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Papers and collaborators for this talk

Gravitational waves from critical dynamics
® Part I: Foundations (arXiv:2609.XXXX) < mostly this today
® Part Il: Models (arXiv:26XX.XXXX)
® Part Ill: Cosmological signals (arXiv:26XX.XXXX)

Paul Saffin

Thomas Martin
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Classifying phase transitions

First order

® jump in 4~ (enthalpy)

® |ocally stable phases coexist

. €
® correlations o ‘;,—_2

® bubble nucleation
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Classifying phase transitions

First order Second order
® jump in 4~ (enthalpy) ® jump in d?,.2 (heat capacity)
® |ocally stable phases coexist ® no stable phase coexistence
e correlations oc % ® correlations o rd%w
® bubble nucleation ® critical dynamics
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Phase diagram of Helium-4
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What does a second-order phase transition look like?

Helium cooled through its lambda transition.

https://youtu.be/XpFNZFQIKak
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https://youtu.be/XpFNZFQIKak

Big Bang today



Dynamical universality



Static universality

correlation length diverges at T,
oc|T =T

long-distance physics governed by
scale-invariant IR fixed points,

(#(x)¢(0)) o x>~
quantities scale with & near T, e.g.
Cux&v
many UV models flow to the same

IR fixed point
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Dynamics fragments static universality

® multiple dynamical equations

053

_ ~g2093 |

at¢: 5¢

have same static equilibrium
P(¢) oc e™

® plus, order parameter can couple to hydrodynamic modes

non-conserved

conserved
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Dynamical universality

® correlation time diverges with correlation length

® joint fixed point of statics and dynamics (universality!)

T o &2

® ~ 10 dynamical universality classes classified

Dimenston ‘Non-vanishing
order of | Non-conserved | Conserved | - Poisson
Model Designation System paramoter folds fields bracket
A Kinetic Ising v None Nono
anisotropic magnots
Relaxational 5 None v None
c 0 m None
Fluid H 1 None vy {00
Symmetric planar E 2 1] m {o,m}
¥ Fasy-planc magnet, ;=0 2 v " [
superluid helium
G Helsenberg s 0 m {#.m}
antiterromagnet
3 Heisenberg 3 None ¥ {9
ferromagnet

Hohenberg & Halperin '77, Folk & Moser '06
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The scaling hypothesis

At the transition, there is an anisotropic scale symmetry,
X; — AXj, t — \t,

which has the Ward identity

0 0
<Zt8t +X,'6—Xi + A> O(t,x) =0

implying observables are scaling functions

— O(t,x):|x|_A-(9< ! 1>

[x|*”
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Model A

® simplest model of critical dynamics

® z =~ 2.03, and relativistic version reduces to it
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Sourcing gravitational waves



Gravitational waves

GWs sourced by transverse-traceless energy-momentum tensor,
hij(x,t) — V2hii(x, t) = (167 G) T T (x, t)
which for Model A is
TiT = Nju TOig0;p

so that GW power is sourced by

(%) ~ Nija T2 (9i9(t, x)9;(t, x)9kb(0,0)81(0, 0))
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Scaling source

GW source has scaling dimension
[(TUTkI>] =d +z
so reduces to a scaling function at the fixed point,

w
N {Ty Tut) = KO2F (P)

with extra arguments, e.g. the reduced temperature, away from T.
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Strong coupling

In d = 3, effective coupling of k£ ~ 1 modes diverges with &,

)\f — 0
2

TV ke
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Strong coupling

In d = 3, effective coupling of k£ ~ 1 modes diverges with &,

A —7A§ — 00
eff = /—14-(/(5)2

Strong-coupling methods needed:

o e-expansion < our pick Wilson & Fisher '72
o lattice simulations e.g. Schwitzer, Schlichting & von Smekal '20
o functional renormalisation group ERG 2026, in Sussex right now!
o Iarge—N expansion e.g. Natsuume & Okamura '10
o holography e.g. Maeda, Natsuume & Okamura '08
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Path integral representation
With a few standard tricks we can formulate a path integral for

Eo, (] = 00" — FO[{¢}] — (7 =0

Taking the noise partition function,
7= /pg o3 Jet Clo71)P¢t
and inserting a “1",
- /wa E*[6, ¢]) det m]
then using a couple of standard integral relations, gives
= / DPDep ¢/ *Msw
where

Susr = / [&a(atasa— Fa[¢1)+;$aaab¢3b] .

,t
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Aside: EFT on the Schwinger-Keldysh contour
Imt

to t

)

The MSR path integral is the classical limit of the
Schwinger-Keldysh /closed-time path/in-in path integral, with

p=>(d1+¢2) b=d¢1— o

N
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Path integral for Model A plus gravitons

(hyh) = / DGDEFDIDh (hjhyy) € Jex Z (S0P
where £ splits up as
L=+ Ly —hy T,
and the order parameter part is
a=8[b (= V2 50) 6+ ind]
and the graviton part is

Ly = ———hijNju [hk/ + Trhy — c2V2hy + I@hk/}

167G
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Lowest order diagram

This leading non-zero diagram gives

L3fd/ / 8v> T2 Njupi(k — p)ipi(k — p)i
S Y A 5 (G e (CR e

which can be integrated with Feynman and Schwinger parameters.
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e-expansion results

work in d = 4 — € spatial dimensions
fixed point at A = O(e)
divergent = poles cancel against hj; counterterms

renormalised Model A result is

Cpow | ST2(E+7e) (K 5
din(k)dt |, ~ 327*M3réo

w05tk )l 0l

crit.

where we have dropped some complicated logs for simplicity.
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Comparison to hydrodynamic fluctuations

Hydrodynamic fluctuations source GWs, proportional to the shear

viscosity 7, Hawking '66, Laine & Ghiglieri '15
d?pew _16nTk?
dln(k)dt hydro. a 7I-l\/,Fz’I ‘

Model A gives:
® small correction to k3 viscosity term, suppressed as oc €1

® large new k> term, enhanced as o ¢!

19/22



Part [l: Models (teaser)



Models B and H

® Model B (z ~ 4) describes a conserved order parameter,

5S3 -
_ ~720993
0 =5V 2 + L

® Model H (z =~ 3.1) couples to hydrodynamic modes, e.g. QCD

® For these models with larger z:

o (T,-J- Tu) loop integral becomes IR dominated
o GW signal is IR enhanced (and shear viscosity 1 oc £279)
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Part Ill: Cosmological signals (teaser)



A slow cosmological quench

Gravitational

® Finite time quench: tq ~ % ~ % + Planck enhanced

e Kibble-Zurek = &max té*”z Kibble '76, Zurek '85

® QOut of equilibrium dynamics on largest scales
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Summing up

Critical dynamics for second-order phase transitions:
® dynamical universal classes
® strongly coupled at transition
; . — Jd+ Lsd
® scaling GW source: (TT) = k“T2F(%;)

Tackling the calculation:
® c-expansion suitable
® result depends on dynamical universality class
® Model A gives:

2
Poow | 5T (3+7e) (k3 5k5> 1+ 0],

dIn(k)dt 32t MR véo \4¢

crit.
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Summing up

Critical dynamics for second-order phase transitions:
® dynamical universal classes
® strongly coupled at transition
® scaling GW source: (TT) = k9+2F(£)

Tackling the calculation:
® c-expansion suitable
® result depends on dynamical universality class
® Model A gives:

d?pew 572 (%"‘75) Kk 5
A, = s fg o5 ) 1L 0.

crit.

Thanks for listening!
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