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Thermal partition function from the S-matrix reloaded



Based on work  

- hep-th/2408.06729 with P. Baratella and E. Gendy 

- hep-th/2512.16466 with P. Baratella 

See also the recent work by D. Schubring hep-th/2408.00729
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DMB equation — Dashen, Ma, Bernstein [Phys.Rev. 197 (1969) 345-350]

Z(β) = Z0(β) −
β

2πi ∫
∞

0
dEe−βETr log S(E)

Can a vacuum S-matrix reproduce thermal physics beyond the orders where the forward 
limit is harmless? 
yes, apparent forward singularities are resolved by the energy-dependent DMB operator, while 
genuine IR sensitivity reorganizes into screening/thermal masses.



Z(β) = Z0(β) −
β

2πi ∫
∞

0
dEe−βETr log S(E + iϵ)

Purely imaginary  

Fully (disconnected) S-matrix 

Note that the particle density is given by  

 is the vacuum S-matrix, Trace + integral with Boltzmann weights generates thermal physics. Pictorially: 

Thermal partition function. Derivation formally valid on any . We will take .  

Long lived particles count as degrees of freedom 

DMB mostly used in non-relativisitc context, at tree-level with 2-particle states — leading order.

Tr log S = log det S

S(E)

S1 × Σ Rd

+ ⋯
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[EM, Guerrieri, Hebbar, Penedones, Vieira, ’19]



With the development of on-shell S-matrix methods, we have access to precise Matrix elements with 

arbitrary number of particles. Bad convergence of QCD- New calculation scheme (no ghost, no gauge 

redundancies). Alternative treatment of the QCD equation of state based on an IR safe S-matrix? 

The method shines when the path integral formulation is not available, yet we may have access to the 

S-matrix. 
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3.- Applications & recent developments

Simplest things first: free theory

















Recent Lattice MC determinations of QCD EoS up to very high temperatures vs pQCD

from Bresciani, Dalla Brida, Giusti 
and Pepe hep-lat/2501.11603

I will explain the DMB calculation up to the same order of htl NNLO.



- Before addressing real QCD, we would like to test DMB to large orders. 

- In particular we should address the role of potential singularities arising from the forward limit 
of the scattering amplitude. 

- We need a model for which:  

- The S-matrix & The partition function are known.  

- No physical IR divs.  

- Ideally a simple and interesting model. fjfjfjjfjfjfy itself, ajjjjjjthe S-matrix nor the partition 
function are ‘too complicated’. 













Coming back to perturbative QCD…









Summary: Can a vacuum S-matrix reproduce thermal physics beyond the orders where the forward 

limit is harmless? 

yes, apparent forward singularities are resolved by the energy-dependent DMB operator, while genuine IR 
sensitivity reorganizes into screening/thermal masses.

Z(β) = Z0(β) −
1

2πi ∫ dE∑
n

e−βE Tr [ T(n)(E + iϵ) ]



Outlook 

- It is possible to generalise to other observables. E.g. finite volume exited states from form factors.  

- Inverse problem: S-matrix in terms finite volume states.  

- It will be fun to continue pursuing a revision of the pQCD equation of state in view of this formalism.  




