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FAMILY VALUES

Six quark flavors in Nature:

up charm top
down )/’ strange /)’ bottom /)’

Part of families of elementary fermions

u c t
d s b
Ve Vy Vs
e n T

Why there are three families, we do not know. (There may be more.)
The discovery of the heavy quarks c, b led each time to major leap in our understanding
of fundamental physics.
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CHARM

¢ quark: first heavy quark discovered (1974), via |cc) bound state, the J/v.
“Heavy": mc > m, ~ 140 MeV, the lightest meson.

1 1
me >~ EmJ/\y ~ 53.1 GeV

Its discovery
@ completed the second fermion family

@ made the description of the electro-weak forces as a non-abelian gauge theory based
on SU,, (2) x Uy(1) consistent (and led to the name Standard Model)

@ cemented belief in QCD
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BorToM

1975: 7 lepton (m; = 1770 MeV) found, the first member of the 3rd family.
1977: b quark: found at Fermilab via |bb) bound state, with mass

mp >~ 5 GeV

Its discovery

@ pointed to the existence of a complete new family, (and thus to the existence of the
top quark)

@ which would allow CP violation (~ matter-antimatter discrepancy in Universe),
experimentally observed, to be incorporated in the Standard Model

Many b's produced at Tevatron, instrumental in top discovery, Bs mixing, etc..
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Top

t quark, long expected, was finally discovered in 1995 by the DO and CDF experiments at
Tevatron proton-anti-proton collider.
It is surprisingly heavy:

my = 173.1 £ 1.3 GeV

(~ mass of 1 Gold atom)
Its discovery

@ completed the 3rd generation
o validated again “pre-discovery” via quantum effects (now used for Higgs search)
To date, it has not yet led to fundamental new insights.
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Top

Top is particularly interesting because
@ it couples to many other particles, through various coupling structures
@ large top mass m; = y; v is signal of strong coupling to Higgs condensate

@ large mass leads to rapid decay, before any hadronization. Only “bare” quark. Good
for precision studies

@ rapid decay preserves spin information

It plays many roles
@ trouble maker for SM: quadractic divergences to Higgs mass
@ enabler for MSSM, Little Higgs

LHC is a top factory. Top is the new bottom..
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HeEAVY FLAVOR PRODUCTION

It is clearly important to understand the production (and decay) mechanisms of heavy
quarks.

In two lectures, | will talk about a number of aspects of producing heavy flavors in
hadron collisions. Some of these are generic aspects of hadron colliders, some are
peculiar to heavy flavors.

First lecture:
@ Lowest order, parton model
@ Next-to-leading order, and all the fun that comes with that
@ Heavy quark decay
Second lecture:
@ Initial state heavy quarks
@ More final state: fragmentation
@ Resummation for heavy quarks: kr, pr, threshold
Not discussed:
@ Heavy quark mass Andre Hoang
@ Matching heavy flavor production to parton showers Paolo Nason
@ Quarkonium production
@ Small-x production
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PARTON MODEL

Factorization is the second major ingredient to make QCD a predictive theory.

oas-x(Q) = d& | d¢
AB—X gb:/ 1/ 2
><¢a/A(£1) ¢b/B(£2)6'ab~>X(£17 527 Q)

Key notions:
i) Lorentz contraction of protons
p, — t ii) Time dilations of dynamics
X1Py — protons are static disks that only
“see” eachother when they overlap.

Recall the essence of the parton model:

0000600¢

%P, f Hadronic cross section is weighted
sum ([ d&d&, & are momentum
fractions) of partonic cross sections.

P2

The parton distributions ¢,/ (&) are
assumed to be process independent.
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PARTON MODEL, CONT’D
)
Parton  model formula survives!

With quantum QCD, things look bad at first: Note
@ it separates short-distance
from long-distance physics

@ the introduction of an arbitrary
(factorization) scale

@ the power corrections

@ the as dependendence of the
partonic cross section

@ the p dependence of the
parton distributions function

This does not look at all like the parton model. How-
ever, one can show, using gauge invariance and unitar-
ity, that for QCD, to all orders in perturbation theory

oA x(Q) = Z/dﬁl /dsZ‘ba/A(Elvl")¢b/B(521l")
ab ;

1
X&apx (€1, 62, 1, Q, aus()) + o (E)
N
power corrections

Collins, Soper, Sterman; Bodwin

Eric Laenen (UvA, Nikhef, UU)

Theory of heavy flavor production at hadron colliders

¢3/A(§7 H)

the ¢,/4(&, 1) are shown to be
process-independent

To make predictions, one must

@ compute 6,5 x to sufficient

high order

@ know the ¢,/a(&, 1) as

accurately as possible
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HEAVY FLAVOR PRODUCTION

Heavy flavors are not “naturally” in the proton, so we must make them using quantum
physics. The precise mechanism

@ is very interesting for QCD’ers
@ is quite interesting for BSM physics seekers

@ (perhaps not so interesting for B-physicists)
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Heavy flavors are not “naturally” in the proton, so we must make them using quantum
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@ is quite interesting for BSM physics seekers
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MiSsSION
Obtain best possible description of heavy quark production in hadron colliders J
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HEAVY FLAVOR PRODUCTION

Heavy flavors are not “naturally” in the proton, so we must make them using quantum
physics. The precise mechanism

@ is very interesting for QCD’ers
@ is quite interesting for BSM physics seekers

@ (perhaps not so interesting for B-physicists)

MIissiON J

Obtain best possible description of heavy quark production in hadron colliders

It is important
o to stress-test Standard Model in promising sectors (top physics)
o signals and backgrounds: many SM and BSM signals involve heavy quarks (b-jets)

o whetstone to sharpen our QFT tools (case in point: b-quarks at Tevatron, later)
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LOWEST/LEADING ORDER QCD PAIR PRODUCTION

Two partonic subprocesses/channels.

q5 : q(ki) + G(k2) — Q(p1) + R(p2) >m<

gg : glk) +&(k) » Q+ Q

s=2kiko t=-2kipr w1 =—-2kp zg),m< A
P

Square amplitude and sum/average over spin, color:
- . TragCF t% + U% 2m2
A

a2 tiup n t1 4m?s m3s
: ——=—— |Cp — Cp——— —+ —+ 1——
&8 Ne(N2—1) |: F A 52 i| |: t1 up tiun tiug
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s =2kiks t = —2k1p1 u = —2k2p1
Remarks:

0 ki =x1P1, kh =x0P>, 0< X1,X2 < 1.
@ Kinematics
> p%— = t1U1/S— m
>y = %In(ul/tl)

2

@ Calculated using QCD Feynman rules, but this is not enough at higher orders:

quarks/gluons are not asymptotic states, which will lead to divergences.
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CROSS SECTIONS

Cross sections link QFT and experiment

o A [ n L5y 1 g 3 ) ¢ M(gs, a1
2s 2E; 2En i T

SisCi

Trends
@ Compute |M|? analytically to higher orders in g°, for ever higher n
» Compute M analytically, at fixed spins/helicities s;; square and sum numerically

@ Do phase space integrations numerically if possible

o (Interface with MC at leading and next to leading n, lectures by Paolo Nason)
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WHAT TO COMPUTE?

Best observables: fully differential cross sections
o
d3py...d%p,

in perturbation theory. They allow

, 2 — nscattering

@ numerical, flexible integration over regions of phase space where experiment X has a
detector — better comparison, less theoretical uncertainty

@ generation different observables by selective integration over different variables

(pr,y:--.)
E.g,orpp— B + jet + X

jet

B
P, max Ymax . [Plomax - d*o
’ B— s t
/ d2pT meson/ dyjet/,et d[ff— s —
B v dyJet d?p dp';

T, min min T ,min
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INCLUSIVE LO CROSS SECTION
Before going to higher order cross sections, we can already see some interesting aspects.
The phase space integral can be written as

1 [dpd®p _
m 2E, 2E, 1) (k1+k2—p1—p2)—C/dtldU16(5+t1+U1)

Carrying out this integral one finds for the gg channel

4m? 2m?
ag%) = KCPaZ(p)y/1— —~ (1 + ?)

and something slightly longer for the gg channel. Note
@ phase space suppression when s — 4m?
@ scales monotonically with u, through as(u)
& proportional with C?

P, —— t
XiPy
000000¢
%P2
P, —— t
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A BIT OF QCD COLOR

Quarks transform in 3 dimensional representation, gluons in 8 dimensional rep of SU(3),
anti-quarks in 3. SU(3) algebra of generators

[Ta7 Tb] = ifabc Tc7 {Ta7 Tb} = %6ab + dabc T

When producing heavy flavors in pairs, it becomes relevant what their combined
representation is (like two spin-1/2 particles).

Analogsto2®2 =143
33=1+8
88=1+84+8s+10+10+27

Applied to LO heavy flavor production, we see that for the qg channel only the 8 final
state is allowed, and for the gg channel only 1,84,8s. This will play a clear role when we
discuss resummation.
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More LO

We have been quite minimal, in that we asked for 1 heavy quark in the final state, and

nothing else.

When using QCD, that requires immediately the heavy anti-quark.

TO—— B%gz—~—
920 —— & L.
When using EW, that is not true: e.g. single top quark production.

L L

Can also ask for QQ plus n jets at LO. Many, many more diagrams...

Eric Laenen (UvA, Nikhef, UU) Theory of heavy flavor production at hadron colliders
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HIGHER ORDERS IN GENERAL

The perturbative expansion of a scattering amplitude in the coupling g

Alg) =g " A’ + gt At 1 g" A

PRy .
By

For the cross section one needs the square which reads (a = g?)

corresponds to

LA = aX| AP+t [IATP + (%) A° 4 (A0 2] 4.
N——

LO

NLO

The LO and NLO approximations of |.A(g)|* are indicated. Note that LO is always
positive, but NLO not necessarily so.
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NLO DIAGRAMS FOR HEAVY QUARK PRODUCTION

Loop diagrams (there are a good number more):

leading to lots of logs and dilogs..
Real (aka. bremsstrahlung) diagrams, include new initial states

+ more
+ 4 more

The results also feature 3 kinds of divergences: UV, IR, Collinear, of the form

1 1
Z (IRxCO), = (all)
62 €
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ONE LOOP INTEGRAL, REDUCTION AND COMPUTATION

Consider the expression for vector integral with 2 massless (k* = 0), and 1
massive propagator (p> = m?)

o d4—25l //,1.
=i | o AT e T AT

First, we use Passarino-Veltman reduction. C,, must be expressable as
Cu = Gipu + Goky
We must find G >. Contract with p* and k* to get two equations

p-C:m2C1+p~kC2
k~C:p~kC1

On left hand side we have e.g.

/ d4—25l p- /
@m)? [P+ e[/ + p)? — m2 + ie[(1 + k)2 + ic]

where we can write p- | = 1[[(/ + p)*> — m* + ie] — 3[/* + i€], cancelling denominators.
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ONE LOOP INTEGRAL, REDUCTION AND COMPUTATION, CONT’'D

We are left with computing scalar integrals

o — 2e d4726/ 1
S N s TR [ e | B e
4—2¢e
By — d / 1

2m)? [I2 4 i€][(l + k)2 + ie]’
This particular By is zero in dimensional regularization. For Cy use

1 a4+ ﬁ 1
ABB ~ T(a)l / dx [XA + (1 — x)B]>+?

twice. The fd4’25/ integral can then be done using a generic formula, e.g. in the
appendix of Peskin and Schroeder. Result

/ dx/ dyy(1467r2 F(1+¢/2)[K3] ¢
K?=xy(1—y)2p-k+(1—y)*m’

Note that there is no UV divergence here. It remains to do the x, y integrals. These will
produce IR and collinear divergences.
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ONE LOOP INTEGRAL, REDUCTION AND COMPUTATION, CONT’'D

Such scalar integrals are not so hard, and are anyway nicely standardized Ellis, Zanderighi

2 /01 dx/ol dyy(f;g:r(l_kgp)[}(z]flfs
2
=l () e () v () + 5

@ double poles in e: soft + collinear

Notice

@ Logs, dilogs and 7% ~

For other other integrals there will be UV divergences as well; these can show up in the
[ d*7*1 integral, when the combined integrand behaves as (/*)~" or (/*)2
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OTHER LOOPS

For the sum of loop corrections in

e =4
A o o

@ Reduction of vector and tensor integrals to scalar integrals

we have to deal with

@ Scalar integrals from boxes, triangles,bubbles, and tadpoles.

What if we wish to compute jj — QQ + g + g to NLO? Do we need to know
penta/hexagons?

The answer is no. It turns out that all loop integrals in the end can be expressed in this
basis. There is much recent progress in methods to find the coefficients for a given
process.

_
ﬁ( = %ig + LyWJr SiCi_ N 4 L‘,(],;Q
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VIRTUAL CONTRIBUTIONS

Once all loop diagrams have been computed, the result takes the general form

doMV = ag(g + g + C)

@ The double poles represent overlapping IR and COL singularities
@ Single poles can represent IR, COL or UV singularities

Let us briefly review how the UV singularities can be consistently eliminated.

Eric Laenen (UvA, Nikhef, UU) Theory of heavy flavor production at hadron colliders
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UV RENORMALIZATION

Re-interpret (renormalize) the coupling and mass parameters in the Lagrangian

g — glum)[1+ 2R (2] p]

47
(1)
m%mﬁ+%MQ@1+&ﬂ
47 €

The choice of finite bits f; determines the renormalization scheme. We have

1
Zél):—iﬂo, ﬁoz %llCA—2nf,z,(,,1):—3
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UV RENORMALIZATION, CONT’'D

One can choose any scheme one wishes, but common is the MS scheme, for which the
finite bit f; are chosen —yg + In(47). In the standard MS scheme, the 3-function

coefficient reads
Bo = 311Ca — 2ny, :

where nf includes the heavy quark itself. A more intuititive scheme Collins, Wilczek, Zee
in which heavy quarks in loops decouple manifestly when momenta flowing into loop are
small:

2 2 2 m2
g—>gR(1+3§$ Bo (771-I—'y,:-—|n47r-|—|nu—‘;’)—7|n—2 )
% 3 pr
Upshot
ﬁé = %11CA - 2n/f

Clearly, no the heavy quark no longer contributes to as evolution.

Through renormalization of g and m, all UV poles can be cancelled.

SCALE LOGS J

Note that when poles cancel In(ugr) terms remain.
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SCALE DEPENDENCE OF NLO OBSERVABLES

Before continuing, let us imagine we are calculating an observable that has only UV
divergences, which are removed via renormalization. The result then takes the schematic
form

O(Q, ur) =as(pr) [Oo] +

aS(MR)2 |:010 + O ln (

)

)]

2
>+020|n2 (Q—2>:| +...
Hr
@ both explicit and implicit dependence on ur

® Oj such that ur(d/dur)O(Q, ur) = O(as (k)
o (demonstrates how one could determine as(ur) function from data)

12 5

aS(NR)3 {020 + Oz ln (

=
P

Properties
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IR AND COLLINEAR DIVERGENCES

It remains to get of IR and collinear divergences. | would like to demonstrate how this is
done using a toy model. We will see that

@ IR divergences cancel when adding virtual and real corrections, due to
Kinoshita-Lee-Nauenberg theorem

@ one consistently removes collinear divergences by “renormalizing/factorizing” the
PDF’s
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Toy NLO CALC’N FOR HADRON COLLISIONS

= (i +@? pP=m? w== ’"

5% b

For Born and Virtual: w = 0. For Real: w =2(q1 + q2) - k/s >0
Parton level computation in 4 — € dimensions:

dog(m?, w)

T = FB(mz) o(w)
W =« (;—fFB(mQ) + FV(m2)> 5(W)7 <0

dor(m?, w -1 K(w
% =a (7 W(m) Fe(m®) + Fr(m’, W)) , K@O)=A, >0

How to combine? For this simple case, use identity
1 1 1 Inw
R SR S L
w € wo ),

Eric Laenen (UvA, Nikhef, UU) Theory of heavy flavor production at hadron colliders
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Substitute:

dog(m?, w)

™ = FB(m2)6(W)

W —a (‘G—ZAFB(mQ) + Fv(m2)) 6(w)
dor(m?, w) (A 5 1 K(w) 2
—aw O‘(e—zFB(m )o(w) ==, Fe(m’)

€ Wy

+ K(w) ('”WW)+ Fa(m®) + F(m’, w))
Notice

o Cancellation of double poles [KLN], for IR-safe observables!
@ Appearance of double logs

o Left-over 1/e term

Aol ) — () sw) +a (1n () K )+
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PLUS DISTRIBUTIONS

Plus distributions: a natural extension of the Dirac distribution. They occur quite a bit in
one form or another.

Defined in integrals with smooth test functions

1 ni — X n
/ dx{%} o= dx['fl—)}w( )~ (1)
y + y

The PDF's function as test functions!
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If the final state has many external lines the story is more complicated, but conceptually
the same. How to cancel the 1/¢ terms while keeping all external lines fixed? Integrating
over w (now a multidimensional phase space integral):

do = Fe(m?) + a(_e—zAFs(m2) + Fu(m?®) + /OWW dw {%%Fs(mﬂ
+FR(m2,W)] )

Phase space slicing: Fabricius et al; Baer et al; Harris, Owens; Giele, Glover, Kosower; Keller,

EL.
Wmax K 5 K Wmax K
/ dw (IW) :/ dw—fo) +/ dw—(W)
0 wite 0 wite 5 w
analytical numerical

:A<_—1+In5—e|n25) +/ maxdwm
€ 5

w

for small §. Do w integral numerically!
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Subtraction method Ellis, Ross, Terrano; Frixione, Kunszt, Signer; Catani, Seymour:
Find a clever K(w) such that:

K(w) — K(w) "= ew

/ 'max dw K(W) _ —_A
0

wlte €

Add and subtract this term so that

do = FB(mZ) +a(Fv(m2) +/0wmax dW[ (__1) MFB(m2)

€ w

+ FR(mZ, W)] )

Do w integral (multidimensional phase space integral) again numerically!

Eric Laenen (UvA, Nikhef, UU) Theory of heavy flavor production at hadron colliders
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A BIT MORE ABOUT IR DIVERGENCES

Occur when soft gluon is emitted, either through bremsstrahlung, or in a loop. They
cancel when adding real to virtual contributions, not different from QCD corrections in

ete™ collisions.
M M+ W

Cancellation automatic, no special action required

Divergences are proportional to the Born cross section, per color structure!
OIR,ij = Z ( ) 9ij,B

where C counts color structures
qqlij — K] : 0w, [tal; - [taly
gg[bc — k/] : b0kl [ta]k/ - fabe, [talk/ * dape

More on this when we discuss threshold resummation.
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COLLINEAR DIVERGENCES

These arise from (hard) emissions of massless partons by massless partons.

j i Hard scattering
unobserved parton
Phase space integration over the angles of the unobserved parton leads to a structure
0 1 0 fin, (1
o :6,-1-05)—&—ozs%P,(j)@af)—l—asa,n()

In heavy quark pair production they only occur in the initial state, and they do not cancell

How to get rid of them and still maintain predictive power? )
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MASS FACTORIZATION

These initial state divergences can be consistently absorbed by the PDF’s. Schematically,
at NLO

¢®(as+a{{%+|n%}P®as+FD:

o ® (1—&—@{% +1In ﬁ}P) ®(05+a{ln %}P@UB—FQF)

d(uF)

This absorption is nothing else than a renormalization. By this absortion the PDF's
acquire scale pr dependence.
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ASIDE: PDF AS OPERATOR MATRIX ELEMENTS

This renormalization can be made more precise. A PDF is really an operator matrix
element

ba/p(x; 1) = / dy ™ e P (Pldg(0,y ™, 07) W (yo, 0)y "14(0, 0, O7)| P)

o W(yo,0) is Wilson line: Pexp [igS fOf dy_A+(y—)], ensures gauge invariant of
expression.
@ Renormalization of PDF is really renormalization of non-local operators

@ Moments of the splitting functions are their anomalous dimensions
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PDF EVOLUTION

Because 1
_ = A
o(ur) = 9@ (1+af 2 +n 2 }P)
we have in convolution notation

doi(pe) _ o ,
Py Pij(as) ® ¢i(ur)

or, in integro-differential form
d¢i(X7NF) /1 dy
ZYA PR ~Zp; L)y,
dlnpre Ly i(x/y, as)ei(y, 1r)

the well-known DGLAP equation. The label i runs over gluon, and active flavors, ie.
those that participate in this evolution.
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MASS FACTORIZATION

The coefficients of the collinear 1/¢ poles are the splitting functions
1 2

CF |: + X ] + ..., 4&@ %
1—x1+

o 14+ (1—x)?
qu(x):ﬁCp[%] I

qu(X):%TF[X2+(1—X)2]+..., nggﬁo /m\AQ
ng(X)=§‘—;2CA[ﬁ+..} +...,

In a heroic effort Moch, Vermaseren, Vogt, they have now been calculated to O(a3).
Necessary for any NNLO calculation at LHC.

Paq(x) = 52

2w
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FACTORIZATION THEOREM

Worry (?): do | not have to “absorb” a different factor into the PDF's for each different

process?

No! The QCD factorization theorem says that the divergences are always the same.

noox(Sm) = 3 / déy / A6 3y al6r, 1) ® b6 (60, iF)
ij

1
@85 qaxr (&1, &2, ur, myas(p) + O (@)

power corrections
“Proven” to all orders by Collins, Soper Sterman; Bodwin.

@ it separates short-distance from long-distance physics

@ introduces arbitrary factorization scale pr

8 the ¢;/a(&, 1) are shown to be process-independent

o if & to N¥LO, then also use N¥LO splitting functions for PDF evolution
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NNLO AND MELLIN-BARNES

Recently some real progress was made towards a possible NNLO calculation for the
inclusive heavy quark cross section (Czakon, Mitov, Moch), using a trick to rewrite phase
space integrals as the difference of two loop integrals.

A powerful tool to carry out the difficult loops integrals is the Mellin-Barnes transform
1 1 1 A*
— = ——— [ dz——T r
(A+B)y T 27ri/ g (AT +2)

In a sense, it is an inverse Feynman trick, allowing one to simplify integrals over more
complicated denominators. E.g.

1 11 (m?)?
(m? — k2)» Wﬁ/cdz(_kz)ﬂz M(=2)r(A +2)

One can write massive propagators in terms of massless ones! Contour
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SINGLE-TOP QUARK PRODUCTION

Production of top via the weak force:

u

S

s-channel t-channel

This process is has recently been observed at the Tevatron, using advanced multivariate
methods to separate signal from background.
Study of single-top production dynamics promises:

@ direct measurement of Vi, per channel

@ check left-handedness of top-charged current coupling

o deduce bottom quark parton distribution function (— Higgs production)

o possible more direct manifestation of new physics (FCNC's)
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SINGLE-TOP QUARK PRODUCTION

Production of top via the weak force:

u

wH

u

s-channel t-channel

This process is has recently been observed at the Tevatron, using advanced multivariate
methods to separate signal from background.
Study of single-top production dynamics promises:

@ direct measurement of Vi, per channel

@ check left-handedness of top-charged current coupling

o deduce bottom quark parton distribution function (— Higgs production)

o possible more direct manifestation of new physics (FCNC's)

QUIZ ON LOOP CORRECTIONS
Are all types (box,triangle,bubble) present? J
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HEAVY (TOP) QUARK DECAY

The top quark decays predominantly as follows

t—W'b

General formula for decays
1 N g2
r=— [ dPS M
5 [ aPSS_IM|

with [ dPS the phase space integral, and §|I\/I|2 the decay amplitude squared, summed
(averaged) over final (initial) spins.

t— WTh

where the top quark is unpolarized. We keep track of the helicity of the W-boson. Let us
take the top-spin quantization axis in the z direction, and work in the top rest frame.
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HEAVY (TOP) QUARK DECAY, CONT'D

Parametrize the momenta

pt = (mf7 6)

pw = (Ew,0,psinXw,pcosxi),

po = (E,0,—psinxiy, —pcosxiv)

As a consequence the W boson polarization vectors are
1 .
€0 = M—W(p707 EW SInXT/V7EW COSXT/V)7
1 . ..
€r1 = %(07 1,44 cos xy, Fisin xiy)

with the subscript indicating the helicity. Momentum conservation and mass shell
conditions lead to
m: + M3, m? — Mg,
EW = 5. P=—F_—>
2mf 2mt
The phase space integral for this 2 particle final state can then be written as follows:

1 d® d®
/dPSz s pb/ Y (b — ps— pw)

472 2E,

1 My
L / d cos xiy
8r
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HEAVY (TOP) QUARK DECAY, CONT'D

The decay amplitude is

M= 2_7% Ves T(ps, s)g (1 — 75)u(pe, st)

so that (mp — 0)

STIMP = SVl T g (1 = 28) (b + m)A (L = 15)]

St»Sh
Taking the trace gives

nvpo

2 2 v v v . *
& 1Vi|” (P pe + ptps — 0™ pb - pe+ 1 €77 pp pPr,o) €x,u€x o
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HEAVY (TOP) QUARK DECAY, CONT'D

Now substitute the explicit expression for the momentum and polarization vectors. For
A = 0 the €*”?? term does not contribute, and one gets

2 2
2 2 2m; — My,
V, m;———

g |Vl < t 2M5V )

For A\ = —1 the €*”?? term doubles the result of other 3 terms, and one gets

& Vel (m? — M3
For A = +1 the €"?? term cancels the other terms. So only 2 helicities of the W-boson
are allowed! Ratio of helicities )

my

2M3,°
so 70% of the W's are longitudinally polarized. CDF has made a measurement of this

0.66 £ 0.16(stat) £ 0.05(syst)
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HEAVY (TOP) QUARK DECAY, CONT'D

This can be intuitively understood by considering these two cases: (Mahlon)

w b

f f
® ®©

ﬂ W

b @ w (b)

The requirement that the b quark is left-handed forbids one helicity.
For the total width, sum over both helicities of the W, and obtain

Gem? M2\ ° 2M32,
r = Vsl (1 — 1

871’\/§| M m% + m%
|Vip|? 1.42 GeV

k¢
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POLARIZED TOP QUARK DECAY

Now let's consider polarized top quark, with the top
spin quantized along s (spin = A:8#, A\ = £1/2)
(use z axis). Consider the angular distribution of
the charged lepton from top decays, in the top
quark rest frame, with respect to some axis

Use the identity
1
u(pe, 5)B(pey 5t) = (Be + me) 5 (1 +759)

Then the matrix element squared becomes (summing now over W helicities)

2Tr | poy" ey (1 — 75)]7 Br = pr — mes" = f?f =0
In general, the result is of the form
1 dr 1 ¢
- —— =5 i i
I dcos x! 2( + @i cosxi)

with 100% correlation if @i = 1 and none if 0. We find for polarized top decay to Wh
40% correlation
_2My, —m;

— L ~0.403
WM, + m?
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POLARIZED TOP QUARK DECAY

Now look at the full decay t — W(— Iv)b. By similar methods as above:

1
MR = oV . Dy
M| g Vel [(pe — p)2 — Mlz/V]z(pt pIpb - py)

o (1+cosx))

Now 100% correlation! In general Jezabek, Kiihn; Mahlon, Parke

Decay Product [e'H L0 T @ = 1.00
w 0.403 + 0.025 % oar 7
b —0.403 + 0.025 s s N
Vg, U, Of € —0.324 4+ 0.040 5 oul C e
£,d,ors 1.000 (exactly) g S i
\ \ \ ]

0.0
-1.0 -05 0.0 a.5 1.0

cos x4

The second stage decay has more correlation that first stage! This 100% correlation
between charged lepton, or d quark can be used to check the top quarks charged current
coupling. Single top processes produce polarized top
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SUMMARY SO FAR

Today
@ Motivation for heavy quark studies
LO production
NLO production
Decay

¢ e ¢
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SUMMARY SO FAR

Today
@ Motivation for heavy quark studies
LO production
NLO production
Decay

¢ e ¢

Tomorrow
@ initial state heavy quarks
@ fragmentation

@ all-order results
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COLLINEAR RESUMMATION FOR HEAVY QUARKS

Generic situation

oo(E, m) _ao(1+Zaschkln ( )+(’)( ))

For large E the mass is more regulator than phase space limitation.
@ Resum large logs here through DGLAP equation
o For initial state: heavy quark PDF's (VFNS, ACOT, BSMN, etc);

o For final state: heavy quark fragmentation (FONLL, GM-VFNS)
Result

0q (E,m) = o0 C(E, p) E(k, po) f(po, m)
N e N —

PT Exponent  Init.cond
Main issues:
@ Accuracy, matching
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INITIAL STATE HEAVY QUARKS

Much activity, especially for DIS production of heavy quarks (ie. F£™) Aivazis, Collins,
Olness, Tung

a"*°T(Q, m) = FO + (RS — FOM0) x G
where FOMO is the zero-mass limit. Subtleties abound
@ in choice of matching point
@ consistency to higher orders
@ matching conditions for as and PDF’s

To reach the high mass scale by evolution of as and the PDF'’s, one must have matching
conditions at p = mc, mp etc

as(nf = 47/J‘ = mC) = f[as(nf = 37.““ = mC)]
69 (x, 1= me) = FloP, 6%, 6, 68V]

Note: from NNLO onward the transition is discontinuous. Bernreuther, Wentzel; Chetyrkin,
Kniehl, Steinhauser; Buza, Smith, Migneron, van Neerven, Chuvakin.
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FINAL STATE CASE: b-QUARKS AT THE TEVATRON

A seemingly straightforward confrontation of NLO QCD with Tevatron data for years
seemed to fail.

pp—>bX, vs=1.8TeV, II1<1

N

- 1 IE

*pr>p™) (nb)

03k

& i
og R
= Dimuons \I
102 » Muons+Jets N\
o Inclusive Muons
COF ~
L v ¥2s) & P
— NLO QCD, MRSR2 N1
Theoretical Uncertainty 1

6 78910 20 30 40 50 60 70
pr (Gev/c)

The resolution Cacciari, Nason was very instructive.

A large part was just being consistent with regard to heavy quark fragmentation, i.e the
transition from b-quark to B-meson; so far we have only worried about producing heavy
quarks.
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HEAVY QUARK FRAGMENTATION

Fragmentation functions are the “inverse” of the PDF’s, describing the parton — hadron
transition.

Extend the factorization theorem

do(pp — H[Q] + X) = Z/ dxy dxp dz
ij

X $i(x1)d;(x2)d6T X (1, x2, 2,...) DG~ 19 (2)

Fit FF to e"e™ data, and use for hadron colliders.
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HEAVY QUARK FRAGMENTATION

Relatively little effort was put into construction of good FF's for heavy quarks. For most
purposes, the Peterson FF
x(1 = x)?
Dl (x.ep) = XL
[(1— X+ epx]

Peterson, Schlatter, Schmitt, Zerwas was used to describe Q@ — H(Q) transition.

The Peterson FF is the “old shoe” of fragmentation functions: comfortable, and
adequate for many, but not all occasions.

A more serious treatment of heavy quark fragmentation at large pr started in studies of
heavy quark production at LEP Mele, Nason; Nason, Oleari, soon extended to
hadroproduction Cacciari, Greco
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HEAVY QUARK FRAGMENTATION

When the heavy quark mass m is much smaller than the hardest scale, e.g. pr, there are
large In(pr/m) terms in the partonic cross section. They can be resummed into a
perturbative fragmentation function using DGLAP evolution for its moments

1
Do(N.) = [ dxx""1D%x, 1)
0

PT

DQ(N, pT) ~ DQ(N, m)e’Yl(N)as(l") In =~

NLL accuracy requires appropiate initial condition D?(N, m) Mele, Nason.
To confront data, the PFF must still be convoluted with a function that describes the
final hadronization:

Dg(X, /J) = <Dg,pert ® Dg,NP) (X7 M)
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HEAVY QUARK FRAGMENTATION

In addition, rather than fit ep, i.e. the whole FF function, it is better to fit only dominant
moments of DS’NP to eTe™ data. This gives already a much better description there.

— ]
ALEPH data 1

~ >>'~ . = ~
010 [ solid: N=2 fit > . ;3 B
[ dashed: e = 0.006 < . Py
oo | dotted: ¢ = 0.002 ARG
r dot—dashed: Pure NLL pQCD ~ = "-. -

& 10 16

N
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HEAVY QUARK FRAGMENTATION

As a result:

ly(I/¥)l < 0.6

a(pr(3/9)>1.25 GeV):

Points: CDF, 19.9733 nb

Solid: FONLL, 19.075§ nb

Dashes: MC@NLO, 17.2 nb 9

da/dpy(I/¥) BR(H,~3/¥) BR(I/¥~uu) (nb/GeV)

1
P:(/¥) (GeV)

It now seems to be ok! Combination of
@ proper FF use

o NLL In(pr/m) resummation
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kT FACTORIZATION APPROACH

In this model one takes a factorization in with also the transverse momenta of initial
partons are convoluted over. Jung, Baranov, Lipatov, Zotov.

0':/XmdXQ/dktldkt2A(X17ktl,q).A(XQ,kt27q)a'(X1,X2,kt1kt27q)

Description is closer to MC description, avoids too constraining kinematics at LO.
Generalization to exact higher orders challenging.

do/dA¢)" nb/rad
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QCD OBSERVABLES AT HADRON COLLIDERS

0=¢20®F+P
s O: partonic version of observable
o ¢/F: universal parton distribution/fragmentation functions
@ Po: power corrections
This relation can be used in various ways:
o take ¢, F from WWW, assume Po = 0, calculate O, compare with Oexp-
@ calculate O to certain approximation (assume Po = 0), measure O, fit ¢, F.

The game: find the weakest link, and update. Need best possible calculation of o
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PERTURBATION THEORY

N
O0=af Z a0+ C
n=0
(N=0=LO, N=1=NLO, etc).
NNLO is state of the art, very difficult.

Ideally, the (asymptotic) series converges rapidly, and N = 1,2 is good enough.

But: what if series is bad? E.g. O, can contain powers of some numerically large
logarithm L.
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LARGE LOGARITHMS

Two generic situations:

@ Single log:

O = 14+a(l+1)+°(LP+L+1)+
AP+ +L+1)+. ..

Q Double log:

O = 14+a(l’+L+1)+
AL+ L+ L+1)+ ...

O1: «al

“1": constants (72...). Effective expansion parameters:
( ) p p Or  al?
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RESUMMATION

Resummation = organization of large logarithms in perturbative expansions:

O = 1+as(PP+L+1)+2(L* + L+ +L+1)+...
= exp | Lgi(asl) +g(asl) +asgs(asl) + ... | Clas)
N——r SN——
LL constants
~—_—  ———
NLL

+ suppressed terms

L =1In(?). Argument differs per observable. Benefits/hopes:
@ Restore predictive power

@ Increase theoretical accuracy
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THRESHOLD DOUBLE LOGS

Arguments of recoil log was “visible". Invisible logs can also plague PT, e.g. in Drell-Yan
(p+p—7(Q)+X)

“Threshold” double logs: L2 = In2 (1 - 0—2) with S > s > Q2, then

2 2
$>Q° — %:1 — |n2<1—%)>>1

NOTE: argument of L contains s parton cms energy, to be integrated over [Q?,S]. But L
can be large in whole integration region.
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ORIGIN OF DOUBLE LOGS

p+k

@ propagator with p> = k* = 0. Singularities: E;, = 0 — soft; 04, = 0 — collinear.

1 1 1
(P+ k)2 2p-k 2EEq(1—coslys)

@ phase space integration

d*k p-p dE, dbe 2
as./(27r)4p'kp’-kNas./?g Oae ~ o In-)

P’ : P’
E p'+k
p+k
: p
P ;
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LOGS AND DIVERGENCES

When dimensionally regulating this integral

N /d4—2€k pp N /K dEgEg € /dqu Sin~€ 0gg
: (2m)* p-kp' -k ° Eg bag

~ as(el2 +In2(K)).

we see that double logs are directly linked to IR and COL divergences

How to gain all-order control over IR and COL divergences?
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LANDAU EQUATIONS

Follow approach of Collins, Soper, Sterman

For a general Feynman diagram, find its infrared and collinear divergences, by solving the
Landau equations. Triangle diagram

p1+k

NS(L — a1 — ap —
/d4k/da1da2a3 ( 0“D3 a2 —a3)

D:al(pl —k)2+a2(p2+k)2+a3k2+ie (2)

Integrals are in complex plane. Divergence when D = 0, unavoidably.
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LANDAU EQUATIONS

0=D=ai(p1 — k)? + ca(p2 + k)? + ask® + ie
when, for each line, either a; = 0 or the line is on-shell. Quadratic equation in k* — 2
solutions. D = 0 can be avoided unless 2 solutions pinch the k" contours.

e . \(s:)/‘\ - ®
&) ® ®

Landau equations:
1o}
D=0, ——D=0, and a;=0or =0
OkH

Here
—a1(p1 — K" + az(p2 + k)" + a3k =0
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LANDAU EQUATIONS, CONT’D

—a1(p1 — K" + az(p2 + k)" + a3k =0
Solutions
kt=2zpf', =0, o(l—z)=o3z (COL —1)
kt = —yph, a1 =0, ap(l—2z)=—asy (COL — 2)
k=0, ai/az=0, ay/az=0 (IR)

Do-able for this case, but solving equation for multiloop diagram seems very hard.
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REDUCED DIAGRAMS, PHYSICAL PICTURES

Trick: it can be done graphically, the divergences can be represented as reduced diagrams.

Reduced diagrams represent solutions to Landau equations.

S. Coleman, R. Norton '65: they must represent physically possible scatterings, with free
propagation between collision points.
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POWER COUNTING REDUCED DIAGRAMS

The solutions must be still powercounted.

d*l .
m ~ log IR divergence
€
Procedure:

@ in multi-dimensional integration variable space, split variables near solution surface
into orthogonal and in-surface coordinates

@ Expand numerator and denominator to first order in orthogonal variables, and power
count.

It is possible to do this explicitly to any order Sterman. (For IR solutions, this is just
eikonal approximation.).
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DIVERGENT REGIONS FOR DRELL-YAN

For Drell-Yan cross section e.g., all reduced dia-
grams look like

One can associate an explicit expression with such reduced diagrams:
dk dkg d* d*a:

Z B (O ( H/ qe H/ ]

c or om (2m)* ; (2m)*

C) (k:{v ){ul Hn} (C) (qg,fl )

{mi..vr. }
Note:

@ sum over all allowed cuts

@ the integration over soft gluon momenta {g*}

@ the tensor-coupling of “soft function” U to “jet functions” J.

@ that the H function already couples simply (some Ward identities already used)
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DECOUPLING OF SOFT PARTONS FROM JETS

Simple case: coupling of one soft gluon (g*) to a fast quark with momentum
p* = (E,0,0, E) or, in lightcone notation, (p*,0,07) with p* = (E + E)/V2.

gJ(p,q)  Guu(9q)
——

gluon propagator

R

gJ(p,q) Gi..(q)

+

~ gJ(p) < P

ptq-

G+,u(q)>

U

@ since p™ > g* the jet sees, both for its polarization and internal momenta, only the
g~ component of the soft gluon

o — soft gluon factorizes from fast (jetlike) quark

Note: g~ must be large enough that (p + q)> =2p.g +q¢° ~2pTq ™.
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JET-SOFT FACTORIZATION: GLAUBER GLUONS

This is ok for all process with only final state jets. When there is an initial state jet
(PDF), there is a potential problem.

Poles

o — N>

®
®

Contour

Deform g~ contour anyway, pick up

when g~ is much smaller than g%, trapped bad residues

at 0.
Sum over all attachments, be careful about i€'s, do g~ integrals (leave gr's fixed outside
jet), use identity
1 1

—2mid(x) = X+ie x—ie

After summing over cuts, dangerous residues cancel, essentially by unitarity.
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FACTORIZATION

Result
dk}t dkg

— C C —
do= [ A ZE H (k+ ) SOty <Z U C)> IOz ).
When there is plenty of energy, the sum over cuts leaves U = 1.

This is essentially the standard factorization for any semi-inclusive process at a hadron
collider Collins, Soper, Sterman; Bodwin.
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THRESHOLD RESUMMATION IN DRELL- YAN

Near threshold z = Q?/s =1
U=> U9 %1
c

because there different final states C are differently weighted. Divergences still cancel, but logs
remain. Factorization theorem now reads Sterman

doapv

Y = H(@s(Q) [ dbs a0, @) [ s n(s, @)

/dWSU(Ws,a5)5(1 L Qs—(l-x)—(l—x)—ws) +Y (3)

where 1) is PDF at fixed energy

Vayalx, ) = / dy®e™ %" (P (y°, By 10 0, 0)| P)
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EXPONENTIATION

The functions v and S can be separately resummed
@ ¢ via Sudakov evolution equations
@ S via RG equation

Or alternatively Catani, Trentadue by observing that near threshold all radiation is soft, so
that non-abelian exponentiation theorem Gatheral applies. Upshot

do.resum dN _ .
dQ2 -(z) = /CEZ N&(N)

1 N—1 _ Q%(1—x)?
ep |- [ I A s (1))
0 1—x Q2 12

+D(as((1 — x)o))H (1 +as(@) 1)

a(N)
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ASIDE ON SOFT FUNCTION

When the hard scattering can proceed in various color configurations
qqlij — Kl : 80k, [tal; - [taly
gg[bc - kl] : 6bC6k17 [ta]k/ . fabm [ta]k/ . dabc

the soft function is a matrix in this space, and it is resummed via

Q/N
SU(,\%,%(M)) = Su(1,as(Q/N))exp [/ %me Fu(as(i))

The soft radiation is coherently sensitive to all external color states.
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THRESHOLD RESUMMATION IN DY

Gov(N, Q) = &(Q7) exp [GhY (@)
Gly = InNgi(\) +g&(A) + asgs(A\) + ..., A= BoasIinN

One sees good convergence both in the exponent and for the hadronic cross section Vogt

6 T 12 A
0L PGy, OfOf)/(FOf) _,f;
L I
xf =x%% (1-x)° Iy
il )

2,
oL
0
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THRESHOLD RESUMMATION FOR HEAVY QUARKS

Status
@ Inclusive cross section (NLL and color structures)
@ Inclusive NNLO cross section (estimates)
@ NNLL color effects (Moch, Uwer; Mitov Czakon; Sterman, Aybat, Dixon)
AN
—jg;,’ém“”“”*?) = g§/(me, pr, 1r) exp |G (me, i, pg)
G0 (me, pr, pR)
Benefits
@ Control over higher orders, exponent functions known to second order
@ Reduced scale dependence
@ Sensitivity to color structures

@ Can expand in as and generate estimates for uncalculated orders
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THRESHOLD RESUMMATION FOR HEAVY QUARKS

Moch, Uwer

1400 T 1400 ————T T
1200 o .  [Pb] at LHC 1200 L Oy glPblatLHC ]
1000 1000 4
800 800 [ J
600 600 [ 3
400 400 F E
200 # NLoQep 200 ¢ B NNLO 0 E

0 IR S S AN S S S S EN S S R 0 IS S S AN S S T S R S S R
165 170 175 180 165 170 175 180

m, [GeV] m, [GeV]

Using threshold resummation and RG invariance they constructed the ¢; in

4m2
Un =a? E cnln —_—
s s

and observe much less scale dependence.
Equivalent, resummed results by Cacciari, Frixione, Mangano, Nason, Ridolfi but they vary

ur and pr independently, and find scale reduction not so pronounced.
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SUMMARY

@ Consistent treatment of full heavy quark production mechanism important
@ A high energy heavy quarks start acting like partons, needs careful matching

@ Large heavy quark threshold corrections can be resummed, with good benefits
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