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Preface

These notes accompany six lectures for experimental particle-physics PhD students at the STFC
HEP Summer School. They assume a working knowledge of quantum mechanics, special relativity
and the basic methods of quantum field theory, but no prior knowledge of group theory. The
emphasis is on the physical logic connecting experimental observations to the electroweak Standard
Model, its flavour structure, precision tests and possible grand unification. These lectures are
based on my previous three separate lectures and inspired by PhD course lectures at the University
of Glasgow and the University of Kentucky. I acknowledge the use of ChatGPT for rearranging
and restructuring.

QED, QCD and the general machinery of quantum field theory are assumed to have been taught
separately. The course therefore concentrates on the electroweak sector. Group theory is introduced
only when it is needed to interpret a field or interaction. Each lecture follows the same pattern:
physical motivation, one central derivation, an experimental connection and a short summary.

Six-lecture structure

Lecture 1: Fermi theory to gauge theory. The experimental features of weak interactions,
chirality and V' — A, the Fermi interaction, W exchange, and why a gauge-theory completion
is required.

Lecture 2: Electroweak gauge structure. The minimum group theory needed for SU(2), x
U(1)y, fermion doublets and singlets, hypercharge, charged currents, and photon—Z mixing.

Lecture 3: Electroweak symmetry breaking. The Higgs potential and vacuum, derivation
of myy, mz and the massless photon, the scale v ~ 246 GeV, and Higgs couplings to matter.

Lecture 4: Electroweak phenomenology. W and Z decay widths, the Z line shape, angular
asymmetries, experimental determination of myy, electroweak input parameters and radiative
corrections.

Lecture 5: Flavour and the muon magnetic moment. The Yukawa origin of CKM mixing,
unitarity triangles, CP violation, GIM suppression, selected flavour measurements, and the
present interpretation of muon g — 2.

Lecture 6: Grand unification. Running gauge couplings, the minimal SU(5) example, proton
decay, SO(10) and the seesaw, and how low-energy experiments test very high scales.

iv



Chapter 1

From Fermi Theory to Electroweak
Gauge Theory

The Standard Model is a relativistic quantum field theory of the known elementary particles
and their strong, electromagnetic and weak interactions. This lecture first places the Standard
Model within quantum field theory and briefly recalls the gauge-theory structures of QED
and QCD. We then build the motivation for the electroweak theory from observed properties
of weak processes. Fermi’s four-fermion description is introduced as an effective low-energy
theory, and its relation to the exchange of a massive charged vector boson is derived. The chiral
structure of the weak current naturally leads to left-handed fermion doublets and, ultimately,
to an SU(2) x U(1)y gauge theory. No previous knowledge of group theory is assumed.

1.1 The Standard Model and quantum field theory

The Standard Model (SM) is our most precise description of elementary-particle physics. It
identifies a small set of fields—quarks, leptons, gauge fields and the Higgs field—and specifies how
these fields interact. Its predictions range from particle lifetimes and scattering cross sections to
the magnetic moments of leptons and the properties of the W, Z and Higgs bosons. In a large
variety of experiments, these predictions agree with observation to remarkable accuracy.

The Standard Model is not merely a list of particles. It is a particular quantum field theory (QFT).
In QFT, particles are excitations of fields: an electron is an excitation of an electron field, a photon
is an excitation of the electromagnetic field, and so on. Relativistic causality, quantum mechanics
and symmetry severely restrict the interactions that these fields can have. The dynamics are
encoded in a Lagrangian density,

L= £kinetic + Einteractiom (11)

and observable amplitudes are calculated perturbatively using propagators and interaction vertices,
or non-perturbatively when the coupling is strong.

The gauge symmetry of the Standard Model is conventionally written
Gsm = SUB)e x SU((2)r x U(1)y. (1.2)

At first sight, this compact expression can seem to hide rather than explain the physics. Its
meaning will be developed gradually. For now, the three factors encode three kinds of gauge
interaction:
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Gauge factor Interaction Gauge fields before symmetry breaking
SU(3)¢ strong eight gluon fields G,

SU(2)L weak isospin three fields W/}’ Wi, Wﬁ’

Ul)y weak hypercharge one field B,

The photon and the physical Z boson are not initially present as separate gauge fields: they emerge
as different mixtures of Wi’ and B,, after electroweak symmetry breaking. Understanding why this
happens will be the central task of Lectures 2 and 3.

1.1.1 A brief reminder: QED

Quantum electrodynamics (QED) describes charged fermions interacting with the electromagnetic
field. For one Dirac fermion of electric charge qe, its Lagrangian is

1 _
Lqep = —ZFWF“” + Y(iv* Dy, — m)ip, D, = 8, +ieqA,, (1.3)
where
F=0,A, —0,A,. (1.4)

The interaction term follows immediately by expanding the covariant derivative:

Ling = —eqy" A, (1.5)

Thus the gauge principle fixes the Lorentz structure of the interaction. It does not merely state
that electric charge is conserved; it specifies how the photon couples to the conserved current.

QED is based on the group U(1). Operationally, U(1) means that a field may be multiplied by a
phase, A
(@) — 1 y(a), (1.6)

without changing physical predictions. When the phase is allowed to depend on space-time,
the ordinary derivative of the transformed field contains an unwanted term proportional to J,c.
Introducing A, and replacing d,, by D,, restores covariance. The photon is therefore not added
arbitrarily: it is required by local phase invariance.

1.1.2 A brief reminder: QCD

Quantum chromodynamics (QCD) applies the gauge principle to colour. A quark field has three
colour components,
qr(z)
q(z) = | g4() | . (1.7)
()

which can be mixed by local SU(3)¢c transformations. The covariant derivative is
Dy =0, +igsT*Gy, (1.8)

where the index a = 1,. .., 8 labels the eight gluon fields. Unlike the photon, gluons themselves
carry the relevant gauge charge. Consequently, the QCD field strength contains nonlinear terms,

G4, = 0,G% — 8,G% + g f*°Gh Ge, (1.9)

which generate three- and four-gluon interactions. These self-interactions are essential to asymptotic
freedom and confinement.
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For the present course, the important lesson from QED and QCD is structural:

A local gauge symmetry determines the gauge fields, their couplings to matter and, in a
non-Abelian theory, their self-interactions. Electroweak theory uses the same principle, but
its action on left- and right-handed fermions is different. It is therefore a chiral gauge theory.

1.2 What is a gauge group? A minimal introduction

A group is a set of transformations that can be composed and inverted and that includes an identity
transformation. In particle physics, the transformations often change the internal description of a
field without changing observable physics. The word internal means that the transformations act
on field components rather than directly on space-time coordinates.

Continuous groups contain transformations arbitrarily close to the identity. Near the identity, a
transformation can be written as

U(a) = exp(ia®T?) ~ 14T+ - - . (1.10)

The matrices T are called generators. They specify how the transformation acts on the field. The
number of independent generators equals the number of gauge fields required when the symmetry
is made local.

The word representation simply describes which matrices act on a particular field. A field that is
unchanged by a group transformation is called a singlet. Two field components that transform into
linear combinations of one another form a doublet. No abstract representation theory is needed
for our first encounter with electroweak physics.

For U(1) there is one continuous parameter and hence one generator and one gauge field. The
generator acting on a given field is its U(1) charge. For SU(2) in its two-component representation,
we may choose

O.(l

T ==, (1.11)

2
where o% are the Pauli matrices. There are three generators, and therefore three gauge fields.
The familiar Pauli matrices make SU(2) a natural language whenever two states are mixed, but
in electroweak theory the two components represent different particles rather than spin-up and
spin-down states.

The notation SU(2)z, does not mean that every fermion comes in a two-component multiplet.
It means that the symmetry acts non-trivially on specified left-handed fermion doublets.
The corresponding right-handed fields are SU(2), singlets.

1.3 Experimental clues from weak interactions

Before constructing the electroweak theory, we should identify what it must explain. Weak
interactions were first recognised in nuclear beta decay and later in muon and hadron decays.
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Representative processes include

n—pt+e + U, (1.12)
B e 4 Ve + vy, (1.13)
T = U+ Uy (1.14)

At the quark level, neutron beta decay contains the transition
d— u+W™F, W™ — e™ + . (1.15)

The asterisk indicates that the intermediate W is virtual.

The weak interaction differs sharply from electromagnetism. The photon is massless and couples to
a flavour-diagonal vector current. The charged weak interaction is mediated by massive particles,
changes flavour and distinguishes left from right. Weak neutral currents are also present, although
they were discovered later because their experimental signature is less distinctive.

Property Electromagnetic Weak charged current Weak neutral current
Mediator ~y W+ Z
Mediator mass Z€ro nonzero nonzero
Flavour change no yes no at tree level
Chiral structure same charge for L, R left-handed fields different L, R
only couplings
Parity conserved violated violated

Three clues will guide the construction:

1. charged-current weak interactions have a universal strength;
2. the charged current connects pairs such as (v, €) and (u, d);

3. only left-handed fermion fields participate in the charged current.

1.4 Chirality and the V — A current

For a Dirac field, define the chiral projection operators

1—4° 14+°
P, = Pr = . 1.16
L 9 ) R 2 ( )
They satisfy
P? = P, qquadP3 = PR, qquadPLPg = 0, qquadPy, + Pg = 1. (1.17)
The left- and right-handed parts of a field are
Y =P,  Yr=Ppp, =1L+ Yr. (1.18)
The charged weak current has the vector-minus-axial-vector structure
JH = iy (1= ") = 2017* Pray. (1.19)

Thus it acts only on the left-handed component of the second fermion field. This is the field-theoretic
expression of maximal parity violation in charged-current processes.
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For example, the leptonic charged current is
Jﬁi = UepYler + DML’YM,UL + UrpyYH L, (1.20)

with J* = (J fi)T In a later lecture, the quark current will acquire the Cabibbo—Kobayashi-Maskawa
matrix because the weak-interaction and mass eigenstates of the quarks are not identical.

Experimental connection

The 1957 Wu experiment observed an angular asymmetry in the beta decay of polarised
cobalt-60 nuclei. The result demonstrated that the weak interaction distinguishes a physical
process from its mirror image. In modern language, the charged weak current contains
left-handed fermion fields but not their right-handed partners.

For a massive particle, chirality and helicity are not identical. Helicity is the projection of spin
along the direction of momentum and can change under a sufficiently fast Lorentz boost. Chirality
is defined by 7 and is the quantity that appears directly in the electroweak Lagrangian. For an
ultrarelativistic fermion, where E > m, chirality and helicity approximately coincide. This is why
weak-interaction chirality is often described experimentally in terms of helicity.

1.5 Fermi’s four-fermion theory

Fermi described beta decay through a local interaction among four fermion fields. In its modern
V — A form, the effective interaction for muon decay is

Lp= —i;/g [Dﬂfy“(l — 75),11,} [éfya(l — 75)1/4 + h.c. (1.21)

The four fermion fields meet at a single space-time point. At leading order, and neglecting the
electron mass, the muon decay rate is

2.5
Gqu

1993 (1 + radiative and mass corrections) . (1.22)
T

I'(p™ = e vevy) =

Consequently, the precisely measured muon lifetime determines G with very high precision. This
same constant describes nuclear beta decay after the appropriate quark mixing and hadronic
matrix elements are included. The common strength is a manifestation of weak universality.

Fermi theory is extremely successful at low energies, but its structure tells us that it cannot be
fundamental. In four space-time dimensions a fermion field has mass dimension 3/2. The operator
in Eq. (1.21) therefore has dimension six:

[y] = 6. (1.23)
Since a Lagrangian density has dimension four,
Gr] = —2. (1.24)
The dimensionless expansion parameter at energy FE is consequently of order
GrE?. (1.25)

Amplitudes grow with energy, perturbation theory ultimately fails, and a point-like description
cannot remain valid indefinitely. Equivalently, the theory is non-renormalisable: higher-order
calculations require an increasing number of independent short-distance counterterms.
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This does not make Fermi theory wrong. It makes it an effective field theory. It is the first term in
a low-energy expansion in powers of /M, where M is the mass scale of additional short-distance
physics.

Non-renormalisable does not mean useless or inconsistent within its domain of validity.
Fermi theory is predictive when F < Myy. Its failure at high energy is valuable: it tells us
that new propagating degrees of freedom must appear.

1.6 The W boson resolves the contact interaction

Suppose the charged current couples to a massive vector field according to

___9 s+ BT —
Loc =57 (Wt + W, ), (1.26)

where our current J# contains the factor (1 —~°). The exchange of a W boson between two
charged currents contains the propagator factor

—1

m. (1.27)
For momentum transfers much smaller than the W mass,
¢?| < M3, (1.28)
we may expand
L ! (1.29)

@ — M2 M 11— ¢ /M2

_ ! <1+ /. ) (1.30)
My " Mg,

Keeping only the leading term makes the propagator independent of momentum. In position space,
the interaction therefore appears local. Combining the two vertices gives the effective coefficient

Gr g9

Fermi theory is thus the low-energy limit of massive-W exchange. The corrections to the point-
interaction approximation are suppressed by powers of ¢? /MI%V

This matching relation already contains the electroweak scale. In Lecture 3 we will show that
electroweak symmetry breaking gives

My, = %. (1.32)
Substituting into Eq. (1.31) yields
v=(V2GFr)™Y? ~ 246 GeV. (1.33)

Thus a low-energy lifetime measurement determines the energy scale associated with the Higgs
vacuum.
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Experimental connection

Muon decay takes place at momentum transfers of order m,,, far below Myy. The relative
propagator correction is therefore roughly mi /MI?V, explaining why the local Fermi interac-
tion works extremely well. At collider energies comparable to or above My, the mediator is
resolved and the full electroweak description is essential.

1.7 Why adding a massive vector boson is not enough

The intermediate-vector-boson picture improves the high-energy behaviour relative to a point
interaction, but a massive spin-one field inserted by hand is not yet a complete electroweak theory.
The longitudinal polarisation of a massive vector boson behaves increasingly strongly at high energy.
Without the relations enforced by gauge symmetry, scattering amplitudes involving longitudinal
W bosons grow too rapidly and violate perturbative unitarity.

Gauge symmetry supplies the necessary relations among fermion—gauge, triple-gauge and quartic-
gauge interactions. However, an explicit mass term

1
§MV2VW#W” (1.34)

is not invariant under the corresponding local gauge transformations. We therefore face an apparent
conflict:

gauge consistency suggests massless gauge fields, experiment finds massive W= and Z.
(1.35)
The Higgs mechanism will resolve this conflict. The Lagrangian remains gauge invariant, but the
vacuum is not invariant under the full electroweak symmetry. Three scalar degrees of freedom
become the longitudinal polarisations of W, W~ and Z, while the photon remains massless.

1.8 From chiral currents to SU(2);, doublets

The charged weak current naturally groups left-handed fermions into pairs:

L. = (fj) ; L, = <ZZLLL> ; Qr = (Zi) . (1.36)

The charged weak bosons move between the two components. In the fundamental two-component

T+_<g 3), T_(g g), (137
(-6 ~)-C)

This is the operational content of weak isospin raising and lowering. The right-handed charged
fermions do not appear in such doublets because no right-handed charged current has been observed;
they are SU(2)[, singlets.

representation,

so that

An SU(2)[, theory alone cannot reproduce the observed electric charges. For example, the upper
and lower members of a doublet differ in charge by one unit, but the average charge of the lepton
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doublet differs from that of the quark doublet. A further Abelian gauge factor, U(1)y, supplies
the weak hypercharge Y. Electric charge will emerge as the combination

Q=Ts+Y. (1.39)

Lecture 2 will construct this theory explicitly, assign hypercharges to all fermion fields and show
how the gauge fields couple to charged and neutral currents.

1.9 Summary and outlook

The main logical steps of this lecture are

observed weak decays = local four-fermion interaction = massive W exchange,

chirality and weak universality = left-handed doublets = SU(2);, x U(1)y.

Fermi theory is a highly successful low-energy effective theory. Its dimension-six interaction and
energy-growing amplitudes indicate that it cannot be fundamental. Massive-W exchange resolves
the contact interaction and gives the matching relation Gp/v2 = ¢*/(8M3,). The observed
V — A structure shows that weak interactions act differently on left- and right-handed fermions,
motivating a chiral gauge theory. The unresolved question is how such a gauge theory can contain
massive W and Z bosons while preserving a massless photon.

Before Lecture 2, you should be able to answer:
1. In what sense is Fermi theory an effective field theory?
2. Why does the low-energy W propagator resemble a point interaction?
3. What does the subscript L in SU(2);, mean physically?
4. Why do three SU(2) generators imply three gauge fields?

5. Why can SU(2)r, alone not reproduce all observed electric charges?

Short exercises

1. Verify P} = P, P} = Pg and PrPg = 0 using (1°)? = 1.

2. Expand the W propagator through order ¢>/M%, as in Eq. (1.30). Estimate mi /M3, and
comment on the accuracy of Fermi theory for muon decay.

3. Using dimensional analysis, show that a four-fermion operator has mass dimension six and
that GpFE? is dimensionless.

4. Apply T™ and T~ to both components of a two-component doublet. Which operations give
zero, and why is that physically sensible?

5. The two members of the lepton doublet have charges (0, —1), while those of the quark doublet
have charges (2/3,—1/3). Show that the charge difference within either doublet is one, but
that their average charges differ. Why does this suggest an additional U(1) quantum number?



Chapter 2

Building the Electroweak Gauge
Theory

The purpose of the electroweak gauge group is not to add abstract mathematics to weak
interactions. It is to encode, economically, which particles transform into one another
and to relate many observed vertices to two gauge couplings.

Lecture 1 established three important facts. Weak charged currents have a V' — A form, they act
on left-handed fermions, and at low energy they are described by Fermi’s four-fermion interaction.
We now build the theory that replaces the contact interaction by exchange of gauge bosons.

Only a small amount of group theory is needed. By the end of this lecture, we will be able to
read the notation SU(2); x U(1)y, understand why the weak interaction contains W', W~ and a
neutral boson, derive the charged current, and show how the photon and Z arise from two neutral
gauge fields.

2.1 The observations that the theory must explain

The charged weak interaction connects pairs of left-handed fermions:
Vel, < €L, VuL < UL, uyp < dL,

with analogous pairs in the other generations. A successful theory should explain why these
transitions have a universal strength, why there are both charged and neutral weak currents, and
why right-handed charged fermions do not participate in the charged current.

These observations suggest placing the two members of each pair into a two-component object,
or doublet. Transformations that mix two complex components while preserving their norm form
SU(2). Because only left-handed fields participate, the relevant group is called SU(2)r. The
observed electric charges cannot be obtained from SU(2), alone, so an additional Abelian factor
U(1)y is required. The electroweak gauge group is therefore

Gew = SU(2) x U(1)y| (2.1)
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2.2 The minimum group theory needed

2.2.1 Doublets, singlets and generators
A symmetry transformation acts on a field multiplet. For example, a two-component field

v= (0]

may transform as ¥ — UW, where U is a 2 X 2 matrix. We call this a doublet representation. A
field that is not mixed with another field is a singlet.

Continuous transformations close to the identity can be written as
U~14ia®T*.

The matrices T are called generators. For the fundamental doublet of SU(2), they are one half of
the Pauli matrices:

1(0 1 10 —i 1(1 0

No general theory of Lie algebras is required here. We need only notice that 72 is diagonal:

1 1
Tfﬂ/}u = +§¢u7 T3¢d = _§¢d‘

The labels u© and d simply mean upper and lower components; they need not denote quarks.

It is useful to combine the first two generators:

T+:T1+iT2:<8 é) T_:le'T2:<(l) 8). (2.3)

Acting with T turns the lower component into the upper one, while 7~ does the reverse:

()= (5) T (5)-(0)

This is precisely the pattern required for charged weak transitions.

2.2.2 The U(1)y factor
A U(1) transformation multiplies a field by a phase,
P —> P Yw.
The number Y is weak hypercharge. It is not electric charge. Electric charge is the combination

2

For an SU(2), singlet, all SU(2) generators vanish, so 73 =0 and Q =Y.
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Checkpoint

For this course, the essential group-theory dictionary is:
term operational meaning
doublet two fields mixed by SU(2)r,
singlet T =0
T3 —i—% for the upper entry, — % for the lower
T+ interchange the two entries
Y the U(1)y charge
Q T3+Y

2.3 The fermions and their electroweak charges

For each generation, the left-handed fermions are weak doublets and the right-handed charged
fermions are weak singlets:

Qr={ 5] ~(3,2)1 ug ~ (3,1)y3, dp~(3.1)-1y3,  (25)
dr,

In (ds,d2)y, the first entry gives the dimension of the colour representation, the second gives the
dimension of the weak representation, and the subscript is hypercharge. Thus 3 means a colour
triplet, 2 a weak doublet and 1 a singlet.

Let us verify the charges rather than memorising the table. For the lepton doublet, Y = —1/2:

1 1 1 1
= - — = = = —_—_—— = = = —1_
Q) =5-5=0 Qler)=-5 -3
For the quark doublet, Y = 1/6:
1 1 2 1 1 1
= — —_ = — d = —— _ = ——,
Q(ur) 5T =73 Q(dr) 516 3

For the right-handed singlets, 75 = 0, so their hypercharges are simply their electric charges.

The subscript L on SU(2)r, is now concrete. An SU(2)y, generator can turn vy, into ey, or uy, into
dy. For a right-handed singlet, T fr = 0, so the charged-current interaction is absent. Parity
violation is encoded in the field assignments rather than added later by hand.

The Standard Model is a chiral gauge theory: left- and right-handed fermions are independent
fields with different electroweak quantum numbers. They have the same electric charge after
symmetry breaking, but they do not have the same weak interactions.

2.4 Local symmetry and the covariant derivative

If the transformation U is the same everywhere, the free kinetic term is invariant. If U = U (x)
varies with position, differentiating U(x)¥(x) produces an unwanted term proportional to 9,U.
Gauge fields are introduced so that this extra term is cancelled.
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Operationally, the gauge principle tells us to replace
Oy — Dy = 0y +igT* W +ig'Y B,,. (2.7)

There are three SU(2)1, generators, so there are three fields WI}, Wi, W;rf , all with coupling g. The
one generator of U(1)y gives one field B, with coupling ¢'.

Expanding a fermion kinetic term gives
i\T/L"yMDM\I/L = i\T/Lfy“BM\I/L - g\T/L"}/MTa\I/LWS - g/Y\T/L’)/M\I/LBH. (28)
The first term describes free propagation; the remaining terms are interactions. Once the repre-

sentation and hypercharge are specified, their form is fixed. The same g applies to every weak
doublet: this is weak universality.

2.5 The charged-current interaction

The fields W' and W?2 are more naturally written as charged combinations

Wi Fiw?
Wi = MRy (2.9)
V2
Using
1
1yl 20172 _ +1i+ t—
T'W!+T W#_E(T Wi+ T W),
and Ly = (vr,er)T, the off-diagonal part of Eq. (2.8) becomes
g /_ _ _
Eﬁc = —ﬁ (I/L’}/HGLWJ— + eL’}/MI/LWM ) . (2.10)
The two terms are Hermitian conjugates. Since e;, = Pre,
_ 1_
viyter = 51/7"(1 — ’)/5)6,
so the gauge-theory interaction reproduces the observed V — A structure.
For quarks, the same calculation gives, for one generation,
£, = = (apy"dg Wi + dpy ur W) (2.11)

The extension to three generations introduces the CKM matrix and will be developed in Lecture 5.

Experimental connection

At a hadron collider, these vertices describe processes such as ud — W+ — ¢tv. The
neutrino is inferred from missing transverse momentum. A key observable is the transverse
mass

mf = 2p7piP (1 — cos Ag),

whose distribution is used in measurements of myy .
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2.6 Neutral currents: the photon and 7

The two neutral gauge fields before symmetry breaking are Wj’ and B,,. Their interaction with a
fermion is

Eneutral = _.f_VH (ngWE + gIYBM) f (212)

Neither field alone is the photon. Define two orthogonal combinations,
Ay = swW; + ew By, (2.13)
Z, = ewW,, — swBy, (2.14)

where sy = sin 0y and ¢y = cosOyy. The inverse relations are
Wi = SwAM + CWZM’ BM = CwAM — Swzu.
Substituting into Eq. (2.12), the coefficient of A, is

gswTs + g'ewY.

The weak mixing angle is defined so that

e=gsw=¢gcw. (2.15)
The photon coefficient is therefore
e(Ts+Y) =eQ,
and the electromagnetic interaction is
Lom = —eQrfy" fA,. (2.16)

For the orthogonal field, the coefficient is

gew T3 — ¢'swY = 9 (c%ng — S%VY)
cw
=1 - (1 +Y)]
cw
-9 _ g2
= cw <T3 SwQ) .
Thus the chiral Z interaction is
g —
Ly =~y [(Tf = Qssty) PL— Qrsty | £ 2, (2.17)
cw

The photon coupling is the same for left- and right-handed components because they have the
same electric charge. The Z coupling is generally different for the two chiralities because only
the left-handed component has non-zero T3. Vector and axial-vector couplings, decay widths and
asymmetries will be developed in Lecture 4.

Experimental connection

The same neutral-current vertex is tested in ete™ — Z — ff and in Drell-Yan production
qq — v*/Z — T4~ Total rates probe the coupling strengths, while angular asymmetries
probe their chiral structure and provide precise determinations of the effective weak mixing
angle.
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2.7 What gauge symmetry predicts—and the remaining problem

Because SU(2)y, is non-Abelian, its gauge bosons interact with one another. The gauge kinetic
term predicts vertices such as WTW =~ and WTW ~Z, with strengths fixed by g and y,. Diboson
measurements test this structure. The detailed field-strength algebra is not required for the
remainder of this course.

There is, however, a crucial problem. The gauge theory constructed above describes massless gauge
bosons and massless fermions. A direct vector mass term,

1 2
S WA,

is not invariant under a local non-Abelian gauge transformation. A direct Dirac mass,
—myff =—ms(fLfr+ frfL),

is also forbidden before symmetry breaking because fr and fr transform in different electroweak
representations.

We therefore need a mechanism that preserves the gauge structure of the Lagrangian while allowing
the vacuum to hide part of the symmetry. A complex scalar doublet

+
¢ = <(Zo> ~(1,2)19

does exactly this. Its neutral component can acquire a vacuum expectation value without breaking
electromagnetism. Lecture 3 will show in detail how this produces massive W and Z bosons, a
massless photon, fermion masses and the physical Higgs boson.

2.8 Summary

The construction can be reduced to the following logical chain:

1. Observed charged-current transitions motivate left-handed doublets.
2. The transformations that mix the two entries form SU(2)y.
3. Hypercharge U(1)y is needed, with @ = T3 + Y, to reproduce electric charges.
4. Local symmetry introduces four gauge fields through
Dy =0, +igT* Wy +ig'Y By,.
5. W' and W?2 form W¥ and generate charged currents.

6. W3 and B mix to form the photon and Z, with
e=gsw =g cw.

7. Gauge invariance forbids explicit masses, leading to the Higgs mechanism.
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The four formulae to retain are
GEw=SU(2)LXU(1)y, Q=T15+Y,

D, =8, +igT*W; +ig'Y B, e=gsw =g cw.

Everything else in the lecture explains how these statements produce the observed charged
and neutral currents.

Short exercises

1. Use @ = T3+ Y to verify the charges of all fields in Egs. (2.5) and (2.6).
2. Starting from —gELfy“TaLLW[}, derive Eq. (2.10), including the factor 1//2.

3. Substitute the neutral-field rotation into Eq. (2.12) and derive both the photon coupling e
and the Z coupling in Eq. (2.17).



Chapter 3

Electroweak Symmetry Breaking and
the Higgs Mechanism

The Higgs mechanism does not explicitly break gauge invariance. It allows the vacuum
to hide part of the symmetry, while the Lagrangian retains the gauge structure needed
for consistency at high energy.

Lecture 2 constructed the electroweak gauge theory from the group SU(2); x U(1)y. Gauge
invariance gave us the correct charged and neutral currents, but it also appeared to forbid precisely
what nature requires: masses for the W and Z bosons and for the charged fermions. In this lecture
we resolve that tension.

The central object is one complex scalar doublet. Its vacuum expectation value selects the
electromagnetic direction ) = T3 + Y as the unbroken generator. Three scalar degrees of freedom
are absorbed into the longitudinal polarisations of W+, W~ and Z, while the fourth becomes the
physical Higgs boson. We shall derive every gauge-boson mass and coupling rather than quote
them, and then connect the results to muon decay, precision electroweak measurements and Higgs
data.

3.1 What does spontaneous symmetry breaking mean?

A theory has a symmetry when its Lagrangian is unchanged by a transformation. The vacuum is
the lowest-energy state of the theory. Spontaneous symmetry breaking occurs when the Lagrangian
has a symmetry but the chosen vacuum does not. This distinction is essential: the equations retain
the symmetry even though perturbation theory is organised around a state that hides it.

As a warm-up, consider one complex scalar field with a global U(1) symmetry,

$(x) — e o(z), (3.1)
and Lagrangian
L=08,0"0"¢-V(), V(¢)=—p"d"0+ Ao 9)%, (32)
where A\ > 0. For p? > 0, the origin is not a minimum. The stationary condition gives
ov 9
= —u’+2X¢p*¢p =0, 3.3
86°0) 33
so the minima form a circle,
2 02
o= —=—. 4
go=t =" (34)

—_
(=]
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Every point on this circle has the same energy. Choosing one, for example (¢) = v/v/2, breaks the
manifest rotational symmetry of the vacuum.

Parameterise fluctuations by

1
z) = —= |v + h(z) +im(z)]. 3.5
¢(z) 7 [v+ h(z) + im(x)] (3.5)
Expanding the potential to quadratic order gives a massive radial mode and a massless angular
mode,
mi =2 % =2p%  m2=0. (3.6)

™

Moving radially changes |¢| and costs potential energy; moving tangentially along the circle of
degenerate vacua does not. This geometrical observation is the content of Goldstone’s theorem: for
each spontaneously broken generator of a continuous global symmetry there is a massless scalar, a
Goldstone boson.

Spontaneous breaking is a statement about the vacuum, not an explicit deletion of terms from
the Lagrangian. For a global symmetry the broken directions give physical massless Goldstone
bosons. For a gauge symmetry the corresponding fields instead provide longitudinal vector-
boson polarisations.

From global to gauge symmetry. For a global broken symmetry, the massless angular
excitation is a physical Goldstone boson. In a gauge theory the corresponding degree of freedom
instead becomes the longitudinal polarisation of a massive gauge field. The number of physical
degrees of freedom is unchanged: a massless vector has two polarisations, whereas a massive vector
has three. This observation is the essential content of the Higgs mechanism needed below.

3.2 The electroweak scalar sector
The minimal Standard Model contains one complex scalar doublet,
¢+
¢ = LN (1,2)1/2- (3.7)

It contains four real degrees of freedom. The most general renormalisable SU(2), x U(1)y invariant
potential is

V(®) = —p20Td + A(®T0)2, A >0. (3.8)
When 2 > 0, the minima satisfy
g 1o v 3.9
Pl =" = —. :
2X ~ 2 (39)

Many vacuum vectors satisfy this equation, but gauge transformations relate them. We choose the

convenient representative
1 /0
D) = — . 3.10
@ = () (3.10)

Why must the vacuum point in the neutral component? A charged vacuum would break elec-
tromagnetism and give the photon a mass, contrary to observation. The lower component has
T3 =—1/2 and Y = +1/2, and therefore

Q(®) = (T3 + Y)(®) = 0. (3.11)
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Thus the generator @) leaves the vacuum invariant. The symmetry-breaking pattern is
SU(Q)L X U(l)y — U(l)em. (3.12)

There are four electroweak generators and one unbroken generator, so three directions are broken.
Correspondingly, three Goldstone degrees of freedom are available to become the longitudinal
modes of W+, W~ and Z. The one remaining scalar degree of freedom is physical.

A general useful parameterisation is

O(x) = exp<i§a(laj)ga> \}5 <U _1_%(36)) . (3.13)

In unitary gauge the fields £% are removed from explicit expressions, leaving

B(x) = \}i (U +%(x)> . (3.14)

This form makes the physical particle content intuitive, although other gauges are often more
convenient for loop calculations.

3.3 Deriving the gauge-boson masses

The complete result follows from one gauge-invariant term,

Lo = (D) (D'®) — V(®), (3.15)
with u
D=0, + ig%W;j + ig%BH. (3.16)
To find masses we set h = 0 temporarily and act on the vacuum. Since the vacuum is constant,
D (@) = 22\1/% (g%ég; ZZ/gi) _ (3.17)
Therefore )
(D@ (DM@)) = T [g*(W!) + (W) + (gW* — g/ B)*] . (3.18)
3.3.1 The charged sector
Using
Wi = Wy Wy zwj) (W2 + (W?)? = 2w fwH, (3.19)
the charged part becomes
Lcharged _ Q?QWJW“. (3.20)
Comparing with m, W W =# gives
my = %. (3.21)

The two real gauge fields W' and W? combine into one complex charged field and its conjugate.
They necessarily have equal masses.
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3.3.2 The neutral sector

The neutral mass terms can be written as

1 U2 2 P W3p,
neutral __ ~ 3 e g g9
Emass - 9 (W,u BM) 4 (_gg/ g/2 ) <B,u ) . (322)
The determinant of this matrix vanishes,
2 ]
det (_gg J 95,’29 ) =0, (3.23)

so one neutral eigenstate is exactly massless. This is not an accident or a fine tuning: it follows
from the unbroken generator in Eq. (3.11).

Define the weak mixing angle by

/
J cw = cosby = N (3.24)

/g2_'_g/27 92+gl27
or equivalently tan 6y = ¢'/g. The orthogonal rotation
th . Cw  —Sw ij
(A) - (SW 2 (% (3.25)

diagonalises the matrix. The eigenvalues give

_ YV 2 2 —
mz = 5\/9 +47|, ma =0 (3.26)

(327

at tree level. The same rotation found from the mass matrix also gives the electromagnetic coupling
relation

sw = sinby =

It follows immediately that

e=gsw =gecw. (3.28)

Thus mass mixing and charge universality are two aspects of the same symmetry- breaking
structure.

Do not interpret A, as a field that “failed to acquire mass by chance.” It is massless because
its generator @) leaves the Higgs vacuum invariant. Conversely, a generator that changes the
vacuum corresponds to a massive gauge field.

3.4 The electroweak scale from muon decay

The low-energy charged-current relation from Lecture 1 is

Gr g9
— = . (3.29)
V2 Sm%/v
Using my = gv/2, the gauge coupling cancels:
Gr 1
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Consequently,

v = (vV2Gp)"Y? ~ 246 GeV. (3.31)

This is a beautiful bridge between low- and high-energy physics. A precision measurement of the
muon lifetime fixes the vacuum expectation value governing W and Z masses and all Standard
Model Higgs couplings. The quantity v/v/2 ~ 174 GeV is also frequently encountered, particularly
in fermion mass formulae; it should not be confused with v itself.

Another important tree-level prediction is the rho parameter,
miy
P=—55 =1 (3.32)
mzCw

For one Higgs doublet this equality follows from an approximate global custodial symmetry of the
scalar sector. Radiative corrections, especially those sensitive to the top—bottom mass splitting,
shift p away from one. Precision measurements of myy, mz and neutral-current observables are
therefore sensitive to heavy virtual particles and to non-standard Higgs representations.

Experimental connection

The input G comes from muon decay at energies of order the muon mass, whereas my, and
myz are measured through resonant production at colliders. Testing their relation requires
radiative corrections and a carefully defined renormalisation scheme. Agreement across
these very different scales is a major quantitative success of the electroweak theory.

3.5 The physical Higgs boson

In unitary gauge, substitute Eq. (3.14) into the potential. The minimum condition p? = Av?

removes the term linear in A. Up to an irrelevant constant,

1 m? m?

The Higgs mass determines the quartic coupling at the electroweak scale,

h, mi = 2\ (3.33)

2
mp
=—2~(0.13 3.34
2,02 ( )
for a Higgs mass near 125 GeV. The cubic and quartic self-interactions are therefore predictions
once my, and v are fixed. Measuring them tests the shape of the Higgs potential rather than merely
the existence of a scalar resonance.

A

Keeping h in the scalar kinetic term replaces v? in the mass terms by (v + h)2. Hence

2h  h?
LD myW,w# <1 + )

02
1oy 2h  R?

The coefficients show that the Higgs coupling to a vector boson is controlled by that boson’s mass:
2m? 2m?

ghww = UW, Ghzz = UZ, (3.36)

where the second expression refers to the conventional Feynman-rule normalisation including
the identical Z fields. There are also hhWW and hhZZ contact interactions fixed by the same
expansion.
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The Yukawa Lagrangian gives, in the fermion mass basis,
— m —
Ly > —mgff = =Lhf}f, (3.37)

SO

m
gnis=—+ (3.38)

’1) .

The Standard Model therefore predicts a striking pattern: the Higgs couples most strongly to the
heaviest particles. This is why Higgs production is dominated by top-quark effects even though
an on-shell Higgs cannot decay into a top pair, and why decays to bb, WW* and ZZ* are central
experimental channels.

At tree level the fermionic partial width, neglecting radiative corrections, is

_ mpm?> Am?2 3/2
I'(h— ff)= NCTWJ <1 — 2f> , (3.39)

where N, = 3 for quarks and 1 for leptons. The factor m? is a direct consequence of the Yukawa

coupling. In practice, QCD corrections and the running quark mass are essential for precision
predictions.

The decays h — gg and h — v are absent at tree level because the Higgs is colourless and
electrically neutral. They arise through loops, predominantly a top loop for gg and interfering
W- and top-loop contributions for «+. These loop-induced channels illustrate how the Higgs can
probe particles heavier than itself and possible new charged or coloured states.

Experimental connection

Experimental Higgs measurements are often expressed through signal strengths,

' _ 0;BRy

Different production modes—gluon fusion, vector-boson fusion, associated V h production
and tth—separate different couplings. Agreement of many such measurements with the
mass-proportional pattern is evidence that the observed scalar participates in electroweak
symmetry breaking.

3.6 Fermion masses and the remaining flavour puzzle

Gauge-invariant Yukawa interactions connect a left-handed doublet, the Higgs field and a right-
handed singlet. After replacing the neutral Higgs component by (v + h)/v/2, they give

Yrv my -
mp= ==, Lyrr=——=hff. 3.40
1= hif LRt (3.40)
Thus the same parameter determines a fermion mass and its Higgs coupling. For three generations
the Yukawa couplings are matrices, and their misalignment produces CKM mixing. Lecture 5
develops this in detail.

The Higgs mechanism explains how fermions can acquire gauge-invariant masses; it does not
explain why the Yukawa couplings span many orders of magnitude or why quark mixing has its
observed pattern.
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3.7 What the mechanism predicts

Once v, the gauge couplings and my, are specified, the minimal Standard Model relates myy, mz,
Higgs couplings and the scalar self-coupling. Radiative corrections systematically modify the
tree-level relations, making precision measurements sensitive to virtual heavy particles. The most
direct experimental tests are measurements of Higgs production and decay rates, especially whether
couplings follow the predicted mass-proportional pattern.

3.8 Putting the pieces together: the electroweak Lagrangian

It is useful to pause here and assemble the ingredients that have so far been introduced separately.
The Yukawa interactions are not generated by the Higgs potential or by the gauge kinetic
terms. They form an additional, independently allowed sector of the most general renormalisable
Lagrangian consistent with the Standard Model gauge symmetry.

Before electroweak symmetry breaking, the electroweak Lagrangian can be organised as

EEW = *Cgauge + »Cferrnion + LHiggs + ['Yukawa (341)
where
| oy 1 i
Egauge = _ZW#VW — ZBNVB , (342)
ﬁfermion = Z i@’}’#Duwy (343)
Y=Qr,Lrur,dr.er
Litiggs = (D,@) (DF®) —V(®), V(D) = —p20d + \(@TD)2, (3.44)
EYukawa = _QLqu)dR — @LYUCEUR — ZLYECI)GR + h.C., (I) = iJQ(I)*. (3.45)

Generation indices and the sum over the three generations are implicit.

The gauge-field strengths contain the kinetic terms of the gauge bosons. The non-Abelian SU(2)y,
field strength also generates interactions among the weak gauge bosons themselves. The covariant
derivatives in Liermion and Lpiggs generate the interactions of matter and the Higgs field with Wﬁ
and B,,. Their form is fixed by the gauge representations and hypercharges of the fields.

The Higgs sector contains both the scalar potential and the interaction that generates the W- and Z-
boson masses. The Yukawa sector is separate from the Higgs potential. It contains all renormalisable
gauge-invariant interactions that connect left-handed fermion doublets to right-handed fermion
singlets through the Higgs field. The Yukawa matrices Y, Yy and Y, are independent dimensionless
parameters of the Standard Model.

After electroweak symmetry breaking, choose unitary gauge:

B(z) = \}i (v +%(x)) L B = Jli (” +§(x)> . (3.46)

The replacement of the neutral Higgs component by (v + h)/v/2 reorganises the gauge-basis
Lagrangian into the particle language used by experiments.

From the Higgs kinetic term,
(D, ) (D"®), (3.47)

we obtain the masses of the weak gauge bosons,

v v
=% g = WA maso (3.5)
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as well as the interactions of the physical Higgs boson with W* and Z.

From the Yukawa sector we obtain the fermion mass matrices,

(Y

My =—7=Yr, =u,d,e. 3.49
! NG f f ( )
For example,
_ h_

Lyukawa O —frMsfr — ;fLMffR +h.c. (3.50)

After diagonalising the fermion mass matrices, this becomes

_ mye —

Lyukawa O _meff_ZTfhff (351)

f f

Thus the same Yukawa coupling determines both a fermion mass and its interaction with the
physical Higgs boson:

Yo m
my = %, gnff = Tf (3.52)

The up- and down-quark mass matrices are generally diagonalised by different rotations. The
mismatch between their left-handed rotations appears in the charged weak current as the CKM
matrix. Electroweak symmetry breaking therefore does more than generate masses: it converts
the gauge-basis Lagrangian into a mass-basis theory containing W*, Z, the photon, the physical
Higgs boson, massive fermions and flavour mixing.

Gauge-fixing and ghost terms must also be added when quantising the theory. They are not
displayed in Eq. (3.41), since they do not introduce new physical parameters or asymptotic particles
and are not needed for the tree-level phenomenology discussed here.

Checkpoint

The transition from the symmetric electroweak theory to measurable phenomenology can be
summarised as

mw, mz, ma =0,

ms = Ypv/V2,

MWW, hZZ, hff interactions,

charged and neutral weak currents,
flavour mixing through the CKM matrix.

Lew (®)#0

Lecture 4 starts from this broken-phase Lagrangian and uses its vertices to predict decay
widths, cross sections and asymmetries.

3.9 Summary

The scalar potential has a continuum of degenerate minima. Choosing a vacuum with
1
d) = —(0,v)" 3.53
(@) = 5(0.0) (353)

hides SU(2)1, x U(1)y while leaving the electromagnetic generator Q = T3 + Y unbroken. Three
Goldstone degrees of freedom become the longitudinal polarisations of W+, W~ and Z. One
physical scalar remains.

The scalar kinetic term gives

g%+ g2, my =0, (3.54)
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and therefore myy = mzcy at tree level. Muon decay fixes
v=(V2GFr)™Y? ~ 246 GeV. (3.55)
The remaining scalar has m,% = 2)\v? and couplings

m2 myg

VvV
o —— = —. 3.56
ghvv 0 ghff v (3.56)

Checkpoint

The Higgs mechanism should be remembered as a chain of logic:
gauge-invariant scalar dynamics — (®) # 0 — SU(2)r, x U(1)y = U(1)em

— mw,mz #0, my =0, threelongitudinal modes plus one physical Higgs.

Short exercises

1. Starting from Eq. (3.8), derive v? = p?/X and mj = 2\

2. Act with Q@ = T3 + Y on the vacuum in Eq. (3.10). Why does electromagnetism remain
unbroken?

3. Use the Pauli matrices to derive Eq. (3.17) and obtain myy.

4. Diagonalise the neutral mass matrix in Eq. (3.22) and identify the photon and Z.



Chapter 4

Electroweak Phenomenology and
Precision Tests

A Lagrangian becomes physics only when we learn how its parameters and symmetries
appear in measurable rates, distributions and asymmetries.

At the end of Lecture 3 we assembled the complete electroweak Lagrangian from its gauge, fermion,
Higgs and Yukawa sectors. After replacing the Higgs field by its vacuum value plus the physical
fluctuation, that one Lagrangian gives the mass eigenstates W+, Z, A and h, together with their
couplings to quarks and leptons. The Yukawa sector supplies fermion masses and Higgs couplings,
while the fermion kinetic terms supply the charged and neutral gauge currents studied below.

We now change viewpoint: instead of constructing the theory, we use its mass-basis vertices to
predict measurable quantities. The practical chain is

electroweak Lagrangian — vertex — M — I, o, asymmetry (4.1)

The emphasis is not on memorising a catalogue of cross sections. Instead, we will learn a reusable
strategy: identify the relevant current, calculate the amplitude, expose the chiral couplings, and
then choose an observable that isolates the desired combination of parameters.

The W and Z bosons are simultaneously particles that can be produced on shell and mediators
of low-energy interactions. Their masses, widths, branching fractions and angular distributions
overconstrain the theory. Quantum loop corrections then turn this overconstrained system into an
indirect microscope for heavy particles and possible new physics.

The sections after section 4.3 in this chapter are optional and for self-study purpose and won’t be
delivered during the lecture.

4.1 The electroweak interactions in the mass basis

After symmetry breaking, the charged-current interaction is

g _
L=~ [JEWE W] (4.2)
where
JE = ZDEL’VHEL + ZaLi’Y#WjdLj, JH = (Ji)T. (4.3)
¢ i

Every term is left handed. The same coupling g controls leptonic and quark vertices, while the
CKM element V;; determines the strength of a particular quark-flavour transition.

25
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The neutral-current interaction is

Ly = —% S M - gl 2., (4.4)
Cw ¥

with
g =T —2Qssfy,  ¢h=Ty. (4.5)

Electromagnetism is described by

Lem = _€ZQfJE'Y'qu,u' (4.6)
f

The photon coupling is purely vector-like, whereas the Z has both vector and axial pieces. Parity-
violating observables are therefore especially clean probes of Z exchange.

It is sometimes more intuitive to define left- and right-handed couplings,
g, =T{ —Qsstv,  gh=—Qrsir, (4.7)

so that gy = gr, + gr and g4 = g1 — gr. Different papers distribute factors of two differently
between the prefactor and these definitions. A reliable calculation should begin by stating the
Lagrangian convention, rather than copying a coupling from a table without its normalisation.

Rates mainly measure sums of squared couplings, while asymmetries measure differences
or interference. Combining them separates left- and right-handed interactions much more
effectively than either class of observable alone.

4.2 From the electroweak Lagrangian to Feynman diagrams

A Feynman diagram is a graphical instruction for constructing a quantum amplitude. It is not
itself an observable. The practical sequence is

Lint — Feynman rules — Feynman diagrams — M — |[M|2 — T or o | (4.8)

This section summarises the electroweak Feynman rules needed in this lecture and illustrates how
they are used to calculate a matrix element.

4.2.1 From an interaction term to a vertex

In the conventions used here, a vertex factor is obtained by multiplying the coefficient of the
corresponding fields in the interaction Lagrangian by i, while retaining its spinor, Lorentz, flavour
and internal-symmetry structure.

For example, the charged-current interaction contains

_ N 1-—
Lo D —%W‘PM W, +he,  Pp= 27 . (4.9)
The corresponding W~£~ vy vertex factor is therefore
9 .
—i—=7"Pr | 4.10
\/57 L ( )

The factor Pr shows explicitly that the charged weak interaction couples only to left-handed
fermions and right-handed antifermions. An overall phase of a single amplitude has no effect on an
observable, but relative signs between diagrams that interfere must be treated consistently.
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4.2.2 External particles and internal lines

Each external particle contributes a wavefunction:

External state Wavefunction
Incoming fermion u(p, s)
Outgoing fermion u(p, s)

Incoming antifermion  T(p, s)
Outgoing antifermion  v(p, )
Incoming vector boson €,(p, A)
Outgoing vector boson € (p, A

27

Here p is the four-momentum, s labels a fermion spin state, and A labels a vector-boson polarisation.

An internal line contributes a propagator. For example, a fermion propagator is
i(g+my)
q% — m? + i€’
where ¢ is the four-momentum carried by the internal line.
In Feynman gauge, the propagators of a massive weak boson and the photon are

—1
G V=W.Z
q° — my, + 1€

and )
—t9uw
q% + i€’

(4.11)

(4.12)

(4.13)

respectively. Individual propagators and diagrams can depend on the gauge choice, but the

complete prediction for a physical observable is gauge independent.

4.2.3 Electroweak fermion vertices

The principal electroweak fermion vertices are

W, vy — i\%'y“PL,
W: ulﬂj : — i%vij’}/‘uPL,
Wu_ djﬂl' : — i%V;}y“PL,
Zuff: - ZE’Y# (gx]; - 95}75) )
Auff: —ieQ ",
_ m
ff . — ZT.
Here
cyw = cos Oy, sw = sin Oy,
and

o =T —2Qssty,  gh=T{.

(4.14)
(4.15)
(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

The quantities T: :{ and @)y are the third component of weak isospin and the electric charge of the

fermion. The matrix element V;; is an element of the CKM quark-mixing matrix.

The photon vertex is purely vector-like. The Z vertex contains both vector and axial-vector

couplings, while the W vertex contains the left-handed projector Pr,.
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4.2.4 Worked example: leptonic IV decay

Consider the decay

W™ (q,\) — €~ (p1, 51) + Te(p2, 52), q = p1+p2. (4.22)

The corresponding tree-level Feynman diagram is

Ve(p2)

Tree-level decay W~ — £~ 1.

The incoming W~ contributes a polarisation vector €,(g, ). The outgoing charged lepton con-
tributes u;(p1, $1), while the outgoing antineutrino contributes v, (p2, s2). The interaction vertex
contributes

—idmp;. (4.23)

V2

Combining these factors gives

iM = y(py) (—z‘\%%PL) 00 (02) (). (4.24)

Removing the common factor of i, the invariant amplitude is

M= —%wwmu(pz) eu(q) | (4.25)

This expression is therefore not a separate assumption: it follows directly from the charged-current
interaction in the electroweak Lagrangian.

4.2.5 Spin and polarisation sums

The decay rate depends on the squared amplitude. When final-state spins are not observed, we
sum over them. The relevant spin-sum identities are

Z u(p, s)u(p, s) = p+ m, Z v(p, s)v(p,s) =p—m. (4.26)

S S

For a massive vector boson,

3
> e @M (@) = —gu + L. (4.27)
A=1 my

A massive vector boson has three physical polarisations: two transverse and one longitudinal.

For an unpolarised W sample, we average over its three initial polarisations. Neglecting the lepton
and neutrino masses,

1g4? y
MP = 55 (—gw i )

miy
x Tr [p1y" Prpay” Pr] . (4.28)
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Using
¢ =miy, pi=p3=0,  2p1-p2=miy, (4.29)
the trace gives
2,2
MPE =7 T;W : (4.30)
For two massless final particles,
IM]?
= ) 4.31
167rmW ( )
The leptonic partial width is therefore
2
g mw
(W —tv) = 4.32
W o) = L2 (432)
Using
Gr 9
— ) (4.33)
V2 8m¥,
we obtain
G 3
(W — ) = ~2W (4.34)
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4.2.6 Z-boson decay

The decay of a Z boson into a fermion—antifermion pair is represented by

f(p1)

f(p2)

Tree-level decay Z — ff.

The Zff vertex gives

M=) [—chng (of = 9h2°) | vs(p2) cuta). (4.35)
Thus
M= _%Hf (7" (91— 957°) vs(p2) ula) | (4.36)
cw

The simultaneous presence of g{; and gf; produces parity violation and leads to the angular
asymmetries discussed later in this lecture.

4.2.7 Scattering example: ete” — ff

The process -
e (p1) + et (p2) — fk1) + f(k2) (4.37)

receives both photon- and Z-exchange contributions.

The photon-exchange diagram is
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e (p1) (k1)

e*(p2) f(k2)

Photon exchange in ete™ — ff.

The corresponding photon-exchange amplitude is

iM, = To(ps) (—ieQer™) ue(py) — 9

s
X wyf(k1) (—ieQy”)ve(ke), (4.38)
where
s = (p1 + p2)° (4.39)
is the square of the centre-of-mass energy.
The Z-exchange diagram has the same topology:
e (p1) f(k1)
Z
" (p2) f(k2)

Z-boson exchange in ete™ — ff.

Its amplitude contains the Z propagator,

_ig,uu
) 4.40
s — m2Z (VAN ( )

and a Zff vertex at either end. The width I'z is included near the resonance because the Z is
unstable.

Since both diagrams connect the same initial and final states, the amplitudes must be added before
squaring:

M =M, + Mj. (4.41)

Therefore,

IMP? = IM, 2+ Mz [+ 2Re (Mo M) (4.42)

The final term represents photon—Z interference. It is particularly important away from the exact
Z pole and contributes to parity-violating angular asymmetries.

4.2.8 From a scattering amplitude to a cross section

For a general process
14+2—34---+n, (4.43)
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the differential cross section is

2
do = MPd®, 2 (4.44)

4\/(171 -p2)? —mim3

The denominator is the incident flux factor. For a two-to-two process in the centre-of-mass frame,

do 1 ‘pf’ 5
— = — 4.45
dQ  647%s |pil M7, ( )

where |p;| and |py| are the magnitudes of the initial- and final-state three-momenta.

A Feynman diagram is a graphical instruction for constructing an amplitude. External lines
provide wavefunctions, internal lines provide propagators, and interaction points provide
vertex factors. Amplitudes for indistinguishable alternatives must be added coherently
before calculating |M|? and integrating over phase space.

4.3 Decay widths: turning vertices into observables

For an unstable particle of mass M, the differential decay width into n particles is
1
dlI' = — 2do,,. 4.46

Here M is the invariant decay amplitude. The bar denotes a sum over final spins and colours and,
for an unpolarised parent, an average over its spin or polarisation states. The Lorentz-invariant
phase-space element is

n

- dBPz‘
do,, = (27r)45(4) (p _ pz‘) H m’ (4.47)
i=1 i=1 ) ¢

where p is the parent four-momentum, p; = (E;, p;) are the final-state four-momenta, and the
delta function enforces energy—momentum conservation.

For a two-body decay X (M) — 1(my) + 2(mz2), the magnitude of either three-momentum in the

rest frame of X is

1
lp| = m)\l/Q(MQ, m3,m3), Nz, y, 2) = 22 + % + 2% — 2zy — 202 — 2y2. (4.48)

If my, mg < M, then |p| = M/2. After angular integration,

M
167 M

(4.49)

when the spin-summed and polarisation-averaged squared amplitude has no remaining angular
dependence.

4.3.1 Why weak widths contain GyM?

The Fermi constant G g is determined very accurately from the muon lifetime. At momenta much
smaller than my, the virtual W propagator behaves as 1 /m%v Two charged-current vertices
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supply two factors of g/v/2. Matching the resulting low-energy amplitude for p~ — e Vevy, to
Fermi’s four-fermion theory gives

Gr g
S R2 P
V2 8my,
Thus G is not an additional interaction inserted into an on-shell W decay: it is a convenient,
precisely measured way of expressing the same weak gauge coupling g.

g° = 4V/2Grmi,. (4.50)

The powers of mass can now be understood without detailed algebra. Fermion spin sums give
|IM|2 ~ g?M?, and two-body phase space then gives I' ~ g? M. Replacing g? through Eq. (4.50)
supplies two further powers of the weak-boson mass:

I~ ¢’M ~ GpM?3. (4.51)

This also follows from dimensional analysis in natural units: [Gp] = M2 and [[] = M, so GpM?3
has the required dimension.

4.3.2 Leptonic W decay

Consider

W= (q) = €~ (p1)ve(p2), q =p1+ D2, (4.52)
where ¢, p1 and po denote the corresponding four-momenta. Neglecting the charged-lepton and
neutrino masses, the charged-current vertex gives

M=~ a(p)y Prov(ps) eule),  Pr=

V2
up and v, are the outgoing lepton and antineutrino spinors, €, is the W polarisation vector, and
Pr, selects the left-handed weak current. A massive vector boson has three polarisations, with

3

* Auqv
> e @V (a) = ~gu + 3" (4.54)
A=1 w

(4.53)

Summing over final spins and averaging over the three initial polarisations gives

2,2
M2 = %. (4.55)
Equation (4.49) therefore gives
2
g mw
LW — ) = 4.56
(W o) = 20 (4.56)
Finally, using Eq. (4.50),
G 3
(W — ly) = W (4.57)
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This is a partial width: it describes one specified decay channel rather than all possible W decays.
Lepton universality predicts the same result for e, ;4 and 7, apart from small mass effects and
radiative corrections.

For a quark channel,

Grm3y,
62

where u; and d; are up- and down-type quarks, N. = 3 counts colour, and V;; is the relevant
element of the CKM matrix. The leading strong- interaction correction is dqcp =~ as(mw)/m; the
ellipsis denotes higher-order QCD and electroweak corrections and quark-mass effects. Summing
over all kinematically allowed channels tests both colour counting and CKM unitarity. The top
quark is too heavy to occur in an on-shell W decay.

T(W — wid;) = Ne|Vij)? [1+dqep + -], (4.58)
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4.3.3 Z partial widths

For Z(q) — f(p1)f(p2), the interaction convention used here gives

M= —%ﬁf(pl)v”(gév — gh®)os(p2)en(a)- (4.59)

Recall that ¢y = cos Oy, g{/ = T?fc - 2Qf812/v and gf; = T;. The colour factor is ch =1 for leptons
and N/ = 3 for quarks. For m ¢ < mg, the spin and polarisation sums give

2m2
MP = NLLSZ [(9])? + (9h)?] (4.60)
‘w
Consequently,
NZ - 1) = N2 (o] + )] (4.61)
¢ 487rc‘2/v v A

Using my = mzew in Eq. (4.50) gives

2
9 = 4v2Gpm?, (4.62)
‘w
and hence
- Grm?
_ NfIFMZ fy2 2
D(Z > 1) = N2 (00 + (R (4.63)

For quarks this expression receives sizeable QCD corrections. Precision predictions also include
electroweak corrections, final-state photon radiation, fermion masses and appropriately defined
effective couplings.

The total width is the sum over all kinematically accessible partial widths,

Iy=) Ty, BR(Z—>ff)_£; (4.64)
f

Here I'y =T'(Z — ff), while the branching fraction is the fraction of all Z decays producing that
final state. The lifetime is related to the total width by 7, = h/I'z, or 7z = 1/I'z in natural units.

Invisible decays are dominated by Z — vi. Since the coupling of one light active neutrino species
is predicted, the invisible width determines

1—‘inv

N, = - .
Y F(Z — VV)one species

(4.65)

Only species lighter than myz/2 contribute to this on-shell two-body decay. The line-shape
measurement therefore established that there are three light active neutrinos with the Standard
Model Z coupling. It does not exclude heavier neutrinos or sterile states that do not couple to the
Z in this way.

Experimental connection

A partial width is not measured by watching an isolated boson decay. It is inferred from
event counts, efficiencies, luminosity, backgrounds and the shape of the resonance. Ratios
such as Ry = I'haq/I'¢ cancel important common systematics and are often more precise
than absolute rates.
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4.4 Resonances and the Z line shape

An unstable particle appears through a pole shifted away from the real axis. Near the Z resonance,
the propagator denominator is schematically

1
. 4.66
s — mQZ +wmzl'z ( )
The corresponding Breit-Wigner structure is
Ll
§) . 4.67
1) T e
At the pole, after adopting the standard line-shape convention, the peak cross section is
127 .
0 e f
0F = — . (4.68)
TRy

Scanning the centre-of-mass energy across the resonance separately determines the location of the
peak, its width and channel-dependent normalisations.

Real data require more than the elementary Breit—-Wigner expression. Initial- state radiation lowers
the effective collision energy and distorts the line shape; photon exchange and y—Z interference
contribute away from the exact pole; beam-energy calibration and beam-energy spread matter
directly. The experimentally quoted pseudo-observables are obtained after unfolding these effects
within a specified framework.

Precision observables are never just raw event counts. They are carefully defined quantities
obtained by correcting for radiation, detector response and known backgrounds. Theory
and experiment must use the same definition before their numbers can be meaningfully
compared.

4.5 Angular distributions and parity-violating asymmetries

Consider ete™ — Z — ff near the Z pole, with unpolarised beams and negligible fermion masses.
The angular dependence may be written as

do
dcosf

o (1 + cos® @) + 2A. A cos ), (4.69)

where 60 is the angle between the incoming electron and outgoing fermion, and
U ¢ S ) el Ui (470)
(60)2 + (9)? (90 + (9R)?
The symmetric term determines the total rate. The term odd in cos is an interference effect and
produces a forward-backward asymmetry,

— 3
Al OF—9B _ 2AA 4.71
FB or+o0p 4 f ( )

at the pole. With a longitudinally polarised electron beam, the left-right asymmetry is

A = LR _ 4, (4.72)



CHAPTER 4. ELECTROWEAK PHENOMENOLOGY 35

Polarisation therefore isolates the electron coupling without requiring the coupling of a chosen
final state.

For charged leptons, gf/ =-1/ 2+25%,V is accidentally small because S%V is close to 1/4. Consequently
Ay is highly sensitive to small changes in the effective weak mixing angle. This is an excellent
example of observable design: an asymmetry can be much more sensitive to a parameter than an
inclusive rate even when it uses fewer events.

At hadron colliders the quark direction is not known event by event. In a proton—proton collision it
is inferred statistically from the boost of the dilepton system, since a valence quark typically carries
more momentum than a sea antiquark. Angular coefficients in Drell-Yan events then provide
access to sin? @y and to the chiral quark couplings, with parton-distribution uncertainties forming
an important part of the analysis.

4.6 Charged-current production and the special problem of my

At a hadron collider the dominant subprocesses include
ud — W+ = (ty, di— W~ = "D, (4.73)

The neutrino is not detected, and the unknown longitudinal momenta of the initial partons
prevent complete reconstruction of the invariant mass. Instead one uses transverse quantities. The
transverse mass is

m3 = 2055 (1 — cos A miss) - (4.74)

For an ideal on-shell two-body decay with perfect resolution, mr < my, producing a Jacobian
edge near the mass. The charged-lepton pr spectrum and missing transverse momentum contain
complementary information.

Extracting myy at high precision requires excellent calibration of lepton momenta and hadronic
recoil, as well as accurate modelling of QED radiation, the W transverse-momentum distribution
and proton parton distributions. This is why a mass that appears as a simple parameter in the
Lagrangian becomes a complex global experimental analysis.

The W charge asymmetry,

do(W)/dy — do(W™)/dy

Aw(y) = do(W+)/dy + do(W=)/dy’

(4.75)

is sensitive to the proton’s u and d distributions. Electroweak measurements and QCD structure
are therefore entangled: improved parton distributions sharpen electroweak tests, while W/Z data
themselves constrain the parton distributions.

4.7 Low-energy neutral-current checks

When |¢%| < m%, Z exchange again looks like a four-fermion interaction. Neutrino scattering,
parity-violating electron scattering and atomic parity violation therefore test the same neutral-
current couplings as Z-pole experiments, but at very different momentum transfers. Their main
conceptual role is to test the predicted running of the weak mixing angle and to search indirectly
for new contact interactions.
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4.8 Choosing electroweak input parameters

At tree level the electroweak sector may be described using g, ¢’ and v. Experiments instead
determine physical quantities. A common input set is

{a, Gp, mz}. (4.76)

At tree level,
1 2
e? = 4ra, v = —— mQZ:UZ

(9* +97). (4.77)

Combining these equations yields
T

512/V012/V = A 9
ﬂGFmZ ’
2

and then m%[, =m ZC%V. Thus three precisely measured inputs predict a fourth observable.

(4.78)

Beyond tree level, parameters such as a and 512,‘, depend on the renormalisation prescription and
scale. Common schemes include the on-shell definition

2
2 _ mw
§2, =1— 4.79
w m2Z ( )
and running MS quantities. These are not competing physical truths. They are different book-
keeping conventions; any complete prediction for a measurable quantity agrees up to terms beyond

the calculated order.

A bare or renormalised Lagrangian parameter is not automatically an observable. Whenever
quoting sin? @y, specify the definition and scale. The effective weak mixing angle extracted
from asymmetries is not numerically identical to the on-shell quantity 1 — m%,[, /mZ,.

4.9 Radiative corrections: sensitivity to virtual heavy particles

Loop corrections modify the tree-level relation among G, o, mz and myy. In the on-shell scheme
they are conventionally collected into Ar:

2 1
2 (1w o T4 . 4.80

The precise organisation of higher-order terms depends on convention, but the physical content is
clear. Vacuum polarisation makes the electromagnetic coupling run; weak-isospin breaking affects
the relation between neutral and charged currents; vertex and box corrections modify muon decay
and other processes.

An especially important contribution is the top—bottom mass splitting. At one loop, the leading
heavy-top correction to the rho parameter is

-~ 3G Fm%
P= 8m2y/2
The quadratic dependence on m; reflects strong breaking of weak isospin within the (¢, )7 doublet.

Historically, precision electroweak data were sensitive to the top mass before the top quark was
directly observed. Higgs contributions to many precision observables are only logarithmically

(4.81)
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sensitive to my, at leading order, but global fits also provided indirect information about the Higgs
mass before its discovery.

This illustrates non-decoupling. Heavy particles do not always disappear from low-energy observ-
ables if their masses originate from symmetry breaking or if they strongly violate a symmetry.
Decoupling must be established from the structure of the theory rather than assumed from mass
alone.

4.10 Interpreting a deviation

A discrepancy should not immediately be assigned to one vertex. Gauge symmetry correlates masses
and couplings, and experimental and theoretical uncertainties are shared between measurements.
New physics that mainly modifies gauge-boson propagators is often summarised by the oblique
parameters S and T’; more general heavy new physics can be described using Standard Model
effective field theory. For this course, the essential point is that any interpretation must use a
consistent set of observables, input parameters and correlations. High-energy tails may enhance
new-physics effects, but they must remain below the scale where the effective description breaks
down.

4.11 Summary

The electroweak Lagrangian predicts not only the existence of W and Z bosons but a network of
rates and asymmetries. For massless fermions,

_ Grmiy
W — ) = PR (4.82)
and G
— Fm
D(Z > 1) = N2 (00 + (R (4.83)

The Z line shape determines masses, widths and branching fractions, while angular and polarisation
asymmetries isolate chiral couplings. Low-energy neutral-current measurements test the same
theory far below the weak scale.

At tree level, {a, GF, mz} predicts myy. Loop corrections introduce sensitivity to the top mass,
Higgs sector and possible new particles. Oblique parameters and SMEFT provide increasingly
general languages for organising deviations, provided their assumptions and validity domains are
respected.

Checkpoint
Three lessons should survive beyond the formulae:

1. Total rates measure mostly coupling magnitudes; asymmetries expose chirality and
interference.

2. Precision comparison requires a common definition, input scheme and radiative-
correction framework.

3. Electroweak observables form a correlated system: a genuine new-physics effect should
generally appear consistently in more than one place.




CHAPTER 4. ELECTROWEAK PHENOMENOLOGY 38

Short exercises

1. Calculate gy and g4 for v, e, u,d. Why are charged-lepton asymmetries especially sensitive
to s%,v?

2. Integrate the pole angular distribution and derive AIJ;B =3A.Ay/4.
3. Derive Eq. (4.78) from e = gsy, mw = gv/2, mz = mw /ew and Gp = 1/(v/20v?).

4. Why is transverse mass used in W — fr measurements rather than an ordinary reconstructed
invariant mass?



Chapter 5

Flavour Physics, CP Violation and the
Muon Anomalous Moment

Flavour physics searches for new particles without necessarily producing them: quantum
amplitudes allow heavy virtual states to alter rare transitions, oscillations and precision
magnetic moments.

The gauge sector of the Standard Model is highly constrained, but the flavour sector is not. Gauge
symmetry tells us how quarks and leptons interact once their quantum numbers are known; it does
not explain why there are three generations, why their masses span many orders of magnitude, or
why their mixing angles have the observed pattern. These unexplained parameters reside in the
Yukawa matrices.

In this lecture we first derive the Cabibbo-Kobayashi-Maskawa (CKM) matrix and explain the
history encoded in its name. We then study unitarity, charge—parity (CP) violation, neutral-meson
mixing and the Glashow-Iliopoulos—Maiani (GIM) mechanism. The final part introduces the muon
anomalous magnetic moment, usually called muon g — 2. Although g — 2 is flavour conserving, it
uses the same precision-frontier strategy: small loop effects can reveal virtual physics at scales
much higher than the muon mass.

The three generations of quarks and leptons

The Standard Model contains three generations, or families, of quarks and leptons. Each generation
has the same gauge quantum numbers but different fermion masses. The generation label is
therefore a flavour label rather than a different type of gauge charge.

The corresponding left-handed weak doublets are

=) a-(2) e (1) 61
1 _ [ VeL 2 [ VuL 3 [ VrL
a=(). A=) m-(2) o

Here Qﬁ; denotes a left-handed quark doublet, Ll]': denotes a left-handed lepton doublet, and
i =1,2,3 is the generation index. Within each doublet, the upper field has weak isospin T3 = +1/2,
while the lower field has T5 = —1/2.

and

39
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Table 5.1: The three generations of Standard Model fermions.

Particle type Generation 1 Generation 2 Generation 3 Charge
2
Up-type quark U c t Jrg
up charm top
1
Down-type d S b -3
quark down strange bottom
Charged lepton e~ uwo T~ -1
electron muon tau
Neutrino Ve vy Uy 0
electron neutrino muon neutrino tau neutrino

The corresponding right-handed charged fermions,

UR, CR, tR; dR7 SR, bR7 €R, MR, TR, (53)

are SU(2)r, singlets. In the minimal Standard Model there are no right-handed neutrino fields.

The three generations have identical electroweak quantum numbers but different masses.
Quark flavour mixing arises because the weak-interaction states and mass eigenstates are
not aligned. The corresponding mixing matrix for quarks is the CKM matrix; in the lepton
sector, neutrino mixing is described by the Pontecorvo-Maki-Nakagawa—Sakata (PMNS)
matrix.

5.1 Flavour begins with the Yukawa matrices

For three generations, the quark Yukawa interactions are

where 7,7 = 1,2,3 are generation indices and repeated indices are summed. The field Q% =
(uiL, diL)T is a left-handed quark weak doublet; uﬁ and dﬁ are right-handed weak singlets; Y, and

Y, are complex 3 x 3 Yukawa-coupling matrices; and ® = io2®* is the conjugate Higgs doublet.
The notation “h.c.” means Hermitian conjugate. After (®) = (0,v/v/2)T, where v ~ 246 GeV is
the Higgs vacuum expectation value, the Yukawa interactions generate

v v

—Y,, M, = —
V2 T2

These matrices need not be diagonal in the weak-interaction basis. The weak basis is the basis in
which the gauge interactions have their simplest form; the mass basis is the basis in which the
propagating quarks have definite masses.

M, = Yy. (5.5)

Any complex matrix admits a singular-value decomposition. We therefore choose unitary matrices
satisfying
Ul MUyg = diag(my, me,ms), Ul MaUgg = diag(ma, ms, mp). (5.6)

The mass eigenstates are related to the weak eigenstates by, for example, u"L"eak = Uyupup™>®.

Right-handed rotations do not enter the charged weak current because ur and dr are SU(2)p,
singlets.
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In the weak basis the charged current is

Lo, = — L ayekyp eyt 4op . (5.7)

V2

Transforming both fields to their mass bases produces

U

Ll = —%am"VCKMdLW,T +he, Vowm = Ul Uar. (5.8)

Mixing is therefore a mismatch between two basis choices. There is no absolute meaning to the
rotation of the up or down sector separately; only their relative rotation is observable.

Neutral currents have the form dy*k~#dyeak  After rotation they contain U, gLUdL = 1 and remain
flavour diagonal. The same is true of the photon, Z and Higgs couplings at tree level in the
minimal Standard Model. This is the first reason flavour-changing neutral currents are rare.

The CKM matrix is not an additional interaction inserted by hand. It appears because the
two quarks in a weak doublet cannot, in general, both be placed in their mass bases by the
same left-handed rotation.

5.2 Why is it called the CKM matrix?

The name records three stages in the history of quark mixing. In 1963, Nicola Cabibbo described
mixing between the first two quark generations using one angle, now called the Cabibbo angle.
In 1970, Sheldon Glashow, John Iliopoulos and Luciano Maiani showed that adding the charm
quark produces cancellations that suppress unwanted neutral-current flavour change. In 1973,
Makoto Kobayashi and Toshihide Maskawa showed that a three-generation quark-mixing matrix
contains an irreducible complex phase capable of producing CP violation. Their argument implied
the need for a third generation before the bottom and top quarks were discovered. The modern
three-generation matrix is therefore called the Cabibbo-Kobayashi-Maskawa matrix.

5.3 The structure and parameters of the CKM matrix

Writing u = (u, ¢,t)’ and d = (d, s,b)7,

Vud Vus Vub
Vekm = | Vea Ves Vb |- (5.9)
Via Vis Vi

Here u, ¢, t denote the up, charm and top quarks, while d, s, b denote the down, strange and bottom
quarks. The element V;; is the relative charged-current amplitude for an up-type quark i to couple
to a down-type quark j; a decay rate normally contains \VijP. It is unitary because it is a product
of unitary matrices:

ViV =vvi=1. (5.10)

A general 3 X 3 unitary matrix contains nine real parameters. Five phases can be removed by
rephasing the six quark fields; one common phase leaves every bilinear unchanged and cannot be
used independently. Four physical parameters remain: three mixing angles and one irreducible
CP-violating phase.
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The standard parametrisation is

€12€13 512€13 s1ze”"
s s
V = | —s12c23 — c12523513€"  C12C23 — $12523513€" s23C13 | (5.11)
i 6
512823 — C12C23813€"°  —C12523 — $12C23513€"  €23C13

where s;; = sin6;;, ¢;j = cos0;; and 0 is the physical CP-violating phase. The hierarchy is more
visible in the Wolfenstein expansion,

1—)\2)/2 A AX3(p —in)
V o~ ) 1—X\2/2 AN? + 0\, (5.12)
AN —p—in) —AN? 1

where A ~ 0.225 is approximately |Vys|, A sets the size of second—third-generation mixing, and p
and 7 encode the magnitude and complex phase of first—third-generation mixing. The notation
O(\*) denotes fourth- and higher-order terms. Transitions within neighbouring generations are
suppressed by powers of A\, and transitions between the first and third generations are particularly
small.

For N generations a unitary mixing matrix contains
N(N —1) (N-1)(N—-2)
2 2

With two generations there is one Cabibbo angle but no physical CP phase. At least three
generations are required for CKM CP violation.

angles, physical phases. (5.13)

5.4 Unitarity triangles

Off-diagonal entries of Eq. (5.10) give six orthogonality relations. The one most useful for B
physics is
VudVip + VeV, + ViaVig = 0. (5.14)

5.4.1 Constructing the unitarity triangle

The unitarity of the Cabibbo—Kobayashi-Maskawa matrix implies

Vi Vorum = Vorm Vi = 1. (5.15)
The orthogonality of the first and third columns gives
VuaVap + VeaVey + VeaVip = 0. (5.16)

Each term is a complex number. Equation (5.16) therefore states that three vectors in the complex
plane add to zero and form a closed triangle.

To obtain the conventional normalised triangle, divide Eq. (5.16) by —VeqV;:
VuadViay,  ViaVi

=1. 5.17
VeV, VeVl 10
The position of the apex is defined by
— . VudV*b
= _ ub | 5.18
p+m VoaV ( )

Here p and 7 are the improved Wolfenstein parameters, including higher-order corrections to the
original parameters p and 7. The three vertices of the normalised unitarity triangle are therefore

(0,0),  (1,0), (1) (5.19)
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_ (p:1)

5.4.2 How CKM unitarity provides precision tests

The Standard Model requires the CKM matrix to be exactly unitary. This produces two comple-
mentary kinds of precision test:

1. the normalisation of each row and column must equal one;

2. different complex products of CKM elements must form closed unitarity triangles.

Row and column normalisation

The first-row condition is

|Vud|2 + |Vus|2 + |Vub‘2 =1. (5.20)

The three terms can be determined from different processes:

|Vual © superallowed nuclear beta decays and neutron decay,
|Vus| © kaon and tau decays, (5.21)
|Vup| © semileptonic bottom-hadron decays.

A useful measure of possible non-unitarity is
1
AEH){M = ’Vud‘z + ‘Vus‘Q + |Vub|2 -1 (5.22)

The Standard Model predicts

1
A =0. (5.23)

A statistically significant nonzero value could indicate an experimental or theoretical problem, or
new physics such as mixing with additional quarks, modified charged currents or non-standard
beta-decay interactions.

Similarly, the third-column condition is
Vi * + [Veo|* + [ Vio|* = 1. (5.24)

Since |Vyp| is close to unity, this relation is tested through top-quark production and decay together
with flavour measurements of |V,;;| and |V

More generally, CKM unitarity can be written as

> ViV = Sk, (5.25)

i=u,c,t
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where 4, is the Kronecker delta:

0, j#k

For j =k, Eq. (5.25) gives column normalisation. For j # k, it gives an orthogonality relation and
hence a unitarity triangle.

1, j=k
5jk:{= J="% (5.26)

Triangle closure

For the bottom—down triangle,
VudVJb + Vcd‘/zg + V}d‘/ﬁ) = 0. (5.27)
A convenient closure parameter is

Abd = Vudvjb =+ VchC’Z + thWZ (528)

52

This is a complex equation, so it represents two independent tests:

The Standard Model predicts

R(Apg) =0, 3(Apg) = 0. (5.30)
Equivalently, the independently measured sides and angles must satisfy
a+B+y=m (5.31)

and must identify one common apex (p, 7).

Tree-level and loop-level constraints

Different observables constrain different parts of the triangle:

VudVoh
R, = |- wl, from tree-level semileptonic decays, (5.32)
VeaVa
Vud Ve
v =arg|— ud 7ub , from tree-dominated B — DK decays, (5.33)
VeaVa
sin(28) ~ Sy/pKgs from time-dependent CP violation in B® — J/iKg, (5.34)
Amg  |Vial|* /5,85 -
A, x V. f,%jBBj’ from BY and BY mixing. (5.35)

Here:
e Amg and Amy are the mass splittings between the heavy and light neutral-B; and neutral- B,
mass eigenstates;
e [, is a neutral-B; decay constant;
s Bp, is a bag parameter describing the relevant hadronic matrix element;

o Sj/yKs 18 the coefficient of the sine term in the time-dependent CP asymmetry.
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Tree-level determinations are expected to be comparatively insensitive to heavy new particles.
Meson mixing and rare decays occur through loops and can receive additional virtual contributions.
A particularly powerful test is therefore to determine the apex using tree-level measurements and
ask whether loop-dominated measurements select the same point.

Schematically,

_ SM ,_ _
(pv"?)tree = (P, n)loop' (536)

If the two regions fail to overlap after all experimental and theoretical uncertainties are included,
the CKM description is incomplete or a new particle contributes to the loop amplitudes.

Experimental connection

A global CKM fit combines measurements with different dependences on CKM elements,
CP phases and hadronic matrix elements. The important test is not whether one observable
agrees with the Standard Model in isolation, but whether all independent constraints overlap
in a common region of the (p,7n) plane.

The normalised CKM unitarity triangle. The precise apex shown is illustrative; experimentally
allowed regions are obtained from a global fit to many observables.

The lengths of the two non-trivial sides are

VaaVis —

Ry = || .\ [52 4 2 5.37
VoVt P2+ (5.37)

R=| VY| _ a0 p . (5.38)
‘/;d cb

The base has unit length because of the normalisation chosen in Eq. (5.17).

The angles are

ViV
o = arg|— , 5.39
8| Vv (5.39)

[ Vi
=arg|— el I 5.40
B = arg VidVs ] (5.40)

[ Vv,
=arg|— ul. 5.41
VAl -y T ] (5.41)

Since these are the three internal angles of a triangle,

la+B+y=m] (5.42)

A nonzero value of 77 gives a triangle with nonzero area and signals CP violation. If 7 = 0, the
triangle collapses to a straight line and CKM CP violation vanishes.

The unitarity triangle is not a separate model or an additional assumption. It is a geometrical
representation of one orthogonality condition implied by the unitarity of the CKM matrix.

The star denotes complex conjugation. Each term is complex, so the three vectors form a closed
triangle in the complex plane. Dividing by V.4V produces the conventional normalised unitarity
triangle with vertices near (0,0), (1,0) and (p, 7).
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Its angles are conventionally defined by

(5.43)

R
«a = arg|— b tb],

VuaVip,

[ Vi
b =arg|— <1, 5.44
8| Vv (5.44)

v = arg |~ YudVub | (5.45)
L Vcd ch

and a + 8 + v = w. Different observables determine sides and angles. If all measurements meet
at one apex, the CKM description is successful. New particles entering loops can shift mixing or
rare-decay constraints without changing tree-level determinations, preventing closure.

The rephasing-invariant measure of CP violation is the Jarlskog invariant,
J = Q(W]Vkl‘/ﬁvgj) = 0120230%3812823813 sin 5, (5.46)

for any choice of distinct i # k and j # [, up to a sign. Every CKM unitarity triangle has area |J|/2.
CP violation vanishes if any relevant mixing angle vanishes, if 6 = 0 or m, or if two equal-charge
quarks are mass degenerate so that an additional rotation removes the phase.

Complex entries in a particular matrix convention are not themselves physical. A CP-odd
observable must depend on a rephasing-invariant combination such as J, together with both
weak-phase and strong-phase differences when a direct rate asymmetry is measured.

5.5 How CP violation appears

The combined transformation CP consists of two operations. Charge conjugation, denoted by
C, replaces every particle by its antiparticle, while parity, denoted by P, reverses the spatial
coordinates, x — —x. A process violates CP symmetry if its probability differs from that of the
corresponding CP-conjugate process. For example, direct CP violation occurs if

L(P—f)#T(P—f), (5.47)

where P is a particle, P is its antiparticle, and f and f are the corresponding final states.

In the Standard Model, CP violation in quark-flavour processes originates from the irreducible
complex phase in the Cabibbo-Kobayashi-Maskawa (CKM) matrix. However, a complex CKM
element alone is not sufficient to produce a difference between a decay rate and its CP-conjugate
rate. At least two amplitudes with different phases must interfere.

Suppose that a decay P — f receives two contributions:
Ap = ApelC1F01) | fyeil02te), (5.48)
Here A1 and A are real, positive magnitudes. The phases have two different physical origins:
e ¢; are called weak phases. They arise from complex CKM factors and change sign under CP:

b — —¢;.
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e J; are called strong phases. They arise from final-state rescattering or from absorptive parts
of loop amplitudes. They do not change sign under CP:

Consequently, the amplitude for the CP-conjugate process is
Z? = A;et01=01) 4 A, ei(02—¢2) (5.49)

Notice that CP conjugation reverses the weak phases but leaves the strong phases unchanged.
Squaring the two amplitudes gives

‘Af’Q = A% + A% =+ 2A1A2 COS[(51 — 52) + (¢1 — ¢2)] , (5.50)
|Zf|2 = A% + Ag + 2A1A2 COS[(51 — 52) — (d)l — ¢2)] . (551)

Their difference is therefore
|Af? = [Ag]> = —4A1 A3 sin(81 — o) sin(¢1 — ¢2). (5.52)

The overall sign depends on the ordering chosen for the phase differences, but the physical conclusion
does not: a non-zero direct CP asymmetry requires both

51 — 52 75 0 and 5251 — (l52 7'5 0. (5.53)

The weak-phase difference supplies the CP-violating effect. The strong-phase difference converts
that effect into an observable difference between the two decay rates. If either phase difference
vanishes, the direct CP asymmetry vanishes even if the individual amplitudes are complex.

A commonly measured quantity is the direct CP asymmetry

(P f)-T(P =)
CI(P— f)+T(P = f)

Acp (5.54)

Since decay rates are proportional to squared amplitudes, Agp # 0 signals direct CP violation.

The term “strong phase” does not mean strong CP violation. A strong phase is a CP-
conserving phase generated by QCD rescattering or an absorptive loop contribution. Strong
CP violation instead refers to the possible QCD interaction

Og:

Lo = g GG,

whose extremely small coefficient constitutes the strong-CP problem. That is a separate
subject from CKM CP violation.

Neutral mesons provide two further manifestations of CP violation:

1. CP wiolation in mizing, when the probability for P? — P° differs from that for P° — PO,

2. CP violation in the interference between mizing and decay, when a meson can reach the same
final state either directly or after oscillating into its antiparticle.



CHAPTER 5. FLAVOUR PHYSICS AND MUON g — 2 48

These effects are studied experimentally using flavour tagging and decay-time-dependent asymme-
tries. The full neutral-meson formalism is not required for the central CKM argument developed
here.

Experimentally, CP violation has been observed in several quark-flavour systems: it is typically of
order 1073 in neutral-kaon processes, can reach 10~!-1 in selected neutral- B-meson time-dependent
asymmetries, and is of order 1072 in charm decays. Direct CP asymmetries in some charged
and neutral B decays can be at the percent to ten-percent level. CP violation has not yet been
established in the lepton sector:

K system : 0(1073),
327 < Systems : O(1071)-O(1) for selected mixing-induced asymmetries, (5.55)
DY and charm decays : O(1073), ‘
leptons and neutrinos : no conclusive observation so far.

These numbers describe the approximate sizes of measured asymmetries, not orders in perturbation
theory. Direct CP violation arises from interference between decay amplitudes and may involve
tree and loop, or “penguin,” contributions. Neutral-meson mixing is generated by loop-level box
diagrams, while mixing-induced CP violation results from interference between direct decay and
decay following oscillation.

|14

9, 7 4

Figure 5.1: A flavour-changing b — s penguin diagram. The internal up-type quark is u; = u, ¢, t,
and the emitted neutral gauge boson may be a gluon, photon or Z boson.

For example, CP violation was first observed through Kj; — nw decays; large mixing-induced
asymmetries are measured in B® — J/¢Kg; direct CP violation occurs in several charmless
B decays; and much smaller direct CP violation has been established in charm decays such as
DY — KK~ and D° — ntrn.

5.6 The GIM mechanism and rare neutral currents

GIM stands for the Glashow-Iliopoulos—Maiani mechanism, after Sheldon Glashow, John Iliopoulos
and Luciano Maiani. Their 1970 construction introduced the charm quark as the weak partner
needed to cancel otherwise excessive strangeness-changing neutral-current amplitudes. A flavour-
changing neutral current (FCNC) changes quark flavour but carries no electric charge; examples
include s — d, b — s and ¢ — u. Such transitions do not occur at tree level in the Standard Model.
At loop level a typical amplitude contains

m2
M,y < V]VkF<m2> (5.56)

i=u,c,t w
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For j # k, CKM unitarity gives
S ViV =o0. (5.57)

Any mass-independent part of the loop function cancels. Equivalently, one may write

M, —a, <> VijVik [F<:§> - F(o)] . (5.58)
i w

If the internal quarks were mass-degenerate, the entire amplitude would vanish. This CKM-unitarity
cancellation is the GIM mechanism.

The surviving amplitude depends on quark-mass differences. Heavy-top effects can therefore
dominate K and B observables despite small CKM elements. Rare processes are unusually
sensitive to new physics because the Standard Model background is suppressed by a loop factor,
CKM factors, the GIM cancellation, or helicity—sometimes by all four.

Neutral-meson mixing is a AF = 2 process generated by box diagrams. A schematic effective
Hamiltonian is

HAF=2 = CEMW (RS, (20) ) Q). (5.50)

where Heg is the low-energy effective Hamiltonian, x; = m? / m%v, Sp is a short-distance loop
function, C(p) is a Wilson coefficient evolved to the renormalisation scale p, and Q(u) is a local
four-quark operator. The symbol AF = 2 means that the net flavour quantum number changes
by two. The observable also requires the hadronic matrix element <]50\Q|P0>, usually supplied
by lattice quantum chromodynamics (lattice QCD). Flavour phenomenology is therefore a chain
connecting weak-scale matching, renormalisation-group evolution and non-perturbative QCD.

5.7 Current experimental flavour connections
Rare b — s¢*/~ transitions and neutral-meson mixing are sensitive to heavy virtual particles
because their Standard Model amplitudes are loop- and CKM-suppressed. Ratios such as

I'(B— Kp'tp~)
I'(B — Kete™)

Ry = (5.60)
are theoretically clean because many hadronic uncertainties cancel. Current Rx and Ry~ mea-
surements are compatible with Standard Model lepton universality [5]; the older strong-anomaly
narrative is no longer current.

Charged-current ratios
I'(B — DWry)
R(D™) = . l=e,p, 5.61
D) = 555 Do s (5:61)
and inclusive-exclusive determinations of |Vy| and |V,;| remain interesting. None is, by itself,
established new physics. Detector response, form factors, correlations and control channels are

part of the inference.

5.8 Magnetic moments and the meaning of g — 2

For a spin-1/2 particle of charge ¢ and mass m, the magnetic moment is

q
—g-L8. 62
n=95- (5.62)
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Here S is the spin and g is the gyromagnetic factor. The Dirac equation predicts g = 2 for a
point-like fermion at tree level. Quantum loops shift g slightly away from two; this is why the
experiment is called “g minus 2”. The most general on-shell electromagnetic vertex consistent with
Lorentz invariance can be written

Fo(a%)

i
I*(q) = Fi(¢})y" + —

el P KL (5.63)

where ¢ is the photon four-momentum, o#*” = %[’y“, ~¥], F1 is the Dirac form factor and Fj is the
Pauli form factor. Charge normalisation gives F(0) = 1, while

g — 2
2

= F(0). (5.64)

Ay =

The ellipsis can include an electric-dipole form factor, which violates CP.

Schwinger’s one-loop QED result is

«
a™® = — 4+ 0(a?). (5.65)
27
Higher QED orders are known with extraordinary precision. Here o = e?/(4r) is the fine-structure
constant. A generic heavy particle of mass A gives a contribution of order

C m?
T 1672 A2
unless an additional chirality enhancement is present. The coefficient C' collects couplings and
numerical factors, 1/(1672) is the characteristic one-loop suppression, A is the heavy mass scale
and the factor m? reflects the required chirality flip. This scaling makes the muon roughly
(my/me)? ~ 4.3 x 10* times more sensitive than the electron to flavour-universal heavy physics,
despite the electron measurement being intrinsically more precise.

Aay (5.66)

5.9 How q, is measured

Polarised muons circulate in a magnetic storage ring. The anomalous spin-precession frequency wg
is the difference between the spin- precession and cyclotron frequencies. At the “magic momentum”
the leading electric-field contribution cancels, leaving w, primarily proportional to a,B, where B
is the magnetic field. Parity violation in muon decay makes the detected positron rate oscillate

with the spin direction:
N(t) = Noe /07 [1 + A cos(wat + ¢)). (5.67)

Here Ny is a normalisation, 7, is the rest-frame muon lifetime, ~ is the relativistic Lorentz factor,
A is the decay asymmetry and ¢ is an initial phase. Extracting a, requires both w, and a
precise magnetic-field map. Beam motion, pile-up, detector gain and lost muons are important
experimental corrections.

The final Fermilab result is [7]
al VAL = 116 592070.5(14.8) x 10711, (5.68)

with a relative precision of 127 parts per billion (ppb). Combining it with the earlier Brookhaven
measurement gives the experimental world average

a® = 116592071.5(14.5) x 10~ | (5.69)

corresponding to approximately 124 ppb precision. The notation z(y) means x 4+ y in the final
quoted digits.
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5.10 The Standard Model prediction for q,

The prediction is organised as

aEM = aSED + aEW + aEVP + aELbL. (5.70)

The superscripts denote quantum electrodynamics (QED), electroweak interactions (EW), hadronic
vacuum polarisation (HVP) and hadronic light-by-light scattering (HLbL). The following diagrams
are representative rather than an exhaustive list of all perturbative orders.

5.10.1 QED: photon and charged-lepton loops

The leading correction is Schwinger’s one-loop QED vertex diagram:

v

Leading QED vertex correction.

The QED result is a perturbative series in a/m. Its coefficients include electron-, muon- and
tau-loop mass dependence and are known through fifth order in «. The one-loop term is analytic;
the highest multiloop coefficients require large algebraic reductions and numerical integrations.
QED supplies almost all of the central value of a,,, but a negligible part of its theoretical uncertainty.

5.10.2 Electroweak loops

Electroweak diagrams contain at least one W, Z or Higgs boson. A representative W-neutrino
loop is

v

Representative one-loop electroweak contribution.

The full electroweak contribution is known at complete two-loop order, with dominant higher-order
logarithms estimated using renormalisation-group methods. Its natural scale is G Fmi /(8v/27%), so
it is much smaller than the QED term but still resolvable experimentally. Its remaining uncertainty
is negligible compared with the hadronic uncertainty.
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5.10.3 Hadronic vacuum polarisation

Hadronic vacuum polarisation inserts a quark—gluon contribution into a photon propagator:

5
Hadronic vacuum-polarisation insertion; the blob represents non-perturbative QCD.

At low energy, quarks and gluons are strongly coupled, so ordinary perturbative QCD cannot
determine the blob sufficiently accurately. Two complementary methods are used:

1. A data-driven dispersive calculation relates HVP to measured e™e~ — hadrons cross sections
using analyticity and unitarity. Low-energy data, especially the two-pion channel, carry the
largest weight.

2. Lattice QCD computes Euclidean electromagnetic-current correlation functions from first
principles and convolves them with a known kernel. Continuum, infinite-volume, physical-
mass and isospin-breaking corrections must all be controlled.

HVP is the dominant uncertainty in the current Standard Model prediction and the source of the
most important methodological tension.

5.10.4 Hadronic light-by-light scattering

In HLbL scattering, three internal photons connect the muon line to a hadronic four-current
correlation function, while the external photon also couples to that hadronic subdiagram:

H H
Hadronic light-by-light contribution; the blob denotes a hadronic four-current correlator.

HLDbL cannot be reconstructed from one inclusive cross section. It is evaluated using dispersive
methods, exclusive hadronic data and lattice-QCD four-point functions. Modern phenomenological
and lattice determinations are mutually consistent within their uncertainties, and their average
enters the 2025 recommendation.

5.10.5 Precision accounting

The 2025 Muon g — 2 Theory Initiative gives the following contributions in units of 107! [8]:
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Contribution Recommended value Precision highlight

QED 116 584 718.8(2) known through O(a?)
Electroweak 154.4(4) complete two-loop calculation
HVP, leading order 7132(61) lattice-QCD average

HVP, all quoted orders 7045(61) dominates the total uncertainty
HLbL, including NLO  115.5(9.9) phenomenology—lattice average
Total Standard Model 116 592 033(62) HVP-limited

Here NLO means next-to-leading order. QED dominates the central value but is not the limiting
uncertainty; the far smaller HVP contribution controls the precision.

5.10.6 Present comparison with experiment

The 2025 recommended Standard Model value is

a;™M = 116592033(62) x 107" |, (5.71)

Together with Eq. (5.69), this gives

Aay = a® — oM = 38(63) x 10711, (5.72)

There is therefore no statistically significant tension between experiment and the 2025 recommended
Standard Model value.

This differs from the widely reported comparison with the 2020 White Paper, which used a
data-driven HVP recommendation and produced a discrepancy above five standard deviations
when combined with later experimental results. The experimental central value did not move
towards theory. Rather, the 2025 recommendation adopted a consolidated lattice-QCD HVP
average that is larger and raises the Standard Model prediction towards experiment.

The problem is not fully closed. Lattice HVP calculations and several data-driven dispersive
determinations do not yet make one completely consistent picture, and tensions also exist among
some hadronic cross-section datasets. The measurement is now substantially more precise than the
Standard Model prediction, so further progress is primarily limited by theory and hadronic input.

Muon g—2 should no longer be described without qualification as an established five-standard-
deviation failure of the Standard Model. The central question is whether independent lattice,
dispersive and new experimental determinations of hadronic vacuum polarisation converge.

Connection to flavour. A heavy particle that contributes to the muon dipole usually also
affects charged-lepton-flavour violation, electric dipole moments or collider processes. A proposed
explanation of a, must therefore be tested as a correlated model rather than against one number
alone.

5.11 Summary

The CKM matrix arises from Yukawa-matrix misalignment,

Vekm = quLUdL- (5.73)
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For three generations it contains three angles and one CP phase. Unitarity produces triangle
relations, while the Jarlskog invariant gives a convention-independent measure of CP violation. Tree-
level neutral currents remain flavour diagonal, and loop-level flavour change is further suppressed
by the GIM mechanism.

Rare decays and neutral-meson mixing probe heavy virtual physics but require a controlled
combination of short-distance Wilson coeflicients and hadronic matrix elements. Current Rg
and Rg- results are compatible with the Standard Model; R(D™)) and inclusive-exclusive CKM
determinations remain interesting tensions rather than discoveries.

The muon anomaly is the Pauli form factor F»(0). Its experimental value is known to about
124 ppb, but its interpretation is now limited by hadronic theory. The 2025 lattice-HVP-based
Standard Model update agrees with experiment, while resolving HVP differences remains a central
open problem.

The precision-frontier logic is:

symmetry suppresses the Standard Model amplitude

— small virtual contributions become visible.

The same logic underlies CKM tests, meson mixing, rare decays, CP violation and the
anomalous magnetic moment.

Short exercises

1. Starting from the weak-basis charged current, derive Voxm = U:E Uar.

2. Draw the unitarity triangle from V4V, + VgV + VigVy;, = 0 and explain how tree- and
loop-dominated measurements provide complementary tests.

3. Use CKM unitarity to show that the mass-independent part of Eq. (5.56) cancels.

4. Use dimensional analysis and chirality to motivate Aay m% /A2



Chapter 6

From the Standard Model to Grand
Unification

Grand unification asks whether the three Standard Model gauge interactions are different
low-energy manifestations of one interaction. Its economy is attractive, but experiment
must decide whether it is realised.

The Standard Model gauge group is
Gsm = SUB)e x SU((2)r, x U(1)y. (6.1)

SU(3)¢ is the colour symmetry of the strong interaction, SU(2); acts on left-handed weak
doublets, and U(1)y is weak hypercharge. The symbol x means that all three symmetries act,
with independent couplings gs, g and ¢’. A grand unified theory (GUT) embeds them in one larger
group with one coupling at a high scale Mgyr:

Gaur M} Gsm SN SU(3)C X U(l)em. (6.2)

The arrows denote spontaneous symmetry breaking, and v ~ 246 GeV is the electroweak vacuum
expectation value. A GUT may explain charge quantisation and the organisation of matter, but it
does not automatically explain three generations, Yukawa hierarchies, dark matter or gravity.

6.1 A minimal group-theory dictionary

A representation specifies how a field transforms under a symmetry. For SU(N), the fundamental
representation acts on an N-component column vector. A quark is therefore in the fundamental
3 of colour SU(3), while a left-handed weak doublet is in the fundamental 2 of SU(2). Bold
numbers label representation dimensions, not numerical factors. A bar, as in 3, denotes the
complex-conjugate representation; a singlet 1 is unchanged by that group.

The generators T'* describe infinitesimal transformations, ¥ — (1 + i0°T%)1), where 6 are small
real parameters and the repeated index a is summed. SU(N) has N? — 1 generators. Its gauge
bosons carry the generator label and transform among themselves in the adjoint representation,
also of dimension N2 — 1. Thus the eight gluons form the adjoint 8 of SU(3) and the three weak
bosons form the adjoint 3 of SU(2).

We use
(d3,d2)y (6.3)
for an SU(3)¢ representation of dimension rs, an SU(2)y representation of dimension ry, and

hypercharge Y. Electric charge is Q = T3 + Y. For example, (3,2), /s is a colour triplet and weak
doublet; its components with 75 = +1/2 and —1/2 have charges +2/3 and —1/3.

95
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6.2 Running couplings: why unification can be hidden

A quantum-field-theory coupling depends on the energy at which it is measured. Virtual particles
screen or anti-screen a charge, and a higher-energy probe resolves a different range of quantum
fluctuations. This energy dependence is called running; it is not variation with time.

For gauge factor ¢ = 1,2, 3, the one-loop renormalisation-group equation is

dgi bi 5 ~1 -1 bi \ p
— = g ; = — —In — 6.4
'ud/i 1672 9i> Q; (}u) Q; (MO) 2 n 110 ) ( )

where y is the probe energy, pi is a reference energy, g;(u) is the coupling, and «; = g?/(47). The
constants b; are beta-function coefficients fixed by the gauge and matter fields. Consequently,
plotting o ! against In p gives approximately straight lines, with different b; producing different
slopes.

For a GUT comparison one conventionally writes

5
G = \/;g’, g2 =g, g3 = gs, (6.5)

using the hypercharge normalisation inherited from SU(5). The factor 5/3 is not a new interaction.
With Standard Model particles,

41 19
b1,ba,b =|—,——,-7 6.6

( 1,092, 3)SM <107 67 )7 ( )
and the three inverse couplings approach but do not meet exactly. With the minimal supersymmetric
Standard Model (MSSM) spectrum,

33
(b1, b2, b3)mssm = (5, 1, —3> ; (6.7)
their convergence near 10'6 GeV improves. This is suggestive, not proof. Crossing a particle
mass threshold activates new quantum fluctuations, changes b;, and hence changes a line’s slope.
Two-loop effects and unknown high-scale thresholds also affect the apparent meeting point.

A unification plot is conditional on the assumed particle spectrum. Approximately intersect-
ing lines motivate unification but do not establish a particular theory.

6.3 SU(5): the minimal worked example

SU(5) consists of unitary 5 x 5 matrices with determinant one. It has 5 — 1 = 24 generators,
so its 24 gauge bosons form the adjoint 24. The first three components may be associated with
colour and the final two with weak isospin. Hypercharge is embedded as the traceless matrix

1 1 11 1)

(6.8)

Y = diag (3,3,3,2,2

where diag denotes a diagonal matrix. Its entries sum to zero, as required for an SU(5) generator.
This embedding fixes relative hypercharges and explains charge quantisation.
Under the Standard Model subgroup, the adjoint splits as

24 = (8,1)9® (1,3)0 @ (1,1)o
©(3,2)_5/6 D (3,2)s5/6- (6.9)
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¢ means that one representation separates into the listed independent parts. The first three
contain the gluons, weak bosons and hypercharge boson. The final two contain twelve heavy XY
gauge bosons carrying colour and weak quantum numbers, which can convert quarks into leptons.

An adjoint scalar ¥ can acquire
(¥) x diag(2,2,2, -3, —3). (6.10)

Angle brackets mean vacuum expectation value and o« means “proportional to.” This leaves the
Standard Model gauge bosons massless at the GUT scale but gives X, Y masses Mx ~ gsMcur,
where g5 is the unified coupling.

A Weyl field describes a fermion with a definite chirality. A left-handed Weyl field satisfies

PL¢:¢> P = ’ (611)

where Py, is the left-handed chiral projector and 4° is the chirality matrix. Similarly, Pr = (1+7°)/2
selects a right-handed field. A four-component Dirac fermion can be constructed from one left-
handed and one right-handed Weyl field.

For group-theory bookkeeping, it is convenient to express every fermion as a left-handed Weyl field.
A physical right-handed field fg is therefore replaced by its left-handed charge-conjugate field,

fe=CTn’, (6.12)

where C' is the charge-conjugation matrix and 7" denotes transpose. The field fi has the opposite
gauge quantum numbers to fr. For example, the right-handed up quark transforms as a colour 3
with electric charge +2/3, whereas its left-handed charge-conjugate u¢ transforms as an 3 with
charge —2/3. These are two descriptions of the same physical degrees of freedom, not an additional
antiparticle.

With this convention, all fermions of one Standard Model generation can be listed as left-handed
fields:
Q = (ur,dp)?, L= (vp,epr)T, u,  d¢ e (6.13)

They can then be arranged naturally into the two SU(5) representations 5 and 10.
Using this all-left-handed Weyl-field convention, one Standard Model generation fits into

5= (ga 1)1/3 ©® (1’ 2)—1/2 ) (dch)’ (6'14)
10 = (3, 2)1/6 ® (§7 1),2/3 D (1, 1)1 D (Q,uc, 60). (615)

Here Q = (ug,dr)” and L = (vp,er)” are weak doublets; T means transpose. The superscript c
denotes the left-handed charge-conjugate field corresponding to a right-handed fermion, and DO
means “contains.” The 15 Standard Model Weyl fields have become a 5 and a 10, whose gauge
anomalies cancel.

The Higgs can lie in
5u=1(3,1)_1/3® (1,2)12- (6.16)

Together with the familiar weak doublet, this contains a coloured scalar that must be extremely
heavy. Explaining this enormous mass difference is the doublet—triplet splitting problem. Minimal
SU(5) also predicts Yy = Y.I' at the GUT scale, relating down-quark and charged-lepton Yukawa
matrices; this fails for the lighter generations without extra structure.
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6.4 Proton decay: the decisive consequence

In SU(5), X,Y exchange connects quarks and leptons. At energies well below the heavy mass, its
propagator becomes approximately 1 /M)z(, producing

2
Lot ~ %(qq)(qﬁ) +h.c., (6.17)
X

where ¢ and ¢ denote quark and lepton fields and h.c. means Hermitian conjugate. This permits
p — et 7w, Dimensional analysis gives

5
m
r,~ QQGM—Z x (flavour, running and hadronic factors), Tp = Fgl o« My, (6.18)
X

where I'), 7, and m,, are the proton decay rate, lifetime and mass, and ag = g2/(47). Precise
predictions need operator running and lattice-QCD matrix elements. Minimal non-supersymmetric
SU(5) has inadequate coupling unification and proton decay that is too rapid, so that minimal
model is excluded; grand unification in general is not.

Experimental connection

For p — et 7¥, a water Cherenkov detector searches for an electron-like ring and two photons
from 7° — ~v. Super-Kamiokande finds

7/B(p — etn%) > 2.4 x 103* yr

at 90% confidence [9], where B is the branching fraction. Hyper-Kamiokande will provide
much greater exposure [10]; liquid-argon detectors complement it for kaon modes.

6.5 S0O(10), neutrino mass and the seesaw

SO(10) is a larger unified group. Its spinor representation 16 contains a full generation, including
a right-handed neutrino:
16 =10®5®1  under SU(5). (6.19)

“Spinor” merely names this representation; its construction is not required here. The singlet 1
corresponds to vg, and SO(10) also contains B — L, baryon number minus lepton number.

Because vg is a Standard Model singlet, it may have a large Majorana mass Mp. In the basis
(V[n V}C%)a

_ (0 mp ~ -1, T
MV—<m% MR>’ my, ~ —mpMp-mp| (Mgr>mp). (6.20)

mp is the Dirac mass matrix, T' denotes transpose, and M§1 denotes the matrix inverse. The
inverse heavy scale naturally makes m, small.

Below Mg, the same physics is described by the Weinberg operator,

C’U2

L5 = %(Tgé*)(éTLj) the, m~ e (6.21)
i, j label generations, c¢;; are dimensionless coefficients, A is the heavy scale, ® is the Higgs doublet,
and ® = igo®* is its conjugate. This dimension-five operator violates lepton number by two
units and gives Majorana masses after electroweak symmetry breaking. Neutrinoless double-beta
decay can test this; heavy-neutrino decays may also support leptogenesis, although that is model
dependent.
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6.6 What can low-energy experiments really test?

Heavy GUT particles leave low-energy effective interactions,

Leg = Lsm + Cj(’)5 + 07606 + - (6.22)
A A2
Oy is an operator of mass dimension d, while ¢y is a dimensionless coefficient. Dimension-five
operators can generate Majorana neutrino masses; dimension-six operators can produce proton
decay or rare flavour processes. Different measurements probe different coefficients, flavour rotations
and masses, so there is no model-independent experimentally measured GUT scale.

A GUT becomes predictive only after its symmetry-breaking chain, heavy spectrum and
flavour structure are specified. Coupling running, proton decay, neutrino masses and flavour
limits must then be tested together.

6.7 Summary

A fundamental representation acts on a basic multiplet of fields; the adjoint describes gauge bosons
associated with the generators. SU(5) explains charge quantisation and embeds one generation in
510, while predicting baryon-violating X, Y bosons. SO(10) also contains vz and accommodates
the seesaw. Running couplings motivate unification, but their evolution depends on the particle
spectrum. Proton decay, neutrino properties, flavour observables and new-particle searches provide
the experimental tests.

Checkpoint
The route through the course is

Fermi theory — SU(2)r, x U(1)y — Higgs mechanism

— precision and flavour tests — possible GUT structure.

Symmetry reduces arbitrariness; experiment decides whether it is realised.

Short exercises

1. Integrate the one-loop beta function to derive Eq. (6.4). Why does a new threshold change
the slope?

2. Verify that Eq. (6.8) is traceless. Use @ = T3 +Y to check the charges of (3,2); /6.
3. Explain why integrating out X gives g2 /M)Q( and why 7, M;l(.

4. Estimate Mg from m,, ~ y?v?/(2Mpg) for m, = 0.05eV and Yukawa coupling y = 1.
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