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Introduction
@ Duality between two objects in N'=4 Super Yang-Mills:
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Gluon amplitudes Wilson loops

@ Vast simplification of the computation of amplitudes

Example

We compute all MHV 2-loop gluon scattering amplitudes
(assuming the conjectured duality) for any n.




Q The duality
@ The evidence so far...
@ Wilson loop calculations - 1 loop
@ Wilson loop calculations - 2 loop

9 Results of two-loop computations
@ 6 points
@ 7 points
@ 8 points

e Dual superconformal symmetry of the entire S-matrix
@ attree level
@ at one loop



Outline

e The duality
@ The evidence so far...
@ Wilson loop calculations - 1 loop
@ Wilson loop calculations - 2 loop



MHV amplitudes

@ Colour-stripped planar L — loop MHV amplitudes A
L-loop amplitude
Ar) = A= My(p)

o MY is a scalar function of the external momentum p; only.
@ In the first part of this talk we will focus on M for the MHV
amplitude

@ Amplitudes are infrared divergent: we regularise by
dimensional regularisation and work in d = 4 — 2¢
dimensions



L-loop amplitude

The BDS COﬂjeCture [Anastasiou Bern Dixon Kosower 2003, Bern Dixon Smirnov 2005]

The BDS formula: an all-loop expression for any n

Iog(/\/l,,(e) f:aL(f(“ YMD(Le) + Ct )+O(e)

L=1

@ ‘g’ is the 't Hooft coupling
o Here fO(e) = £9 + fPe 4 £ where £1 is a number.

@ needs modification from n = 6 points...



Amplitude/Wilson loop duality
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(d=14—2¢ (d=14+2¢)

@ Wilson loop over the polygonal contour C,
Wic] = 1 TePexp [ig f{ dr (Aﬂ(x(T))xﬂ(T)ﬂ
2 c



Evidence so far...

Number
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amplitude calculated at strong coupling
(using string theory via AdS/CFT correspondence)

3. amplitude=Wilson loop
[Alday, Maldacena 2007]
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Evidence so far...

Number

of loops
infinity 1

4—points 1 loop Wilson loop = amplitude
[Green, Schwarz, Brink 1982]
[Drummond Korchemsky Sokatchev 2007]
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Evidence so far...

Number
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34 1-loop, all n, Wilson loop = amplitude
[Brandhuber Travaglini PH 2007]
[Bern Dixon Dunbar Kosower 1994]
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Evidence so far...
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infinity 1
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2-loops, 4 points, Wilson loop = amplitude

[Drummond, Henn, Korchemsky, Sokatchev 2007]

[Bern?wsky Yan 1997]
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Evidence so far...
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Dual conformal symmmetry (4,5 points all loops)
(2-loop, 5—pt)

Wilson loop = amplitude

[Drummond, Henn, Korchemsky, Sokatchev 2007]

[Cachazo Spradlin Volovich 2006,
Bern Czakon Kosower Roiban Smirnov 2006]
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Dual conformal invariance

[D mmmmmm d Henn Korchemsky Sokatchev 2007 ]

@ 4-, 5-point Wilson loop is completely determined by
conformal symmetry as the ABDK/BDS conjecture

Iog( ) Zaf(L YW (Le) + Cu(a) + O(e)

@ = the 4-,5-point amplitude determined similarly by new
conjectured symmetry ‘dual conformal symmetry’

|og( ) Z a- fO ()M (Le) + Ca(a) + O(e)

@ beyond 5-points there might exist a non-zero conformally
invariant remainder function R, R



Remainder function

n>6o6
log (Mn(e)> = i a- O ()M (Le) + Ca(a) + R (pi; @) + Oe
log (W,,(e)) - i a D)WV (Le) + Cu(@) + RV (pi; @) + O(e

—
Il

1

o’

@ non-zero remainder function found for the two-loop six-point
amp”tUde and the W“SOﬂ |00p [Drummond Henn Korchemsky Sokatchev 2008,

Bern Dixon Kosower Roiban Spradlin Vergu Volovich 2008]



Evidence so far...
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1 S (2—loop, 6—pt) Wilson loop = amplitude
1

4 Ry =Ry 7 0

[Drummond Henn Korchemsky Sokatchev 2008]
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[Bern Dixon Kosower Roiban Spradlin Vergu Volovich 2008]
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Wilson loop calculations, 1-loop

@ the expression for the n — point amplitude and for the WL
are very closely related:

P

AmplltUde - Zp q [Bern Dixon Dunbar Kosower 1994]

WL

[Brandhuber Travaglini PH 2007]
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P_Zk Q—Zk

k=p+1 k=q+1



2-loop n-point Wilson loop (log of)

Only four new “master” integrals to be computed for all n
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( Compare with amplitude (parity even part))
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n=7[w.]
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Complete 2-loop Wilson loop

@ The logarithm of the complete n-sided Wilson loop is given
in terms of the four new master diagrams together with the
one loop diagram fs(p;, pj; Qii, Q;) as

> [fH(Pi, Pjs Pic: Qi Qui» Q) + fe(pi, Pjis Pi; Qi Qs Qi)

1<i<j<k<n
+ fe(pj, Pk, Pii Qui, Qji, Qi) + Te(bx, Pi, P Qjj, Qik, Qki)}
+ Z [ P/,P/ le) Qlj) + fY(plapj lea Qlj) + fY(Pj,P: Qlja (Djl):|

1<i<j<n

+ > (=1/2)(pi, by Qi Qp) e Pk, 1 Qik, Qi)

1<i<k<j<I<n




Comment

@ UV singularities (1/¢) of these diagrams depend on whether
Q; = 0 or not, ie whether legs can be adjacent

@ Eg fy has a
» 1/€% singularity if @ = Q> = 0, Q3 # 0,
» 1/esingularity if @ =0, Qo, Q3 #0
» finite if Q;, @z, Q3 £ 0.



Precise correspondence at 2 loops

Amplitude

1
MP(e) = 5(MP(9)" = LM (2e) + CF + R7\(p)

Wilson loop: our definition of the WL remainder

W@ (o) - 1 5 (Wi"(0)° = £ (OWi"(29) + CF + RY ()

@ Note from now on R:A(p;), RY(p;) will denote the two-loop
remainder functions



The correspondence
A w
7zn - 7zn

@ DHKS definition contained a previously unknown constant
shift

° f > w and C (and hence RY) are uniquely defined by
writing the 4- and 5- sided WL (for which RY = 0) as

after correction of a constant in the two-loop four-point result of DHKS

Wi (e) = 1D () wi"(26) + CP .
Wi (e) = 19 (e) wi(2¢) + CP

1
() = G +7Ge - 56 O = —¢




Outline

e Results of two-loop computations
@ 6 points
@ 7 points
@ 8 points



Computationsat n=6,7.8...
o USing the numerical teChniqueS of [Anastasiou Beerli Daleo (2007,2008),

Lazopoulos Melnikov Petriello (2007)4 Anastasiou Melnikov Petriello (2005)] We

compute the 2-loop master integrals

@ Computations of WL performed forn=4,5,6,7,8 —
considerable amount of data collected.

@ Verified that the remainder function is conformally invariant
as shown by DHKS and that it has cyclic and “parity”
symmetry

@ We have verified that the the WL does not care about the
Gram determinant constraint on p;.p;

@ = n(n— 3)/2 independent kinematic invariants, of which
the remainder function depends on n(n — 5)/2 independent
on-shell conformally invariant cross-ratios



Basis of cross-ratios
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@ here x; are the positions of the vertices of the WL ie
Xi — Xit1 = Pi



Hexagon computations

@ 3 cross-ratios

2 2 2 .2

_ X3 Xge _ XXy

Uze = 5> o U, Uiy = 5> o
X35X41 X14X%55

@ remainder function — R(uy, U, U3)



Hexagon Calculations

* Checks of conformal invariance of the Remainder
(previously done by DHKS/BDKSVV):

(ur,u2,u3) || Rg-(4) | Rg™(B) | Re™-(C)
(1/9,1/9,1/9) || 5.18056 | 5.18096 | 5.18102
(1/4,1/4,1/4) || 1.08916 | 1.08916 | 1.08919

(L, 1,1) 270814 | -2.7066 | -2.70657
(100, 100, 100) || -2.09134 | -2.09204 | -2.09228

(A), (B), (C) are three different
but conformally equivalent kinematics.




6-pnt Wilson loop

o RYwithuy =u, lo=v, s =w
@ w =1 blue, w =10 green, w = 100 yellow, w = 1000
orange, w = 10000 red




Plot of Rg(u, u, u)
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Plot of Rg(u, u, u)
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Seven-point results

* Fourteen kinematic invariants in total.
+ Seven conformal cross ratios. Conformal invariance:

‘ (u14:?ﬁzsﬁusmU-47-.’U15,U2G='U-3?) H R¥\"L(A) ‘ R\TNL(B) ‘

(1,1,1,1,1,1,1) -3.85627 | -3.85732
(1/4,1/4,1/4,1/4,1/4,1/4,1/4) || 8.13063 | 8.13272
(1/4,1,1,1/4,1,1,1) ~4.40748 | -4.40651
(1,1/4,1,1,1/4,1,1) ~4.40657 | -4.40056
(1,1,1/4,1,1,1/4,1) ~4.40654 | -4.40559
(1,1,1,1/4,1,1,1/4) ~1.40746 | -4.10617
(1,1/2,1,1,1,1/4,1) ~4.27219 | -4.27108
(1,1/4,1,1,1,1/2,1) ~4.27224 | -4.27049
(1/4,1,1/4,1,1,1,1) “4.63668 | -4.63696




Plot of R7(u, u, u, u, u, u, u)
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Plot of R7(u, u, u, u, u, u, u)
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Plot of R7(u, u, u, u, u, u, u)

Ro(uy uy uy wy u, u, 1)
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Collinear limits
@ pr1— 2P, pph—(1—-2)P

@ unmodified ABDK/BDS conjecture for the amplitude has the
correct simple collinear limits

@ Therefore R,(u) must have trivial simple collinear limits

Rn — Rn-1

@ We verify this for n = 6,7, 8 (with no constant shifts)
@ Makes predictions for DHKS limits

Ry =R™S —nrt/48  RYMS — 1*/8=12.1761..

)

In more detail for 7-points...



« Simple collinear limit

pe = a6 — 17 = 2P, pr=x7—x1=(1—2)P

? P 2
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R R R D, p Y
M _, (6 0 _ ., © M. (10 _, 6

ul’l — UM — u) 3 U'QS — 11’2;) — 'Ug % USG U,g7 —F U,g() = U]



« Simple collinear limit

pe = a6 — 17 = 2P, pr=x7—x1=(1—2)P

? P 2
P
2 P P P P 1
P B P E P F,
P B P,
M _ (6 M (®) M. (0 _ (6

ul’l — UM — u) 3 U");‘j —* 11»25 == 'Ug % USG U,g', —F U,g() = Hl



+ Simple collinear limit

2 2 2 2
T4y T35
Uy = 5>, Uy = —o—
H whsly ? r353g
2 .2 2 2
r5s zxta + (1 — 2)w 2T
U3 = ‘;;G . ? ( ‘gﬂ a7 5 1 3 s =0
w3 zrqy + (1 — 2)ris 14+(1 z)rs
< 2
g — (1— )rﬁo oty — {i) '%4 + (1 — z)ag,
afy + (1= z)adg Coadyzaty + (1= 2)ad
- R7 U4, Uos, U3, , U, , U7

1 —ugruszs™ 1 — usruss
WL
=R (U37U36,U14?U25) .




* Triple collinear limit

Rn ? Rn—Q + Rﬁ (ula U2, Ug)
[Bern Dixon Kosower Roiban Spradlin Vergu Volovich]

Ps=T5—%6 =21F, ps=Te—Tr =2, pr=x7r—21=2npF

. 1 & . 1 s . 2123
1 = =— ., Us = 5 i g =
Pl Y 1-mak 0 U—z)(1—2)
+ We get
1 — Jusk 1 —+/us/K T
i (U-. 1—_3'-, VUK, U1, g, \/Us /K, 1—_3/) = RNy, Gs, U3)
— g — U3

@ Exactly the same constraint as the single collinear limit



Eight points
@ 20 kinematic invariants:
@ 12 cross-ratios: uj,3 I=1..8 Uirg i=1.4

@ Unlike 6,7 points we can not write
kinematic invariants = two-particle invariants + cross-ratios

@ cross-ratios depending only on two-particle invariants

@ Instead simply choose 8 simple- and multi-particle
invariants independent of the u’s to fix

2 2 H
(M, My, ...,Mg) = X"5,18 Xijpa, I=1,....,4,



@ Check conformal invariance: u; = 1

(m1,...,m8) 'R%VL
(-1,-1,-1,-1,-1,—-1,—-1,-1) | -4.603
(C2,-2,-2,-2 2,2 2 _2)| -4.602
(-1,-2,—4,-8,—-1,—2,—4 -8) | -4.605
(-5,-3,-5,-3,-1,-3,-5,-7) | -4.605

@ Check conformal invariance:

u=(2,3,4,1/2,1/3,1/4,1/5,

1,1/5,1/6,1/7,1/8)

(m1,...,m8) RgVL
(—2,-3,—4,-1,-5,-6,—7,-8) 5.993
(—=1/3,-1/4,-1/9,-1/2,-1/8,-1/7,-1/6,—1) | 5.984




Also checked collinear limit at 8 points
Pr =17 — 23 = 2P, pgs=xg— 21 =(1—2)P
We find
RWL . T , : : . : .
] (Um: U5, Uze, UaT, Usg, U1e, UaT, U3, U1k, U6, U3T, u48) —
R?IL (14, Uas, Use, UaT, Usg, 0, Usy, Uss, Uts, Uas, Uar, Ugs)
WL
=R; (u14:u-25:u.‘36:'fiélT'u-zg:'Ullas’fL‘zG:U»STTLSS) ;

—1 4 uss
—1 + ugrtias ’

—1 + Usrlisg + Uartiar — Ug7Usglyr RWL 3 ; ?-‘WL
Usg = . 8 7

Uz =

—1 + uaruas
—1 4+ ugr
— 1+ usruas + Usritar — UstUsslyr

Ugs =



Summary of WL results

@ Summary: the number of distinct integrals one needs to
evaluate the 2-loop n-gon WL is independent of n

@ We can compute all n-sided polygonal light-like Wilson
loops at two loops

@ Assuming the amplitude/Wilson loop duality continues to
hold, we can compute two-loop planar MHV amplitudes for
any number of points

@ We have computed these for 6,7,8 points and performed
some non-trivial tests (eg colinear limits and dual conformal
invariance.)
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() two-loop Wilson loop computed for all n

[Anastasiou Brandhuber Khoze Spence Travaglini PH]
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Outline

e Dual superconformal symmetry of the entire S-matrix
@ attree level
@ at one loop



Dual superconformal symmetry of the entire
S-matrix:

[D:urrmono Henn Korchemsky Sokatc}:ev]

@ So far we have considered MHV amplitudes only
@ What about other helicities, other particles?

@ What about the MHV tree-level
amplitude?[Drummond Henn Korchemsky Sokatchev 2008]

@ Superconformal transformations?

Conjecture [D mmmmmm d Henn Korchemsky Sokatchev]
A, = Apmav R R is dual superconformally invariant




Dual symmetry at tree-level

[ Brandhuber Travaglini PH]

o Use the BCFW recurS|On relatlon [Britto Cachazo Feng Witten 2005]
@ Superspace version:

[Bianchi Elvang Freedman, Arkani-Hamed Cachazo Kaplany Brandhuber Travaglini PH]

dual superconformal covariance at tree level
PrOOf by |ndUCt|0n USIng SUperBCFW[ Brandhuber Travaglini PH]

@ each individual BCFW diagram is separately covariant
@ Solution to the recursion relation [oeumona sens]



Dual superconformal symmetry at one loop

@ What can we say at one loop?
@ All one loop amplitudes written in terms of
bOXGS [Eern Dixon Dunbar Kosower 1994]

Al—loop — Z C([',j7k,/) F(/,],k,/)

{if:k1}

dPx VR
0F(1,2,3,4):/2 EE) 2 2 w2 o2

(2m)P Xx& X5, XE5 X,
VR — X123X224 _X223X§1

where




@ The box coefficients c(/, J, k, /) can be calculated from
tree-level amplitudes using quadruple
CUtS [Britto Cachazo Feng 2005]

Ky

Supercoefficients are dual superconformal covariant

[ Brandhuber Travaglini PH, Drummond Henn Korchemsky Sokatchev]




New constraints on box supercoefficients

TO appear soon [ Brandhuber Travaglini PH]

@ So far we have considered tree amplitudes and one loop
box supercoefficients which are IR finite

@ Now we use anomalous dual conformal transformation to
find new constraints on box coefficients

Anomalous dual conformal transformation

[Drummond Henn Korchemsky Sokatchewv 2008]

{2 1—100p tree
K An 26“4 E , /+1X//+2J //+2)

1 1 (— 2V—€e _ (_y2\—¢€
W) = ATy 3 (X_)Xz) = E_;;
are 1-mass and 2-mass triangles.




Approach: perform dual conformal transformation on generic
box:

D
K“F~4e/dX5 VR

D v2 v2 v2 v2 X5
(2m)P Xgy XE, X85 XE,

@ Evaluate RHS via PV reduction




Dual conformal transformation of boxes

1
= go# g Om
41{' F

1
IK,:II,‘llm

L

; K Fngl,ne

i Ku Fﬁ 11'nl'1

1

KR

—¢ [(21+ 2a) 25, (23) + (w2 + 2a)#aty I (23y)]

€ {_T?T%J(Tgil'%) + 4 [T%IJ(Tgi Tal) - szJ(Tfa)]

zy [TQHJ(T%S Tal) - Tgl‘](rgi)] - T‘l‘T:llsJ(T?S;TZH)}

€ {TT[ — agyJ (a5, afy) + ady (s, T%z)} + b [— iy (2y, a5) + 2 J (@3, Tgl)}
Tg[ - Tgif(TgiTga) —T%J(T%T%)] -l [— T%3J(Tll)3r:il) o x§3‘](xgd~ T%a)” y
e{—afa3,J(a3.23)

h {TglJ(Tgi 7’211) - T%;aJ(T?a) - T§1J(T%1 T;Qu)]

ahad, J (23, 13.1)” ~

2 2 2 2 2 .2 2 2 2 2 2 .2
€ {T;f [x23=](-7723~5‘713) = w3 (%3, 1’41)} + b [-77-11‘](37-11:3'524) — w3 (21, 1’23)} } :



transformation of 1 loop amplitude

KPAR ™ = " c(i,j. k. 1) K*F (i, j, k, 1)
{ijihol}
= EZS i,k) x [xt, X J (X, X2 k)_X/'lLXi2—1kJ(XiiaXi2—1k)}

_ tree
E —26./4 Z H_1X11+2J II+2)

@ the combinations of two-mass and one-mass triangles
appearing in the middle line are linearly independent for
different i, k =



box coefficient constraints

E(i,i—2)

—E(i—1,i) = —24™  i=1...n,

EGi,k)y = 0, i=1...n, k=i+2,...,i—3.

i+n—2 k—1
E(i k)= > clikji=1)= > clij.ki—1),
j=k+1 j=i+1

@ these give n(n — 4) independent constraints on the box
coefficients

@ they determine the 1-mass, 2-mass easy and half of the
2-mass hard coefficients (in terms of the other 2mh and the
3m coefficients).



Compare with IR consistency

[Giele Glover 1992, Kunszt Signer Trdécsanyi 1994]

a (_Xi?—i—Z)_E

1—loop t
An |IR = _A;CCE , 2 )

i=1

@ equate the coefficients of the two-particle and multi-particle
infrared divergent terms

(=x25)"/E: E(i,i+2)+E(+2,i)— EG+38,i) = —2Auee ,

(—x2)" /e E(i,k)+E(k,i) — E(i+1,k) — E(k+1,) =0

@ n(n— 3)/2 equations: determine the 1Tm and 2me boxes in
terms of the rest[se.n vixon xosouer 2004]

@ conformal equations: also gives half of the 2mh coefficients

@ conformal equations are simpler



@ combination of infrared equations [roivan spradiin vorovien 2005)

X;
i+n—3
X; X — tree
3 — 2Ar
j =I+1 Xi-1

@ appears in the BCF context

@ somewhat complicated to prove from IR
equationS[ Arkani-Hamed Cachazo Kaplan]

@ naturally appears as simply

E(i,i—2) = —2.A"




NMHYV dual conformal invariance

@ BDK computed the NMHV one-loop n-point gluon
amplltudeS[Bern Dixon Kosower 2004]

@ DHKS found all NMHV n-point amplitudes as manifesty
supersymmetric superamplitudes

[D mmmmmm d Henn Korchemsky Sokatchev 2008]

@ DHKS proved dual conformal invariance of these explicitly
for n = 6,7 (and also checked it for n = 8,9)

@ We extend these results and prove dual conformal
invariance of the NMHV superamplitude for all n



Coefficients in terms of ‘R’

[Bern Dixon Kosower 2004, Drummond Henn Korchemsky Sokatchev 2008]

@ Coefficients can all be written in terms of dual conformal
covariant objects R
A7, 5,1) = Ry

szh<7"- ,L) — Rr,r+2.t —+ Rerl.t.r

QH‘e Z RT"L('L + Z R?’LL’L

u,v=5+1 u,v=r+1

1m 2me
cr—=2)=c"(r,r —2)+ Rp_1,41,-0
r+n—3
= § I%rf?.u.i‘ + Rr—],r+].r—2
u,v=r+1

where R,,, is only definedforu>r+2,v>u+2
0 these Sﬁtley Rr+27s7r+1 - Rr7r+27s



@ the RSV combination of IR equations

i-4

g I i—2)=— Z RI 2uv — Z Ri—3uv = 2-’4tree

u,v=i u,v=i—1

from this, for n odd we immediately get

n n—1
Z R1uv: Z RnUVa

u,v=3 u,v=2

(n even, use collinear limit arguments)

@ important identity leading to the NMHV superamplitude
(preV|OUS|y ConjeCtured) [Drum.mond Henn Korchemsky Sokatchev 2008]



@ This equation does not involve momentum conservation,
therefore it is true independent of the number of points
@ using cyclicity leads to

new equations

s s5—1
Z Ry = Z Rsyy r+5<s<r+n-1.
u,v=r+2 u,v=r+1

@ stronger than equations coming from the equality of two
inequivalent representations of the 2me coefficient

@ weaker equations used to prove dual superconformality for

n S 9[Drummond Henn Korchemsky Sokatchev 2008]

stronger equation = NMHV superamplitudes are dual
superconformal for all n




Summary of superconformal section

@ Tree-level dual conformal invariance proved

@ supercoefficients at one loop: dual conformal invariance
proved

@ NMHYV one loop dual conformal invariance at one loop
proved

@ Additional restrictions on one loop coefficients from
assuming dual conformal invariance



Future directions

amplitude calculation at n > 7-points needed![v-:q.]
analytic determination of 6-pnt amplitude/Wilson loop

More direct/complete proof of dual superconformal
invariance (eg MHV diagrams)

Proof of WL/amplitude duality

Generalisations of WL to NMHV amplitudes
etC [ Berkovitz Maldacena]

Generalisations to other theories (QCD)

Understanding the role of infinite new symmetries ( from
Integrablllty) [Belsert Ricci Tseytlin Wolf, Berkovitz Maldacena,

Drummond Henn Plefka]
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