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Motivation

Interest per se: 

‣ shed light on all order properties of highly symmetric gauge theories 

‣ insight in the structure of gauge theories in and beyond large Nc limit

‣ hope for a better understanding of full QCD 



Motivation

Practical:

‣ NLO calculations crucial for the LHC programme

‣ aim is to be able to do N-leg one-loop calculations for a general 
process (generic spins and masses) ⇒ e.g. Alpgen@NLO

‣ bottleneck at NLO are virtual corrections
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Ingredients for NLO

tree graph rates with N+1 partons 
➔ soft/collinear divergences 

set of subtraction terms  

A full N-particle NLO calculation requires:

virtual correction to N-leg process 
➔ divergence from loop integration 

bottleneck

Tree level (real correction) and subtraction terms are fully understood 
and automated ⇒ concentrate on the virtual contribution in the following 

Automated subtraction: 
Gleisberg, Krauss ’07;  TeVJet [public] Seymour, Tevlin ’08; Hasegawa, Moch, Uwer ’08



Traditional approaches to NLO

‣ draw all possible Feynman diagrams (use automated tools)

‣ automated (PV-style) reduction of tensor integrals to scalar ones

‣ write one-loop amplitudes as ∑ (coefficients × tensor integrals)

Most 2→3 and the first 2→4 LHC processes [pp→Hjj,WWj, WWW, ttj, 
qq→ttbb ... ] computed this way
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D-dimensional unitarity

References:
- Ellis, Giele, Kunszt ’07                       [Unitarity in D=4]
- Giele, Kunszt, Melnikov ’08               [Unitarity in D≠4]
- Giele & GZ ’08                                [All oneloop N-gluon amplitudes]
- Ellis, Giele, Melnikov, Kunszt ’08        [Massive fermions, ttggg amplitudes]
- Ellis, Giele, Melnikov, Kunszt, GZ ’08  [W+5p oneloop amplitudes] 
- Ellis, Melnikov, GZ ’09                      [W+3jets]  

These papers heavily rely on previous work
    - Bern, Dixon, Kosower ’94                 [Unitarity, oneloop from trees]

- Ossola, Pittau, Papadopoulos ’06       [OPP]
 - Britto, Cachazo, Feng ’04                 [Generalized cuts]
 - [....] 

We just heard a comprehensive overview of generalized unitarity with 
an accurate historical perspective by Zoltan Kunszt

In the following I will concentrate on practical aspects: 
numerical implementation, efficiency, performance, applications, results



Decomposition of the one-loop amplitude
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* if non-vanishing masses: tadpole term;   notation:

*

‣ coefficients depend on D (i.e. on ε) ⇒ rational part 

‣ higher point function reduced to boxes + vanishing terms

Remarks:

‣ box, triangles and bubble integrals all known analytically

[‘t Hooft & Veltman ‘79; Bern, Dixon Kosower ’93, Duplancic & Nizic ’02; 
Ellis & GZ ’08, public code ⇒ http://www.qcdloop.fnal.gov]
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Cut-constructable part

Get cut numerators by taking residues: i.e. set inverse propagator = 0
In D=4 up to 4 constraints on the loop momentum (4 onshell 
propagators) ⇒ get up to box integrals coefficients
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Look at the integrand
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Construction of the box residue
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Four cut propagators are onshell 
⇒ the amplitude factorizes into 4 tree-level amplitudes

FIG. 2: The factorization of the 6-gluon amplitude for the calculation of the d2346(l) residue with

the loop momentum parametrization choice q0 = 0.

With the above prescription it is now easy to determine the spurious term for any value

of the loop momentum. Finally we note that the integration over the term

∫
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is now trivially done, giving us the coefficient of the box times the box master integral.

D. Construction of the triangle residue

To calculate the triangle coefficients we need to put three propagators on-shell. Care

has to be taken to remove the box contributions by explicit subtraction. Thus, the triangle

coefficient is given by
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)
. (40)

Decomposing the loop momentum in the NV-basis of the three inflow momenta of the triangle

with di = dj = dk = 0 (choosing qk = 0) gives us according to Eq. (18)

lµ = V µ
3 + α1n

µ
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µ
2 , (41)
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Residues at the poles [⇒ coefficients at the poles               ]

Need full loop momentum dependence of the coefficients: 

d̄ijkl(l±)

d̄ijkl(l)



Construction of the box residue

p1,p2,p3 span the physical space. The dependence on loop momentum 
enters only through component in the orthogonal, trivial space (n1)
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Use

Then the maximum rank is one and the most general form is
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For triangle, bubble and tadpole coefficients proceed in the same way



Final result: cut-constructable part
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Spurious terms integrate to zero

The final result for the cut constructable part then reads



Full one-loop virtual amplitudes

Cut constructable part can be obtained by taking residues in D=4
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1. Introduction

The current TEVATRON collider and the upcoming Large Hadron Collider need a good
understanding of the standard model signals to carry out a successful search for the Higgs
particle and physics beyond the standard model. At these hadron colliders QCD plays an
essential role. From the lessons learned at the TEVATRON we need fixed order calculations
matched with parton shower Monte Carlo’s and hadronization models for a successful
understanding of the observed collisions.

For successful implementation of numerical algorithms for evaluating the fixed order
amplitudes one needs to take into account the so-called complexity of the algorithm. That
is, how does the evaluation time grows with the number of external particles. An algo-
rithm of polynomial complexity is highly desirable. Furthermore algebraic methods can be
successfully implemented in efficient and reliable numerical procedures. This can lead to
rather different methods from what one would develop and use in analytic calculation.

The leading order parton level generators are well understood. Generators have been
constructed using algebraic manipulation programs to calculate the tree amplitudes directly
from Feynman diagrams. However, such a direct approach leads to an algorithm of double
factorial complexity. Techniques such as helicity amplitudes, color ordering and recursion

– 1 –

Want rational part: need to think about D ≠ 4



Generic D dependence

Two sources of D dependence 
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Keep D and Ds distinct



Two key observations

1. External particles in D=4 ⇒ no preferred direction in the extra space

☛ in arbitrary D up to 5 constraints ⇒ get up to pentagon integrals
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2. Dependence of     on Ds is linear (or almost...) as it appears from 
closed loops of contracted metrics
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Choose Ds1, Ds2 integer  ⇒ suitable for numerical implementation



Practically: pentagon cuts

N (Ds)(l)

d1d2 · · ·dN
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Pentagon residue:

⇔
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µ2
− 11

3

))

Atree , (15)

2

V5: function of the 4 
inflow momenta

ni: span trivial space, 
⊥ to physical one

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) = ēDs,(0)
ijkmn

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

2

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

2

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

2

Most general parameterization:



Practically: box cuts

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

d
FDH
ijkn (l) = d(0)

ijkn + d(1)
ijkns1 + (d(2)

ijkn + d(3)
ijkns1)s

2
e + d(4)

ijkns
4
e

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

d
FDH
ijkn (l) = d(0)

ijkn + d(1)
ijkns1 + (d(2)

ijkn + d(3)
ijkns1)s

2
e + d(4)

ijkns
4
e

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−li)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

Solution: V4: function of the 3 
inflow momenta

ni: span trivial space, 
⊥ to physical one

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) = ēDs,(0)
ijkmn

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

2

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





di(lijkm) = · · · = dn(lijkm) = 0

2

Box residue:

⇔

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

2

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

dijkn(l) = d(0)
ijkn + d(1)

ijkns1 + (d(2)
ijkn + d(3)

ijkns1)s
2
e + d(4)

ijkns
4
e

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−li)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

dijkn(l) = d(0)
ijkn + d(1)

ijkns1 + (d(2)
ijkn + d(3)

ijkns1)s
2
e + d(4)

ijkns
4
e

s1 = l · n1

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN
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Most general parameterization of quadrupole cut:

➥ make 5 choices of αi and solve for the 5 coefficients 

Triangles and bubbles: same procedure with appropriate changes 
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Putting it all togetherlµijkn = V µ
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Need to evaluate loop integration, use:
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Combine the two evaluations:



Final result
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∑
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Cut-constructable:

Rational part:

Full one-loop amplitude:

Vanishing contributions:



The F90 Rocket program

Rocket science!

But it still must be tested in battle conditions, ie a real physical process

Eruca sativa =Rocket=roquette=arugula=rucola

Recursive unitarity calculation of one-loop amplitudes

First step: use only 3 and 4-gluon vertices ⇒ pure gluonic amplitudes 

Input: arbitrary number of gluons and their arbitrary helicities (+/-)

Output: (un)-renormalized virtual amplitude in FDH or t’HV scheme

[Giele & GZ ‘08]



Automated one-loop

Issues:

‣ numerical instabilities at special points

‣ numerical efficiency: how fast is the algorithm? scaling of time with N 

‣ checks of the results  

‣ practicality: computation of realistic LHC processes 
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for the orthonormal basis and the polarization vectors (gauge inv.)
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‣checks with some known analytical results 
(all N=6, finite and MHV amplitudes for larger N)
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Same picture holds increasing the number of gluons: N=7,8,9,10,11, ...
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Finding instabilities

1) Correlation in the accuracy of single pole and constant part 
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But this does not check the rational part 



Finding instabilities

1) Correlation in the accuracy of single pole and constant part 

II) How good is the system of equations solved ? 
Look at how well residues are reconstructed using the coefficients. 
Practically: choose a random loop momentum and for a given cut 

- compute the residue as linear combination of coefficients
- compute the residue directly

⇒  if the results differ more than X use higher precision 
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Tree: 3 methods beyond Feynman 

✓Berends-Giele relations: compute 
helicity amplitudes recursively 
using off-shell currents

Berends, Giele ’88

✓CSW relations: compute helicity 
amplitudes by sewing together 
MHV amplitudes [- - + + ... + ]
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Numerical performance

☛ numerical superiority of Berends-Giele recursion for large N

Duhr et al. ’06 
also Dinsdale et al. ’06Time [s] for 2 → n gluon amplitudes for 104 points

Final state BG BCF CSW

2g 0.28 0.33 0.26

3g 0.48 0.51 0.55

4g 1.04 1.32 1.75

5g 2.69 7.26 5.96

6g 7.19 59.1 30.6

7g 23.7 646 195

8g 82.1 8690 1890

9g 270 127000 29700

10g 864 - -



Time dependence
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Within a so-called constructive implementation of Berends-Giele recursion relations (or a
naive recursive implementation “with memory”) the time required to compute tree level
amplitudes grows as τtree,N ∝ N4 [6]. Altogether the number of tree-level amplitudes that
one needs to evaluate at one-loop is simply given by

ntree =
{
(Ds1 − 2)2 + (Ds2 − 2)2

}

×
(

5 c5,max

(
N

5

)
+ 4 c4,max

(
N

4

)
+ 3 c3,max

(
N

3

)
+ 2 c2,max

[(
N

2

)
− N

])
,(4.3)

where the first factor is due to the sum over polarization of the internal cut gluons in Ds1

and Ds2 dimensions respectively, cm,max denotes the number of times one needs to perform
a multiple cut in order to fully constraint the system of equations determining the master
integral coefficients. Explicitly we have c5,max = 1, c4,max = 5, c3,max = 10, c2,max = 10.
The integer number in front counts the number of amplitudes per multiple cut, finally the
binomial coefficients corresponds to the number of possible cuts (for two point functions
we subtract vanishing contributions).
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Sample results at fixed points

Helicity amplitude cΓ/ε2 cΓ/ε 1

|Atree
10 (+ + + + + + + + ++)| - - 7.645214091184737 · 10−14

|Av,unit
10 (+ + + + + + + + ++)| 2.616999209810146 · 10−13 7.453142378465002 · 10−07 18.4349011284670

|Av,anal
10 (+ + + + + + + + ++)| 7.645214091184737 · 10−13 3.853184186191476 · 10−12 18.4349011284671

|Atree
10 (− + + + + + + + ++)| - - 3.138928592085274 · 10−13

|Av,unit
10 (− + + + + + + + ++)| 1.729567134060808 · 10−11 3.462486730362966 · 10−06 14.1180690283674

|Av,anal
10 (− + + + + + + + ++)| 3.138928592085274 · 10−12 1.582018484813023 · 10−11 14.1180690283692

|Atree
10 (−− + + + + + + ++)| - - 489.972695666341

|Av,unit
10 (−− + + + + + + ++)| 4899.72695665607 24694.6000400099 75844.9101458089

|Av,anal
10 (−− + + + + + + ++)| 4899.72695666341 24694.6000476827 75844.9101457814

|Atree
10 (− + − + − + − + −+)| - - 9.34611372008902

|Av,unit
10 (− + − + − + − + −+)| 93.4611371998759 471.043678702711 1481.27447605664

|Av,anal
10 (− + − + − + − + −+)| 93.4611372008902 471.043677247939 N.A.

|Atree
10 (+ − + − + − + − +−)| - - 9.34611372008902

|Av,unit
10 (+ − + − + − + − +−)| 93.4611371995618 471.043674005742 1503.97025803111

|Av,anal
10 (+ − + − + − + − +−)| 93.4611372008902 471.043677247939 N.A.

Table 5: Results for tree level and one-loop virtual (unrenormalized) amplitudes in the FDH
scheme for some helicity configurations for the case of seven external gluons for the phase space
point of eq. (4.18). Comparison with analytical results, when available, is also shown.

N=15 We randomly choose the following phase space point:

p1 = (−7.500000000000000, 7.500000000000000, 0.000000000000000, 0.000000000000000)

p2 = (−7.500000000000000, −7.500000000000000, 0.000000000000000, 0.000000000000000)

p3 = (0.368648489648050, 0.161818085189973, 0.125609635286264, −0.306494430207942)

p4 = (0.985841964092509, −0.052394238926518, −0.664093578996812, 0.726717923425790)

p5 = (1.470453194926588, −0.203016239158633, 0.901766792550452, −1.143605551298596)

p6 = (2.467058579094687, −1.840106401193462, 0.715811527707121, 1.479189075734789)

p7 = (0.566021478235079, −0.406406330753485, −0.393435666409983, −0.020556861225509)

p8 = (0.419832726637289, −0.214182754609525, 0.074852807863799, −0.353245414886707)

p9 = (2.691168687878469, 1.868400546247601, 1.850615607221259, −0.571568175905795)

p10 = (1.028090983779864, −0.986442664896249, −0.193408556327968, 0.215627155388572)

p11 = (1.377779821947130, −0.155359745837053, −1.074009172530291, −0.848908054184264)

p12 = (1.432526153404585, 0.621168997409793, −0.290964068761809, 1.257624811911176)

p13 = (0.335532948820133, 0.244811479043329, 0.138986808214636, 0.182571538348285)

p14 = (1.085581415795683, 0.330868645896313, −0.756382142822373, −0.704910635118478)

p15 = (0.771463555739934, 0.630840621587917, −0.435349992994295, 0.087558618018677) (4.19)

5. Conclusions

We presented here first results obtained with the program AutoLoop, a Fortran 90 code
which implements D-dimensional unitarity to compute oneloop amplitudes. Currently, only
gluon amplitudes have been considered and no internal fermion loops have been included.

We considered N-gluon one-loop amplitudes for N ranging from 4 to 15. We studied
the scaling of the computation time with the number of external gluons N and showed
that it scales as the ninth power of N, while tree level scales as N4. We performed a first
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Sample results at fixed points

Rocket can compute any N-gluon amplitude with arbitrary helicities, consider 
e.g. 15 gluon momenta random generated: 

* up to N=20 given in 0805.2152

*

* Mahlon ’93; Bern et al ’05; ** Forde, Kosower ’05

N = 15 We randomly choose the following phase space point:

p1 = (−7.500000000000000, 7.500000000000000, 0.000000000000000, 0.000000000000000)

p2 = (−7.500000000000000, −7.500000000000000, 0.000000000000000, 0.000000000000000)

p3 = (0.368648489648050, 0.161818085189973, 0.125609635286264, −0.306494430207942)

p4 = (0.985841964092509, −0.052394238926518, −0.664093578996812, 0.726717923425790)

p5 = (1.470453194926588, −0.203016239158633, 0.901766792550452, −1.143605551298596)

p6 = (2.467058579094687, −1.840106401193462, 0.715811527707121, 1.479189075734789)

p7 = (0.566021478235079, −0.406406330753485, −0.393435666409983, −0.020556861225509)

p8 = (0.419832726637289, −0.214182754609525, 0.074852807863799, −0.353245414886707)

p9 = (2.691168687878469, 1.868400546247601, 1.850615607221259, −0.571568175905795)

p10 = (1.028090983779864, −0.986442664896249, −0.193408556327968, 0.215627155388572)

p11 = (1.377779821947130, −0.155359745837053, −1.074009172530291, −0.848908054184264)

p12 = (1.432526153404585, 0.621168997409793, −0.290964068761809, 1.257624811911176)

p13 = (0.335532948820133, 0.244811479043329, 0.138986808214636, 0.182571538348285)

p14 = (1.085581415795683, 0.330868645896313, −0.756382142822373, −0.704910635118478)

p15 = (0.771463555739934, 0.630840621587917, −0.435349992994295, 0.087558618018677). (A.4)

The results are given in Table 6.

Helicity amplitude cΓ/ε2 cΓ/ε 1

|Atree
15 (+ + + + . . .)| - - 0

|Av,unit
15 (+ + + + . . .)| 0 0 1.07572071884782

|Av,anly
15 (+ + + + . . .)| 0 0 1.07572071880769

|Atree
15 (− + + + . . . + +)| - - 0

|Av,unit
15 (− + + + . . . + +)| 0 0 0.181194659968483

|Av,anly
15 (− + + + . . . + +)| 0 0 0.181194659846677

|Atree
15 (−− + + + . . . + +)| - - 7.45782101450887

|Av,unit
15 (−− + + . . . + +)| 111.867315217633 586.858955605213 1810.13038312828

|Av,anly
15 (− − + + . . . + +)| 111.867315217633 586.858955605213 1810.13038312852

|Atree
15 (− + − . . . + −)| - - 5.851039428822597 · 10−3

|Av,unit
15 (− + − . . . + −)| 8.776559143021942 · 10−2 0.460420629357800 1.52033417713680

|Av,anly
15 (− + − . . . + −)| 8.776559143233895 · 10−2 0.460420661976678 N.A.

|Atree
15 (+ − + . . . − +)| - - 5.851039428822597 · 10−3

|Av,unit
15 (+ − + . . . − +)| 8.776559143021942 · 10−2 0.460420565320471 1.52960647292231

|Av,anly
15 (+ − + . . . − +)| 8.776559143233895 · 10−2 0.460420661976678 N.A.

Table 6: Results for tree level and one-loop virtual (unrenormalized) amplitudes in the FDH
scheme for some helicity configurations for the case of fifteen external gluons for the phase space
point of eq. (A.4). Comparison with analytical results, when available, is also shown. The present
results have been obtained by running in quadrupole precision.
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First LHC application:  W + 3 jets

I. W+3jets measured at the Tevaton, but LO varies by more that a factor 2 
under reasonable changes in scales 

W±, TeV W+, LHC W−, LHC

σ [pb], µ = 40 GeV 74.0 ± 0.2 783.1 ± 2.7 481.6 ± 1.4

σ [pb], µ = 80 GeV 45.5 ± 0.1 515.1 ± 1.1 316.7 ± 0.7

σ [pb], µ = 160 GeV 29.5 ± 0.1 353.5 ± 0.8 217.5 ± 0.5

Table 1: Total cross section for the production of a W boson in association with three jets including
both two quark and four quark processes vs. factorization and normalization scale. The results are
obtained using the program MCFM. Cuts for the jets are pT > 15 GeV, |η| < 2 at the Tevatron
(
√

s = 1.96 TeV) and pT > 50 GeV, |η| < 3 at the LHC (
√

s = 14 TeV). The CTEQ6L1 parton
distributions which have αs(MZ) = 0.13 are used. The quoted errors are statistical only.

was suggested in Ref. [25] more than ten years ago. Important physical results obtained

using this method [26] have demonstrated both its potential and limitations. The tech-

niques of applying generalized unitarity were significantly developed in recent years thanks

to important advances in Refs. [27–31]. These developments culminated in the design of

two generalized unitarity algorithms [32, 33].

The computational algorithm suggested in Ref. [33] is employed in this paper; we will

refer to it as D-dimensional generalized unitarity. Note that this method was recently

used to obtain results not currently attainable with other methods, see e.g. Refs. [34–36].

However, an apparent weakness of generalized unitarity is that there is no single result

for any physical process that has been obtained within this framework.2 This should be

contrasted with the traditional tensor reduction approaches which never lost contact with

phenomenology and are being constantly refined to accommodate new challenges.

This is not a good situation for generalized unitarity which has to live up to the claim

of its advocates that it is a more powerful method. The only way to address this potential

criticism is to demonstrate the applicability of generalized unitarity in actual calculations

of direct phenomenological interest, preferably in processes which are beyond the reach of

traditional methods. We have chosen the production of a W boson in association with

three jets for this purpose. The reasons for our choice are as follows:

• the calculation of NLO QCD corrections to this process is of direct relevance since

it is measured at the Tevatron [2, 3]; it is not possible to use the leading order (LO)

prediction for serious comparison of theoretical and experimental results because the

LO cross section varies by as much as a factor of two under reasonable changes in

scale, see e.g. Table 1;

• measurements at the Tevatron have shown that for W + n jets with n = 1 and 2, the

data [2, 3] is well described by NLO QCD [4]; it is interesting to verify this also for

three and higher numbers of jets;

2We distinguish between generalized unitarity and application of the algorithm of Ref. [29] to Feynman

diagrams. The latter method was employed for the computation of NLO QCD corrections to a relatively

simple physical process pp → V V V in [37].
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II.measurements at the Tevaton for W
+njets with n=1,2: data is described 
well by NLO QCD 
⇒ verify this for 3 and more jets

W+n  jet rates from CDF

Both uncertainty on rates and deviation of Data/Theory from 1 are smaller than 

other calculations. “Berends” ratio agrees well for all calculations,

 but unfortunately only available for n!2 from MCFM.

Why  W+3 jets?



First LHC application:  W + 3 jets

III.W+3jets of interest at the LHC, as one of the backgrounds to model-
independent new physics searches using jets + MET

Why  W+3 jets?



First LHC application:  W + 3 jets

III.W+3jets of interest at the LHC, as one of the backgrounds to model-
independent new physics searches using jets + MET

Why  W+3 jets?

IV. Calculation highly non-trivial optimal testing ground

0→ ū d g g g W+

0→ ū d Q̄Q g W+

1203 +104 Feynman diagrams

 258 +18 Feynman diagrams



Primitive amplitudes

At tree level 
color ordered ⇒ momentum ordered external particles 

At one-loop level 
color ordered generic amplitude ⇒ momentum ordered external particles 

For practical reason 
want amplitudes where external particles are ordered

Solution
decompose color ordered amplitudes into primitive amplitudes. Colored 
particles are then ordered, but color blind ones not. 

Bern, Dixon, Kosower ’94



Primitives: sample color structures

Leading color (SSS)SubleadingFermion loops

LC · nf

Nc

LC · nf

Nc

LC · 1
N3

c

LC · nf

N3
c

2-quark 
3-gluon

4-quark 
1-gluon

LC ≡ (N2
c − 1)N3

c

LC ·
n2

f

N2
c
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• order all SU(3) particles & allow all 
orderings of colorless particles 

Rules of the game

Explicitly for W+3jets: 
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How does 
this work?
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• order all SU(3) particles & allow all 
orderings of colorless particles 

Rules of the game

Explicitly for W+3jets: 

❶  ❷  ❸  ❹  ❺
u1  q2  g3  q4  d5 + W

Procedure:

❶  

❷ 
❸

 ❹ 

❺

• draw the parent diagram so that the 
loop is in the fixed position compared 
to the external fermion line [L/R]

• N-point case: parent must be 1PI N-
point, use dummy lines if needed

• consider all cuts and throw away those 
involving dummy lines 

 ✗ reject
• process each cut use standard D-

dimensional unitarity

• tree level amplitudes are computed via 
color stripped Feynman rules 



Sample results

Numerical results for primitive

amplitudes

Results for all primitives in our paper,

Numerical results for primitive

amplitudes

Results for all primitives in our paper,

      All amplitudes in 0810.2542 
[Ellis, Giele, Kunszt, Melnikov, GZ]

Leading color amplitudes in 0808.0941 
[Berger, Bern, Cordero, Dixon, Forde, Ita, Kosower, Maitre]
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Instabilities and accuracy 

where µ = 7 GeV and

θ =
π

4
, φ =

π

6
, α =

π

3
, γ =

2π
3

, cos β = − 37
128

. (4.7)

The momenta p6 and p7 are used to define the polarization vector of the W boson, eq.(4.2).
Our results for unrenormalized primitive amplitudes AL

n and AL,[1/2]
n are summarized in

the Appendix, see Tables 1-4 and Tables 5-6, respectively. We have checked that all primi-
tive amplitudes have correct divergences and are gauge invariant. Moreover, we have tested
the validity of our results for primitive amplitudes by reproducing a diagrammatic compu-
tation of color-ordered amplitudes by taking appropriate linear combinations of primitive
amplitudes. Finally, our program reproduces the results for the leading-color primitive
amplitude AL

5 (1q̄, 2q, 3g, 4g, 5g) computed recently in Ref. [46].
Next, we address the issue of the numerical stability of the computation. As was done

earlier for similar studies of gluon amplitudes, we take care of numerical instabilities by
performing computations with higher precision. Since higher precision slows the compu-
tation, it is desirable to use it only for the phase-space points that suffer from numerical
instabilities. The question we have to address therefore is how to detect numerical insta-
bilities. To study this, we generate 105 random phase-space points using Rambo [47] with
minimal constraints E⊥ > 10−2√s, |η| < 3 and ∆R =

√
∆η2 + ∆φ2 > 0.4 and calculate

the primitive amplitudes for 0 → q̄qgggW with double and quadrupole precision. For each
phase-space point, we can check

• whether or not the double precision computation of a primitive amplitude reproduces
analytically known results for double and single poles in 1/ε;

• whether or not division by a small number occurs in the course of the computation;
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Figure 2: Accuracy for AL
5 (1+

q̄ , 2−q , 3−g , 4+
g , 5−g ) (left panel) and for AL

5 (1+
q̄ , 3−g , 4+

g , 5−g , 2−q ) (right
panel) for 105 randomly generated phase-space points. The raw double precision data as well as
the result of numerical improvements are shown (see text for details).
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⇒ All instabilities detected and cured with quadruple precision
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Figure 2: Accuracy for AL
5 (1+

q̄ , 2−q , 3−g , 4+
g , 5−g ) (left panel) and for AL

5 (1+
q̄ , 3−g , 4+

g , 5−g , 2−q ) (right
panel) for 105 randomly generated phase-space points. The raw double precision data as well as
the result of numerical improvements are shown (see text for details). The inset shows the same
plots in a linear scale.

primitive amplitude reproduces the analytically known results for double and single poles
in ε and if the system of equations is solved with sufficient accuracy for each residue. To
explain the latter test, we remind the reader that each residue is completely parameterized
by a certain number of coefficients. We can check how well these coefficients are computed
by choosing a random loop momentum, calculating the residue and checking how well this
residue is obtained from the previously computed coefficients. We assign a relative error
to each coefficient following the mismatch in this reconstruction. These errors are used to
estimate the total error in the calculation of the primitive amplitude. By requiring that
the relative precision in the poles and in the amplitude is better than 10−3 we find that
around 0.3% of the points are recomputed in quadruple precision.

After unstable points are recomputed with quadruple precision, the numerical insta-
bilities are under control. This is demonstrated in Fig. 2 for two primitive amplitudes
AL

5 (1+
q̄ , 2−q , 3−g , 4+

g , 5−g ) and AL
5 (1+

q̄ , 3−g , 4+
g , 5−g , 2−q ) where we show the number of events as

a function of the relative accuracy ε0 defined as the absolute value of the difference be-
tween double and quadruple precision results, divided by the quadruple precision result. We
note, however, that the numerical stability of the amplitudes illustrated in Fig. 2 is generic,
largely independent of the choice of the primitive amplitude and helicities of quarks and
gluons. In fact, the two amplitudes considered in Fig. 2 are on the two sides of the spectrum.
The leading-color amplitude AL

5 (1+
q̄ , 2−q , 3−g , 4+

g , 5−g ) has the minimal number of cuts, since
the W boson can only be inserted in one place, between 1q̄ and 2q. On the contrary, the
amplitude AL

5 (1+
q̄ , 3−g , 4+

g , 5−g , 2−q ) has the maximal number of cuts since the W boson can
be inserted in four different places. Thus, among all primitive amplitudes with two quarks
and three gluons, maximal computational effort is required for AL

5 (1+
q̄ , 3−g , 4+

g , 5−g , 2−q ) so
that the issues of numerical stability may be expected to be worst in this case.

We expect that further optimization of the procedure for identifying unstable points

– 10 –
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Scale variation: W++3 jetshowever, that ratios of NLO and LO results for various observables are less sensitive to

these omissions.
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Figure 1: Inclusive W++3 jet cross-section at the LHC and the K-factor defined as K = σNLO/σLO

as a function of the renormalization and factorization scales. Jets are defined with kT algorithm
with R = 0.7 and pT > 50 GeV. Jet rapidities satisfy |η| < 3. The LO and NLO cross-sections are
computed with CTEQ6L1 and CTEQ6M parton distributions, respectively.

The numerical results for W +3 jet production at NLO are obtained using the CTEQ6m

parton distributions [46] which have a value of αS(Mz) = 0.118. The evolution of the

coupling constant is performed using the two-loop beta function

β(αs) = −bα2
S(1 + b′αS), b =

33 − 2nf

12π
, b′ =

153 − 19nf

2π(33 − 2nf )
, (5.1)

where, in the spirit of the large-Nc approximation, we set the number of light flavors

nf equal to zero. The kT jet algorithm with pT > 15 GeV (pT > 50 GeV) and R =√
∆φ2 + ∆η2 = 0.7 is used to define jet cross sections at the Tevatron and the LHC,

respectively. We employ default MCFM choice for electroweak parameters and the CKM

matrix elements; they can be found in Ref. [4].

In Figs. 1,2 we present total cross-sections and K-factors, defined as K = σNLO/σLO,

for W + 3 jet production at the LHC and the Tevatron as a function of the factorization

and the renormalization scales which we set equal to each other µR = µF = µ. At the

LHC, the NLO cross-section shows remarkable independence of the scale µ, unlike the LO

result. The equality of LO and NLO cross-sections occurs at µ0 ≈ 160 GeV. Because the

dependence of the LO cross-section on the unphysical scale µ is strong, the NLO corrections

– 15 –

‣ remarkable independence of cross-section on unphysical scales at NLO 

‣ LO=NLO at scales ∼ 160 GeV 

‣ gross features of W+3jets are similar to W+2jets, however the price 
one pays for an infelicitous choice of scales is higher now

‣ similar results at the Tevatron

 [Cuts and input defined in Ellis, Melnikov, GZ ’09]
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Figure 4: The transverse momentum distribution of the third hardest jet in the inclusive W + 3
jet production at the LHC. The renormalization and factorization scales are set to 160 GeV.
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➡  3rd hard jet is softer at NLO

Transverse momentum of the 3rd hardest jets in inclusive jet sample

 [Ellis, Melnikov, GZ ’09]

µR = µF = 160 GeV
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Figure 3: The distribution of the transverse energy HT =
∑

j

E⊥,j +Emiss
⊥

+Ee
⊥

in W++3 jet inclu-

sive production at the LHC at leading and next-to-leading order. Renormalization and factorization
scales are set to 160 GeV.

in computer running time required to go beyond the large Nc limit, we find that about

two minutes per point will be needed to compute virtual corrections to the matrix element

squared. At face value, this is feasible, but quite computationally expensive. However,

one can imagine various improvements, including Monte Carlo sampling over helicities and

colors, that should lead to an appreciable improvement in the speed of the program.

Finally, we would like to say a few words about phenomenology. Since we did not

consider the four-quark channels in this paper, we decided not to pursue very detailed phe-

nomenological studies. However, the numerical results that we do report are instructive

since they give an idea about potential significance of NLO QCD effects in W + 3 jet pro-

duction at the Tevatron and the LHC. Our computation shows that NLO QCD effects are

large and can reach ±50%, if unfortunate, but not unreasonable, choices of the renormal-

ization and factorizations scales are made in a computation based on leading order matrix

elements.

Note that for a larger number of jets, the situation only gets worse since the production

cross-section at LO becomes a steeper function of the renormalization and factorization

scales. The only way to cure this problem is by computing NLO QCD corrections. For

processes like pp → W + 4 jets or pp → tt̄ + 2j this is complicated with any method but

we believe that generalized unitarity offers a good starting point.

– 18 –

HT distribution

coupling constant is performed using the two-loop beta function

β(αs) = −bα2
S(1 + b′αS), b =

33 − 2nf

12π
, b′ =

153 − 19nf

2π(33 − 2nf )
, (5.1)

where, in the spirit of the large-Nc approximation, we set the number of light flavors

nf equal to zero. The kT jet algorithm with pT > 15 GeV (pT > 50 GeV) and R =√
∆φ2 + ∆η2 = 0.7 is used to define jet cross sections at the Tevatron and the LHC,

respectively. We employ default MCFM choice for electroweak parameters and the CKM

matrix elements; they can be found in Ref. [4].

In Figs. 1,2 we present total cross-sections and K-factors, defined as K = σNLO/σLO,

for W + 3 jet production at the LHC and the Tevatron as a function of the factorization

and the renormalization scales which we set equal to each other µR = µF = µ. At the

LHC, the NLO cross-section shows remarkable independence of the scale µ, unlike the LO

result. The equality of LO and NLO cross-sections occurs at µ0 ≈ 160 GeV. Because the

dependence of the LO cross-section on the unphysical scale µ is strong, the NLO corrections

are typically large. For example, choosing µ = mW to compute the LO cross-section for

W + 3 jet production at the LHC, leads to NLO QCD corrections of the order of −50%.

For the Tevatron, the situation is different. First, the dependence of the NLO cross-

section on the renormalization and factorization scales is sizeable although it is significantly

reduced compared to the leading order cross-section. In addition, as follows from Fig. 2 the

equality of leading and next-to-leading order cross-sections occurs at a scale µ0 ≈ 50 GeV

which is much smaller than the LHC case discussed above. This is not unexpected since

both the center of mass energy and the p⊥ cut for jets is smaller at the Tevatron which

leads to a much softer spectrum of jets compared to the LHC case.

It is interesting to note that gross features of NLO QCD corrections to W + 3 jet

production, such as scales at which leading and next-to-leading order cross-sections coincide

are equal, are very similar to what was observed in NLO QCD computation of W + 2 jets

[4]. What differs between two and three jet production is the price one pays for making an

infelicitous choice of scale in the LO result. Because the dependence on µ of σLO
W+3 jet is

stronger than of σLO
W+2 jet, K-factors for W + 3 jet decrease or increase stronger when one

moves away from µ = µ0.

Finally, we present selected results for differential distributions at the LHC. We choose

the renormalization and factorization scales to be 160 GeV since this minimizes the inclusive

K-factor. In Fig. 3 we plot the distribution in the variable HT defined as the sum of

transverse energies of jets, the missing transverse energy and the transverse energy of the

lepton HT =
∑

j
E⊥,j + Emiss

⊥ + Ee
⊥. The variable HT measures the overall hardness of a

particular event and can be employed in model-independent searches for New Physics. As

follows from Fig. 3, the HT -distribution becomes softer at NLO.

In Fig. 4 we present the transverse momentum distribution of the third hardest jet in

the inclusive production of W + 3 jets at the LHC. We note that for transverse momenta

close to p⊥ = 50 GeV the NLO distribution falls faster with increasing pT and that integrals

of LO and NLO distributions over p⊥ coincide since the inclusive K-factor equals to one

– 16 –

Measure of the overall hardness of the event 

➡  K-factor HT dependent, spectrum becomes softer at NLO

 [Ellis, Melnikov, GZ ’09]

µR = µF = 160 GeV



Second  W+3jet calculation
More recently, similar calculation for W+3jets done in Blackhat+Sherpa

C.F. Berger, Z. Bern, L.J. Dixon, F.Febres Cordero, D. Forde, T. Gleisberg, H.Ita, D.A. 
Kosower, D. Maitre [0902.2760]

Still leading color approximation in virtual (not real), all subprocesses 
included (but no fermion loops) ⇒ see Daniel Maitre’s talk in few mins 4
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FIG. 3: The theoretical prediction for the HT distribution in
W + 3-jet production. The curves and bands are labeled as
in fig. 2.

We show the NLO and LO predictions, along with their
scale-uncertainty bands. As in the ET distributions, the
NLO band is much narrower; and the shape of the dis-
tribution is altered at NLO from the LO prediction.

In summary, we have presented the first phenomeno-
logically useful NLO study of W + 3-jet production, and
compared the total cross section and the jet ET distribu-
tion to Tevatron data [2]. The results demonstrate the
utility of the on-shell method and its numerical imple-
mentation in the BlackHat code for NLO computations
of phenomenologically-important processes at the LHC.
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FIG. 2: The measured cross section dσ(W → eν+ ≥ n-jets)/dEnth-jet
T

compared to NLO predictions for n = 2, 3. In the upper
panels the NLO distribution is the solid (black) histogram, and CDF data points are the (red) points, whose inner and outer
error bars denote the statistical and total uncertainties on the measurements. The LO predictions are shown as dashed (blue)
lines. The lower panels show the distribution normalized to an NLO prediction, the full one for n = 2 and the leading-color
one for n = 3, in the experimental bins (that is, averaging over several bins in the upper panel). The scale uncertainty bands
are shaded (gray) for NLO and cross-hatched (brown) for LO. In the n = 2 case, the dotted (black) line shows the ratio of the
leading-color approximation to the full-color calculation.

as CDF, replacing the /ET cut by one on the neutrino
ET , and ignoring the lepton–jet ∆R cut removed by
acceptance. We approximate the Cabibbo-Kobayashi-
Maskawa matrix by the unit matrix, express the W cou-
pling to fermions using the Standard Model parame-
ters αQED = 1/128.802 and sin2 θW = 0.230, and use
mW = 80.419 GeV and ΓW = 2.06 GeV. We use the
CTEQ6M [31] parton distribution functions (PDFs) and
an event-by-event common renormalization and factor-
ization scale, µ =

√

m2
W + p2

T (W ). To estimate the scale
dependence we choose five values in the range (1

2
, 2)×µ.

We do not include PDF uncertainties. For W + 1, 2-jet
production these uncertainties have been estimated in
ref. [2]. In general they are smaller than the scale uncer-
tainties at low ET but larger at high ET . The LO calcula-
tion uses the CTEQ6L1 PDF set. For n = 1, 2 jets, NLO
total cross sections agree with those from MCFM [30], for
various cuts. As our calculation is a parton-level one, we
do not apply corrections due to non-perturbative effects
such as induced by the underlying event or hadronization.
Such corrections are expected to be under ten percent [2].

In table I, we collect the results for the total cross
section, comparing CDF data to the NLO theoretical
predictions computed using BlackHat and SHERPA.
The columns labeled “LC NLO” and “NLO” show respec-
tively the results for our leading-color approximation to
NLO, and for the full NLO calculation. The leading-color
NLO and full NLO cross-sections for W + 1- and W + 2-

jet production agree to within three percent. We thus
expect only a small change in the results for W + 3-jet
production once the missing subleading-color contribu-
tions are incorporated.

We have also compared the ET distribution of the nth

jet in CDF data to the NLO predictions for W + 1, 2, 3-
jet production. For W + 2, 3-jets these comparisons are
shown in fig. 2, including scale-dependence bands ob-
tained as described above. For reference, we also show
the LO distributions and corresponding scale-dependence
band. (The calculations matching to parton showers [29]
used in ref. [2] make different choices for the scale varia-
tion and are not directly comparable to the parton-level
predictions shown here.) The NLO predictions match the
data very well, and uniformly in all but the highest ET

bin. The central value of the LO predictions, in contrast,
have different shapes from the data. The scale depen-
dence of the NLO predictions are substantially smaller
than of the LO ones, decreasing by about a factor of five
in the W + 3-jet case. In the W + 2-jet case, we also show
the ratio of the leading-color approximation to the full-
color result within the NLO calculation: the two results
differ by less than three percent over the entire trans-
verse energy range, considerably smaller than the scale
dependence (and experimental uncertainties).

In fig. 3, we show the distribution for the total trans-
verse energy HT , given by the scalar sum of the jet and
lepton transverse energies, HT =

∑

j Ejet
T,j + Ee

T + /ET .

2

q
W

q

g g

W

q q

gg

Q
_

Q
_

e e

FIG. 1: Sample diagrams for the seven-point amplitudes qg →

eν q′gg and qQ̄ → eν q′gQ̄. The eν pair couples to the quarks
via a W boson.

To speed up the evaluation of the virtual cross sec-
tion, we make use of a leading-color (large-Nc) approxi-
mation for the finite parts of the one-loop amplitudes,
keeping the exact color dependence in all other parts
of the calculation. Such approximations have long been
known to be excellent for the four-jet rate in e+e− an-
nihilation [19]. A similar approximation was used re-
cently for an investigation of W + 3-jet production [20],
which, however, also omitted many partonic subpro-
cesses. Our study retains all subprocesses. In addition,
we keep all subleading-color terms in the real-emission
contributions. In the finite virtual terms of each sub-
process we drop certain subleading-color contributions.
“Finite” refers to the ε0 term in the Laurent expan-
sion of the infrared-divergent one-loop amplitudes in
ε = (4 − D)/2, after extracting a multiplicative factor of
cΓ(ε) ≡ Γ(1+ε)Γ2(1−ε)/Γ(1−2ε)/(4π)2−ε. “Subleading-
color” refers to the part of the ratio of the virtual terms to
tree cross section that is suppressed by at least one power
of either 1/N2

c or nf/Nc (virtual quark loops). We mul-
tiply the surviving, leading-color terms in this ratio back
by the tree cross section, with its full color dependence.

For this approximation, we need only the color-ordered
(primitive) amplitudes in which the W boson is adja-
cent to the two external quarks forming the quark line
to which it attaches. Representative Feynman diagrams
for these primitive amplitudes are shown in fig. 1. Other
primitive amplitudes have external gluons (or a gluon
splitting to a Q̄Q pair) attached between the W bo-
son and the two above-mentioned external quarks; they
only contribute [21] to the subleading-color terms that
we drop. As discussed below, we have confirmed that
for W + 1, 2-jet production this leading-color approxi-
mation is valid to within three percent, so we expect cor-
rections to the W + 3-jet cross-sections from subleading-
color terms also to be small.

In addition to the virtual corrections to the cross sec-
tion provided by BlackHat, the NLO result also re-
quires the real-emission corrections to the LO process.
The latter arise from tree-level amplitudes with one ad-
ditional parton, either an additional gluon, or a quark–
antiquark pair replacing a gluon. Infrared singularities
develop when the extra parton momentum is integrated
over unresolved phase-space regions. They cancel against

number of jets CDF LC NLO NLO

1 53.5 ± 5.6 58.3+4.6
−4.6 57.8+4.4

−4.0

2 6.8 ± 1.1 7.81+0.54
−0.91 7.62+0.62

−0.86

3 0.84 ± 0.24 0.826+0.049
−0.084 —

TABLE I: Total cross sections in pb for W + n jets with
Enth-jet

T
> 25 GeV as measured by CDF [2]. The results are

compared to NLO QCD. For W + 1 and W + 2 jets, the
difference between the leading-color approximation and the
complete NLO result is under three percent. For W + 3 jets
only the LC NLO result is currently available, but we expect a
similarly small deviation for the full NLO result. Experimen-
tal statistical, systematic and luminosity uncertainties have
been combined for the CDF results.

singular terms in the virtual corrections, and against
counterterms associated with the evolution of parton dis-
tributions. We use the program AMEGIC++ [22] to
implement these cancellations via the Catani-Seymour
dipole subtraction method [23]. The SHERPA frame-
work [24] incorporates AMEGIC++, making it easy to
analyze the results and construct a wide variety of dis-
tributions. For other automated implementations of the
dipole subtraction method, see refs. [25].

The CDF analysis [2] employs the JETCLU cone al-
gorithm [26] with a cone radius R =

√

(∆φ)2 + (∆η)2 =
0.4. However, this algorithm is not generally infrared
safe at NLO, so we instead use the seedless cone algo-
rithm SISCone [27]. In general, at the partonic level we
expect similar results from any infrared-safe cone algo-
rithm. For W + 1, 2 jets we have confirmed that distri-
butions using SISCone are within a few percent of those
obtained with the midpoint cone algorithm [28].

Both electron and positron final states are counted,
and the following cuts are imposed: Ee

T > 20 GeV,
|ηe| < 1.1, /ET > 30 GeV, MW

T > 20 GeV, and Ejet
T > 20

GeV. Here ET is the transverse energy, /ET is the miss-
ing transverse energy, MW

T the transverse mass of the eν
pair and η the pseudorapidity. Jets are ordered by ET ,
and are required to have |η| < 2. Total cross sections
are quoted with a tighter jet cut, Ejet

T > 25 GeV. CDF
also imposes a minimum ∆R between the charged de-
cay lepton and any jet; the effect of this cut, however, is
removed by the acceptance corrections.

CDF compared [2] their measured W + n-jet cross sec-
tions to LO (matched to partons showers [29]) and the
then-available NLO theoretical predictions. The LO cal-
culations differ substantially from the data, especially at
lower ET , and have large scale-dependence bands. In
contrast, the NLO calculations for n ≤ 2 jets (using the
MCFM code [30], with the V +4-parton one-loop matrix
elements of ref. [4]) show much better agreement, and
narrow scale-dependence bands. See ref. [2] for details.

Our aim in this Letter is to extend this comparison
to n = 3 jets. We apply the same lepton and jet cuts
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Final remarks

The beauty and robustness of generalized D-dimensional unitarity

☺ simple method, straightforward to implement/automate

☺ for tree level amplitudes: make use general Berends-Giele
    recursion, numerically efficient (large N), general (D, spins, masses)

☺ universal method (general masses, spins) and unified approach, 
     no “special or extra” cases, no exceptions 

☺ fast: numerical performance as expected (polynomial)

☺ transparent: full control on all parts (can extract specific bits)



Maturity reached for cross-sections calculations? 
Yes, demonstrated by first explicit calculations 

(but still room for further improvements)
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(Instead of) Conclusions
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Figure 5: Accuracy for A[1],a
L (1+

q̄ , 2−q , 5+
g , 3−Q, 4+

Q̄
) amplitude for 105 randomly generated phase-

space points. The raw double precision data as well as the result of numerical improvements are
shown.

6. Conclusions

In this paper we have shown that a straightforward application of the generalized D-
dimensional unitarity method proposed in ref. [30] allows us to compute all one-loop scat-
tering amplitudes required to describe the production of a W boson in association with
three jets at hadron colliders. We observe satisfactory performance in terms of numerical
stability and required run times. We feel confident that the results of this paper provide
a solid foundation for computing the one-loop virtual corrections to the production of the
W + 3 jets in hadron collisions.

On a more general side, the current version of Rocket computes one-loop amplitudes for
processes 0 → n gluons, 0 → q̄q+n gluons, 0 → q̄qW +n gluons and 0 → q̄qQ̄QW+1 gluon.
It is straightforward to extend the program to include similar processes with the Z boson
and processes with massive quarks 0 → t̄t+n gluons. This list is a testimony to the power
of the method and indicates that the development of automated programs for one-loop
calculations may finally be within reach.
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Rocket science!

But it still must be tested in battle conditions, ie a real physical process

Eruca sativa =Rocket=roquette=arugula=rucola

Recursive unitarity calculation of one-loop amplitudes
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