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What one instanton cando

A single topological saddle can generate very different physical effects

&(0) = V(a) (W, W, W, ¥ ) D(QO0L)

The difference is how fermion zero modes are saturated
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he BPST solution and collective coordinates

The self-dual unit charge solution

(X —Xx),

In regular gauge: A,xy) =2n,,, U@)T°U"®)

(X — Xp)* + p?

characterized by collective coordinates y = (x, p, €2):

X0 P 2

Position of the . Instanton orientation within
. Instanton size
instanton center the gauge group
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The Yang—Mills 6 vacuum is a superposition of topologically distinct vacua

+00
‘6) — Z einﬁ‘n>: “'+€_i9‘ —1>+‘O>+€+i6‘1>—|—---
=70 "

(anti-)instantons interpolate between ditferent vacua

ANgg = * 1
Topological charge:

HU™ PV

1 .
QlA] = [d4x TrF, F, = AN

1672
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From tunneling to the axion potential

Tunneling lifts the degeneracy of the | n) vacua and produces a 0-dependent energy

1
In) s [n+1)
Ji

Amplitudes carry - - .
topological phases: — /(0)

— (Qile_i‘9+h.c.)

Promoting @ to

an axion: Ja

The rest of the calculation is the determination of <,
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The ABJ anomaly turns topology into charge violation

of
0
0,J"

-
0= Ter It F, F

Integrating over spacetime the anomaly equation gives:

AQ = ﬂQQI

Therefore|n) — [n+ 1) induces O - Q +

A unit instanton changes anomalous global charges by </ 0 g
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‘t Hooft operators from instantons

A unit instanton changes anomalous global charges by  :

|n) = |n+1)inducesQ - Q0+

LH Weyl fermions y; € (R, S¢) Zero modes: Anomaly coefficient:
under Gy X Gipec n,=2T; (Ry) X dim(S)) dy= ) q2T(Ry) X dim S,
f

A unit instanton changes the anomalous charge:

AQ = qunf=ﬂQ
f

n
¢ .
. I Inserts exactly the required
The corresponding 't Hooft operator: 0 — ) Fr .
P 9 P tHooft IIIIWf fermion zero modes

f r=1

Iy, = (Lorentz, Gy, G

mnst® spec)
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At leading semiclassical order, the relevant nonperturbative information is encoded in:

Vacuum energy/axion potential Correlation functions Wilson coefficients
Z"{J}] = exp [—Jd“x Lt <{5%}>] ZONI 17
hi
! = (Y - V), Correlators —matching C(D
| oJy,
Z"M[{0}] = &) = V(a) =0
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A charge-one instanton of G is obtained by embedding SU(2).... C G

(x — Xp) T € 3u(2) C g
Ay =2 —— U(Q)TU(Q
w (67) =20y, G —x )t UQ)TU' () UeGIT,
R sy = @ ni(R) /] Adiji — [11® (2hY, — H)[1/2] & dim T 4[0]
JEFN

dim T ; = dg — 4hY +5

Fermion zero modes for any G-representation are obtained from SU(2) isospin-j

General G calculation = standard SU(2) isospin-j building blocks
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em:classncal expansion around the instantons

ZOU,, ] = e_ZHWJ@a ez | | 12yl 2y]] H[@gb [ D] e~SelA Faccwd]
f

Computed using background field methods: A, = A/fjl +a,

™

Quantum fluctuations

Instanton solution
(background)

Other fields are zero at the background level
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em:classncal expansion around the instantons

ZOW,, Iyl = 7N | Da, De DE | | 12wl D] [@qb][@qb*]e—sﬂf‘“mcw
¢ f f
f

Computed using background field methods: A, = A/fl +a,

. —1/2 —1/2 - — ur
20U, Jgl = e (detgptty) (D) "Dy (detat, ) (D, ) (D) €860 x groumes

det' ., det(} + u?)
(Dy) =
det(My + u?)  dety
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em:classncal expansion around the instantons

ZOU,, 1) = e N | Da, De De | | 19w Dy [gng][@¢T]e—5E[ACI+aCC’W»¢]
¢ f f
f

Computed using background field methods: A, = A/fl +a,

. —1/2 —1/2 - — ur
20U, Jgl = e (detgptty) (D) "Dy (detat, ) (D, ) (D) €860 x groumes

7—6h

Ui dy’ 2o 87 e
(H )(det U)'* = d*xydp Ay (L2) — pHha=3 <—2>
=1V 2T ¢ g
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em:classncal expansion around the instantons

ZOU,, 1) = e N | Da, De De | | 19w Dy [gng][@¢T]e—5E[ACI+aCC’W»¢]
¢ f f
f

Computed using background field methods: A, = A/fl +a,

. —1/2 —1/2 - — ur
20U, Jgl = e (detgptty) (D) "Dy (detat, ) (D, ) (D) €860 x groumes

7—6h

4y 2\ 2e 12 Ly
d}/ (det U)I/Z — d4x dp d,l/t _ (Q) 2 ¢ p4h2§—5 ST ( ) (Dgh)< > <D¢> = p A Zf TG(Rf) cXp [b(? ln(ﬂﬂ) +Atot]
0 G/ G 2hY 2
-1V 2T ¢ g
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The one-instanton generating functional

Putting the pieces together

dr/ fa
ZO{J}] = Jde HJ — exp( ana[d“xf“f(x)vfo e Q))
f a=1 f

X H exp [— Jd4x d*y J[(x) Dy(x, y; Q) JS(Y)]

J 27—6hv ] 2 2hg Q 2
_ o4, AP " ” Y To(Ry) o
d/’tl =e d X0 F d/’tG/f’/”G(Q) ﬂzh(v; (gz(l/p)> p o CXp l o T Atot]
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" From one instanton to the axion potential

Why one instanton is enough?

e~ ¢OVi = Tim (Q]e=7"+|0)

V4—>oo

Dilute instanton gaz approximation ana
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" From one instanton to the axion potential

Why one instanton is enough?

W] Iy WI_ Ny
_g((g)w — 1im <6"€_%V ‘9> DIGA ( G) ( G)

= exp [W(I;+h.c.]

V,— 0 — n;! ny!
Wt =V,of ™" V(a) = — o e+l + h.c. ]
Dilute instanton gaz approximation ana
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lnteractlons and zero-mode saturation

Interactions are incorporated by acting with source derivatives on Z\")[{J}]

The generating functional of the interacting theory is obtained as:

ZIM[{J}] = exp —Jd“x Lot {5%} 7O

fermion zero mode give a non-zero result

r nf nf r
ZI(O)[ J] H [ H dij, €xp (_ Z Tt d4y J;(x)l//g,ﬁa(X; Q)>} Only interaction terms that soak up every
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stanton contribution from the

Electroweak sector of the MSSM

V " d
a(a) D 3"%(n,!) det(Y,Y,),, J = = 5,(p)(up)(Mop)*(p*Bu)"s
2 cos <E + HEW) Mai ,0

/=0

DTd(xl — x3)DTu(x3 — X)) I

Include any interactions in a consistent way

and we can work out all the O(1) numbers!
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Electroweak-Flavor unification

A minimal unified theory with gauge family symmetry

Davighi & Tooby-Smith (2022)

Left-handed fermion Right-handed fermion

\PL ~ (49 69 1) \PR ~ (49 19 6)

All SM fermions + 3 RH neutrinos unify into a single multiplet per chirality
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UV interactions contract SU(4) indices through U} 5 Sp(6); instanton
inner products

\ U
€4pcp NEVEr appears
and when SU(4) — SU(3), expcp VLYY YL
\
U

€ p. 1S NOt generated

4 3 b
= no perturbative QQOQL i’ Vi €pcQ Q0L

No perturbative decay = Agwry can be low = instantons becomes a sensitive probe
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Electroweak-Flavor unification

Where do instantons appear in EWFU?

SU(4) x Sp(6)r x Sp(6)r

AL7 AR <SL> ~ (1’ 14, 1) <SR> ~ (Zv 1, 6)

EAH <(I)L> ~ (1,14,1) <(I)R> ~ (1,1,14)

SU3) xBHE@ x U1y

v <H1> ~ (1’ 6, 6) <H15> ~ (157 6, 6)

SU(3) x U(1)em
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Electroweak-Flavor unification

Where do instantons appear in EWFU?

Sp(6);, — SUR2), ;1 X SUR2); , X SU(2); 5 — SUR),

SU(4) x Sp(6); x Sp(6)n Ordinary instantons:

(G 1, for every compact simple factor here 7.,(G) = Z
AL7 AR <SL> ~ (]-a 14, 1) <SR> ~ (Zv 176) 3( ) # y p p 3( )
[Heavy Higgses integrated out] . . .
A e Instantons in the broken directions:
SU(3 SU(2) . x Spl4 U(1 3(G)
(3) x 11 ()1 x Sp(4)r12 x U(1)R for G — H, 7Z'3(G/H) = > when 7,(H) = 1)

(
Im |73(H) = m3(G)]

SUG3) xBHE@D < U1y

v (H1) ~(1,6,6) (Hi5) ~ (15,6,6) If 7;(G/H ) # 1 parent instantons exist that cannot be rotated

entirely into H: constrained instantons

SU(3) x U(1)em
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Electroweak-Flavor unification

Where do instantons appear in EWFU?

Sp(6);, = SUR); X SUR); , X SUR2); 5 = SUR),

Instanton sectors relevant for proton decay
e Sp(6); instantons: 73(Sp(6)) = Z and ¥; ~ (4,6, 1) has four zero modes
e SU(2),;instantons in the family-resolved phase: fori = 1,2,3 m; (SU2), ;) = Z
o SU(2)’/SU(2) constrained instantons: 3 (SU2)*/SUQ2)p) = Z°1Z g, = 77

Can be parametrically enhanced (just as for the axion mass of

)
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Primitive fermionic correlator

Any anomalous amplitude is obtained by saturating the fermion zero modes

For each LH Weyl fermion W € (R, S¢) under G, .. X G_...there are

1nst spec

ne = 2T (Ry) X dim(S;) zero modes

1nst

A A
Cgl l{xf,ra Afr ] — H H T fr(xfr = J'd//tl det lwgfrf(xf,r; P> Q)

1<r.a<n
I / !
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Electroweak flavor unification

The Sp(6), instanton generates a QQQL operator

) _ At Wilson coefficient
Ageff — CI@Sp(6) + CI@S])(6)

S
1 X . S oty T [ 87° 87
T _ ira N Jjsp kty 1 ud C,=e 0a)___|g ex
Ospi6) = itk 2 a0 O || D €5€uQy L ! 630 ) 7" (ggp@(up) "\ (/)
=1 g=1

3
= ) 06,2 000L

f.g=1
Primitive correlator + LSZ reduction + matching determines C;
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Electroweak flavor unification

Why are those constrained instantons enhanced?

SUQ2);, | X SUR),, X SUQ2), 5 = SUQ2),

1 1 1 1
At diagonal breaking matching scale:  — =— > > g =H=8=¢8 > & =3¢
8 81 8 83

Ordinary diagonal SU(2), instantons (1,1,1) One-factor constrained sector

(1,0,0), (0,1,0), (0,0,1)

872

872

gr(1/p) V2 =12,

Spp) =

Amplitude ~ exp
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Electroweak flavor unification

SU(2)’/SU(2) constrained instanton: Wilson coefficient

3
) _
A°<Zeff o Z CI
=1

0. +C,,Z@Jf._ ,  0;2000.L

Higgs scales Finite-pieces

Vi=v7, K, =K,,=exp|—a(l)+2a(1/2)| ~0.86
2 2 2
Vo =vip t vy
Vi = vy K, 5 =exp [—a(l) — 2a(1/2)| ~ 0.48
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Electroweak flavor unification

SU(2)’/SU(2) constrained instanton: Wilson coefficient

Operator structure . .
Semiclassical weight

Constrained sectors generate the same dimension-six

structure Compared with the ordinary diagonal instanton

@ii D QiQiQiLi Sigauge < Sgauge

Smaller action = less exponential suppression

Primitive correlator + LSZ + matching = C;;

Phenomenological message

e EWFU is perturbatively proton-stable
* |[nstantons reintroduce proton decay nonperturbatively
* Proton decay potentially becomes a sensitive probe of the EWFU symmetry-breaking sector
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Conclusion

What we have achieved

e A general one-instanton framework for physics based on G;, X Gg,.. With arbitrary

spec
matter representations

e Axion potentials, anomalous correlators, and Wilson coefticients are different projections

of the same object Z,[{J}]

* |n the MSSM electroweak sector, the formalism reproduces small instanton-induced

axion potentials with all O(1) factors under control

e In EWFU, proton decay is absent perturbatively but generated nonperturbatively by
Sp(6); and enhanced SU(2)*/SU(2) constrained instantons
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