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QCD is a key part of the Standard Model but quark 
confinement complicates things.

CDF QCD only tested to 5-10% 
level at high energies from 
comparison of e.g. jet 
phenomena to pert.th. 

But properties of hadrons 
calculable from QCD if fully 
nonperturbative calc. is done - 
can test QCD and determine 
parameters very accurately.
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Rates for simple weak or em quark 
processes inside hadrons also calculable. ALEPH

CLEO-c
D0→ K−e+ν
(D0→ K+π−)

Bs→ Dse−ν
(DS→ K+K−π+)

Compare to 
exptl rate 
gives 
accurately

Vqq′

q emits W 
and changes 
to q`

Vqq′

CKM 
element



Lattice QCD =  fully nonperturbative 
QCD calculation 
RECIPE
• Generate sets of gluon fields for 
Monte Carlo integrn of Path Integral
(inc effect of sea quarks)
• Calculate averaged “hadron 
correlators” from valence q props. 

• Fix       and determine      to get 
physical results 

amq

• Fit for masses and simple matrix 
elements

< 0|M†(0)M(t)|0>

a



 0.9  1  1.1

Quenched

 0.9  1  1.1

with sea quarks

!(3S-1S)

!(1P-1S)

!(2P-1S)

!(1D-1S)

2mBs,av
-m!

"(1P-1S)

m" - m#c

mD
*
s
 - mDs

mD

mDs

m$

mN

fK

f%

mBc

Including u, d and s sea quarks is critical for accurate results, 
but numerically expensive - particularly light mu,d. 

HPQCD/
MILC 
2008 “ratio 
plot”.

Multiple 
values of a, 
and of mu,d. 
Extrapolate 
to physical 
point. 

Latt./exptLatt./expt



Parameters for calculations now being done. Lots of 
different formalisms for handling quarks.
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min 
mass 
of u,d 
quarks

Volume of 
lattice also an 
issue - need                    
~ (>2.5fm)4

mu,d ≈ ms/10
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mu,d ≈ ms/27



The gold-plated meson spectrum - HPQCD 2008.
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EMBARGOED UNTIL 2PM U.S. EASTERN TIME ON THE THURSDAY BEFORE THIS DATE:

mud, corresponding toMp ≅ 135 MeV, are difficult.
They need computationally intensive calculations,
with Mp reaching down to 200 MeVor less.

5) Controlled extrapolations to the contin-
uum limit, requiring that the calculations be
performed at no less than three values of the
lattice spacing, in order to guarantee that the
scaling region is reached.

Our analysis includes all five ingredients
listed above, thus providing a calculation of the
light hadron spectrum with fully controlled sys-
tematics as follows.

1) Owing to the key statement from renor-
malization group theory that higher-dimension,
local operators in the action are irrelevant in the
continuum limit, there is, in principle, an un-
limited freedom in choosing a lattice action.
There is no consensus regarding which action
would offer the most cost-effective approach to
the continuum limit and to physical mud. We use
an action that improves both the gauge and
fermionic sectors and heavily suppresses non-
physical, ultraviolet modes (19). We perform a
series of 2 + 1 flavor calculations; that is, we
include degenerate u and d sea quarks and an
additional s sea quark. We fix ms to its approxi-
mate physical value. To interpolate to the phys-
ical value, four of our simulations were repeated
with a slightly different ms. We vary mud in a
range that extends down to Mp ≈ 190 MeV.

2) QCD does not predict hadron masses in
physical units: Only dimensionless combinations
(such as mass ratios) can be calculated. To set the
overall physical scale, any dimensionful observ-
able can be used. However, practical issues in-
fluence this choice. First of all, it should be a
quantity that can be calculated precisely and
whose experimental value is well known. Sec-
ond, it should have a weak dependence on mud,
so that its chiral behavior does not interfere with
that of other observables. Because we are con-
sidering spectral quantities here, these two con-
ditions should guide our choice of the particle
whose mass will set the scale. Furthermore, the
particle should not decay under the strong in-
teraction. On the one hand, the larger the strange
content of the particle, the more precise the mass
determination and the weaker the dependence on
mud. These facts support the use of the W baryon,
the particle with the highest strange content. On
the other hand, the determination of baryon dec-
uplet masses is usually less precise than those of
the octet. This observation would suggest that
the X baryon is appropriate. Because both the
W and X baryon are reasonable choices, we
carry out two analyses, one with MW (the W set)
and one with MX (the X set). We find that for all
three gauge couplings, 6/g2 = 3.3, 3.57, and 3.7,
both quantities give consistent results, namely
a ≈ 0.125, 0.085, and 0.065 fm, respectively. To
fix the bare quark masses, we use the mass ratio
pairs Mp/MW,MK/MW or Mp/MX,MK/MX. We
determine the masses of the baryon octet (N, S,
L, X) and decuplet (D, S*, X*, W) and those
members of the light pseudoscalar (p, K) and

vector meson (r, K*) octets that do not require
the calculation of disconnected propagators.
Typical effective masses are shown in Fig. 1.

3) Shifts in hadron masses due to the finite
size of the lattice are systematic effects. There
are two different effects, and we took both of
them into account. The first type of volume de-
pendence is related to virtual pion exchange be-
tween the different copies of our periodic system,
and it decreases exponentially with Mp L. Using
MpL >e 4 results in masses which coincide, for
all practical purposes, with the infinite volume
results [see results, for example, for pions (22)
and for baryons (23, 24)]. Nevertheless, for one
of our simulation points, we used several vol-
umes and determined the volume dependence,
which was included as a (negligible) correction at
all points (19). The second type of volume de-
pendence exists only for resonances. The cou-
pling between the resonance state and its decay
products leads to a nontrivial-level structure in
finite volume. Based on (20, 21), we calculated
the corrections necessary to reconstruct the reso-
nance masses from the finite volume ground-
state energy and included them in the analysis
(19).

4) Though important algorithmic develop-
ments have taken place recently [for example

(25, 26) and for our setup (27)], simulating di-
rectly at physical mud in large enough volumes,
which would be an obvious choice, is still ex-
tremely challenging numerically. Thus, the stan-
dard strategy consists of performing calculations
at a number of larger mud and extrapolating the
results to the physical point. To that end, we use
chiral perturbation theory and/or a Taylor expan-
sion around any of our mass points (19).

5) Our three-flavor scaling study (27) showed
that hadron masses deviate from their continuum
values by less than approximately 1% for lattice
spacings up to a ≈ 0.125 fm. Because the sta-
tistical errors of the hadron masses calculated in
the present paper are similar in size, we do not
expect significant scaling violations here. This is
confirmed by Fig. 2. Nevertheless, we quantified
and removed possible discretization errors by a
combined analysis using results obtained at three
lattice spacings (19).

We performed two separate analyses, setting
the scale with MX and MW. The results of these
two sets are summarized in Table 1. The X set is
shown in Fig. 3. With both scale-setting proce-
dures, we find that the masses agree with the
hadron spectrum observed in nature (28).

Thus, our study strongly suggests that QCD
is the theory of the strong interaction, at low

Fig. 3. The light hadron
spectrum of QCD. Hori-
zontal lines and bands are
the experimental values
with their decay widths.
Our results are shown by
solid circles. Vertical error
bars represent our com-
bined statistical (SEM) and
systematic error estimates.
p, K, and X have no error
bars, because they are
used to set the light quark
mass, the strange quark
mass and the overall
scale, respectively.

Table 1. Spectrum results in giga–electron volts. The statistical (SEM) and systematic uncertainties
on the last digits are given in the first and second set of parentheses, respectively. Experimental
masses are isospin-averaged (19). For each of the isospin multiplets considered, this average is
within at most 3.5 MeV of the masses of all of its members. As expected, the octet masses are more
accurate than the decuplet masses, and the larger the strange content, the more precise is the
result. As a consequence, the D mass determination is the least precise.

X Experimental (28) MX (X set) MX (W set)
r 0.775 0.775 (29) (13) 0.778 (30) (33)
K* 0.894 0.906 (14) (4) 0.907 (15) (8)
N 0.939 0.936 (25) (22) 0.953 (29) (19)
L 1.116 1.114 (15) (5) 1.103 (23) (10)
S 1.191 1.169 (18) (15) 1.157 (25) (15)
X 1.318 1.318 1.317 (16) (13)
D 1.232 1.248 (97) (61) 1.234 (82) (81)
S* 1.385 1.427 (46) (35) 1.404 (38) (27)
X* 1.533 1.565 (26) (15) 1.561 (15) (15)
W 1.672 1.676 (20) (15) 1.672
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Exploring Excited Hadrons Colin Morningstar
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Figure 5: (Left) Nucleon spectrum from 200 quenched configurations on a 123×48 anisotropic lattice using
the Wilson gauge and quark actions with as ∼ 0.1 fm, as/at ∼ 3.0 andm" ∼ 700 MeV from Ref. [7]. (Right)
Nucleon spectrum from 430Nf = 2 configurations on a 243×64 lattice using a stout-smeared clover fermion
action and Symanzik-improved gauge action with as ∼ 0.1 fm, as/at ∼ 3, and m" = 400 MeV from Ref. [9].

tions on a 243× 64 lattice using an anisotropic Wilson action with spatial spacing as ∼ 0.1 fm,

as/at ∼ 3, and a pion mass m" ∼ 490 MeV appeared during the past year[8]. These masses have
been determined in the past year using 430 Nf = 2 configurations on a 243 × 64 lattice with a
stout-smeared clover fermion action and a Symanzik-improved anisotropic gauge action[9]. The

results for a pion mass m" = 400 MeV, spacing as ∼ 0.1 fm and as/at ∼ 3 are shown in Fig. 5. The
low-lying odd-parity band shows the exact number of states in each channel as expected from ex-

periment. The two figures show the splittings in the band increasing as the quark mass is decreased.

At these heavy pion masses, the first excited state in the G1g channel is significantly higher than

the experimentally measured Roper resonance. It remains to be seen whether or not this level will

drop down as the pion mass is further decreased. Most of the levels in the right-hand plot lie very

close to two-particle thresholds. The use of two-hadron operators will be needed to go to lighter

pion masses.

During the past year, extractions of excited meson states have been presented in Ref. [10].

Results in the pseudoscalar, vector, and axial-vector channels are shown in Fig. 6. These results

were obtained using 99 quenched configurations on a 163 × 32 isotropic lattice with a chirally-
improved fermion action and the Luscher-Weisz gauge action for lattice spacing as ∼ 0.15 fm and
a range of pion masses. This work emphasizes the use of derivative sources in correlation matrices

to obtain the excited states. A search for light scalar tetraquark states with isospin I = 0, 1
2
was also

presented at this conference[11].

6

HSC collaboration -
Morningstar LAT08

Light hadron spectrum 
including baryons with 
‘fat clover’ quarks

Preliminary excited baryon 
spectrum using anisotropic 
lattices. 
Needed by ‘hadron physicists’ 
@JLAB and FAIR.
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Lattice QCD and precision weak decay rates - 2 examples:

Annihilation to leptons via a W  
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K/B/Bs mixing - LQCD is behind expt. 
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RBC/UKQCD 2008 similar pic. for SL decays ...



Future directionsEnergy frontier

Precision
frontier

Lattice QCD contributes 
here e.g. 

Tests of SM at sub-percent level will be possible

extrapolated results were within one standard deviation
(computed using a Gaussian approximation to χ2) of the
exact result from the formula, verifying the validity of
our approach and of our error estimates.

We fit our results to the standard continuum chi-
ral expansions through first order [15], augmented by
second and third-order polynomial terms in xq ≡
B0mq/8(πfπ)2, where B0 ≡ m2

π/(mu + md) to leading
order in chiral perturbation theory. The polynomial cor-
rections are required by the precision of our data [26].
We include D∗ − D mass difference terms in the D/Ds

chiral expansion and take the DD∗π coupling to have
the value inferred at leading order from the experimental
D∗ width, allowing for a 30% error from higher order ef-
fects. We correct for the finite volume of our lattice from
chiral perturbation theory, although only fπ has correc-
tions larger than 0.5%. Our corrections agree within 30%
with those in Ref. [16] and we take a 50% uncertainty in
the correction. We fit the couplings in the chiral expan-
sions simultaneously to our π and K masses and decay
constants. We do the same for the masses and decay con-
stants of the D and Ds. Given the couplings, we tune
mu/d and ms so that our formulas give the experimental
values for mπ and mK after correcting for the u/d mass
difference and electromagnetic effects [8, 17].

We find that finite a errors are 2–3.5 times smaller with
the HISQ quark action than with the asqtad action, but
still visible in our results. We combine the extrapolation
to a = 0 with the quark-mass extrapolation by adding
a2 dependence to our chiral formulas. We expect leading
discretization errors of various types: αsa2 and a4 er-
rors from conventional sources; and α3

sa
2, α3

sa
2 log(xu,d)

and α3
sa

2xu,d from residual taste-changing interactions
among the valence and sea light quarks. We do not have
sufficient data to distinguish between these different func-
tional forms, but we include all of them (with appropriate
priors for their coefficients) in our fits so that uncertain-
ties in the functional dependence on a2 are correctly re-
flected in our final error analysis. The a2 extrapolations
are sufficiently small with HISQ (1% or less for π and K
from fine results to the continuum; 2% for D and Ds)
that the associated uncertainties in our final results are
typically less than 0.5%. The combined chiral and con-
tinuum Bayesian fits have 45 parameters for D/Ds and
48 for π/K with 28 data points for each fit [27].

Fig. 1 shows the masses of the D and Ds as a function
of u/d quark mass. To reduce uncertainties from the scale
and from c quark mass tuning, the meson masses were
obtained from mDq

−mηc
/2+mηcexpt/2. The lines show

our simultaneous chiral fits at each value of the lattice
spacing and the dashed line the consequent extrapolation
to a = 0. The shaded bands give our final results: mDs

= 1.962(6) GeV, mD = 1.868(7) GeV. Experimental re-
sults are 1.968 GeV and 1.869 GeV respectively. We also
obtain (2mDs

−mηc
)/(2mD−mηc

) = 1.251(15), in excel-
lent agreement with experiment, 1.260(2) [2]. This last

fK/fπ fK fπ fDs/fD fDs fD ∆s/∆d

r1 uncerty. 0.3 1.1 1.4 0.4 1.0 1.4 0.7
a2 extrap. 0.2 0.2 0.2 0.4 0.5 0.6 0.5
finite vol. 0.4 0.4 0.8 0.3 0.1 0.3 0.1
mu/d extrap. 0.2 0.3 0.4 0.2 0.3 0.4 0.2
stat. errors 0.2 0.4 0.5 0.5 0.6 0.7 0.6
ms evoln. 0.1 0.1 0.1 0.3 0.3 0.3 0.5
md, QED etc 0.0 0.0 0.0 0.1 0.0 0.1 0.5
Total % 0.6 1.3 1.7 0.9 1.3 1.8 1.2

TABLE II: Error budget (in %) for our decay constants and
mass ratio, where ∆x = 2mDx − mηc . The errors are defined
so that it is easy to see how improvement will reduce them,
e.g. the statistical uncertainty is the outcome of our fit, so
that quadrupling statistics will halve it. The a2 and mu/d

extrapolation errors are the pieces of the Bayesian error that
depend upon the prior widths in those extrapolations. ‘ms

evolution’ refers to the error in running the quark masses to
the same scale from different a values for the chiral extrapola-
tion. The r1 uncertainty comes from the error in the physical
value of r1 and the finite volume uncertainty allows for a 50%
error in our finite volume adjustments described in the text.

quantity is a non-trivial test of lattice QCD, since we are
accurately reproducing the difference in binding energies
between a heavy-heavy state (the ηc used to determine
mc) and a heavy-light state (the D and Ds). Table II
gives our complete error budget for this quantity.

Fig. 2 similarly shows our results for decay constants
on each ensemble with complete error budgets in Table II.
fK and fπ show very small discretisation effects and good
agreement with experiment when Vud is taken from nu-
clear β decay and Vus from Kl3 decays [2]. We obtain fπ

= 132(2) MeV and fK = 157(2) MeV. Alternatively our
result for fK/fπ (1.189(7)) can be used, with experimen-
tal leptonic branching fractions [8, 18], to give Vus. Using
the recent KLOE result for the K [19, 20] we obtain Vus

= 0.2262(13)(4) where the first error is theoretical and
the second experimental. This agrees with, but improves
on, the Kl3 result. Then 1−V 2

ud −V 2
us−V 2

ub = 0.0006(8),
a precise test of CKM matrix first-row unitarity.

fD and fDs
show larger discretisation effects but a

more benign chiral extrapolation. Our final results are:
fDs

= 241(3) MeV, fD = 207(4) MeV and fDs
/fD =

1.164(11). These results are 4–5 times more accurate
than previous full lattice QCD results [6] and exist-
ing experimental determinations. An interesting quan-
tity is the double ratio (fDs

/fD)/(fK/fπ). It is esti-
mated to be close to 1 from low order chiral perturba-
tion theory [21]. We are able to make a strong quanti-
tative statement with a value of 0.979(11). Equivalently
(ΦDs

/ΦD)/(fK/fπ) = 1.005(10), where Φ = f
√

M . We
also obtain (fBs

/fB)/(fDs
/fD) = 1.03(3) using our pre-

vious result for the B ratio [22]. The B ratio dominates
the error but improvement of this is underway.

The results for fD and fDs
obtained from the experi-

mental leptonic branching rates coupled with CKM ma-

Complete error 
budgets
now available 
for lattice calcs

V 2ud+V 2us+V 2ub = 0.9999(10)
ΛBSM >≈ 3TeV



Sub-percent errors needs (depending on quantity):
• Better than 0.5% determn of the lattice spacing.
• Lighter mu,d for less chiral extrapoln uncertainty
• Bigger volumes, e.g. (4fm)4, to reduce syst. error
• Higher statistics for calcs with a lot of noise. 
• Improved pert. and nonpert. normalisation of lattice 
operators (where required). New methods underway. 

“2nd generation” gluon configurations now being made. 
Include improvements such as:

•                   . Allows electromagnetic effects to be inc. 
(affect hadron masses at few MeV level). Better mu, md.
• c quarks in the sea. Can check the effect of this. 
• Further improved gluon action for lower disc. errors. 

mu != md



What can we achieve
in five years?

current 
lattice 
error

current 
exptl 
error

future 
lattice 
error

K→
πlν

B→
D,πlν

For calcs required to extract 
CKM, progress required is clear

Bs,Bd
mixing

K
mixing

√
ratio
(ξ)

7%

0.5%

2%

0.5%

0.2%

0.2%

0.6%

0.3%

disc. chiral volume

2%
a

6%
normln

4-10%
stat. 
chiral
normln

6%
normln
stat.

3%
chiral
stat.

4% 30% 4% 0.5%1%0.2%

K→ lν
π→ lν

( fK/ fπ) ( fD(s))

D,Ds
→ lνprocess/

latt. 
calc. 

B,“Bs”→ lν
( fB(s))f+(0) f+(q2)

0.5% 2% 2-4% 3% 1%

+ penguins, further boxes and related calcs......



Other calculations are harder - 
                    some need development of new methods
• Masses for excited baryons/mesons, glueballs, hybrids, 
unstable/mixed particles very challenging, 
important for nuclear physics expt. (+light nuclei?)
•                    decays and       . Needs two-particle final 
states to be handled (which can be done in principle 
here) or better handling of                  and                cases.
• Matrix elements involving flavor singlet “disconnected 
diagrams” e.g.                       ,         . 
Very noisy, need high stats.  
• Phase diagram of QCD at finite temp. /non-zero baryon 
density for heavy ion collisions - expensive and, at finite     
       , lose positive probabilities. 

K→ ππ ε′

K→ π K→ 0

µ

< N|ss|N > mη′



More speculative stuff

BSM discovery at LHC             
             non-perturbative 
studies of new models

Current small-scale 
studies are of QCD-like 
models with e.g. large Nc 
(string dualities) or Nf 
(walking technicolor), or 
simple SUSY models.  

! "#

!

Figure 4 The running of the SU(3) Yang-Mills renormalized coupling in the Schrodinger functional 

scheme for various numbers of flavors [T. Appelquist, G.T. Fleming and E. Neil, Phys. Rev. Lett. 

100 (2008) 171607].  The horizontal axis gives the length scale, L, at which the coupling g
2
 is 

measured (in arbitrary units). Curves are predictions from an analytic model. Conformal behavior 

is indicated by the coupling becoming constant at large L.  Such constant behavior may be evident 

in the Nf = 12 points. 
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Figure 2: Continuum glueball masses in units of the string tension versus 1/N2.

3. QCD : N = "

Because quarks are in the fundamental, some corrections to QCD are O(1/N) rather than

O(1/N2), i.e. the size of the corrections might be closer to those of SU(2) than SU(3) in Fig. 2.

Even so, we see from Fig. 2 that this is modest.

Since QCD" is a (unitary) quenched theory, we can approach it through a sequence of quenched

calculations of increasing N. These will generally have O(1/N2) corrections. If one calculates

hadron masses at various N and extrapolates to N = " at various fixed values of mq, one can then

do the usual chiral extrapolation in that limit.

A first step might be to do calculations not in the continuum limit but at some fixed small value

of a
√
! . And, if the calculation is not trying to be too precise, one can do chiral extrapolations at

fixed N without worrying about the subtleties. In this way one gets the hadron spectrum atN =", in

units of
√
! or r0. One can then compare it either to experiment or to full QCD lattice calculations,

to see how large are the O(1/N) corrections.

There have recently been two pioneering calculations of the latter kind [15, 16] that calculate

m#/
√
! . (Also m$ , but that is traded for the physical mq.) In Fig. 3 I show some figures from [16].

On the left is a chiral plot of m# versus m
2
$ for N ∈ [2,6] and on the right is the large N extrapolation

of m#/
√
! . The N-dependence is clearly very weak, but this is expected for the quenched theory.

More to the point, the N = " chiral value is

m#√
!

= 1.670(24) ∼ 735MeV ;
√
! $ 440MeV (3.1)

which is within ∼ 35MeV ∼ %#/4 of the experimental value. These calculations [15, 16] thus

provide explicit evidence that, as long hoped, QCD is close to QCD".

Let me list a few of the many interesting questions that larger scale N→" calculations of this

kind could address:

• Scalar mesons as N → " : do the ≤ 1GeV states disappear?
• The scalar nonet and the place of lightest scalar glueball?
• Flavour singlet tensor and pseudoscalar mesons and glueballs?

4

glueball masses vs Nc

Teper, LAT08

Fleming, LAT08g2 flow with Nf

Large scale studies will 
be extremely challenging
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