Xmpcp1FlIcjOIZT8OASKnALVagBgz68wCu8Oc/Ou/PhfM5ac042cwhzcL5+AZTVlk8=</latexit>

px

<latexit sha1_base64="dw0HUnf8O6XemYFnWaC/dc68HYM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzQOSJcxOJsmQ2dllplcMS8Af8Kp/4E28+iv+gN/hJNmDSSxoKKq66e4KYikMuu63k1tZXVvfyG8WtrZ3dveK+wd1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8HwZuI3Hrk2IlIPOIq5H9K+Ej3BKFrpPu48dYolt+xOQZaJl5ESZKh2ij/tbsSSkCtkkhrT8twY/ZRqFEzycaGdGB5TNqR93rJU0ZAbP52eOiYnVumSXqRtKSRT9e9ESkNjRmFgO0OKA7PoTcT/vFaCvSs/FSpOkCs2W9RLJMGITP4mXaE5QzmyhDIt7K2EDaimDG06c1sCTYccxwUbjLcYwzKpn5W98/LF3Xmpcp1FlIcjOIZT8OASKnALVagBgz68wCu8Oc/Ou/PhfM5ac042cwhzcL5+AZTVlk8=</latexit>

px

<latexit sha1_base64="dw0HUnf8O6XemYFnWaC/dc68HYM=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzQOSJcxOJsmQ2dllplcMS8Af8Kp/4E28+iv+gN/hJNmDSSxoKKq66e4KYikMuu63k1tZXVvfyG8WtrZ3dveK+wd1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8HwZuI3Hrk2IlIPOIq5H9K+Ej3BKFrpPu48dYolt+xOQZaJl5ESZKh2ij/tbsSSkCtkkhrT8twY/ZRqFEzycaGdGB5TNqR93rJU0ZAbP52eOiYnVumSXqRtKSRT9e9ESkNjRmFgO0OKA7PoTcT/vFaCvSs/FSpOkCs2W9RLJMGITP4mXaE5QzmyhDIt7K2EDaimDG06c1sCTYccxwUbjLcYwzKpn5W98/LF3Xmpcp1FlIcjOIZT8OASKnALVagBgz68wCu8Oc/Ou/PhfM5ac042cwhzcL5+AZTVlk8=</latexit>

D[iNk⌘]

<latexit sha1_base64="Kp9oZZFevvdlZ6p+NWaK89/YaeY=">AAACFHicbVDLSgNBEJz1GeMr6sGDl8EgeAq7EtFjUA+eJIJRIVlC76SjQ2YfzPQKYdnf8Ae86h94E6/e/QG/w0myB6MWNBRV3XR3BYmShlz305mZnZtfWCwtlZdXVtfWKxub1yZOtcCWiFWsbwMwqGSELZKk8DbRCGGg8CYYnI78mwfURsbRFQ0T9EO4i2RfCiArdSvbnRDoXoDKzvK25BfdAe8ggd+tVN2aOwb/S7yCVFmBZrfy1enFIg0xIqHAmLbnJuRnoEkKhXm5kxpMQAzgDtuWRhCi8bPxAznfs0qP92NtKyI+Vn9OZBAaMwwD2zk61/z2RuJ/Xjul/rGfyShJCSMxWdRPFaeYj9LgPalRkBpaAkJLeysX96BBkM1sakugYYCUl20w3u8Y/pLrg5pXrx1e1quNkyKiEtthu2yfeeyINdg5a7IWEyxnT+yZvTiPzqvz5rxPWmecYmaLTcH5+AbZvJ6C</latexit>

2Nk⌘

<latexit sha1_base64="AchN0ZgWsgSejtnWtBMlJ7i7AqI=">AAACBXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9EL54MJvKIsCGzQwMTZmc3M70mhHD2B7zqH3gzXv0Of8DvcIA9CFhJJ5Wq7nR3BbEUBl3328msrW9sbmW3czu7e/sH+cOjuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvPIE2IlIPOIrBD1lfiZ7gDK30WKJ3nSFtA7JOvuAW3RnoKvFSUiApqp38T7sb8SQEhVwyY1qeG6M/ZhoFlzDJtRMDMeND1oeWpYqFYPzx7OIJPbNKl/YibUshnal/J8YsNGYUBrYzZDgwy95U/M9rJdi78sdCxQmC4vNFvURSjOj0fdoVGjjKkSWMa2FvpXzANONoQ1rYEmg2BJzkbDDecgyrpF4qeuXixX25ULlOI8qSE3JKzolHLkmF3JIqqRFOFHkhr+TNeXbenQ/nc96acdKZY7IA5+sXlL+Ybg==</latexit>

�2Nk⌘

<latexit sha1_base64="fgjTHro5WNK46WP8wXcDnqn31QM=">AAACBnicbVDLSgNBEJyNrxhfUY9eBoPgxbAbInoMevEkEcwDNkuYnfQmQ2YfzPQKIeTuD3jVP/AmXv0Nf8DvcJLswSQWNBRV3XR3+YkUGm3728qtrW9sbuW3Czu7e/sHxcOjpo5TxaHBYxmrts80SBFBAwVKaCcKWOhLaPnD26nfegKlRRw94igBL2T9SASCMzSSe1Gh990h7QCybrFkl+0Z6CpxMlIiGerd4k+nF/M0hAi5ZFq7jp2gN2YKBZcwKXRSDQnjQ9YH19CIhaC98ezkCT0zSo8GsTIVIZ2pfyfGLNR6FPqmM2Q40MveVPzPc1MMrr2xiJIUIeLzRUEqKcZ0+j/tCQUc5cgQxpUwt1I+YIpxNCktbPEVGwJOCiYYZzmGVdKslJ1q+fKhWqrdZBHlyQk5JefEIVekRu5InTQIJzF5Ia/kzXq23q0P63PemrOymWOyAOvrFwNSmKU=</latexit>

D[�iNk⌘]

<latexit sha1_base64="YLFAzOaU2kz1Ee+0kSULGSU7h+g=">AAACFXicbVDLSgNBEJyNrxhfUS+Cl8EgeDHsiqJHUQ+eJILRQLKE3kknGTL7YKZXCEv8DX/Aq/6BN/Hq2R/wO5zEHDSxoKGo6qa7K0iUNOS6n05uZnZufiG/WFhaXlldK65v3Jo41QKrIlaxrgVgUMkIqyRJYS3RCGGg8C7onQ/9u3vURsbRDfUT9EPoRLItBZCVmsWtRgjUFaCyi0F9X/KrZo83kMBvFktu2R2BTxNvTEpsjEqz+NVoxSINMSKhwJi65ybkZ6BJCoWDQiM1mIDoQQfrlkYQovGz0QcDvmuVFm/H2lZEfKT+nsggNKYfBrZzeK+Z9Ibif149pfaJn8koSQkj8bOonSpOMR/GwVtSoyDVtwSElvZWLrqgQZAN7c+WQEMPaVCwwXiTMUyT24Oyd1g+uj4snZ6NI8qzbbbD9pjHjtkpu2QVVmWCPbAn9sxenEfn1Xlz3n9ac854ZpP9gfPxDU2Cnrk=</latexit>

D�1[�iNk⌘]

<latexit sha1_base64="jqQAXx+GBXqnrdiXiOt4JWrfuXg=">AAACGnicbVDLSgNBEJz1GeMr6lGEwSB4SdiViB6DevAkCkaFZA29k44OmX0w0yuEZU/+hj/gVf/Am3j14g/4HU5iDhotaCiquunuChIlDbnuhzMxOTU9M1uYK84vLC4tl1ZWL0ycaoENEatYXwVgUMkIGyRJ4VWiEcJA4WXQOxz4l3eojYyjc+on6IdwE8muFEBWapc2WiHQrQCVHeXXWcXLmxXJT9o93kICv10qu1V3CP6XeCNSZiOctkufrU4s0hAjEgqMaXpuQn4GmqRQmBdbqcEERA9usGlpBCEaPxu+kfMtq3R4N9a2IuJD9edEBqEx/TCwnYOjzbg3EP/zmil19/1MRklKGInvRd1UcYr5IBPekRoFqb4lILS0t3JxCxoE2eR+bQk09JDyog3GG4/hL7nYqXq16u5ZrVw/GEVUYOtsk20zj+2xOjtmp6zBBLtnj+yJPTsPzovz6rx9t044o5k19gvO+xfuzqCf</latexit>

D�1[iNk⌘]

<latexit sha1_base64="py9/jX4MPRgnJkl21VnijYRXGsU=">AAACGXicbVDLSgNBEJz1GeMr6lEPg0HwYtiViB6DevAkCiYRkjX0Tjo6ZPbBTK8Qlr34G/6AV/0Db+LVkz/gdziJOfgqaCiquunuChIlDbnuuzMxOTU9M1uYK84vLC4tl1ZWGyZOtcC6iFWsLwMwqGSEdZKk8DLRCGGgsBn0j4Z+8xa1kXF0QYME/RCuI9mTAshKndJGOwS6EaCy4/wq2/HyluSnnT5vI4HfKZXdijsC/0u8MSmzMc46pY92NxZpiBEJBca0PDchPwNNUijMi+3UYAKiD9fYsjSCEI2fjb7I+ZZVurwXa1sR8ZH6fSKD0JhBGNjO4c3mtzcU//NaKfUO/ExGSUoYia9FvVRxivkwEt6VGgWpgSUgtLS3cnEDGgTZ4H5sCTT0kfKiDcb7HcNf0titeNXK3nm1XDscR1Rg62yTbTOP7bMaO2FnrM4Eu2MP7JE9OffOs/PivH61TjjjmTX2A87bJ3lZoGg=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>
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R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

D[ỹd]

<latexit sha1_base64="x4Rf71JfBH6GE0quvhM0bj6PoQk=">AAACFXicbVDJSgNBEO2JW4xb1IvgZTAInsKMRPQY1IPHCGaBzDD09FSSJj0L3TVCGMbf8Ae86h94E6+e/QG/w85yMIkPCh7vVVFVz08EV2hZ30ZhZXVtfaO4Wdra3tndK+8ftFScSgZNFotYdnyqQPAImshRQCeRQENfQNsf3oz99iNIxePoAUcJuCHtR7zHGUUteeUjJ6Q4YFRkt3nXQS4CyEa5F7heuWJVrQnMZWLPSIXM0PDKP04QszSECJmgSnVtK0E3oxI5E5CXnFRBQtmQ9qGraURDUG42+SA3T7USmL1Y6orQnKh/JzIaKjUKfd05vlctemPxP6+bYu/KzXiUpAgRmy7qpcLE2BzHYQZcAkMx0oQyyfWtJhtQSRnq0Oa2+JIOAfOSDsZejGGZtM6rdq16cV+r1K9nERXJMTkhZ8Qml6RO7kiDNAkjT+SFvJI349l4Nz6Mz2lrwZjNHJI5GF+/Hb+f1w==</latexit>

D[�iNk⌘]

<latexit sha1_base64="YLFAzOaU2kz1Ee+0kSULGSU7h+g=">AAACFXicbVDLSgNBEJyNrxhfUS+Cl8EgeDHsiqJHUQ+eJILRQLKE3kknGTL7YKZXCEv8DX/Aq/6BN/Hq2R/wO5zEHDSxoKGo6qa7K0iUNOS6n05uZnZufiG/WFhaXlldK65v3Jo41QKrIlaxrgVgUMkIqyRJYS3RCGGg8C7onQ/9u3vURsbRDfUT9EPoRLItBZCVmsWtRgjUFaCyi0F9X/KrZo83kMBvFktu2R2BTxNvTEpsjEqz+NVoxSINMSKhwJi65ybkZ6BJCoWDQiM1mIDoQQfrlkYQovGz0QcDvmuVFm/H2lZEfKT+nsggNKYfBrZzeK+Z9Ibif149pfaJn8koSQkj8bOonSpOMR/GwVtSoyDVtwSElvZWLrqgQZAN7c+WQEMPaVCwwXiTMUyT24Oyd1g+uj4snZ6NI8qzbbbD9pjHjtkpu2QVVmWCPbAn9sxenEfn1Xlz3n9ac854ZpP9gfPxDU2Cnrk=</latexit>

D[iNk⌘]

<latexit sha1_base64="Kp9oZZFevvdlZ6p+NWaK89/YaeY=">AAACFHicbVDLSgNBEJz1GeMr6sGDl8EgeAq7EtFjUA+eJIJRIVlC76SjQ2YfzPQKYdnf8Ae86h94E6/e/QG/w0myB6MWNBRV3XR3BYmShlz305mZnZtfWCwtlZdXVtfWKxub1yZOtcCWiFWsbwMwqGSELZKk8DbRCGGg8CYYnI78mwfURsbRFQ0T9EO4i2RfCiArdSvbnRDoXoDKzvK25BfdAe8ggd+tVN2aOwb/S7yCVFmBZrfy1enFIg0xIqHAmLbnJuRnoEkKhXm5kxpMQAzgDtuWRhCi8bPxAznfs0qP92NtKyI+Vn9OZBAaMwwD2zk61/z2RuJ/Xjul/rGfyShJCSMxWdRPFaeYj9LgPalRkBpaAkJLeysX96BBkM1sakugYYCUl20w3u8Y/pLrg5pXrx1e1quNkyKiEtthu2yfeeyINdg5a7IWEyxnT+yZvTiPzqvz5rxPWmecYmaLTcH5+AbZvJ6C</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

�t

<latexit sha1_base64="4JGWkbxCfPKpv9j/ONkvYWr7ROg=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BPXiMYB6QLGF20kmGzM4uM71CWHL0B7zqH3gTr36IP+B3OEn2YBILGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoduo3n0AbEalHHMfgh2ygRF9whlZqde5AIqPYLZbcsjsDXSVeRkokQ61b/On0Ip6EoJBLZkzbc2P0U6ZRcAmTQicxEDM+YgNoW6pYCMZPZ/dO6JlVerQfaVsK6Uz9O5Gy0JhxGNjOkOHQLHtT8T+vnWD/2k+FihMExeeL+omkGNHp87QnNHCUY0sY18LeSvmQacbRRrSwJdBsBDgp2GC85RhWSeOi7FXKlw+VUvUmiyhPTsgpOSceuSJVck9qpE44keSFvJI359l5dz6cz3lrzslmjskCnK9f2Q6YFA==</latexit>

D�1[�iNk⌘]

<latexit sha1_base64="jqQAXx+GBXqnrdiXiOt4JWrfuXg=">AAACGnicbVDLSgNBEJz1GeMr6lGEwSB4SdiViB6DevAkCkaFZA29k44OmX0w0yuEZU/+hj/gVf/Am3j14g/4HU5iDhotaCiquunuChIlDbnuhzMxOTU9M1uYK84vLC4tl1ZWL0ycaoENEatYXwVgUMkIGyRJ4VWiEcJA4WXQOxz4l3eojYyjc+on6IdwE8muFEBWapc2WiHQrQCVHeXXWcXLmxXJT9o93kICv10qu1V3CP6XeCNSZiOctkufrU4s0hAjEgqMaXpuQn4GmqRQmBdbqcEERA9usGlpBCEaPxu+kfMtq3R4N9a2IuJD9edEBqEx/TCwnYOjzbg3EP/zmil19/1MRklKGInvRd1UcYr5IBPekRoFqb4lILS0t3JxCxoE2eR+bQk09JDyog3GG4/hL7nYqXq16u5ZrVw/GEVUYOtsk20zj+2xOjtmp6zBBLtnj+yJPTsPzovz6rx9t044o5k19gvO+xfuzqCf</latexit>

D�1[iNk⌘]

<latexit sha1_base64="py9/jX4MPRgnJkl21VnijYRXGsU=">AAACGXicbVDLSgNBEJz1GeMr6lEPg0HwYtiViB6DevAkCiYRkjX0Tjo6ZPbBTK8Qlr34G/6AV/0Db+LVkz/gdziJOfgqaCiquunuChIlDbnuuzMxOTU9M1uYK84vLC4tl1ZWGyZOtcC6iFWsLwMwqGSEdZKk8DLRCGGgsBn0j4Z+8xa1kXF0QYME/RCuI9mTAshKndJGOwS6EaCy4/wq2/HyluSnnT5vI4HfKZXdijsC/0u8MSmzMc46pY92NxZpiBEJBca0PDchPwNNUijMi+3UYAKiD9fYsjSCEI2fjb7I+ZZVurwXa1sR8ZH6fSKD0JhBGNjO4c3mtzcU//NaKfUO/ExGSUoYia9FvVRxivkwEt6VGgWpgSUgtLS3cnEDGgTZ4H5sCTT0kfKiDcb7HcNf0titeNXK3nm1XDscR1Rg62yTbTOP7bMaO2FnrM4Eu2MP7JE9OffOs/PivH61TjjjmTX2A87bJ3lZoGg=</latexit>

D�1[ỹd]

<latexit sha1_base64="NkDenu3Pt9PtoyR8AXkXwU4M5Dg=">AAACGnicbVDJSgNBEO2JW4zbqEcRBoPgxTAjET0G9eAxglkgGUNPTyVp0rPQXSOEYU7+hj/gVf/Am3j14g/4HXaWg0l8UPB4r4qqel4suELb/jZyS8srq2v59cLG5tb2jrm7V1dRIhnUWCQi2fSoAsFDqCFHAc1YAg08AQ1vcD3yG48gFY/CexzG4Aa0F/IuZxS11DEP2wHFPqMivcke0lMna7WRCx/SYdbx3Y5ZtEv2GNYicaakSKaodsyfth+xJIAQmaBKtRw7RjelEjkTkBXaiYKYsgHtQUvTkAag3HT8RmYda8W3upHUFaI1Vv9OpDRQahh4unN0tJr3RuJ/XivB7qWb8jBOEEI2WdRNhIWRNcrE8rkEhmKoCWWS61st1qeSMtTJzWzxJB0AZgUdjDMfwyKpn5Wccun8rlysXE0jypMDckROiEMuSIXckiqpEUaeyAt5JW/Gs/FufBifk9acMZ3ZJzMwvn4BvwuhvQ==</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

|"i

<latexit sha1_base64="8g/U/bIiy+0JbksF95OJnXoBbr0=">AAACCXicbZBLSgNBEIZ74ivGV9Slm8YguAozougy6MZlBPOAZAw9nZ6kSU/30F2jhGFO4AXc6g3ciVtP4QU8h51kFibxh4Kfv6qo4gtiwQ247rdTWFldW98obpa2tnd298r7B02jEk1ZgyqhdDsghgkuWQM4CNaONSNRIFgrGN1M+q1Hpg1X8h7GMfMjMpA85JSAjR66IwZpN4mJ1uop65UrbtWdCi8bLzcVlKveK/90+4omEZNABTGm47kx+CnRwKlgWambGBYTOiID1rFWkogZP51+neETm/RxqLQtCXia/t1ISWTMOArsZERgaBZ7k/C/XieB8MpPuYwTYJLODoWJwKDwBAHuc80oiLE1hGpuf8V0SDShYEHNXQk0sYCykgXjLWJYNs2zqndevbg7r9Suc0RFdISO0Sny0CWqoVtURw1EkUYv6BW9Oc/Ou/PhfM5GC06+c4jm5Hz9At6Em3o=</latexit>

During sensing phase , any real (or effective) magnetic fields will displace spin statesΔt



Durham — Sept 8 2026Sebastian A. R. Ellis — Fun with Spin Sensors29

Ion Interferometry with Cat States

PRD 113, 092004 (2026) 
L. Badurina, D. Blas, J. Ellis, SARE

R⇡/2

<latexit sha1_base64="PUWEs/Zp2j/l3snwl3adYbzEM0A=">AAACEHicbVDLSsNAFJ34rPUV7dLNYBFc1aRUdFl047KKfUATwmQ6aYdOJmFmIoSQn/AH3OofuBO3/oE/4Hc4abOwrQcuHM65l3s4fsyoVJb1baytb2xubVd2qrt7+weH5tFxT0aJwKSLIxaJgY8kYZSTrqKKkUEsCAp9Rvr+9Lbw+09ESBrxR5XGxA3RmNOAYqS05Jk1J0RqghHLHnIvc2J60cw9s241rBngKrFLUgclOp7544winISEK8yQlEPbipWbIaEoZiSvOokkMcJTNCZDTTkKiXSzWfgcnmllBINI6OEKztS/FxkKpUxDX28WUeWyV4j/ecNEBdduRnmcKMLx/FGQMKgiWDQBR1QQrFiqCcKC6qwQT5BAWOm+Fr74Ak2Jyqu6GHu5hlXSazbsVuPyvlVv35QVVcAJOAXnwAZXoA3uQAd0AQYpeAGv4M14Nt6ND+NzvrpmlDc1sADj6xdxGJ1G</latexit>

D[ỹd]

<latexit sha1_base64="x4Rf71JfBH6GE0quvhM0bj6PoQk=">AAACFXicbVDJSgNBEO2JW4xb1IvgZTAInsKMRPQY1IPHCGaBzDD09FSSJj0L3TVCGMbf8Ae86h94E6+e/QG/w85yMIkPCh7vVVFVz08EV2hZ30ZhZXVtfaO4Wdra3tndK+8ftFScSgZNFotYdnyqQPAImshRQCeRQENfQNsf3oz99iNIxePoAUcJuCHtR7zHGUUteeUjJ6Q4YFRkt3nXQS4CyEa5F7heuWJVrQnMZWLPSIXM0PDKP04QszSECJmgSnVtK0E3oxI5E5CXnFRBQtmQ9qGraURDUG42+SA3T7USmL1Y6orQnKh/JzIaKjUKfd05vlctemPxP6+bYu/KzXiUpAgRmy7qpcLE2BzHYQZcAkMx0oQyyfWtJhtQSRnq0Oa2+JIOAfOSDsZejGGZtM6rdq16cV+r1K9nERXJMTkhZ8Qml6RO7kiDNAkjT+SFvJI349l4Nz6Mz2lrwZjNHJI5GF+/Hb+f1w==</latexit>

D[�iNk⌘]

<latexit sha1_base64="YLFAzOaU2kz1Ee+0kSULGSU7h+g=">AAACFXicbVDLSgNBEJyNrxhfUS+Cl8EgeDHsiqJHUQ+eJILRQLKE3kknGTL7YKZXCEv8DX/Aq/6BN/Hq2R/wO5zEHDSxoKGo6qa7K0iUNOS6n05uZnZufiG/WFhaXlldK65v3Jo41QKrIlaxrgVgUMkIqyRJYS3RCGGg8C7onQ/9u3vURsbRDfUT9EPoRLItBZCVmsWtRgjUFaCyi0F9X/KrZo83kMBvFktu2R2BTxNvTEpsjEqz+NVoxSINMSKhwJi65ybkZ6BJCoWDQiM1mIDoQQfrlkYQovGz0QcDvmuVFm/H2lZEfKT+nsggNKYfBrZzeK+Z9Ibif149pfaJn8koSQkj8bOonSpOMR/GwVtSoyDVtwSElvZWLrqgQZAN7c+WQEMPaVCwwXiTMUyT24Oyd1g+uj4snZ6NI8qzbbbD9pjHjtkpu2QVVmWCPbAn9sxenEfn1Xlz3n9ac854ZpP9gfPxDU2Cnrk=</latexit>

D[iNk⌘]

<latexit sha1_base64="Kp9oZZFevvdlZ6p+NWaK89/YaeY=">AAACFHicbVDLSgNBEJz1GeMr6sGDl8EgeAq7EtFjUA+eJIJRIVlC76SjQ2YfzPQKYdnf8Ae86h94E6/e/QG/w0myB6MWNBRV3XR3BYmShlz305mZnZtfWCwtlZdXVtfWKxub1yZOtcCWiFWsbwMwqGSELZKk8DbRCGGg8CYYnI78mwfURsbRFQ0T9EO4i2RfCiArdSvbnRDoXoDKzvK25BfdAe8ggd+tVN2aOwb/S7yCVFmBZrfy1enFIg0xIqHAmLbnJuRnoEkKhXm5kxpMQAzgDtuWRhCi8bPxAznfs0qP92NtKyI+Vn9OZBAaMwwD2zk61/z2RuJ/Xjul/rGfyShJCSMxWdRPFaeYj9LgPalRkBpaAkJLeysX96BBkM1sakugYYCUl20w3u8Y/pLrg5pXrx1e1quNkyKiEtthu2yfeeyINdg5a7IWEyxnT+yZvTiPzqvz5rxPWmecYmaLTcH5+AbZvJ6C</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

|#i

<latexit sha1_base64="4aY/5f9IO94vu1W7wa+4zE5EkZ4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxmUF+4A2lJvppB06mYSZSUsJ+QZ/wK3+gTtx6zf4A36H0zYL23rgwuGce7iX48ecKe0431ZhY3Nre6e4W9rbPzg8so9PmipKJKENEvFItn1QlDNBG5ppTtuxpBD6nLb80f3Mb42pVCwST3oaUy+EgWABI6CN1LPt7ojqtNuPJgKkjCZZzy47FWcOvE7cnJRRjnrP/jFpkoRUaMJBqY7rxNpLQWpGOM1K3UTRGMgIBrRjqICQKi+df57hC6P0cRBJM0Ljufo3kUKo1DT0zWYIeqhWvZn4n9dJdHDrpUzEiaaCLA4FCcc6wrMacJ9JSjSfGgJEMvMrJkOQQLQpa+mKL8FUlJVMMe5qDeukeVVxq5Xrx2q5dpdXVERn6BxdIhfdoBp6QHXUQASN0Qt6RW/Ws/VufVifi9WClWdO0RKsr1//PJyS</latexit>

�t

<latexit sha1_base64="4JGWkbxCfPKpv9j/ONkvYWr7ROg=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BPXiMYB6QLGF20kmGzM4uM71CWHL0B7zqH3gTr36IP+B3OEn2YBILGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFRw0SJ5lDnkYx0K2AGpFBQR4ESWrEGFgYSmsHoduo3n0AbEalHHMfgh2ygRF9whlZqde5AIqPYLZbcsjsDXSVeRkokQ61b/On0Ip6EoJBLZkzbc2P0U6ZRcAmTQicxEDM+YgNoW6pYCMZPZ/dO6JlVerQfaVsK6Uz9O5Gy0JhxGNjOkOHQLHtT8T+vnWD/2k+FihMExeeL+omkGNHp87QnNHCUY0sY18LeSvmQacbRRrSwJdBsBDgp2GC85RhWSeOi7FXKlw+VUvUmiyhPTsgpOSceuSJVck9qpE44keSFvJI359l5dz6cz3lrzslmjskCnK9f2Q6YFA==</latexit>

D�1[�iNk⌘]

<latexit sha1_base64="jqQAXx+GBXqnrdiXiOt4JWrfuXg=">AAACGnicbVDLSgNBEJz1GeMr6lGEwSB4SdiViB6DevAkCkaFZA29k44OmX0w0yuEZU/+hj/gVf/Am3j14g/4HU5iDhotaCiquunuChIlDbnuhzMxOTU9M1uYK84vLC4tl1ZWL0ycaoENEatYXwVgUMkIGyRJ4VWiEcJA4WXQOxz4l3eojYyjc+on6IdwE8muFEBWapc2WiHQrQCVHeXXWcXLmxXJT9o93kICv10qu1V3CP6XeCNSZiOctkufrU4s0hAjEgqMaXpuQn4GmqRQmBdbqcEERA9usGlpBCEaPxu+kfMtq3R4N9a2IuJD9edEBqEx/TCwnYOjzbg3EP/zmil19/1MRklKGInvRd1UcYr5IBPekRoFqb4lILS0t3JxCxoE2eR+bQk09JDyog3GG4/hL7nYqXq16u5ZrVw/GEVUYOtsk20zj+2xOjtmp6zBBLtnj+yJPTsPzovz6rx9t044o5k19gvO+xfuzqCf</latexit>

D�1[iNk⌘]
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During sensing phase , any real (or effective) magnetic fields will displace spin statesΔt

For a real magnetic field due to e.g. Dark Photon or Axion, 

DAB = exp
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A different way in which the Box Matters
For an effective magnetic field, can have same form of displacement operator

DAB = exp


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�

<latexit sha1_base64="7eVJWHr4JMmBlx+zxNnhyiO2tdE="></latexit>

�z(t) = µe↵

ˆ t

0
dt0 Be↵(t

0)

<latexit sha1_base64="JjqdDDakkoidNw8n7QPhWezqesg="></latexit>

For an effective magnetic field, can have same form 
of displacement operator with, e.g. 

Beff ∼ gN(2/γ)∇a
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For an effective magnetic field, can have same form of displacement operator

DAB = exp
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�

<latexit sha1_base64="7eVJWHr4JMmBlx+zxNnhyiO2tdE="></latexit>

�z(t) = µe↵

ˆ t

0
dt0 Be↵(t

0)

<latexit sha1_base64="JjqdDDakkoidNw8n7QPhWezqesg="></latexit>

For an effective magnetic field, can have same form 
of displacement operator with, e.g. 

Beff ∼ gN(2/γ)∇a

Tuned QCD axions, or ALPs with quadratic couplings 
to matter, need to account carefully for effect on axion 

gradient
JHEP 06 (2026) 039 

A. Banerjee, I. Bloch, Q. Bonnefoy, SARE, G. 
Perez, I. Savoray, K. Springmann, Y. Stadnik
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Ion Interferometry with Cat States

PRD 113, 092004 (2026) 
L. Badurina, D. Blas, J. Ellis, SARE

Shot noise dominant at high frequency δϕshot ∼ 1/ Hz

Ambient EM noise dominant at low frequency 

SB ∼ 10−11±1 × ( 1 Hz
f ) T/ Hz

Entangling ions can decrease shot noise like 1/Nion
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Ion Interferometry with Cat States

Ba ∼ gaγγ(maR⊕)
ρ

DM

ma
B⊕

PRD 113, 092004 (2026) 
L. Badurina, D. Blas, J. Ellis, SARE
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Ion Interferometry with Cat States

Ba ∼ gaγγ(maR⊕)
ρ

DM

ma
B⊕

BA′￼
∼ ϵ(mA′￼

R⊕) ρ
DM

PRD 113, 092004 (2026) 
L. Badurina, D. Blas, J. Ellis, SARE
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Ion Interferometry with Cat States

Ba ∼ gaγγ(maR⊕)
ρ

DM

ma
B⊕

BA′￼
∼ ϵ(mA′￼

R⊕) ρ
DM

PRD 113, 092004 (2026) 
L. Badurina, D. Blas, J. Ellis, SARE

A cute truly quantum system with 
room to grow can already compete
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Non-Standard Spin States

33

Various spin states can be constructed that can be exploited for  or  sensing:̂Sx
̂Sz
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Various spin states can be constructed that can be exploited for  or  sensing:̂Sx
̂Sz

Half-fil led Dicke states: |DN/2⟩ ≃
(πN)1/4

2N/2
|N/2, ↑; N/2, ↓ ⟩

, so can achieve Heisenberg-limited scaling for CASPEr-style sensingVar( ̂Sx) ∼
N2

8
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(πN)1/4

2N/2
|N/2, ↑; N/2, ↓ ⟩

, so can achieve Heisenberg-limited scaling for CASPEr-style sensingVar( ̂Sx) ∼
N2

8

GHZ states: |GHZ⟩ =
1

2
( | ↑ ⟩⊗N + | ↓ ⟩⊗N)

, so Heisenberg-limited scaling for Ion Interferometer sensingVar( ̂Sz) =
N2

4



Durham — Sept 8 2026Sebastian A. R. Ellis — Fun with Spin Sensors

Non-Standard Spin States

33

Various spin states can be constructed that can be exploited for  or  sensing:̂Sx
̂Sz

Half-fil led Dicke states: |DN/2⟩ ≃
(πN)1/4

2N/2
|N/2, ↑; N/2, ↓ ⟩

, so can achieve Heisenberg-limited scaling for CASPEr-style sensingVar( ̂Sx) ∼
N2

8

GHZ states: |GHZ⟩ =
1

2
( | ↑ ⟩⊗N + | ↓ ⟩⊗N)

, so Heisenberg-limited scaling for Ion Interferometer sensingVar( ̂Sz) =
N2

4

Engineering and maintaining 
special quantum states is not easy
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Conclusions

34

Spin sensors are nice, manipulable quantum sensors

Most promising avenue for now is large classical ensemble à la CASPEr

Sensitive to more than just the axion wind coupling

At low masses, truly quantum states can compete with classical devices, 
with potentially great upside

The Box in which the spins are placed matters


