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Motivation: Ringdown of black hole mergers

−→ Best observational probe to date are
gravitational wave measurements

Inspiral: analytical control
(post-Newtonian expansion)

Merger: strongly nonlinear regime
(only accessible numerically)

Ringdown: regain analytical control
(BH perturbation theory)

Upshot: Final ringdown phase directly probes
the characteristics of the remnant BH

Overarching goal:
Test our theoretical understanding of BHs

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
ðm1 þm2Þ1=5

¼ c3

G

�
5

96
π−8=3f−11=3 _f

�
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-3

LIGO & Virgo Collaboration (2016),
Phys. Rev. Lett. 116 (6), FIG. 2
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Motivation: Ringdown of black hole mergers

−→ Best observational probe to date are
gravitational wave measurements

Inspiral: analytical control
(post-Newtonian expansion)

Merger: strongly nonlinear regime
(only accessible numerically)

Ringdown: regain analytical control
(BH perturbation theory)

Upshot: Final ringdown phase directly probes
the characteristics of the remnant BH

Overarching goal:
Test our theoretical understanding of BHs

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
ðm1 þm2Þ1=5

¼ c3

G
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Motivation: Ringdown of black hole mergers

−→ Best observational probe to date are
gravitational wave measurements

Inspiral: analytical control
(post-Newtonian expansion)

Merger: strongly nonlinear regime
(only accessible numerically)

Ringdown: regain analytical control
(BH perturbation theory)

Upshot: Final ringdown phase directly probes
the characteristics of the remnant BH

Overarching goal:
Test our theoretical understanding of BHs

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
ðm1 þm2Þ1=5

¼ c3

G

�
5

96
π−8=3f−11=3 _f

�
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Motivation: Ringdown of black hole mergers

−→ Best observational probe to date are
gravitational wave measurements

Inspiral: analytical control
(post-Newtonian expansion)

Merger: strongly nonlinear regime
(only accessible numerically)

Ringdown: regain analytical control
(BH perturbation theory)

Upshot: Final ringdown phase directly probes
the characteristics of the remnant BH

Overarching goal:
Test our theoretical understanding of BHs

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
ðm1 þm2Þ1=5

¼ c3

G
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�
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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−→ Best observational probe to date are
gravitational wave measurements

Inspiral: analytical control
(post-Newtonian expansion)

Merger: strongly nonlinear regime
(only accessible numerically)

Ringdown: regain analytical control
(BH perturbation theory)

Upshot: Final ringdown phase directly probes
the characteristics of the remnant BH

Overarching goal:
Test our theoretical understanding of BHs

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
ðm1 þm2Þ1=5

¼ c3

G

�
5

96
π−8=3f−11=3 _f

�
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Motivation: Ringdown of black hole mergers

−→ Best observational probe to date are
gravitational wave measurements

Inspiral: analytical control
(post-Newtonian expansion)

Merger: strongly nonlinear regime
(only accessible numerically)

Ringdown: regain analytical control
(BH perturbation theory)

Upshot: Final ringdown phase directly probes
the characteristics of the remnant BH

Overarching goal:
Test our theoretical understanding of BHs

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
ðm1 þm2Þ1=5

¼ c3

G

�
5

96
π−8=3f−11=3 _f

�
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Motivation: Ringdown of black hole mergers

−→ Best observational probe to date are
gravitational wave measurements

Inspiral: analytical control
(post-Newtonian expansion)

Merger: strongly nonlinear regime
(only accessible numerically)

Ringdown: regain analytical control
(BH perturbation theory)

Upshot: Final ringdown phase directly probes
the characteristics of the remnant BH

Overarching goal:
Test our theoretical understanding of BHs

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
ðm1 þm2Þ1=5

¼ c3
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Rough sketch of BH perturbation theory

Perturb around a stationary BH background:
gµν = ḡµν + hµν ,

∣∣hµν

∣∣ ≪ 1

Linearize the Einstein equations:
δhGµν

[
ḡ + h

]
= 0

Exploit symmetries of the background:
...and appropriately tensor decompose hµν

hµν ∼ e−iωt Y(s)jm
µν (θ, ϕ) R

(s)
jm(r∗)

Reduce to a Schrödinger-like radial equation:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0

Instate physical boundary conditions to obtain the discrete eigenmodes ω

tortoise coordinate r∗
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Perturb around a stationary BH background:
gµν = ḡµν + hµν ,

∣∣hµν

∣∣ ≪ 1

Linearize the Einstein equations:
δhGµν

[
ḡ + h

]
= 0

Exploit symmetries of the background:
...and appropriately tensor decompose hµν

hµν ∼ e−iωt Y(s)jm
µν (θ, ϕ) R

(s)
jm(r∗)

Reduce to a Schrödinger-like radial equation:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R
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jm(r∗) = 0

Instate physical boundary conditions to obtain the discrete eigenmodes ω
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Rough sketch of BH perturbation theory

Perturb around a stationary BH background:
gµν = ḡµν + hµν ,

∣∣hµν

∣∣ ≪ 1

Linearize the Einstein equations:
δhGµν

[
ḡ + h

]
= 0

Exploit symmetries of the background:
...and appropriately tensor decompose hµν

hµν ∼ e−iωt Y(s)jm
µν (θ, ϕ) R

(s)
jm(r∗)

Reduce to a Schrödinger-like radial equation:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0

Instate physical boundary conditions to obtain the discrete eigenmodes ω

tortoise coordinate r∗
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Rough sketch of BH perturbation theory

Perturb around a stationary BH background:
gµν = ḡµν + hµν ,

∣∣hµν

∣∣ ≪ 1

Linearize the Einstein equations:
δhGµν

[
ḡ + h

]
= 0

Exploit symmetries of the background:
...and appropriately tensor decompose hµν

hµν ∼ e−iωt Y(s)jm
µν (θ, ϕ) R

(s)
jm(r∗)

Reduce to a Schrödinger-like radial equation:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0

Instate physical boundary conditions to obtain the discrete eigenmodes ω
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Rough sketch of BH perturbation theory

Perturb around a stationary BH background:
gµν = ḡµν + hµν ,

∣∣hµν

∣∣ ≪ 1

Linearize the Einstein equations:
δhGµν

[
ḡ + h

]
= 0

Exploit symmetries of the background:
...and appropriately tensor decompose hµν

hµν ∼ e−iωt Y(s)jm
µν (θ, ϕ) R

(s)
jm(r∗)

Reduce to a Schrödinger-like radial equation:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0

Instate physical boundary conditions to obtain the discrete eigenmodes ω

tortoise coordinate r∗
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Rough sketch of BH perturbation theory

Perturb around a stationary BH background:
gµν = ḡµν + hµν ,

∣∣hµν

∣∣ ≪ 1

Linearize the Einstein equations:
δhGµν

[
ḡ + h

]
= 0

Exploit symmetries of the background:
...and appropriately tensor decompose hµν

hµν ∼ e−iωt Y(s)jm
µν (θ, ϕ) R

(s)
jm(r∗)

Reduce to a Schrödinger-like radial equation:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0

Instate physical boundary conditions to obtain the discrete eigenmodes ω

tortoise coordinate r∗
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Sketch of BH perturbation theory

Perturb around a stationary BH background:
gµν = ḡµν + hµν ,

∣∣hµν

∣∣ ≪ 1

Linearize the Einstein equations:
δhGµν

[
ḡ + h

]
= 0

Exploit symmetries of the background:
...and appropriately tensor decompose hµν

hµν ∼ e−iωt Y(s)jm
µν (θ, ϕ) R

(s)
jm(r∗)

Reduce to a Schrödinger-like radial equation:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0

Instate physical boundary conditions to obtain the discrete eigenmodes ω

Upshot

The characteristic frequencies
ω encode the properties of the
background BH

Teukolsky (1973), Astrophys. J. 185
Regge & Wheeler (1957), Phys. Rev. 108
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 ,

Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions

33333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333333



wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner =Hobbits delighted in such things, if they were accurate; they liked to have seminar talks about quantum tunneling filled with things that they already knew, set out fair and square with no contradictions. They found great comfort in this orderly kind of knowledge, where everything was explained plainly and nothing unexpected threatened the calm, familiar shape of the world.:
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH

(sink) r∗ → −∞ r∗ → ∞open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink)

r∗ → −∞ r∗ → ∞open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞

r∗ → ∞open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞

open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗

=⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞

open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞

open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗

=⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞

open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞

open system with purely
outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:

ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency

ωI : damping rate
For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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Boundary conditions & QNMs

Study the behavior of the radial equation for r∗ → ±∞:
d2R

(s)
jm(r∗)

dr∗2 +
[
ω2 − Vjm(r∗)

]
R

(s)
jm(r∗) = 0 , Vjm(r∗) r∗→±∞−−−−−→ 0 .

(outer) horizon:(
r∗ → −∞

) R
(s)
jm(r∗) ∼ e−iωr∗ =⇒ hµν ∼ e−iω(t+r∗) purely ingoing wave ,

spatial infinity:(
r∗ → +∞

) R
(s)
jm(r∗) ∼ e+iωr∗ =⇒ hµν ∼ e−iω(t−r∗) purely outgoing wave .

Physical interpretation of ωR/I:
ωR : oscillation/ringdown frequency
ωI : damping rate

For ωI ≪ 1, the associated mode becomes very long-lived.

Note
The quasinormal modes
ω = ωR − iωI are complex,
as the eigenvalue problem is
non-Hermitian.

BH
(sink) r∗ → −∞ r∗ → ∞open system with purely

outgoing boundary conditions
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...
−→ a set of zero-damped modes

(ZDMs) with Im(ω) → 0 emerges

ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)

Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...
−→ a set of zero-damped modes

(ZDMs) with Im(ω) → 0 emerges

ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...
−→ a set of zero-damped modes

(ZDMs) with Im(ω) → 0 emerges

ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges

ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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M = 1

Q = 0.9970

ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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Q = 0.9980

ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra

— zero-damped modes (ZDMs)

Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...

−→ a set of zero-damped modes
(ZDMs) with Im(ω) → 0 emerges
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ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra — zero-damped modes (ZDMs)
Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...
−→ a set of zero-damped modes

(ZDMs) with Im(ω) → 0 emerges
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ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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More on QNM spectra — zero-damped modes (ZDMs)
Apart from their mass M , BHs can
have additional properties:

Angular momentum L (Kerr)
Charge Q (Reissner–Nordström)

Near extremality, the QNM spectrum
develops interesting features...
−→ a set of zero-damped modes

(ZDMs) with Im(ω) → 0 emerges
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ZDMs
Zero-damped modes, characterized
by Im(ω) → 0, are very long-lived
perturbations that influence the late-
time ringdown.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background

of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0

with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z)

yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.

55555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555555



wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner =Hobbits delighted in such things, if they were accurate; they liked to have seminar talks about quantum tunneling filled with things that they already knew, set out fair and square with no contradictions. They found great comfort in this orderly kind of knowledge, where everything was explained plainly and nothing unexpected threatened the calm, familiar shape of the world.:

bI
$k

@u
z;
Ilf
I8
@c
ez
9I
2;
Ic
If
lj
az
If
8z
1I
ca
bu
zO
3b
@I
lu
I0
zI
.l
99
zu
IF
b@
el
jf
Ib
3I
0z
IF
b@
a9
Iz
4z
@;
I1
c0
Ilf
I8
@l
z9
Ilu
I%
c9
bF
OF
ld
lj
I0
@k

yI
ek

u8
az
ff
IS
uf
xu
IF
&f
Oc
dI
0z
I3
lu
ca
IF
&I
lf
I3
b@
rz
9I
bu
a;
Ic
8I
0z
Iz
dI
3@
b6
I0
zI
rc
0z
@l
jI
cd
IF
zl
yl
jI
b3
I0
z6
Ic
:
Oc
fI
9x
1I
ac
FI
9z
e@
xf
P Ú Æ

   Ë   Ä  
ò 


   

 
 

Å Ú
è

ðÉ 
  Øæ 

 ¿ Å Å  
ă Ú  


     

     
È  ¿    


 ð


Ä  


Å 

 
èÂ  


 


 

 
È 

Å Ç 
 ÀÄ  Ú    

Ç 
   


Å     Ç Å È  


   

     
     Å ¿   Ú

 


Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M

, z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε

, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Scalar perturbations in a near-extremal RN background

We focus on the scalar perturbations of a RN metric, for which one can study the
perturbations of a massless, neutral scalar field Φ in a fixed, near-extremal RN
background of the form

ds2 = −
(

1 − 2M

r
+ Q2

r2

)
dt2 +
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1 − 2M

r
+ Q2

r2

)−1
dr2 + r2

(
dθ2 + sin(θ)2dφ2

)
.

Solving ∇µ∇µΦ = 0 with the ansatz Φ = e−iωtYjm(θ, φ)Ψj(z) yields the subsequently
studied Schrödinger-type ODE{

− d2

dz2 + j(j + 1)
(z − z+)(z − z−)

+
ε2(Ω2z4 − 1

)
(z − z+)2(z − z−)2

}
Ψj(z) = 0 .

where we have rescaled z = r/M , z± = 1 ±
√

1 − Q2/M2 ≡ 1 ± ε, Ω = iMε−1ω.
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Outline of the talk

11111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111 What are “zero-damped modes”?
Motivation: Black hole mergers
QNMs & ZDMs
Scalar perturbations in a RN background

3 Applying EWKB to the RN case
Exact ZDM quantization condition
Determining the Voros symbols
ZDM spectrum at NNLO

4 Summary
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Formal WKB solutions & Stokes graphs
Connection formulae
The harmonic oscillator reloaded
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A crash course on exact WKB

Investigate the Schrödinger-type ODE{
− d2

dz2 +

η2

Q(z)
}

Ψ(z) = 0 ,

where we have introduced the formal
counting parameter η (usually: η = ℏ−1).

Ψ(z) = exp
{∫ z

S(z′) dz′
}

exponential ansatz

Riccati equation:
S(z)2 + S′(z) = η2Q(z)

Sodd(z) =
∞∑

k = 0
η−(2k+1)S2k+1(z)

formal series
expansion“Formal” WKB solutions:

Ψ±(z) = 1√
Sodd(z)

exp
{

±
∫ z

Sodd(z′) dz′
}

Seven(z) = −1
2

d
dz

log
[
Sodd(z)

]

66666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666666
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A crash course on exact WKB

Investigate the Schrödinger-type ODE{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

where we have introduced the formal
counting parameter η (usually: η = ℏ−1).

Ψ(z) = exp
{∫ z

S(z′) dz′
}

exponential ansatz

Riccati equation:
S(z)2 + S′(z) = η2Q(z)

Sodd(z) =
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k = 0
η−(2k+1)S2k+1(z)

formal series
expansion“Formal” WKB solutions:

Ψ±(z) = 1√
Sodd(z)
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A crash course on exact WKB

Investigate the Schrödinger-type ODE{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

where we have introduced the formal
counting parameter η (usually: η = ℏ−1).

Ψ(z) = exp
{∫ z

S(z′) dz′
}

exponential ansatz

Riccati equation:
S(z)2 + S′(z) = η2Q(z)

Sodd(z) =
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k = 0
η−(2k+1)S2k+1(z)

formal series
expansion“Formal” WKB solutions:

Ψ±(z) = 1√
Sodd(z)
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{

±
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Sodd(z′) dz′
}
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A crash course on exact WKB

Investigate the Schrödinger-type ODE{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

where we have introduced the formal
counting parameter η (usually: η = ℏ−1).

Ψ(z) = exp
{∫ z

S(z′) dz′
}

exponential ansatz

Riccati equation:
S(z)2 + S′(z) = η2Q(z)

Sodd(z) =
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k = 0
η−(2k+1)S2k+1(z)

formal series
expansion“Formal” WKB solutions:

Ψ±(z) = 1√
Sodd(z)
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{

±
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Sodd(z′) dz′
}
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A crash course on exact WKB

Investigate the Schrödinger-type ODE{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

where we have introduced the formal
counting parameter η (usually: η = ℏ−1).

Ψ(z) = exp
{∫ z

S(z′) dz′
}

exponential ansatz

Riccati equation:
S(z)2 + S′(z) = η2Q(z)

Sodd(z) =
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k = 0
η−(2k+1)S2k+1(z)

formal series
expansion

“Formal” WKB solutions:

Ψ±(z) = 1√
Sodd(z)
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A crash course on exact WKB

Investigate the Schrödinger-type ODE{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

where we have introduced the formal
counting parameter η (usually: η = ℏ−1).

Ψ(z) = exp
{∫ z

S(z′) dz′
}

exponential ansatz

Riccati equation:
S(z)2 + S′(z) = η2Q(z)

Sodd(z) =
∞∑

k = 0
η−(2k+1)S2k+1(z)

formal series
expansion

“Formal” WKB solutions:

Ψ±(z) = 1√
Sodd(z)

exp
{

±
∫ z

Sodd(z′) dz′
}

Seven(z) = −1
2

d
dz

log
[
Sodd(z)

]
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Investigate the Schrödinger-type ODE{
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dz2 + η2Q(z)
}

Ψ(z) = 0 ,

where we have introduced the formal
counting parameter η (usually: η = ℏ−1).

Ψ(z) = exp
{∫ z

S(z′) dz′
}

exponential ansatz

Riccati equation:
S(z)2 + S′(z) = η2Q(z)

Sodd(z) =
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k = 0
η−(2k+1)S2k+1(z)

formal series
expansion“Formal” WKB solutions:
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Stokes graphs

Turning points: Q(zturn) = 0 Stokes curves: Im
{

η

∫ z

zturn

√
Q(z′) dz′

}
= 0

Stokes region

Q(z) =
(
z2 − 9

)(
z2 − 1/9

)(
z3 − eiπ/8

)3
Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Stokes graphs

Turning points: Q(zturn) = 0

Stokes curves: Im
{

η

∫ z

zturn

√
Q(z′) dz′

}
= 0

Stokes region

Q(z) =
(
z2 − 9

)(
z2 − 1/9

)(
z3 − eiπ/8

)3
Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Stokes graphs

Turning points: Q(zturn) = 0 Stokes curves: Im
{

η

∫ z

zturn

√
Q(z′) dz′

}
= 0

turning point
Stokes curve

double pole
branch cut

Stokes region

Q(z) =
(
z2 − 9

)(
z2 − 1/9

)(
z3 − eiπ/8

)3

Upshot

The formal WKB so-
lutions Ψ±(z) can be
Borel-resummed in
each Stokes region.
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Local structure around a simple turning point:
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Local structure around a simple turning point:
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Local structure around a simple turning point:
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Crossing formulae

Local structure around a simple turning point:

+

−

−

I

II (
Ψ+
Ψ−

)
II

=
(

1 −i
0 1

)(
Ψ+
Ψ−

)
I

...requires the correct “normalization” to zturn:

Ψ(zturn)
± (z) = 1√

Sodd(z)
exp

{
±
∫ z

zturn

Sodd(z′) dz′
}

Exact WKB “dictionary”

+

I

II (
1 −i
0 1

)

−

I

II (
1 0

−i 1

)

I

II (
ν+ 0
0 ν−

)

Silverstone (1985), Phys. Rev. Lett. 55 (23)
Voros (1983), Ann. Inst. Henri Poincaré 39 (3)
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Crossing formulae

Local structure around a simple turning point:
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...requires the correct “normalization” to zturn:

Ψ(zturn)
± (z) = 1√

Sodd(z)
exp

{
±
∫ z

zturn

Sodd(z′) dz′
}

Exact WKB “dictionary”
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Crossing formulae

Local structure around a simple turning point:
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...requires the correct “normalization” to zturn:

Ψ(zturn)
± (z) = 1√

Sodd(z)
exp

{
±
∫ z

zturn

Sodd(z′) dz′
}

Exact WKB “dictionary”
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Silverstone (1985), Phys. Rev. Lett. 55 (23)
Voros (1983), Ann. Inst. Henri Poincaré 39 (3)
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Crossing formulae

Local structure around a simple turning point:
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...requires the correct “normalization” to zturn:

Ψ(zturn)
± (z) = 1√

Sodd(z)
exp
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zturn

Sodd(z′) dz′
}

Exact WKB “dictionary”
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Crossing formulae

Local structure around a simple turning point:

+

−

−

I

II (
Ψ+
Ψ−

)
II

=
(

1 −i
0 1

)(
Ψ+
Ψ−

)
I

...requires the correct “normalization” to zturn:

Ψ(zturn)
± (z) = 1√

Sodd(z)
exp

{
±
∫ z

zturn

Sodd(z′) dz′
}

Exact WKB “dictionary”

+

I

II (
1 −i
0 1

)

−

I

II (
1 0

−i 1

)

I

II (
ν+ 0
0 ν−

)

Silverstone (1985), Phys. Rev. Lett. 55 (23)
Voros (1983), Ann. Inst. Henri Poincaré 39 (3)
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Crossing formulae

Local structure around a simple turning point:

+

−

−

I

II (
Ψ+
Ψ−

)
II

=
(

1 −i
0 1

)(
Ψ+
Ψ−

)
I

...change of normalization therefore involves the factor:

Ψ(zturn,i)
± (z) = exp

{
±
∫ zturn,j

zturn,i

Sodd(z′) dz′
}

Ψ(zturn,j)
± (z)

Exact WKB “dictionary”

+

I

II (
1 −i
0 1

)

−

I

II (
1 0

−i 1

)

I

II (
ν+ 0
0 ν−

)

Silverstone (1985), Phys. Rev. Lett. 55 (23)
Voros (1983), Ann. Inst. Henri Poincaré 39 (3)
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Crossing formulae

Local structure around a simple turning point:

+

−

−

I

II (
Ψ+
Ψ−

)
II

=
(

1 −i
0 1

)(
Ψ+
Ψ−

)
I

...change of normalization therefore involves the factor:

Ψ(zturn,i)
± (z) = exp

{
±
∫ zturn,j

zturn,i

Sodd(z′) dz′
}

︸ ︷︷ ︸(
Vij

)±2 Voros symbol

Ψ(zturn,j)
± (z)

Exact WKB “dictionary”

+

I

II (
1 −i
0 1

)

−

I

II (
1 0

−i 1

)

I

II (
ν+ 0
0 ν−

)

Silverstone (1985), Phys. Rev. Lett. 55 (23)
Voros (1983), Ann. Inst. Henri Poincaré 39 (3)
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The harmonic oscillator returns

{
− ℏ2

2m

d2

dz2 + mω2z2

2

}
Ψ(z) = EΨ(z)

(
Ψ+
Ψ−

)(z1)

III
=

(
V1/2

12 0
0 V−1/2

12

)(
1 0
i 1

)(
V1/2

21 0
0 V−1/2

21

)(
1 0
i 1

)

(
Ψ+
Ψ−

)(z1)

I

=
(

1 0
i
(
1 + V−1

12
)

1

)(
Ψ+
Ψ−

)(z1)

I

(
Ψ+
Ψ−

)(z1)

III
=

(
V1/2

12 0
0 V−1/2

12

)(
1 0
i 1

)(
V1/2

21 0
0 V−1/2

21

)(
1 0
i 1

)(
Ψ+
Ψ−

)(z1)

I

=
(

1 0
i
(
1 + V−1

12
)

1

)(
Ψ+
Ψ−

)(z1)

I

Exact quantization condition:
V12

!= −1

...for which the desired Voros symbol
can be computed exactly:

V12 = exp
{

1
2

∫
z2

z1

Sodd(z) dz

}
= exp

(
−2πiE

ℏω

)
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...for which the desired Voros symbol
can be computed exactly:
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The harmonic oscillator returns
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}
Ψ(z) = EΨ(z) Boundary conditions: Ψ(z) z→±∞−−−−→ 0
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The harmonic oscillator returns
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Ψ(z) = EΨ(z) Boundary conditions: Ψ(z) z→±∞−−−−→ 0
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Exact quantization condition:
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!= −1

...for which the desired Voros symbol
can be computed exactly:
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The harmonic oscillator returns
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}
Ψ(z) = EΨ(z) Boundary conditions: Ψ(z) z→±∞−−−−→ 0
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Exact quantization condition:
V12

!= −1

...for which the desired Voros symbol
can be computed exactly:
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The harmonic oscillator returns
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}
Ψ(z) = EΨ(z) Boundary conditions: Ψ(z) z→±∞−−−−→ 0
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Exact quantization condition:
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!= −1

...for which the desired Voros symbol
can be computed exactly:
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The harmonic oscillator returns
{
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}
Ψ(z) = EΨ(z) Boundary conditions: Ψ(z) z→±∞−−−−→ 0
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Exact quantization condition:
V12

!= −1

...for which the desired Voros symbol
can be computed exactly:
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The harmonic oscillator returns
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Ψ(z) = EΨ(z) Boundary conditions: Ψ(z) z→±∞−−−−→ 0
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Ψ(z) = EΨ(z) Boundary conditions: Ψ(z) z→±∞−−−−→ 0
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Outline of the talk
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Formal WKB solutions & Stokes graphs
Connection formulae
The harmonic oscillator reloaded

4 Summary
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Exact ZDM quantization condition
Determining the Voros symbols
ZDM spectrum at NNLO
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Applying EWKB to the RN ZDM case

RN ZDM ODE reads{
− d2

dz2 + η2Q(z)
}

Ψ(z) = 0 ,

with the WKB potential

Q(z) = j(j + 1)
(z − z+)(z − z−)

+ ε2(Ω2z4 − 1)
(z − z+)2(z − z−)2 .

(Double) Poles:
z± = 1 ± ε

Turning points:
z1,2 = 1 ± iε × const. + O

(
ε2)

z3,4 = ±iε−1 × const. + O(1)
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Exact quantization condition

schematic representation
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schematic representation
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schematic representation
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with R = ν−/ν+ = e−2iπΩ(1 + ε)2

Boundary conditions:
Ψ(z) z→∞−−−−→ Ψ+(z)
Ψ(z)

z→z+−−−−→ Ψ−(z)
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Exact quantization condition

schematic representation
terminates in z2 −

terminates in z3 −

terminates in z1 −

repeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeats

+

z3

−

z3

−

z2

−

z1z+

z→∞−−−→z→z+←−−−−
− − − − − −

. . .

pattern repeats
indefinitely

III

crossing at very large values
of Re(z) ∼

[
Im(Ω)ε

]−1 ≫ 1

(
Ψ+
Ψ−

)(z3)

II
∝ lim

N→∞

 1 i

iR
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
RN −

R
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
(Ψ+

Ψ−

)(z3)

I

with R = ν−/ν+ = e−2iπΩ(1 + ε)2

Boundary conditions:
Ψ(z) z→∞−−−−→ Ψ+(z)
Ψ(z)

z→z+−−−−→ Ψ−(z)
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Exact quantization condition

schematic representation
terminates in z2 −

terminates in z3 −

terminates in z1 −

repeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeats
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z3

−

z3

−

z2

−

z1z+

z→∞−−−→z→z+←−−−−
− − − − − −

. . .

pattern repeats
indefinitely

III

crossing at very large values
of Re(z) ∼

[
Im(Ω)ε

]−1 ≫ 1

(
Ψ+
Ψ−

)(z3)

II
∝ lim

N→∞

 1 i

iR
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
RN −

R
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
(Ψ+

Ψ−

)(z3)

I

with R = ν−/ν+ = e−2iπΩ(1 + ε)2

Boundary conditions:
Ψ(z) z→∞−−−−→ Ψ+(z)
Ψ(z)

z→z+−−−−→ Ψ−(z)
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Exact quantization condition

schematic representation
terminates in z2 −

terminates in z3 −

terminates in z1 −

repeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeats
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−

z3

−

z2

−

z1z+

z→∞−−−→z→z+←−−−−
− − − − − −

. . .

pattern repeats
indefinitely

III

crossing at very large values
of Re(z) ∼

[
Im(Ω)ε

]−1 ≫ 1

(
Ψ+
Ψ−

)(z3)

II
∝ lim

N→∞

 1 i

iR
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
RN −

R
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
(Ψ+

Ψ−

)(z3)

I

with R = ν−/ν+ = e−2iπΩ(1 + ε)2
=⇒ Required connection condition: lim

N→∞
M22/M21 = 0.

Boundary conditions:
Ψ(z) z→∞−−−−→ Ψ+(z)
Ψ(z)

z→z+−−−−→ Ψ−(z)

Phys. Rev. D 111 (12)
Miyachi, Namba, Omiya & Oshita (2025),
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Exact quantization condition

schematic representation
terminates in z2 −

terminates in z3 −

terminates in z1 −

repeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeatsrepeats
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z3

−

z3

−

z2

−

z1z+

z→∞−−−→z→z+←−−−−
− − − − − −

. . .

pattern repeats
indefinitely

III

crossing at very large values
of Re(z) ∼

[
Im(Ω)ε

]−1 ≫ 1

(
Ψ+
Ψ−

)(z3)

II
∝ lim

N→∞

 1 i

iR
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
RN −

R
(
RN − 1

)
R − 1

[
1 +

(
1 + V12

)
V23

]
(Ψ+

Ψ−

)(z3)

I

with R = ν−/ν+ = e−2iπΩ(1 + ε)2
=⇒ Exact quantization condition: 1 + R

(
1 + V12

)
V23 = 0.

Boundary conditions:
Ψ(z) z→∞−−−−→ Ψ+(z)
Ψ(z)

z→z+−−−−→ Ψ−(z)

Phys. Rev. D 111 (12)
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + e−2iπΩ(1 + ε)2(
1 + V12

)
V23 = 0

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23

= O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.

1212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212121212



wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner =Hobbits delighted in such things, if they were accurate; they liked to have seminar talks about quantum tunneling filled with things that they already knew, set out fair and square with no contradictions. They found great comfort in this orderly kind of knowledge, where everything was explained plainly and nothing unexpected threatened the calm, familiar shape of the world.:

bI
$k

@u
z;
Ilf
I8
@c
ez
9I
2;
Ic
If
lj
az
If
8z
1I
ca
bu
zO
3b
@I
lu
I0
zI
.l
99
zu
IF
b@
el
jf
Ib
3I
0z
IF
b@
a9
Iz
4z
@;
I1
c0
Ilf
I8
@l
z9
Ilu
I%
c9
bF
OF
ld
lj
I0
@k

yI
ek

u8
az
ff
IS
uf
xu
IF
&f
Oc
dI
0z
I3
lu
ca
IF
&I
lf
I3
b@
rz
9I
bu
a;
Ic
8I
0z
Iz
dI
3@
b6
I0
zI
rc
0z
@l
jI
cd
IF
zl
yl
jI
b3
I0
z6
Ic
:
Oc
fI
9x
1I
ac
FI
9z
e@
xf
P Ú Æ

   Ë   Ä  
ò 


   

 
 

Å Ú
è

ðÉ 
  Øæ 

 ¿ Å Å  
ă Ú  


     

     
È  ¿    


 ð


Ä  


Å 

 
èÂ  


 


 

 
È 

Å Ç 
 ÀÄ  Ú    

Ç 
   


Å     Ç Å È  


   

     
     Å ¿   Ú

 


Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23

= O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23 = O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23 = O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23 = O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

z− z+

z1

z2

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23 = O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

γ12

z− z+

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23 = O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

γ12

γtot

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Simplifying the exact quantization condition — Voros symbols

Exact quantization condition: 1 + V12 = −e2iπΩ(1 + ε)2
V−1

23 = O
(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

γ12

γtot

γ+γ−

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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V−1
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(
ε4j+2)

At first, Voros symbol V23:

V23 ∼ ε−2(2j+1) × O(1)

=⇒ term on the RHS can be neglected
when working to “low” orders

At last, Voros symbol V12:

γ12

γtot

γ+γ−

Note
We analytically compute V12 to all
orders in η without the need to ever
expand in the formal WKB parameter.
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Analytical results

Previously known analytical expression:

ω(ZDM)
n ∼ −i

r+ − r−
2r2

+

(
n + j + 1

)
= − iε

M

(
n + j + 1

)[
1 + O(ε)

]
︸ ︷︷ ︸

Ωn

, n ∈ N0 .

Our result:

Ωn =
(
n + j + 1

){
1 −

[
1 − 6(n + j + 1)

2j + 1

]
ε2

+
[

1 − n + j + 1
2(2j + 1)

(
33 − 1

4j(j + 1) − 3

)
+ 72(n + j + 1)2

(2j + 1)2

− 2(n + j + 1)3

(2j + 1)3

(
35 + 4

j(j + 1)
+ 4

4j(j + 1) − 3

)]
ε4 + O

(
ε6)}

Kim, Myung & Park (2012), Eur. Phys. J. C 73
Hod (2010), Phys. Lett. A 374
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Analytical results
Previously known analytical expression:

ω(ZDM)
n ∼ −i

r+ − r−
2r2

+

(
n + j + 1

)
= − iε

M

(
n + j + 1

)[
1 + O(ε)

]
︸ ︷︷ ︸

Ωn

, n ∈ N0 .

Our result:

Ωn =
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n + j + 1
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1 − 6(n + j + 1)
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]
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2(2j + 1)
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+ 72(n + j + 1)2
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Analytical results
Previously known analytical expression:

ω(ZDM)
n ∼ −i

r+ − r−
2r2

+

(
n + j + 1

)
= − iε

M

(
n + j + 1

)[
1 + O(ε)

]
︸ ︷︷ ︸

Ωn

, n ∈ N0 .

Our result:

Ωn =
(
n + j + 1

){
1 −

[
1 − 6(n + j + 1)

2j + 1

]
ε2

+
[

1 − n + j + 1
2(2j + 1)

(
33 − 1

4j(j + 1) − 3

)
+ 72(n + j + 1)2

(2j + 1)2

− 2(n + j + 1)3

(2j + 1)3

(
35 + 4

j(j + 1)
+ 4

4j(j + 1) − 3

)]
ε4

+ O
(
ε6)

}
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Analytical results
Previously known analytical expression:

ω(ZDM)
n ∼ −i

r+ − r−
2r2

+

(
n + j + 1

)
= − iε

M

(
n + j + 1

)[
1 + O(ε)

]
︸ ︷︷ ︸

Ωn

, n ∈ N0 .

Our result:

Ωn =
(
n + j + 1

){
1 −

[
1 − 6(n + j + 1)

2j + 1

]
ε2

+
[

1 − n + j + 1
2(2j + 1)

(
33 − 1

4j(j + 1) − 3

)
+ 72(n + j + 1)2

(2j + 1)2

− 2(n + j + 1)3

(2j + 1)3

(
35 + 4

j(j + 1)
+ 4

4j(j + 1) − 3

)]
ε4 + O

(
ε6)}
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Analytical results
Previously known analytical expression:

ω(ZDM)
n ∼ −i

r+ − r−
2r2

+

(
n + j + 1

)
= − iε

M

(
n + j + 1

)[
1 + O(ε)

]
︸ ︷︷ ︸

Ωn

, n ∈ N0 .

Our result:

Ωn =
(
n + j + 1

){
1 −

[
1 − 6(n + j + 1)

2j + 1

]
ε2

+
[

1 − n + j + 1
2(2j + 1)

(
33 − 1

4j(j + 1) − 3

)
+ 72(n + j + 1)2

(2j + 1)2

− 2(n + j + 1)3

(2j + 1)3

(
35 + 4

j(j + 1)
+ 4

4j(j + 1) − 3

)]
ε4 + O

(
ε6)}

Not applicable to the j = 0 sector! The case j = 0 differs qualitatively and needs to be treated separately.
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Comparison with numerical computations
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Outline of the talk

11111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111111 What are “zero-damped modes”?
Motivation: Black hole mergers
QNMs & ZDMs
Scalar perturbations in a RN background

2 Exact WKB in a Nutshell
Formal WKB solutions & Stokes graphs
Connection formulae
The harmonic oscillator reloaded

3 Applying EWKB to the RN case
Exact ZDM quantization condition
Determining the Voros symbols
ZDM spectrum at NNLO
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Summary

We have seen

... that ZDMs have a simple geometric description in the exact WKB framework:
– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12

– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!

1515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515



wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner =Hobbits delighted in such things, if they were accurate; they liked to have seminar talks about quantum tunneling filled with things that they already knew, set out fair and square with no contradictions. They found great comfort in this orderly kind of knowledge, where everything was explained plainly and nothing unexpected threatened the calm, familiar shape of the world.:
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)

– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0

V23 ∼ ε−(4j+2)
−−−−−−−−−→

ε→0+
V12 = −1 + O

(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!

1515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515



wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner =Hobbits delighted in such things, if they were accurate; they liked to have seminar talks about quantum tunneling filled with things that they already knew, set out fair and square with no contradictions. They found great comfort in this orderly kind of knowledge, where everything was explained plainly and nothing unexpected threatened the calm, familiar shape of the world.:

bI
$k

@u
z;
Ilf
I8
@c
ez
9I
2;
Ic
If
lj
az
If
8z
1I
ca
bu
zO
3b
@I
lu
I0
zI
.l
99
zu
IF
b@
el
jf
Ib
3I
0z
IF
b@
a9
Iz
4z
@;
I1
c0
Ilf
I8
@l
z9
Ilu
I%
c9
bF
OF
ld
lj
I0
@k

yI
ek

u8
az
ff
IS
uf
xu
IF
&f
Oc
dI
0z
I3
lu
ca
IF
&I
lf
I3
b@
rz
9I
bu
a;
Ic
8I
0z
Iz
dI
3@
b6
I0
zI
rc
0z
@l
jI
cd
IF
zl
yl
jI
b3
I0
z6
Ic
:
Oc
fI
9x
1I
ac
FI
9z
e@
xf
P Ú Æ

   Ë   Ä  
ò 


   

 
 

Å Ú
è

ðÉ 
  Øæ 

 ¿ Å Å  
ă Ú  


     

     
È  ¿    


 ð


Ä  


Å 

 
èÂ  


 


 

 
È 

Å Ç 
 ÀÄ  Ú    

Ç 
   


Å     Ç Å È  


   

     
     Å ¿   Ú

 


Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)

... that the exact WKB method can be leveraged to push beyond the state of the art
in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!
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Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!

1515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515151515



wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils WagnerNils Wagner =Hobbits delighted in such things, if they were accurate; they liked to have seminar talks about quantum tunneling filled with things that they already knew, set out fair and square with no contradictions. They found great comfort in this orderly kind of knowledge, where everything was explained plainly and nothing unexpected threatened the calm, familiar shape of the world.:

bI
$k

@u
z;
Ilf
I8
@c
ez
9I
2;
Ic
If
lj
az
If
8z
1I
ca
bu
zO
3b
@I
lu
I0
zI
.l
99
zu
IF
b@
el
jf
Ib
3I
0z
IF
b@
a9
Iz
4z
@;
I1
c0
Ilf
I8
@l
z9
Ilu
I%
c9
bF
OF
ld
lj
I0
@k

yI
ek

u8
az
ff
IS
uf
xu
IF
&f
Oc
dI
0z
I3
lu
ca
IF
&I
lf
I3
b@
rz
9I
bu
a;
Ic
8I
0z
Iz
dI
3@
b6
I0
zI
rc
0z
@l
jI
cd
IF
zl
yl
jI
b3
I0
z6
Ic
:
Oc
fI
9x
1I
ac
FI
9z
e@
xf
P Ú Æ

   Ë   Ä  
ò 


   

 
 

Å Ú
è

ðÉ 
  Øæ 

 ¿ Å Å  
ă Ú  


     

     
È  ¿    


 ð


Ä  


Å 

 
èÂ  


 


 

 
È 

Å Ç 
 ÀÄ  Ú    

Ç 
   


Å     Ç Å È  


   

     
     Å ¿   Ú

 


Summary

We have seen
... that ZDMs have a simple geometric description in the exact WKB framework:

– the relevant spectrum is associated with the near-horizon cycle V12
– QNM boundary conditions are instead encoded globally (V12,V23)
– near extremality, the hierarchy of scales simplifies the problem considerably

1 + R
(
1 + V12

)
V23 = 0 V23 ∼ ε−(4j+2)

−−−−−−−−−→
ε→0+

V12 = −1 + O
(
ε−(4j+2)

)
... that the exact WKB method can be leveraged to push beyond the state of the art

in this class of problems

We hope this powerful framework will clarify the QNM–ZDM splitting beyond the
near-extremal regime in the future!

Thanks for your attention!
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