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Introduction

¢* Fully automated cross section calculations for LHC in SM and BSM

at the tree-level the problem is solved
ALPGEN, MADGRAPH,COMIX,... do'9 ~ [MV|?d®, 5, n=3...12,...

¢* At LHC tree level is not enough, NLO precision is mandatory

do) ~ |MO 124, 5 +Re(MOTMM)dd, o) M

n+1 ‘qu)n—l

¢* This talk: theoretical developments on generalized unitarity

o efficient automatic calculation of MY  n=4,...6,...20,...

¢ Important new results for  do'! | talks by G. Zanderighi, D. Maitre
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The Unitarity Method: successful P-algorithm at NLO

Bern, Dixon, Kosower (1994-...)

gauge theory one-loop amplitudes from tree amplitudes
review on analytic results (BDK, 2007)

1) BDK theorem: SUSY gauge theories have no rational parts
applications to N=1,N=4 SYM also multi-loops
i) Impressive QCD results: e.g. e* + e~ annihilation to four jets in NLO (1998)

series of nifty tricks: analytic results, only four-dimensional states on cut lines, spinor helicity formalism,
rational part is obtained from soft and collinear limits, triple cuts, SUSY identities etc.

DIFFICULTIES in QCD applications

1) Reduction of cut tensor integrals (Passarino-Veltman,Neerven-Vermaseren)
i) The cut lines are treated in four dimensions (no rational parts)
i) Only double cuts have been applied. Usefulness of triple cut.
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Constraints from Unitarity: M" - M = —iM™M

one loop __ T one loop __ . .
AY = g Cn.iL; ImA; —= g Cpn, ;ImZ;

J J

An — Acut—constructible + R

* factorization structure on the cuts
* discontinuity given by tree amplitudes
* how to get the real part? program in the 1960’s faltered

* how to get the coefficients C; efficiently?
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Constraints from Unitarity: M" - M = —iM™M

4 G=p 1
Imaginary part from tree amplitudes, iterative in coupling R i -
+ | E |
S : b
An — Acut—constructible + R 3 : )
%_P—h—@

-i Disc A4(1,2,3.4)

polynomial terms extracted by calculating cuts in D = 4 — 2¢ dimensions
van Neerven (1986), Bern, Morgan (1995), Bern, Dixon, Kosower (1996), Dixon Tasi95

It appeared to be a hard task to get the full € dependence of
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Towards systematic treatment

INSPIRATION FROM TWISTOR FORMULATION

(Witten, 2003, Santa Barbara Workshop 2004)

1) Generalized unitarity , complex four momenta (Britto, Cachazo, Feng)

ii) New tree level recursion relations (Britto,Cachazo, Feng, Witten)

i) New loop level recursion relations for rational parts (Bem, Dixon, Koswer, ...)
Iv) Reduction with spinor integration in D=4 (gritto, Cachazo, Feng, Mastrolia).

v) Reduction with spinor integration (scalars in the loop) in D-dimension

( Anastasiou, Britto, Feng, Kunszt, Mastrolia)

2006: formalism is ready for numerical implementations !
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Decomposing one-loop N-point amplitudes in terms
of master integrals

AN(]?17P27 Ce 7pN) — Z Aiyigiziy (p17}727 ‘e JpN)[i1i2i3’i4

1< <1o<i3<t4 <N

_|_ Z CiliZiS <p17p27 cce 7pN)]i1’i2i3

1<11<i2<13<N
+ Z biliQ (p17p27 SR 7pN)]7}1i2
1<11 <12 <N
+ Z ai, (P1, P2, -, PN )1,
1<i1 <N

1
I /dl

\

Z
An({pi}) = Z diligigi%_k—k Z Civinis + Z bi.i, >©<

FDHS scheme: coefficients d and ¢ are independent from ¢

Rational part is generated by the order ¢ part of b;
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New powerful alternative approaches

NEW REDUCTION METHODS :
Aquila, Ossola, Papadopoulos, Pittau ,2006,HP2

an alternative to Passarino-Veltman (1979) reduction

e systematic algebraic reduction at the integrand level

e integrand is decomposed by partial fractioning
into linear combination of terms with 4-,3-,2,-1 denominator factors

e numerical implementation is based on Feynman diagrams
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New powerful alternative approaches

ALTERNATIVE IMPLEMENTATION :

OPP reduction allows efficient numerical implementation of calculating loop
amplitudes from tree amplitudes : cut-constructible part of the 6-gluon
power low increase of the computer time (Elis Giele, Kunszt, 2007).

UNIFIED METHOD FOR CALCULATING THE CUT-CONSTRUCTIBLE AND RATIONAL PARTS:

To get the rational parts we need to use tree amplitudes in D=6,8
integer dimensions with four and five dimensional complex cut loop momenta
( Giele, Kunszt, Melnikov 2008)
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Four independent numerical implementations

1) Rocket (Fortran 90) (Ellis, Giele, Melnikov, Zanderighi, Kunszt)
many gluons, t+tbar+3gluon, g+gbar+(W )+n-gluon, g+gbar+Q+Qbar+W+1gluon

2) Black Hat (C++) (Berger,Bern,Dixon, Febres Cordero, Forde,
Gleisberg,lta, Kosower, Maitre)

many gluons, g+qgbar+W+3gluon (leading color), g+gbar+Q+Qbar+W+1gluon (leading color)

3) Lazopoulos (C++) many gluons

4) Giele, Winter (C++) many gluons

All the four codes implemented OPP and D-dimensional unitarity for the rational part

5) van Hameren, Papadopoulos, Pittau (C++) Feynman diagram based

10
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OPP method to determine the coefficient of scalar integrals

iIn D=4 dimension in terms of tree amplitudes

The unintegrated one-loop amplitude is linear combination of
quadro-, triple-,double-,single-pole and polynomial terms

partial decomposition for the integrand

N(p17p27°"7pN;l) —
dldQ"'dN

Z isinizia (1) | Z Cirinis (1) | Z bivi, (1) | Z a;i, (1)
d;, d;,d;.d;, d;, d;,d;., d;, d;, d;,

1<11<10<13<14a <N 1<11<19<13<N 1<11<1o<N 1< <N

An(p1,p2,...,pN: 1) =

11
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Parameterization of the loop momentum

The loop momenta is decomposed in terms of VN basis vectors

we define: a set of dual momenta v; , v;p; = d;;

and : a set of orthogonal unit vectors 7., n;p; =0
Dp 1 Dy 1 Dp
P =VEEY S(d-di)u ) i, V=2 Y (@ -md) — (g - mip) ol
1=1 1=1 =1

oL oHr o o1
kl---ki—lﬂki—|—1---kDp Y1 V2 YR
ol (k... k) = —biakib ko gz p
i g ¢ o o g P A(kl’ ’kD ) Y ViV 'UR : : : 9
o P . . .
G SHR  SHR SHR
(Gram-determinant ) Y1 72 VR

Van Neerven-Vermaseren: reduction at the integrand level

12
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Parametrization of the numerators

Aiyinigis (1) Ciyinis (1) biyiy (1) a;, (1)
Av(l)= Y dddd+z ;dd+2 szad.

1<i1 <io<iz<ig <N 23T 1 <G <ig<ig <N UL 3 1<ii<ia<N 1

parametric integral over the loop momentum

18 structures but only 3 non-vanishing integrals

Ez’jkl(l) = Ez’jkl(n A1) = diji + Jz‘jkz 51 7

eielD) = e+ o + e + <27 — )+ sr5a(ellL T oo + o)

bi;(l) = bz(-;-))+b§;)81+b§?)82+b§§-’)83+b$)(8% )+ b( )(32—33) b( s 32+b( >5133+b( ) 8983
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d; 51 (1) / diitl + CZ@ R/ / 1
/[ | d;d;drd, 1 d;d;drd, gkt [ 141} d;d;dyd; JRUZiTRL

Scalar integrals: QCD package (Eliis, Zanderighi)

14
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loop momenta on the cut

1. Quadrupole cut d;=d;=d,=d=0 (two solutions)

W=V, 4+ ainf
Complex valued loop momenta

li=V4”:|:i\/V42—ml2 X nf
2. Triple cut, infinite number of solutions ( on a circle circle )

M = V3“ - ozlnff - agng

.2 2 __ 2 2
oo, =Vi +ain] +aony; af +a5 = —(V5 —my)

3. Double cut, infinite number of solutions (on a “sphere”)

H = V2“ — ozln/f — ozgng’ - agng

.0 2 2 _ 2 2
I8 s =V2“—I—a1nﬁlb—|—a2ng—|—a3ng, ai + a5+ a5 = —(V5 —mj) :

15
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The parameters are fixed by linear algebraic equations

generalized unitarity: the residues are taken with (complex) “cut loop momenta”

Ez’jkl(” — F\)eS@'jkl (»AN(l)) di=dj=dk=d|=0 two solutions

d;i (1
cijk(l) = Res;, | Anv(l) — Z it (D) di=d;=d,=0 infinite # of solutions

did;dy.d
14,5,k
bi;(1) = Res;; | An (D) — Z cgr() 1 Z dijrn(D) | d=d:=0
ki j didjdy, 2} bl did;dy.d; infinite # of solutions

unitarity: the residues factorize into the products of tree amplitudes

we fully reconstruct the integrand in terms of product of tree amplitudes

in combination with the S; factors and denominator factors, no Feynman diagrams
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The box residue

ReS2346 («46(li)) — Mio)(lé; P1, P2, —l§) X Méo)(lf; P3, —lgi)M:(gm(lf; P4, _lic)

X/\/lgo)(lf; D5, D6 —lg) = dy(l) = diyw + dijul - na

Pa P4
l3=1+p;+pz+ps
} Res; ki (-AN(Z+)) + Res;jn (AN(l_))
l=1+p;+p2 dekl —
2
1,=1+p;+pat+ps+p,

i p Res; i (AN(Z+)) — Res;ji (AN(l_))

= ikl —

- 21 \/ V42 - ml2
Pz P1 Pe Ps
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Unitarity in D-dimension: uniform treatment of

the cut constructible and rational parts (GKM)

Two sources of D-dependence (Bern, Dixon, Kosower, Wang,01.01.00)

i) spin-polarization if) loop momentum component live in D.

states live in D, N;I:)
AP0 NP ({pi}, {10

Ay D) = [ 2 sp g =

We can calculate the s dependence before carrying out the integral over
the loop momentum

Ds—2
- D@y — _(Ds) o uby A buly
@; €L (Dex’ (1) = 9guv | b .

D
P=F-P=1-15-15-12-Y 1
1=5
18
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Two key features

Dependence on D, is linear

N(DS)(Z) = No(l) + (Ds — 4)N71(1) full D, dependence

Choose two integer values D, =D, and D, = D, to reconstruct the full D

dependence.
Suitable for numerical implementation
D_=4-2¢: ‘t Hooft Veltman scheme, D.,=4 FDHS (Bern, Koswer)

for closed fermion loops N7 (1) = 2(P==1/2 N (1)

The loop momentum effectively has only 4+1 component

~ ~

N =N(,p),  1P=1"—p

maximum 5 unitarity constraints: pentagon cuts

Loop integrals are in D < . dimensions [) — 4 — 2¢

19

Wednesday, April 1, 2009



e We need to carry out the analytic continuation to ) = 4 — 2¢ only at the evaluation
of the scalar integral functions.

e In D dimensions the loop momenta allow for

i) penta poles,
i) new structures in the numerators
iii) four new non-vanishing integrals

N(DS)(Z) o Z _i3223i4D+ Z d§5223@4(l)

d1d2 ’ dN (i1 |is] dzld d d oA z1d di3di4
E(Ds) pLps ) =(Ds )
4 [Z|:] B 15 3d 4 Z 1112 _I_ Z 1

20
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New structures and new integrals

Egﬁ*‘;}m(l) 555;53” no new scalar integrals

—FDH 0 1 2 (4) :
dijn (1) = di5), +di 1051 @ 9>< Se +D two new scalar integrals
cFDH () W% X CU% 4 ngi = one new scalar integrals

_ (9) .2
bi; (1) =...+b; s,

one new scalar integrals

Zl n;)? = Z(Tnz)2

1=9 =95

21
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One-loop amplitudes up to terms of order ¢

One loop amplitudes as sum of cut-constructible and rational parts:
CcC
Ay = Ay~ + Ry
The cut constructible part is as before (EGK):

cC _ g0 4=2¢) 0)  yl4- 26) pl0) yl4- 26) (0) (4 26)
AN T Z 21122324 212223Z4+Z 212213 111223 Z 7,1”&2 2122 Z

[i1]ia] [i1]i3] [i1]i2] i1=1

The rational part is new (GKM):

(4) A7)

d. G, — 0i)> i M o)
_ z1%2@3%4 212213 o 11 12) Ty 12
Ry = - 3 e 3 S 3 (g 7)o

[’i1|i4] ’I,1|7,3 ’L]_|'LQ

22
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The residues are sum over the products of tree amplitudes

In D=6 and 8 dimensions

P2 (1) = Res;, ... [A%?S)(e)] = d; (0) - di, (0) AL ()

?;1”’?/5

diy (£)=--=d;, (£)=0

the residues are products of tree amplitudes of D, dimensions
with complex on-shell D=5 loop momenta/! summed over helicities

Dgs—2

M
Resil...iM [Ag\?s)(f)} — Z { H M(()) (fz(.:k);pik+1, cee s Pigyqs _éii‘fjﬂ) }
k=1

(A1, A t=1

sum is over internal polarization states

bi, =L+ G, — Qipy

23
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+ Choose D,=5 and D,=6: AP =245 p.—s5) — A(p.D.—6)

colorless primitive amplitudes are calculated with colorless Berends-Giele recursion
relations in D¢, and Dy, dimensions;

 numerical evaluation in maple (GKM,6g)
 and in ROCKET (W. Giele,G. Zanderighi,20g)

Tests, CPU time ( v° ), numerical stability

1) known analytic results (Bern,Dixon,Kosower,)

i) known semi-numerical results (IBP) (Ellis, Giele, Zanderighi)
iii) soft, collinear limits
Iv) results by Black Hat, Lazopoulos; Giele, Winter

24
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D-dimensional unitary algorithm

massive fermions eckw)

Application to ggtt and gggtt

« We have to choose even AFDH

values for D,

 Pentagon, box, triangle ,bubble and tadpole cuts
 The treatment of bubble and tadpole cuts is more subtle:
i) light-like bubbles, tadpoles
if) (1,n-1) partitioning of the n-legs has to be included
unitarity has difficulty with self-energy insertions on external legs
« Particles of different flavors: more sophisticated bookkeeping

 Color and “flavor ordered” primitive amplitudes

 More master integrals (use QCDLoop, Ellis, Zanderighi)

for

— 2~A(D,D8=6) - -A(D,DS=8)

25
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Dirac spinors in 6 dimensions

gamma-matrices in Dy =4 {7°,7', 7%, 4%, 7"}

0 , i
gamma-matrices in Dy =6 T = ( 9 ) , Db = ( 70 O,L. ) , I = ( _05

070

Dirac spinors in Dy dimensions

(ZMF'“ - m) (s)

(1) _

u'® (I,m) =

Vig+m 77

5217"'72DS/2_1' iIlD3:4I Ny =

in Dy, = 6, they are constructed recursively

OB NONN s )
6 0 9 6 O ) 6 T]

conjugate spinors:

a'®) (1, m) =

_(s) (Z/J,F'u + m)
Dl m

[,, 1s not conjugated

oo O =

26
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The full € -dependence is trivially obtained

/ 47 Sg — _H[D—FZ
(im)D/2 d;, d;, d; d;, — o tivizigia)
/ dP1 s4 B (D—2)(D—4)1D+4
(iW)D/Q dil dz'2 diB d@'4 o 4 119213%4
/ dPj 5° __(D—4)[D+2
(ZT‘-)D/2 dil dig d’ig o ) 111213
/ dP1 sg ——(D_4)ID+2
(iW)D/Q d;, d;, N 9 1112
11)1214 ) ]i1i2i3i4 — 07
i Q=902 o0 _ 1
D—4 4 11121374 37
i (P =4 o 1
D—4 ) 111213 27
. (D —4) (D42 m2 +m2 1 .
élgll 2 [’L'(1i2 ) = —— 9 = =+ 6 (QM - QZQ) .
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Self-energy on external massive fermion leg

For massless line: vanishing contributions

Tree amplitude on the right hand side is not
well defined

Res [A[l](tagla"'agnvf)} ~ Z A[O](t7g*7t_*) X A[O](t*ag*agla'ﬂagnai) )

states

R(t*, 9", 91,...,9 1)
AN g gy, g 1) = g 070 T 0 L B g g1, ..., g 1)
(", 9" 5 g ,t) (prtp-)?—m? (", 9" 9 g ,t)

28
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Feynman diagram calculation:
i) one particle reducible self-energy corrections on external legs are discarded

ii) Their effects are included by wave-function renormalization constants ( Z, )

Follow the same path:

i) discard the term in the tree amplitude generating one particle reducible diagrams
BG recursion relations can accommodate it by truncating the recursive steps

if) It is taken into account by adding later wave function renormalization
The remaining part of the amplitude (B) is not gauge invariant

i) The gauges used to calculate Z, and B must be the same

It mildly violates “unitarity : ya ] ya

sum over non-physical states W {j" i ‘K:; ::"

discard

29
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Numerical evaluation of the primitive amplitudes
for ttgg and ttggg

INPUT

1) Born primitive amplitudes are calculated using BG recursion

tadpole cuts:  N+1,N+2 leg tree amplitudes

i) calculate renormalized one loop primitive amplitudes

Z,, Z., factors + mass counter term diagrams (restores gauge invariance)

lii) test: correct soft collinear limits, + traditional calculation

Iv) Master integral input from QCDLoop

30
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Results for the

tree and loop primitive amplitudes

Computer time for ggtt to gggtt scales the same way as in case of only gluons

Amplitade

tree

"nn

P

-+, +;\—j{- +4 +’|

~QL0O533-0.000137 3

Q58414446 530025 1

51.850046.543042

+i =ty T8.—a. s

-0.004540 + 0018665 1

19.65912-11.77003

[0

23.00306-9.699554 1

+& e, —3. +4, =5

O.0017264 0011201

A3 00001832717 3

23T 3112701 3

+i —ty—3, +4.+5

tiota, e tg s

0045786 + 0.010661 1

0000152 + 0.001369 1

22.84042-6.540607 1

G.517260-1.277070 1

23.03114-7.313041 3

1937656+ 7.562101 1

+i& +a, —e, —4, +x

(LIMGTAGH-0DGI2D i

19 AAD097- 7630166 1

A2 0936100 3

(3t Tl o Bl o Pl

0019275 -0.0732138 1

1531910 -3.92754496 3

15.176306-2.102303 1

+5 —a, —¢. +4, +5

.01R203-0.111312 3

2A AN+ 1431566 1

24. 7000241018096 3

& +3, g e s

OLODUGO-O. 001377 3

1:3.138534—6.15TIM3 1

TOABTIE413. 83007 1

+iota, —4. e+

-0.047190-0.021516 1

23.00530 -2,163567 1

22,9056095-4.284617 1

+i —a, ta.Fre—x

O.0151104+0.063118 1

IAGA208 T 800501 3

1350273 8018127 1

M

+i —a,+4,—¢.+5

b ba, basbsete

=0, 0488004+ 0.112645 1

-0.000252 1 0.000144

21.77602+4 2078051 3

L|-10.85085 1 45.20276  1|-O8.81384 1 5281712 |

22.527344+1.424451 1

e o et

LDOSON23+0IKISSTT

2394447342 862220 i

20,2683 0068026 4

+io—a, 4,5+

0.000561-0.004105 i

=2 087224200045

-3.834451-43.67102 3

+i —a,+4.+n.—2

Q0.021216- 0011991 3

19.72005-2.120128 3

2001006 1681731 1

ety e —

Fortran77 code, CPU with N*9 low
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Comment on color treatment

Tree level:
BG recursion relations for colorless ordered amplitudes
different color basis (T-basis, F-basis, mixed basis, color-flow basis
recursion relations for color dressed amplitude

One loop:

Decomposition to color and flavor ordered partial amplitudes
It becomes cumbersome for increasing number of flavor

Use of color dressed tree amplitudes in generalized
unitarity?

32
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Comment on color treatment

Parent diagrams for primitive amplitudes

q gm+1 gm+1
adm ° dm °

o -] Q (-

° ° ° °

o o (- o

° ° °
g3 ° gs °

gn gn

33
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Parent diagrams for four quarks
proliferation of ordered partial amplitudes

q\‘\"m'r/(? Q\‘\"rnr'r/@ Q\‘\./Q
q Q q q
Wannnd Y Q A y @ Wannnd
/ L \ /'/ L \
q Q q %% q q q
a) c) b)

less then 5 propagators

in the loop W@

Q" A y @ Closed fermion loop

S

34
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Concluding remarks

<+ We know how to calculate the real part of an amplitude from
the imaginary part using generalized unitarity at one-loop order
for any quantum field theory.

<+ Cut-constructible part and rational part is treated uniformly
<+ A significant number of one-loop virtual amplitudes are implemented
in F90 program set (Rocket, see talk of Giulia).

First results for W+3jet cross-sections are encouraging

<+ The Rocket and Black Hat : can be developed to fully automated NLO
generators for SM and BSM up to 7 (?) leg processes

<+ Generalized unitarity appears to be well suited to developed

general, fully automated user friendly NLO codes ( NLO
extensions of ALPGEN, MADGRAPH,COMIX, etc.)

35
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Outlook

¢* improve the speed of the codes

¢* improve the level of automation

Efficient automated phase space integration
Automation of real emission: dipole subtraction (SHERPA)

Explore other approaches for automated
subtraction schemes for real emission (POWHEG)

Explore the use of color-dressed amplitudes

36
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