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Regge & Wheeler (1957), Phys. Rev. 108

Sketch of BH perturbation theory Teukolsky (1973), Astrophys. J. 185

< Perturb around a stationary BH background:

=g h h 1
G = Gy + P || < The characteristic frequencies

© Linearize the Einstein equations: w encode the properties of the

B background BH
(5hGW[g + h] =0

> Exploit symmetries of the background:
...and appropriately tensor decompose h,,,

by ~ € Y0, 0) R ()

© Reduce to a Schrodinger-like radial equation:

+ [w? = Vi ()RS () = 0

gm

< Instate physical boundary conditions to obtain the discrete eigenmodes w
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w = wgr — iwp are complex,
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spz?:LaLlif;g;ty: Rg.‘;)L(r*) ~et T = Ry, ~ e T purely outgoing wave .

Physical interpretation of wg 1
wr : oscillation/ringdown frequency
wr : damping rate
For wi < 1, the associated mode becomes very long-lived.

open system with purely
. outgoing boundary conditions
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\‘ Apart from their mass M, BHs can

have additional properties: M=1
Q = 0.9999

< Angular momentum L (Kerr)

Charge @ (Reissner—Nordstrom) °

Near extremality, the QNM spectrum

develops interesting features...

— a set of zero-damped modes
(ZDMs) with Im(w) — 0 emerges

Zero-damped modes, characterized
by Im(w) — 0, are very long-lived
perturbations that influence the late-
time ringdown.
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We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field ® in a fixed, near-extremal RN
background of the form

2M 2 oM 2\"!
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A crash course on exact WKB

Investigate the Schrodinger-type ODE

{ d2 n ’IIQQ(Z) } \If(z) -0 exponential ansatz

Cd22

where we have introduced the formal
counting parameter 7 (usually: 7 = h~1).

dz

1d
(chcn(z) =-5% log

~

“Formal” WKB solutions:

U(z) = exp{/zS(z/) dz’}

Riccati equation:

S(2)* +8'(2) = Q(2)

formal series
expansion
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Stokes graphs

Turning points: Q(2turn) =0 Stokes curves: Im{n/ VQ(2) dz’} =0

turn

The formal WKB so-
lutions ¥ (z) can be
Borel-resummed in
each Stokes region.

A turning point X double pole

—— Stokes curve a~wW~  branch cut
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Simplifying the exact quantization condition — Voros symbols

. 2 .
Exact quantization condition: 1+ Vo = —e2™(1+¢) Via = O (eY12)

At first, Voros symbol Vs3: At last, Voros symbol Vis:
Vo3 ~ e~ 22+ o o(1)

= term on the RHS can be neglected
when working to “low"” orders

We analytically compute Vo to all
orders in 1 without the need to ever
expand in the formal WKB parameter.
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Not applicable to the j = 0 sector! The case j = 0 differs qualitatively and needs to be treated separately.
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