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Introduction

* Weaknesses of the perturbation series |
* Asymptotic
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Introduction

* Perturbation theory can do more!

It encodes the nonperturbative information after we tame the asymptotics:

Resu rgence by Jean Ecalle, 80s

!

cubic tilted double well

\

Standard nonperturbative approaches:

e bounce solution
e WKB

We will compute the decay rate using perturbation theory alone.
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Introduction

e Flow

Yan Luo

Resurgence framework:

Borel resummation, and uniform VWKB

Determine the energy transseries:

for two specific potentials, using uniform VWKB

Resum the energy transseries:

demonstrate the cancellation of ambiguities

Numervrical fit:

extract the decay rate from perturbation series



Resurgence framework

e Borel resummation

— Borel transformation . X a
— k _ Tk k

b2 = ), az b = Y,

k=0 k=0

Laplace transformation l
expand
s(P)(2) =J e ™" (zw)dw
0

Caveat: if there are poles/branch cuts on the positive real axis of Borel plane (u)?
not Borel resummable

* |lateral Borel resummation C..

s+(P)(z) = Z_IJ e g (w)dw

CY
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Resurgence framework

* lLarge order and resummation ambiguity

M. Marino. Advanced Topics in Quantum Mechanics

large order behavior

- 2k, — k
k=0 k=0 -

Borel transformation Cy
—b —— —
. — ['(k+b 1
E (a) = CZ ( ) (aa)k = CT'(b)a™ (— — a) C
P k! a -

after lateral Borel resummation
disc(E,)(@) = s,(E,)(@) — s_(E,)() ambiguity:

= 21 a_lj e_Z/“lAB(En)(Z)dZ E(v) - Ep £ iE;
C,—C_

1 but the energy must be unique, why!?
{2riCabg e, | ? due, why
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Resurgence framework

* Energy transseries

in this case perturbation series itself is ill-defined, because it is not Borel summable

global B.C. will correct the energy level parameter UV=v+0U
E(v) —» E®)

nonperturbative multi-instanton expansion

k [
=gt 333 (o[- ) (] 5])

2
k=1 =0 p=0 &

G. Dunne. 1401.5202
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Resurgence framework

* Energy transseries

nonperturbative multi-instanton expansion G. Dunne. 1401.5202

k [
o= 355 (e [-5]) (m[2])

g g”
seperate k=1 1=0 p=0 , , perturbative
. k-instanton quasi-zeromode ,
O-instanton fluctuations
2\ 2
this is also ambiguous: has two branches E (87) = Eper(87) + Epp +

E—(gz) — Epert(gz) LB Enp,—

The ambiguity in perturbation series actually R
esurgence

cancels the ambiguity in the explicit nonperturbative corrections

We need to resum the full transseries, not only perturbation series. = ——> unique energy

How to get the energy transseries: uniform VWKB
Yan Luo 8



Resurgence framework

e Uniform WKB ® uniform YVKB:
choose a comparison equation with the same turning

point structure

[ | I N/l

ansatz reference equation

1 1
w(z) = f(§(2)) () + —T(@)f () = 0
VP'(2) h

a b * master equation

Schwarzian derivative

52
[T*(¢)(¢'(2))* + —{p(2), V.i(z) — 2E€) =0
Standard WKB blow up @)@+ 19l 2h ( eff(Z)V (i )
at turning points p = 0 at leading order (P'(2))* = — HerE;)
w(x) = ¢ o7 [P(X)dx so e.g,if Veg(2) ~2—2 choose IIX(¢) ~ ¢ — ¢,
\/p () map order of the zero Do = P(20)

then the solution is regular across the turning point
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Resurgence framework
e Uniform WKB procedure

* turning point structure — comparison equation

— wave function ansatz
double — parabolic cylinder D,

single — Airy functions

* solve the master equation perturbatively in each
turning-point region

PR =Y ", E=Y &) (%5)

n>0 n>0

®* master equation
£2  match the uniform solutions in the overlap region

[T*()(@'(2))* A 9@z} + (Ve(z) — 268) = 0

asymptotic behavior of special functions

» Exact Quantization Condition (EQC)
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Transseries of metastable potential

join uniform WKB solutions in different regions

— exact quantization condition (EQC) —— energy transseries

* Potential setup

Vi(x) = Exz — gx3

16

16 64

15 7 705 1155
E(v) = hv — (szz + —> h2g? — (—1/3 + v) ng*+ 0(g°

I W/l
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Transseries of metastable potential

join uniform WKB solutions in different regions

— exact quantization condition (EQC) —— energy transseries

* Potential setup

1
Vl(x) — —x2 _ gX3 VZ(X) — 2 _ gx3 T —g2X4
2 2 4
. Ez l 22_<E3 1155)34 6 _ _<2_72 2)22_(19373 2851)34 6
E(v) = hv <4v +16>hg 16U+ 64v ng”+ 0(g°) E(v) = hv 81/ +32 h-g 64D+256V g™+ 0(g°)
‘ I I ]
SR/ SR I/ S VA
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Transseries of metastable potential

e Uniform WKB for the cubic

2
PP + 2162 2) + (& - 2 = 268) =0
z=12gx ¢=4g"

double turning point z = 0:

parabolic cylinder function ¢ = u(x)/\/&

() = 2Qv— 07 1@ = ——D, 1 | =+ [2u(2
\/u/(z) 2 5

1
solve it by expansion  U(z) = —u*(2)
fulfill decreasing boundary condition at 7 > — o0 Ly 2
DX — o) — e/ Up=—= =2 +39(1 -2
master equation becomes 1 —4/1 —
g U,(z) =vinuy(z) —vin 2vin?2
ulzuz=22—Z3—25(%—vu/2)+7{u,z} 1+\/1—Z
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Transseries of metastable potential
e Uniform WKB for the cubic

2

PP + @), 2} + (27 =2~ 268) = 0

single turning point z = 1:Airy function

B
M) =—¢ @ =—=Al" (")

\VV'(2)
Gamow-Siegert B.C.at 7 — o Ai™(x) = Ai(x) + Bi(x)
solve it by expansion

. _ 1 . 2 3 T

Ai(=%) ~ exp | i (—xz -+ —) 2 3
NErE 374 Vo@) = 722 +39)(1 ~ 27
only outgoing wave )4 2\/1 —
master equation becomes Vi=—-vin -
2
W =z72—7"—2£& A ] v, z}

2
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Transseries of metastable potential
e Uniform WKB for the cubic

* joining the solutions in different regions
joining the solutions around a and b
in the barrier region |l

using the asymptotics of the special functions

: o 1 2 23/2 1 5 3_ 3 2 5
AiD(F) ~ et 2F0< —1 x_7>, ——r<arg(x) <0
TR1/4 6 6 4 3 " 5
IShi A 2 : _
e 1 a2 15 3 vanis mg, | i (2) = D, 1| —+[Zu@| @ =—==Ai" ({7w2)
Ai(R) ~ es” Fy| = —=5;=X2 exponential decaying u'(z) S VV'(2)
Tl 6 6 4
n l _%x_s/zF 1 5 3~_% 0 < (~)< 2 e\
e — — = —X ; arg(Xx) < —u, —
N~ G g(®) <3 For g = gp + 10
~ V 2” ~2/4~ 1 1 U 3 U ~—9 St I 1 1 1
2 r (l _D) 4 24 2 r ( 1 ) 9)
2
-~ —VU
o Fimy,—PA—t 1 v 3 v - 0 < + arg(®) < . 2
*Tiet"e X ———— —— ;= 2X : + arg(x —.
20\ 3 T4 T S5
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Transseries of metastable potential
e Uniform WKB for the cubic

* joining the solutions in different regions
joining the solutions in region |l and region IV

Wil

in the barrier region Il

using the asymptotics of the special functions a b

For g = g, — i0* Stokes jump / l

A 2 B . _
5 Y v _ 3¢ 3 _ | _ NG
r (5 - y) 2 (2u2> 2Fo (i - 5’% T T Su 2) w32 270 <%’%’ 3V 2) vi(2) el D’/—i [ \/;M(Z)] ¥2(2) v/ V'(2) 1 <§ V(Z)>

—_ e E

\/Zz-eiiw

EQC for the cubic
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Transseries of metastable potential
e Uniform WKB for the cubic

® energy transseries

| - A solving it as the . 1
for a typical EQC 1l +e“™ = f(v) . v=v+Arv v=n+4+-—
correction of v 2
for the cubic E_
l
Av = —1In(1 + ieAf(v + Av)) A counts the multi-instanton sector

2m |
= ——fW) + (sz@
27 4r
E (v) = E®@)

E @) = Ew) - —frE + | L poyt - L2 <f2<u>a—E)
- o7’ Tov | 4x o 8m2 o ov /)|’

e Gamow-Siegert B.C. gives this structure determined by the asymptotics
Yan Luo . of Airy function

1
y zf(v)f’(v))
t up to 2-instanton sector




Transseries of metastable potential
e Uniform WKB for the tilted double well

the same parabolic cylinder

\7¢ o i om [y oo A, 2
: : : w(2) = 1| =1/ =uz
a a a Ve L Ve
but now different B.C.for z = oo

exponential decaying

B ) 3
y3(2) = Al (f _7\/(2)) A1(x) ~ exp (—23’27)

\VV'(2) 3
a new turning point, no B.C. selection, so in general
&P g
_ =—2/3 . —2/3
Two regions joining: YH(2) = , [CAI(E™"w(2)) + DBi(E~“"w(2))]
VW)
2 % 3 —1 . - i 3 3 —1
I cosdtny (1 (i) ) (cetenet) et (12 (<)) c
joining at region lll: < = - —_—
oty (25 () ) (tenen e (33 () ) D
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Transseries of metastable potential
e Uniform WKB for the tilted double well

‘ I I I ’

7 17 gl v joining at region |l

h

N <2(V+ W) ) F,QQVIE)F,2WIE)
P\T ¢ ) F(—2vieF,—2wig)
__ V2 _ww ( 22 ) Fy(=2WIEF,4U/¢)

r (U+% S F\Q2WISFy(4U/¢)

EQC for the tilted double well

® energy transseries

pompys OB H__OE|1 A VAR L PE_f

2miov 1+f, ov |4mi (1+£)2  4n? (1+£)3 872 dv? (1 +f1)?

e LOE NS B[ AR L ANGAHARA R —AAM | 1 PE S
_=EQ@) - + — _ B
@i ov 1+fi - ov [4ai (1+)? 47 (1+£)3 | 822 a2 (144
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Resummation of the transseries

consistency: £, = E_,

 Consistency tower for the cubic

lateral Borel resum

gives the relation between P and NP

E,. @) =EQ)

E0) = ) - ~—f L 4 | LppE - L2 <f2< )a—E>_
- 27 o e o T s2a N a )|

Yan Luo 20



Resummation of the transseries

consistency: £, = E_,

. . .
Con5|stency tower for Phe cubic gives the relation between P and NP
lateral Borel resum E, — E, =S8, E, S,y =PV(y) + 5. < DOy + Df)y>

E, =S, (EWw))
+ 0 — PV(y) + PV <D§>y> + 8, (DQDQy + DQy)

. l
E =85 | E(v)——f(v — 2 2 : :
( (V) 27[][ ( ) [ f 'y 87:2 'Yy (f ) ) generate new asymptotic series

Yan Luo >



Resummation of the transseries

. . consistency: £, = E£_,
 Consistency tower for the cubic

E.—»E . =S.E,

lateral Borel resum

E+ — S+(E(V))

_ l oL
E_=[5_ (E(V) - 2—7[]” ) >

[ aen (75))

resum the perturbftion series — one-instanton sector

E,(0) = Ew0) +|S, (E@.1)|+ DPE)

E®)=Ew0)+S_ <E(v,1) |

Yan Luo

1

2

Ar” ov  8m? ov

ok 1 o ( ,0E
f

+ DYE
ov

22

gives the relation between P and NP
S.y=PV(y)+ S, (D;1>y + Df>y)

= PV(y) + PV <D§)y) + S, (Dg)Dg)y + Df)y>

generate new asymptotic series

discy(E(v)) = S (E(v)) = S_(EW))
l f oL

) 27 ov
: discontinuity (P) = one-instanton NP



Resummation of the transseries

consistency: £, = E£_,

¢ COnSlStenC)’ tower for the cubic gives the relation between P and NP

lateral Borel resum E,— E. =S, E, S,y =PV(y) + 5. ( DOy + Df)y>

E, =[S (Ew))

=PV(y) + PV <D§)y) +S, (DQDg)y + Df)y)

E_=|S_[| Ew) if()‘)E _ifz : 2
= v) ——f(v L | — : :
_ _ 271_ 01/ y 871'2 01/ generate new asymptotlc series

resum the perturbftion series — one-instanton sector

discy(E@)) = S (EW)) = S_(E())

E (D) = E,0) HS, (E(w,1)|+ 13951) ; f 3

_ _ i J0E| 1 0 [ ,0F | B

E_(0) = Ew,0) HS_ <E(v,1) b |l ==k — (fz—) + DPE ) | o o

|4 ov| Sztov \ o | discontinuity (P) = one-instanton NP

resum the one-instantcfn sector 1

3 3 _ - Re part disc,(E(v,1)) = ( 2 )

E,(0) = Ew,0) + Ew,1) +|S, (Ew2)+ DPEWw,1) +...) ° W 872 du

E_(0) = Ew.0)+ Ew. 1)+ S_ (Ew.2) + DEw,) + ... ) . Im part disc (E(v)) = L f2_

i OF I 0 [ ,0E
Yan Luo Eo)==—-——Ff— EW,2 —2 Mt
o B 7w T T T e (f 61/)



Resummation of the transseries
* The decay rate of the cubic

to the leading order, the resummed energy transseries is
1 0 oE
fi—
1672 ov ov

leading pole discontinuity — + subleading pole discontinuity ——> give the decay rate

Gamow-Siegert B.C. and Airy asymptotics

Yan Luo 24 determine this



Resummation of the transseries

 Resurgence tower for the tilted double well

oE

discontinuit E.—FE),;= %

E, = E@) + —— 22 )2 R T
+ 27i ov 1+, résurge.nce. only gives
l OE f.f, discontinuity = £_ — £ | |
E_=EW) ——— Moreover, we can check Imaginary parts vanish
2n1 ov 1 + f, ’ _ .
Fl oE |, after resummation
ImS, E(v) =

2zt 0v 1 +f1 Where is the decay rate?
The spectrum of the system is real, as we impose the global B.C.

We can only get the metastable decay rate once we impose the artificial Gamow-Siegert B.C.

The same structure.
E (V) = E(v) The same perturbation series as that if we impose
E_(v) = E(v) + Exp, the global B.C.

so discontinuity still gives the decay rate
Yan Luo 25



Numerics: Leading Instanton

instanton calculation

B. Garbrecht and N. Wagner. 2412.20431

n

1 2mwA? mw?A?

n! h
23n 15 k+n+%
E, ~ — I'lk+n
- ﬂ3/2n!<2) <+ T2
1500~
1000~
500
07
0 50 100 150
“ e
k+1
rit) = —— ~a(k + b))
Yan Luo €.k

Large order — discontinuity — decay rate
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Numerics: Subleading Instanton

e Leading Fit:Tail effect what we
just fit

onhe-instanton correction itsel

also an asymptotic serie

i OE | i 1 = ([ 169 , 44507 , 86071851 Ly~L+L,+Ly+... large order
/W= e |\ l=——g" - g* - g'+ ...

16 512 40960 M. Marifio. Advanced Topics in Quantum Mechanics

corresponds to the asymptotics in the large-order

1 15 / 15\ 1 169 1\ 44507 3\ 9563539 5\
Lk =——/— (=) [T [k+=)-—=T(k-=) - ol rx==
V2 \2) | 2 )| 120 2 ] 28800 2] 1920000 2 )

behave as 1/k tail corrections in the ratio fit

To reveal L,,

L(k+1) a,d;, a,(d} + bd, —d; — 2d,) c;
=la.k+ a b, |- — + +...=a/k+ b))+ —
Lk | T k2 @k +b1) zf ki we must subtract L, first
numerical fit gives WKB gives
match
d,=—14083, d,=—15454, d,=—4.9810 —> d=- Q,dz _ 44507,d3 _ 20359
120 28800 1920000
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Numerics: Subleading Instanton

* Resum the leading * Fit the residue
the Borel-Padé resummation PBAE](2) = P(2) the ratio a, = 2/S, 2-instanton
+i0 Qi) effect
1> / o Ritk+1)
S, D) = — e 1P PRBID](r)dt ro = ~ ay(k + by)
- Qa R, (k)
0
C(k+by) ko, 0™ P BID](au) 1200 S |
Dl,i(k) = 732 (al) <k T bl) JO (1 + u)k+b1+1 du 1.15;— ________________________________ , :
1.10;— -----------
a,, b, from leading fit 1.05
1 <§ 1.002— N ——" g
DIk = — (D1 (k) + Dy (k)] Sogs T
the residue We expect from WKB: 0901 ety
med 15 / 15\ oo —— akebprdk
R,(k) = £ — D™ (k) Rl(k)"’2—ﬂ<7> Pk+1) 080 720 a0 s 100
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Numerics 5. =3 /32— 2y2 12 +/2)

3
* The tilted double well >+ 673 ( 1

E,~(\2-=2)r"
-~ W22 \8+\/_1n8 61/2 In(2 +1/2)

1200/

1000

800 R(k) ~ _S (ZSE)_kF (k + l)
_ 7S,
~ 600 0
400° T a f
| 115‘ _____________
200 e b
| 110
W)! ;
1.05+¢
k - :
TN T . : £ 1.00
: \\'-‘-«-.-\b\ : < e
1'5__ Tte T . 095— UL
e | 090
S — SELELEe —a(k+b) :
E // | 0.85; —— a(k+b)+d/k
- n=0 - 0.80': .......................... ]
- =5 50 60 70 80 90 100
n:IO k
00
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Summary

* T[he perturbative series is asymptotic, and its lateral Borel
resummation can be ambiguous.

* The ambiguity of the perturbative sector is canceled by ambiguities in
the nonperturbative sectors of the energy transseries.
This consistency is the essence of resurgence and allows us to extract
nonperturbative information from perturbative data.

* We extract the decay rate, up to the two-instanton sector, from the
resummed perturbative series.

Yan Luo 30



Thank you!
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