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✤  Important new results for               , talks by G. Zanderighi, D. Maitre  
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Introduction

✤  Fully automated cross section calculations for LHC in SM and BSM 
             
       at the tree-level  the problem is solved 
       ALPGEN, MADGRAPH,COMIX,...                                    ,   n=3...12,...

✤  At LHC tree level  is not enough,  NLO precision is mandatory
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·
✤  This talk:   theoretical developments   on generalized unitarity

                   efficient  automatic calculation of                , n=4,...6,...20,... M (1)
n

✤  This talk: recent theoretical developments allowing for automatic
                      calculation of                , n=4,...6,...20,... 
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The  Unitarity Method: successful P-algorithm at NLO 

 

                        Bern, Dixon, Kosower (1994-…) 

     gauge theory one-loop   amplitudes   from tree amplitudes
                       review on analytic results (BDK, 2007)

     i) BDK theorem:  SUSY gauge theories have no rational parts
                            applications to N=1,N=4 SYM also multi-loops  
       ii) Impressive QCD results: e.g. e+ + e-  annihilation to four jets in NLO (1998)
          
           series of nifty tricks: analytic results, only four-dimensional states on cut lines, spinor helicity formalism, 
              rational part is obtained from  soft and collinear limits,  triple cuts, SUSY identities etc.     

DIFFICULTIES in QCD applications

     i)  Reduction of cut tensor integrals  (Passarino-Veltman,Neerven-Vermaseren) 
     ii) The cut lines are treated in four dimensions (no rational parts)
    iii) Only double cuts have been applied.  Usefulness of triple cut.                                                            
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An = Acut−constructible +R
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∑
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∑
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cn,jImIj
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Constraints from Unitarity: M† −M = −iM†M

* factorization structure on the cuts

* discontinuity given by tree amplitudes

* how to get the real part?    program in the 1960’s  faltered

* how to get  the coefficients        efficiently?cj
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polynomial terms extracted by calculating cuts in D = 4− 2ε dimensions

An = Acut−constructible +R

5

 

van Neerven (1986), Bern, Morgan (1995), Bern, Dixon, Kosower (1996), Dixon Tasi95

εIt appeared to be  a hard task to get the full       dependence of 

Constraints from Unitarity: M† −M = −iM†M

Imaginary part from tree amplitudes, iterative in coupling
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Towards systematic treatment

                                       INSPIRATION FROM TWISTOR FORMULATION  
                                        
                                          (Witten, 2003, Santa Barbara Workshop 2004)

   i) Generalized unitarity , complex four momenta (Britto, Cachazo, Feng)

    ii) New tree level recursion relations (Britto,Cachazo, Feng, Witten)

    iii) New loop level recursion relations for rational parts (Bern, Dixon, Koswer, …)

   iv) Reduction with spinor integration in D=4 (Britto, Cachazo, Feng, Mastrolia).
 
   v) Reduction with spinor integration (scalars in the loop) in D-dimension
                                                                       ( Anastasiou, Britto, Feng,   Kunszt, Mastrolia)           

      2006:  formalism is ready for numerical implementations !
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Mainz 04/04/ '08 7

  Decomposing  one-loop N-point amplitudes in terms 
                   of   master integrals 

FDHS scheme: coefficients d and c   are independent from ε

Rational part is generated by the order ε  part of bij
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 New powerful alternative approaches 

                                                NEW  REDUCTION METHODS :  
                               Aquila, Ossola, Papadopoulos, Pittau ,2006,HP2

                        an alternative to Passarino-Veltman (1979) reduction 
                                          
                                            

•  systematic algebraic reduction  at the integrand level

•  integrand is decomposed by partial fractioning 
    into linear combination of terms with  4-,3-,2,-1 denominator factors

•  numerical implementation is based on Feynman diagrams
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 New powerful alternative approaches 

                                         ALTERNATIVE  IMPLEMENTATION :  
 
  OPP reduction allows efficient numerical implementation of calculating loop  
  amplitudes from tree amplitudes :  cut-constructible part of the 6-gluon 
  power low increase of the computer time  (Ellis  Giele,  Kunszt, 2007). 
 

                UNIFIED  METHOD FOR CALCULATING THE  CUT-CONSTRUCTIBLE  AND RATIONAL PARTS:

 
      To get the rational parts we need to use tree amplitudes in D=6,8
      integer dimensions with four and five dimensional complex cut loop momenta

                                                     ( Giele,  Kunszt,  Melnikov 2008) 
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 Four independent numerical implementations 

         1)  Rocket (Fortran 90)             (Ellis, Giele, Melnikov, Zanderighi, Kunszt)  
                many gluons, t+tbar+3gluon, q+qbar+(W )+n-gluon, q+qbar+Q+Qbar+W+1gluon

          2)  Black Hat (C++)         (Berger,Bern,Dixon, Febres Cordero, Forde, 
                                                                                                           Gleisberg,Ita, Kosower, Maitre)                   
               many gluons, q+qbar+W+3gluon (leading color), q+qbar+Q+Qbar+W+1gluon (leading color)

       3)  Lazopoulos   (C++)  many gluons
                      

     4)  Giele, Winter   (C++)  many gluons
                      

     5)  van Hameren, Papadopoulos, Pittau   (C++)  Feynman  diagram based
                      

All the four codes implemented OPP  and D-dimensional unitarity for the rational part
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                   The unintegrated one-loop amplitude  is linear combination of  
                        quadro-, triple-,double-,single-pole and polynomial terms 

OPP method to determine the coefficient of scalar integrals
          in D=4 dimension in terms of tree amplitudes

partial decomposition for the integrand 
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  Parameterization of the loop momentum

The loop momenta is decomposed in terms of VN basis vectors

vµ
i (k1, . . . , kDP ) ≡

δ
k1...ki−1µki+1...kDP
k1...ki−1kiki+1...kDP

∆(k1, . . . , kDP )
, δµ1µ2···µR

ν1ν2···νR
=

∣∣∣∣∣∣∣∣∣

δµ1
ν1

δµ1
ν2

. . . δµ1
νR

δµ2
ν1

δµ2
ν2

. . . δµ2
νR

...
...

...
δµR
ν1

δµR
ν2

. . . δµR
νR

∣∣∣∣∣∣∣∣∣

,

Gram-determinant

Van Neerven-Vermaseren: reduction at the integrand level

vipj = δij
ni, nipj = 0

 we define:      a set of dual momenta      ,
 and          :      a set of orthogonal unit vectors                                                              

vi
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AN (l) =
∑

1≤i1<i2<i3<i4≤N

di1i2i3i4(l)
di1di2di3di4

+
∑

1≤i1<i2<i3≤N

ci1i2i3(l)
di1di2di3

+
∑

1≤i1<i2≤N

bi1i2(l)
di1di2

+
∑

1≤i1≤N

ai1(l)
di1
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18 structures  but only    3 non-vanishing integrals

Parametrization of the numerators

parametric integral over the loop momentum 

dijkl(l) ≡ dijkl(n1 · l) = dijkl + d̃ijkl s1 , si = ni · l

cijk(l) = c(0)
ijk + c(1)

ijks1 + c(2)
ijks2 + c(3)

ijk(s2
1 − s2

2) + s1s2(c
(4)
ijk + c(5)

ijks1 + c(6)
ijks2)

bij(l) = b(0)
ij +b(1)

ij s1+b(2)
ij s2+b(3)

ij s3+b(4)
ij (s2

1−s2
3)+b(5)

ij (s2
2−s2

3)+b(6)
ij s1s2+b(7)

ij s1s3+b(8)
ij s2s3
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∫
[d l]

dijkl(l)
didjdkdl

=
∫

[d l]
dijkl + d̃ijkl n1 · l

didjdkdl
= dijkl

∫
[d l]

1
didjdkdl

= dijklIijkl ,
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Scalar integrals:     QCD package (Ellis, Zanderighi)
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loop momenta on the cut      

3. Double cut, infinite number  of solutions (on a “sphere”)

1. Quadrupole  cut      di=dj=dk=dl=0 (two solutions)

2. Triple cut,  infinite number of solutions  (  on a circle circle )

Complex valued loop momenta

dj = 0
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The parameters   are fixed   by  linear algebraic equations 

generalized unitarity:  the residues are taken with  (complex)  “cut loop momenta”  

di=dj=dk=dl=0

di=dj=dk=0

di=dj=0

two solutions

infinite # of solutions

infinite # of solutions

 unitarity: the residues factorize into  the products  of tree amplitudes

 we fully reconstruct the integrand in terms of   product of tree amplitudes  

 in combination with the       factors and denominator factors, no Feynman diagramssj
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The box residue 

=
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                           Two sources of D-dependence (Bern, Dixon, Kosower, Wang,01.01.00) 
  
 i) spin-polarization                             ii) loop momentum component  live in  D.
     states  live in Ds  .                               (Ds>D)
                                                                     

   Unitarity in D-dimension: uniform treatment of
   the cut constructible and rational parts (GKM)

Ds We can calculate the      dependence before carrying out the integral over 
 the loop momentum
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N (l) = N (l̃, µ), l2 = l̃2 − µ2

NDs(l) = 2(Ds−4)/2N0(l)

19

Two key features

 Choose two integer values  Ds  = D1  and Ds = D2 to reconstruct the full Ds     
dependence.        

 Suitable for numerical implementation
  Ds=4-2ε  ‘t Hooft Veltman scheme, Ds=4   FDHS (Bern, Koswer)
  for closed fermion loops 

 maximum 5 unitarity  constraints:   pentagon cuts

Dependence on  Ds   is linear 

The loop momentum effectively has only 4+1 component

D = 4− 2εD < Ds   Loop integrals are  in                      dimensions                     

full        dependenceDs
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OPP reduction is well defined for any integer 
                      and           dimensions Ds D

20

D = 4− 2ε•  We need to carry out the analytic continuation to                          only at the evaluation 
    of the scalar integral functions.

•  In       dimensions the loop momenta allow for 

                         i)  penta poles,  
                         ii) new structures in the numerators 
                        iii) four new non-vanishing integrals

D

N (Ds)(l)
d1d2 · · · dN

=
∑

[i1|i5]

e(Ds)
i1i2i3i4i5

(l)
di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3

(l)
di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)
di1di2

+
∑

[i1|i1]

a(Ds)
i1

(l)
di1

.
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New structures and new integrals

e(Ds)
ijkmn(l) = e(Ds,(0))

ijkmn

b
FDH
ij (l) = . . . + b(9)

ij s2
e
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no new scalar integrals

d
FDH
ijkn (l) = d(0)

ijkn + d(1)
ijkns1 + (d(2)

ijkn + d(3)
ijkns1)s2

e + d(4)
ijkns4

e, two new scalar integrals

cFDH
ijk (l) = . . . + c(7)

ijk s1 s2
e + c(8)

ijk s2 s2
e + c(9)

ijks2
e, one new scalar integrals

one new scalar integrals

s2
e = −

D∑

i=5

(l · ni)2 = −
D∑

i=5

(l̃ · ni)2
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RN = −
∑

[i1|i4]

d(4)
i1i2i3i4

6
+

∑

[i1|i3]

c(7)
i1i2i3

2
−

∑

[i1|i2]

(
(qi1 − qi2)2

6
−

m2
i1 + m2

i2

2

)
b(9)
i1i2

,
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One-loop amplitudes up to terms of order ε  

One loop amplitudes as sum of cut-constructible and rational parts:

The cut constructible part is as before (EGK):

The rational  part is new  (GKM):
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ē(Ds)
i1···i5(!) = Resi1···i5

[
A(Ds)

N (!)
]
≡ di1(!) · · · di5(!) A

(Ds)
N (!)

∣∣∣
di1 (!)=···=di5 (!)=0

Resi1···iM

[
A(Ds)

N (!)
]

=
Ds−2∑

{λ1,...,λM}=1

{
M∏

k=1

M(0)
(
!(λk)
ik

; pik+1, . . . , pik+1 ;−!
(λk+1)
ik+1

)}

!ik = ! + qik − qiM}M(0)
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The residues  are sum over  the products  of tree amplitudes 
                            in D=6 and 8 dimensions

li

lj

lk

lm

ln

  the residues are products of tree amplitudes of        dimensions 
  with  complex on-shell D=5 loop momenta       summed over helicitiesl

Ds

sum is over internal polarization states
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Numerical evaluations of many gluon  amplitudes  

• Choose D1=5  and D2=6:

 
• colorless primitive  amplitudes are calculated with colorless Berends-Giele recursion 

relations in    Ds1 and Ds2 dimensions;
• numerical  evaluation  in maple (GKM,6g) 
• and in ROCKET (W. Giele,G. Zanderighi,20g)

    Tests,   CPU  time (      ), numerical stability

     i) known analytic results (Bern,Dixon,Kosower,)
     ii) known  semi-numerical results (IBP) (Ellis, Giele,  Zanderighi)
     iii) soft, collinear limits
     iv) results by Black Hat,  Lazopoulos;   Giele, Winter
    

N9
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 D-dimensional unitary algorithm     for  
massive fermions (EGKM)

               Application to ggtt and gggtt  

• We have to choose  even 
values for Ds 

• Pentagon, box, triangle ,bubble and tadpole cuts 

• The treatment of bubble and tadpole cuts is more subtle: 
       i)  light-like bubbles, tadpoles
      ii)  (1,n-1) partitioning of the n-legs has to be included
            unitarity has difficulty with self-energy insertions on external legs

• Particles of different flavors: more sophisticated bookkeeping
   
• Color and “flavor ordered”  primitive amplitudes 

• More master integrals  (use  QCDLoop,   Ellis, Zanderighi)
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Γ0 =
(

γ0 0
0 γ0

)
, Γi=1,2,3 =

(
γi 0
0 γi

)
, Γ4 =

(
0 γ5

−γ5 0

)
, Γ5 =

(
0 iγ5

iγ5 0

)
.

u(s)(l,m) =
(lµΓµ + m)√

l0 + m
η(s)

Ds
, s = 1, . . . , 2Ds/2−1 . η(1)

4 =





1
0
0
0



 , η(2)
4 =





0
1
0
0



 ,

gamma-matrices in Ds = 4

gamma-matrices in Ds = 6

in Ds = 6, they are constructed recursively

ū(s)(l,m) = η̄(s)
Ds

(lµΓµ + m)√
l0 + m

Dirac spinors in Ds dimensions

conjugate spinors:

lµ is not conjugated

in Ds = 4 :

η(1)
6 =

(
η(1)
4

0

)
, η(2)

6 =
(

η(2)
4

0

)
, η(3)

6 =
(

0
η(1)
4

)
, η(4)

6 =
(

0
η(2)
4

)
.
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 Dirac spinors  in 6 dimensions

{γ0, γ1, γ2, γ3, γ5}
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∫
dDl

(iπ)D/2

s2
e

di1di2di3di4

= −D − 4
2

ID+2
i1i2i3i4

,

∫
dDl

(iπ)D/2

s4
e

di1di2di3di4

=
(D − 2)(D − 4)

4
ID+4
i1i2i3i4

,

∫
dDl

(iπ)D/2

s2
e

di1di2di3

= − (D − 4)
2

ID+2
i1i2i3

,

∫
dDl

(iπ)D/2

s2
e

di1di2

= − (D − 4)
2

ID+2
i1i2

.

lim
D→4

(D − 4)
2

I(D+2)
i1i2i3i4

= 0,

lim
D→4

(D − 4)(D − 2)
4

I(D+4)
i1i2i3i4

= −1
3
,

lim
D→4

(D − 4)
2

I(D+2)
i1i2i3

=
1
2
,

lim
D→4

(D − 4)
2

I(D+2)
i1i2

= −
m2

i1 + m2
i2

2
+

1
6

(qi1 − qi2)
2 .
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The  full    -dependence is trivially obtainedε
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Res
[
A[1](t, g1, . . . , gn, t̄)

]
∼

∑

states
A[0](t, g∗, t̄∗)×A[0](t∗, g∗, g1, . . . , gn, t̄) ,

A[0](t∗, g∗, g1, . . . , g! , t̄) =
R(t∗, g∗, g1, . . . , g! , t̄)

(p ∗ + p " ∗)2 −m2
 

+ B(t∗, g∗, g1, . . . , g! , t̄).
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Self-energy on external massive fermion leg

For massless line: vanishing contributions

Tree amplitude on the right hand side is not
 well defined
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Self-energy contribution,  gauge invariance
and  generic conflict with unitarity

Feynman diagram calculation:  

    i) one particle reducible self-energy corrections on external legs are  discarded

    ii) Their effects are included by  wave-function renormalization constants ( Z2 )

Follow the same path: 
    i) discard the term in the tree amplitude generating one particle reducible diagrams
                    BG recursion relations can accommodate it by truncating the recursive steps
    ii) It is  taken into account  by adding later  wave function renormalization
                    The remaining part of the amplitude (B) is not gauge invariant   
     iii) The gauges used to calculate Z2   and  B must be the same

It mildly violates “unitarity ”: 
sum over non-physical states

discard
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Numerical evaluation of the primitive amplitudes  
for ttgg and ttggg

 i)  Born primitive amplitudes are calculated using BG recursion   

tadpole cuts: N+1,N+2 leg tree amplitudes

 ii)   calculate renormalized one loop primitive amplitudes

Z2, Zm factors +  mass counter term diagrams (restores gauge invariance)

iv)  Master integral input from QCDLoop

INPUT

iii)  test:  correct soft collinear limits,  + traditional calculation
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  tree and loop primitive amplitudes Results for the

Computer time for ggtt  to gggtt scales the same way as in case of only gluons

Fortran77 code, CPU with N^9 low
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Comment on color treatment

 Tree level:   
                    BG recursion relations for colorless ordered amplitudes
                    different color basis (T-basis, F-basis, mixed basis, color-flow basis
  
                    recursion relations for color dressed amplitude

 One loop: 
                    Decomposition to color and flavor ordered partial amplitudes
                      It becomes cumbersome for increasing number   of flavor 
                   
                     Use of color dressed tree amplitudes in generalized
                     unitarity?
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Comment on color treatment

q̄

q

W

g3

gm

gm+1

gn

q̄

q

W

g3

gm

gm+1

gn

Q

     

Parent diagrams for primitive amplitudes
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Parent diagrams for four quarks 
proliferation of ordered partial amplitudes

q̄ q

Q Q̄

Q′ Q′

W
     

q̄ q

Q Q̄

q q
W

b)

q̄ q

Q Q̄

Q Q

W

c)

q̄ Q

q Q̄

q Q
W

a)

Closed fermion loop

less then 5 propagators
in the loop
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Concluding remarks 

✤  We know how to calculate the real part of an amplitude from
    the imaginary part using generalized unitarity at one-loop order
    for any quantum field theory. 

✤  Cut-constructible part and rational part is treated uniformly

✤  A significant number of one-loop virtual amplitudes are implemented
    in F90 program set (Rocket, see talk of Giulia). 
    First results for W+3jet cross-sections are encouraging

✤ The Rocket and Black Hat :  can be developed to    fully automated NLO  
    generators for SM  and BSM  up to 7 (?) leg processes 

✤ Generalized unitarity appears to be well suited to developed
    general, fully automated user friendly NLO codes ( NLO
    extensions of ALPGEN, MADGRAPH,COMIX, etc.)
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Outlook

✤  improve the speed of the codes 

✤  improve the level of automation

•     Efficient automated phase space integration

•      Automation of real emission: dipole subtraction    (SHERPA)
   
•      Explore other approaches for automated
                            subtraction schemes for real emission (POWHEG)

•      Explore the use of color-dressed amplitudes            
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