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Outline

✔ Tree-level amplitudes

✔ Superconformal and dual superconformal symmetry

✔ Superconformal + Dual superconformal =⇒ Yangian symmetry
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N = 4 Super-amplitudes

N = 4 SYM is special because it is described by PCT self-conjugate supermultiplet:

Chiral representation:

Φ(η) = G+ + ηAΓA + 1
2
ηAηBSAB + 1

3!
ηAηBηCǫABCDΓ̄D + 1

4!
(η)4G−

pαα̇ = λαλ̃α̇, qαA = λαηA, q̄α̇
A = λ̃α̇ ∂

∂ηA
.

Super-amplitudes:

A(Φ1 . . . Φn) = (η1)4(η2)4A(G−
1 G−

2 G+
3 . . . G+

4 ) + . . .

pαα̇ =
X

i

λα
i λ̃α̇

i , qαA =
X

i

λα
i ηA

i , q̄α̇
A =

X

i

λ̃α̇
i

∂

∂ηA
i

.

Symmetries:
hiAn(λi, λ̃i, ηi) = An(λi, λ̃i, ηi) hi = − 1

2
λα

i
∂

∂λα
i

+ 1
2
λ̃α̇

i
∂

∂λ̃α̇
i

+ 1
2
ηA

i
∂

∂ηA
i

pA = qA = q̄A = 0 =⇒ A(Φ1, . . . , Φn) =
δ4(p)δ8(q)

〈12〉 . . . 〈n1〉
P(λ, λ̃, η), q̄P = 0.

P = PMHV + PNMHV + . . . + PMHV.
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All tree-level amplitudes

The supersymmetric BCFW recursion relation
[Arkani-Hamed,Cachazo,Kaplan],[Brandhuber,Heslop,Travaglini],[Elvang,Freedman,Kiermaier]

A = AMHVP =
X

Pi

Z

d4ηPi
AL(zPi

)
1

P 2
i

AR(zP )

admits a closed-form solution [JMD,Henn]:

P =
P

vertical paths in this picture = 1 +
P
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Rn;a1b1 + . . .
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Superconformal symmetry

Since N = 4 SYM is a superconformal theory so we expect an action of the superconformal
algebra on amplitudes [Witten].
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2
λα

i ∂iα + 1
2
λ̃α̇

i ∂iα̇ + 1], rA
B =

X

i

[−ηA
i ∂iB + 1

4
ηC

i ∂iC ],

qαA =
X

i

λα
i ηA

i , q̄α̇
A =

X

i

λ̃α̇
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∂iα∂iA, s̄A
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X

i

ηA
i ∂iα̇.

c =
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[1 + 1
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i ∂iα − 1
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2
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∂iα =
∂

∂λα
i

, ∂iα̇ =
∂
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i

, ∂iA =
∂

∂ηA
i

.

Some operators are zeroth order, some first order and some second order.
In twistor space they all become first order.
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Dual conformal symmetry

Dual coordinates x
µ
i − x

µ
i+1 = p

µ
i .

Dual conformal symmetry: Kµ =
P

i

ˆ

x
µ
i xi · ∂i −

1
2
x2

i ∂
µ
i

˜

We need the action of the dual conformal generators on the spinors λ, λ̃ .

The momenta satisfy two constraints:

X

pαα̇
i = 0 =⇒ pαα̇

i = xαα̇
i − xαα̇

i+1

p2
i = 0 =⇒ pαα̇

i = λα
i λ̃α̇

i

Together these imply the constraints: xi − xi+1 − λiλ̃i = 0

Extend dual conformal generators so that they commute with the constraints up to constraints:

Kαα̇ =
X

i

[xiα
β̇xiα̇

β∂
iββ̇

+xiα̇
βλiα∂iβ + xi+1 α

β̇ λ̃iα̇∂
iβ̇

]
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Dual superconformal symmetry

[JMD,Henn,Korchemsky,Sokatchev]

Momentum conservation δ4(p) suggests the introduction of the dual xi:

xαα̇
i − xαα̇

i+1 − λα
i λ̃α̇

i = 0.

Supersymmetry δ8(q) suggests the introduction of dual θi:

θαA
i − θαA

i+1 − λα
i ηA

i = 0.

Now we can extend dual conformal symmetry to dual superconformal symmetry by extending the
standard chiral representation so that all generators commute with the constraints up to constraints.
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All generators of dual superconformal symmetry

Pαα̇ =
X

i
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.
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Conventional and dual superconformal symmetries

The generators of conventional and dual superconformal symmetry are not all independent:

p

q

s

k P

K

S

Q

q̄ = S̄

s̄ = Q̄

Similar picture found by [Berkovits,Maldacena],[Beisert,Ricci,Tseytlin,Wolf] by combining bosonic
T-duality with a fermionic one in the AdS sigma model.
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How tree amplitudes behave under the symmetries

Invariance under the superconformal algebra.

JaAn = 0

Covariance under the dual superconformal algebra:

{Pαα̇, QαA, Q̄A
α̇ = s̄A

α̇ , S̄α̇A = q̄α̇A}An = 0

Kαα̇An = −
Pn

i=1 xαα̇
i An , SA

α An = −
Pn

i=1 θA
iαAn

[JMD,Henn,Korchemsky,Sokatchev],[Brandhuber,Heslop,Travaglini],[JMD,Henn].

Note: s̄A = 0 =⇒ sA = 0 =⇒ kA = 0

Atree =
δ4(p)δ8(q)

〈12〉 . . . 〈n1〉
P =

δ4(p)δ8(q)

〈12〉 . . . 〈n1〉

`

1 +
X

s,t

Rr;s,t + . . .
´

Here Rr;s,t is a dual superconformal invariant (best to use x, θ, λ variables):

Rr;s,t =
〈s s − 1〉〈t t − 1〉δ4(〈r|xrsxst|θtr〉 + 〈r|xrtxts|θsr〉)

x2
st〈r|xrsxst|t〉〈r|xrsxst|t − 1〉〈r|xrtxts|s〉〈r|xrtxts|s − 1〉
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Commuting the two algebras

What algebraic structure combines both superconformal and dual superconformal algebras?
[JMD,Henn,Plefka]

We want to commute charges coming from both algebras.

First we must reformulate dual superconformal symmetry as an invariance.

Subtract the weight terms:

K̃αα̇ = Kαα̇ +
Pn

i=1 xαα̇
i and S̃A

α = SA
α +

Pn
i=1 θA

iα

So that: K̃A = 0 and S̃A = 0.

We want to remove all x and θ dependence.

Use Pαα̇ and QαA to set x1 = 0 and θ1 = 0. Eliminate all other xi and θi in favour of λi, λ̃i, ηi.

S
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n
X
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2

4
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X
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λ
γ
j ηA

j λiα
∂
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γ
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+
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X
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j ηA

i
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i

−
i

X
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λjαηB
j ηA

i

∂

∂ηB
i

+

i−1
X

j=1

λjαηA
j

3

5

Now on the same footing as the ordinary superconformal generators.
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Yangians

Consider a Lie algebra: [Ja, Jb] = fab
cJc

Can introduce some ‘level one’ generators

[Ja, J
(1)
b

] = fab
cJ

(1)
c

The Jacobi identity can be ‘quantised’ (Drinfeld):

[J
(1)
a , [J

(1)
b

, Jc]] + cyc(a, b, c) = hfar
lfbs

mfct
nfrst{Jl, Jm, Jn}

Then J and J(1) generate the Yangian.

On a chain the generators J can be given by sums of single site generators

Ja =
P

i Jia

Then J
(1)
a can take the bilocal form [Dolan,Nappi,Witten]

J
(1)
a = fa

cb
P

i<j JibJjc

if the representation R of Ji satisfies the condition that the adjoint appears only once in R⊗ R̄.



Durham IPPP, 2nd April, 2009 - p. 13/16

From dual conformal symmetry to the Yangian

We want to identify two bilocal Yangian generators J
(1)
a with the symmetries K′ and S′

Inspecting the dimensions and Lorentz and su(4) labels suggests the identification

p
(1)
αα̇ ∼ K′

αα̇, q(1)A
α ∼ S′A

α

Indeed we can add terms to S′ which annihilate the amplitudes on their own

∆SA
α = 1

2

h

−qA
γ m

γ
α + qA

α
1
2
dλ + nqA

α + p
β̇
αs̄A

β̇
+ qB

α rA
B − qA

α
1
4
dη + qA

α

i

and we arrive at the bilocal formula

q
(1)A
α :=

P

i>j

h

m
γ
iαqA

jγ − 1
2
(di + ci)q

A
jα + p

β̇
iαs̄A

jβ̇
+ qB

iαrA
jB − (i ↔ j)

i

.

The remaining generators in the level one multiplet come by acting with level zero generators.

The generator p(1) so obtained coincides with K′ after similarly adding terms which annihilate the
amplitude.
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Cyclicity

Yangians are not normally consistent with the cyclicity of a closed chain.

Here this problem is avoided by a remarkable mechanism.

Consider

J
(1)
a = fa

cb
X

1≤i<j≤n

JibJjc

J̃
(1)
a = fa

cb
X

2≤i<j≤n+1

JibJjc

Then cyclicity implies J
(1)
a − J̃

(1)
a should annihilate the amplitude.

One finds the following term which, in general, does not annihilate the amplitude

fa
cbfbc

dJ1d

But for certain superalgebras this vanishes identically (those with vanishing Killing form):

psl(n|n), osp(2n + 2|2), D(2, 1; α), P (n), Q(n)
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Amplitudes and spin chains

As far as the algebraic representations are concerned amplitudes are identical to local operators.
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Fields in a single trace operator can be written as (e.g.) ΦAB = c
†
Ac

†
B |0〉, ΨαA = a

†
αc

†
A|0〉

The tree-level get deformed by quantum corrections

They involve operators which can increase or decrease the number of sites

Yangian symmetry implies an infinite number of charges which commute with the spin chain
Hamiltonian (anomalous dilatation generator)

Suggests that all the extremely powerful techniques applied to the spectral problem should have a
version for amplitudes
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Amplitudes and spin chains

As far as the algebraic representations are concerned amplitudes are identical to local operators.
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Fields in a single trace operator can be written as (e.g.) ΦAB = c
†
Ac

†
B |0〉, ΨαA = a

†
αc

†
A|0〉

The tree-level get deformed by quantum corrections

They involve operators which can increase or decrease the number of sites

Yangian symmetry implies an infinite number of charges which commute with the spin chain
Hamiltonian (anomalous dilatation generator)

Suggests that all the extremely powerful techniques applied to the spectral problem should have a
version for amplitudes

The Algebraic S-matrix ?
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